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A twisting of a monoid S is a map ® : S x S — N satisfying
the identity ®(a,b) + ®(ab,c) = ®(a,bc) + (b, c). Together
with an additive commutative monoid M, and a fixed ¢ € M,
this gives rise a so-called twisted product M ><‘jI> S, which
has underlying set M x S and multiplication (¢,a)(j,b) =
(i+ 7 + ®(a,b)g,ab). This construction has appeared in the
special cases where M is N or Z under addition, S is a
diagram monoid (e.g. partition, Brauer or Temperley-Lieb),
and ® counts floating components in concatenated diagrams.
In this paper we identify a special kind of ‘tight’ twisting, and
give a thorough structural description of the resulting twisted
products. This involves characterising Green’s relations,
(von Neumann) regular elements, idempotents, biordered
sets, maximal subgroups, Schiitzenberger groups, and more.
We also consider a number of examples, including several
apparently new ones, which take as their starting point
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certain generalisations of Sylvester’s rank inequality from
linear algebra.
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Twistings arise in many parts of mathematics, under many different names, such
as cocycles and multipliers [3,4,6,10,12,14,27,35,41,49]. Notably, diagram algebras are
twisted semigroup algebras over the corresponding diagram monoids. Let us give an
example. If ®(a, b) denotes the number of ‘floating loops’ when Temperley—Lieb diagrams
a and b are stacked together to form the product ab (see Fig. 1), then the following
identity holds:

®(a,b) + ®(adb,c) = ®(a, be) + P(b, ¢). (1.1)

The set of all formal C-linear combinations of such diagrams can then be turned into a
twisted semigroup algebra, in which the product of basis elements is given by

axb=¢P@b)gp,
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Fig. 1. Stacking Temperley—Lieb diagrams a and b (left). Here there are two floating loops (shown in red),
so ®(a,b) = 2. Removing these components leads to the product ab (right). (For interpretation of the
colours in the figure(s), the reader is referred to the web version of this article.)

for some fixed £ € C; this is the Temperley—Lieb algebra [51]. Analogous statements hold
for other diagram algebras, such as partition, Brauer and Motzkin algebras [7,9,37,43,44].
This has proved to be a fruitful way to study diagram algebras, for example by creating
a link between the cellular structure of the algebra and the ideals and Green’s relations
of the monoid [17,18,21,33,38,52].

To mirror the fundamental idea behind twisted algebras, one can define a so-called
twisted diagram monoid, with underlying set N x .S, and product

(i,a)(4,b) = (i + j + ®(a,b), ab).

Associativity follows from the twisting identity (1.1). Twisted diagram monoids have
been studied frequently in the literature; see for example [5,8,11,15,16,22,25,26,39,40,
42]. Tt was advantageous in [22,39,40] to embed these into larger twisted monoids with
underlying sets Z x .S and the same multiplication. It is in fact possible to change N into
an arbitrary commutative monoid M, and then for a fixed parameter ¢ € M, define the
product

(iv a)(ja b) - (7’ +J+ (I)(a7 b)qa ab)a

resulting in what we will call a twisted product, M x% S. This can in turn be done for
any monoid S with a twisting, i.e. a function ® : S x S — N satisfying (1.1), allowing
one to capture many more important examples, including transformation monoids, lin-
ear monoids, and more general monoids of (partial) endomorphisms/automorphisms of
independence algebras.

The purpose of the current paper is to initiate a systematic study of twisted prod-
ucts M x% S. Specifically, we will investigate Green’s relations, idempotents, subgroups,
and regularity properties. We obtain the sharpest results by identifying a key ‘tight’
property of a twisting. The above-mentioned ‘loop-counting’ twisting is tight for the
partition monoid P,, the planar partition monoid &P, the Brauer monoid B, and
the Temperley—Lieb monoid TL,,, but loose for the partial Brauer monoid PB,, and the
Motzkin monoid M,,. The resulting difference in structure can be glimpsed by compar-
ing Fig. 3 (middle) to Fig. 4 (middle), which respectively show a tight twisted product
M x‘é Py and a loose twisted product M x‘é PB,. Formal explanations of what these
diagrams represent will be given below.
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The article is organised as follows. We begin in Section 2 with preliminary/background
material, and then give definitions and basic properties of (tight) twistings and twisted
products in Section 3. We look at a number of examples of twistings in Section 4, starting
with the canonical float-counting twisting of diagram monoids, and then a new family of
twistings that we call ‘rigid’. The latter are based on natural generalisations of Sylvester’s
rank inequality from linear algebra, and apply to diagram monoids and to endomorphism
monoids of certain independence algebras. Curiously, these rigid twistings are tight for
the Brauer monoid, but loose for the other diagram monoids listed above, including
the partition and Temperley—Lieb monoids. We then proceed to discuss the structure
of a tight twisted product, specifically by characterising Green’s relations (Section 5),
idempotents and biordered sets (Section 6), and (von Neumann) regularity (Section 7).
The results of these three sections are fully general, in the sense that they apply to any
tight twisted product. We conclude in Section 8 by considering a problem that crucially
depends on the actual twisted product under consideration, namely the determination of
the idempotent-generated submonoid. We completely describe these submonoids for rigid
twisted products over groups, and for partition monoids with respect to the canonical
twisting, and also compare these to existing results in the literature.

2. Preliminaries

We now give the preliminary definitions we need concerning semigroups (Section 2.1),
transformation and diagram monoids (Section 2.2) and independence algebras (Sec-
tion 2.3). For more details, see for example [13,21,31,36]. Throughout the paper we
write N = {0,1,2,...} and Z = {0,%1,42,...} for the sets of natural numbers and
integers, respectively.

2.1. Semigroups
Let S be a semigroup, and denote by S! its monoid completion. That is, S = § if

S is a monoid, or else S = SU {1}, where 1 ¢ S acts as an adjoined identity element.
Green’s £, # and ¢ pre-orders and equivalences are defined, for a,b € S, by

a<gb & StaC S, a?b < Sta= S,
a<zb < aS' CbS?, aZb < aS' =bSt,
a<yb e S'aS' C S'bS, a Fb < StaS' =SSt

From these, we can also define the pre-order <,y = <¢ N <4, and the equivalences
H =L NX and 9 = LV Z. The latter denotes the join of £ and & in the lattice of
all equivalence relations of S, i.e. the transitive closure of £ U Z. It is well known that
D = LoR = X0 (where o is the usual composition operation on binary relations), and
that 2 = # when S is finite. If S is commutative, then all five of Green’s equivalences
are equal, i.e. & =% = ¢ = A = 9, and similarly the four pre-orders are equal.
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If 7 is any of £, Z, 7, 7€ or 9, we denote by K, the JZ -class of an element a € §.
If ¢ # 9, then the set S/ of all such ¢ -classes is partially ordered by

K, <Ky, & a<xyb for a,b € S.

Aspects of the structure of a finite semigroup can be conveniently visualised by using
a so-called egg-box diagram. Elements of each 2 = _#-class are drawn in a rectangular
array, with rows containing Z-related elements, columns containing .Z-related elements,
and hence cells (intersections of rows and columns) containing s#-related elements. The
<-relationships between ¥ = ¢ classes are also indicated as a Hasse diagram. Several
examples can be seen in Figs. 3-5.

An element a of a semigroup S is (von Neumann) reqular if a € aSa, i.e. if a = aba
for some b € S. Note then that the element ¢ = bab satisfies a = aca and ¢ = cac; in this
case, a and ¢ are said to be (semigroup) inverses of each other. If a is regular, then so too
is every element of its P-class D,. We write Reg(S) for the set of all regular elements
of S, and we say that S is regular if S = Reg(S). The semigroup S is said to be inverse
if every element @ has a unique inverse, denoted a~!; it is well known that a — a~! is
an involution of S, meaning that (a=!)™! = a and (ab)~t =b~ta~! for all a,b € S.

An idempotent of a semigroup S is an element e € S satisfying e = €2. The set of
all idempotents is denoted F(.S). The #-class of any idempotent is a group. All group
J-classes contained in a common %Z-class are isomorphic. If D is a regular Z-class,
then every Z-class contained in D contains at least one idempotent, and similarly for
the Z-classes in D. In egg-box diagrams, cells containing idempotents (i.e. the group -
classes) are shaded grey; again see Figs. 3-5. When S is a monoid with identity 1, the
H-class H is called the group of units of S. We say that S is unipotent if E(S) = {1}.

2.2. Transformation and diagram monoids

For a set X, we denote by PTx the partial transformation monoid, Tx the full trans-
formation monoid, Tx the symmetric inverse monoid, and Sx the symmetric group.
These consist, respectively, of all partial transformations X — X, full transformations
X — X, partial bijections X — X, and bijections X — X, under composition in each
case. All four monoids are regular, and moreover Zy is inverse and Sx is a group. When
X ={1,...,n} for some integer n > 1, we write PT,, = PTx, and similarly for T,, Z,
and S,,.

A further key class of examples are the diagram monoids, which are all submonoids
of the partition monoids, to which we now turn. Fix a positive integer n, and write n =
{1,...,n} and n’ = {1’,...,n'}. The partition monoid P, consists of all set partitions
of nUn’'. A partition a € P, is identified with any graph on vertex set n Un’ whose
connected components are the blocks of a; such a graph is typically drawn with vertices
1< +-- < nonanupper row and 1’ < --- < n/ on a lower row. Some example partitions
from Pg are shown in Fig. 2:
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a:% .. B
R

Fig. 2. Multiplication of partitions a,b € Pg, with the product graph II(a, b) in the middle.

a={{1,4},{2,3,4',5'},{5,6},{1",2",6'},{3'}},

(2.1)
b= {{1,2},{3,4,1'},{5,4/,5",6'}, {6}, {2/, 3} }.

The product of partitions a,b € P, is calculated as follows. First, let n” =

{1”,...,n"}, and define three further graphs:

e a" on vertex set nUn”, obtained by changing each lower vertex z’ of a to z”,
o b on vertex set n” Un’, obtained by changing each upper vertex x of b to z”,
o Il(a,b) on vertex set nUn” Un’, whose edge set is the union of those of a¥ and b".

The graph II(a, b) is called the product graph of a and b; the vertices 1”7 < --- < n' are
drawn in the middle row. The product ab € P, is then defined to be the partition for
which z,y € nUn’ belong to the same block of ab if and only if z and y belong to the
same connected component of II(a, b). Calculation of the product ab in Pg, with a and b
as in (2.1), is shown in Fig. 2.

Note that the product graph II(a,b) may contain floating components, by which we
mean components consisting entirely of double-dashed elements. The number ®(a,b)
of such floating components will play a key role throughout. For example, if a,b € Pg
are as in (2.1), then ®(a,b) =1, with the unique floating component of II(a,b) being
{17,2",6"}; see Fig. 2.

The partition monoid P, contains many important submonoids, including:

e the Brauer monoid B,, = {a € P, : each block of a has size 2},

o the partial Brauer monoid PB, = {a € P, : each block of a has size < 2},

o the planar partition monoid PP, = {a € P, : a is planar}, where planarity here
means that a can be drawn with no crossings, with all edges contained in the rectangle
bounded by the vertices,

e the Temperley—Lieb monoid TL, = B, N PP,, and

o the Motzkin monoid M,, = PB,, N ZP,,.

An example of a planar partition is b € Pg pictured in Fig. 2.
A Dblock A of a partition a € P, is called an upper or lower non-transversal if A C n
or A C n', respectively. Any other block is a transversal. We write
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to indicate that a has transversals A; U B (for 1 < i < r), upper non-transversals C;
(for 1 <4 < s) and lower non-transversals D} (for 1 <+ <t). Any of r, s or ¢ could be 0,
but not all three since we are assuming that n > 1.

The partition monoid P,, comes equipped with a natural involution *, defined by
turning diagrams up-side down:

_ (A} |AC - |C Bi|---|B,|Di|-|Di) _ «
“—(31 BTHDlth)H(Al Aloe) =@

This satisfies the identities a™* = a = aa*a and (ab)* = b*a*, so that P, is a regular

x-monoid [48]. In particular, P, is regular, but it is not inverse for n > 2. The sub-
monoids B,,, PB,, #P,, TL, and M,, are all closed under *, so they are also regular
*-monoids.

The (co)domain, (co)kernel and rank of a partition a € P, are defined by

x € n: x is contained in a transversal of a},

x € n: 2’ is contained in a transversal of a},

(r,y) €nxn:z' and 3 belong to the same block of a},

(a) ={
(a) ={
ker(a) = {(z,y) € n x n: z and y belong to the same block of a},
(a) ={
(a) = the number of transversals of a.

For example, a € Pg in Fig. 2 has rank 1, domain {2, 3}, and kernel-classes {1,4}, {2, 3}
and {5,6}.

The above parameters can be used to characterise Green’s relations on any of the
above diagram monoids. In particular, it will be useful to bear in mind the following;:

o aZb < [dom(a) =dom(b) and ker(a) = ker(d)],

e aZb & [codom(a) = codom(b) and coker(a) = coker(d)],
e a_#b & rank(a) = rank(b),

e a< 4y b & rank(a) < rank(b).

For full details, see [42,52]. In particular, if S is any of P, PB,, B, PPy, M, or TL,,
then the 2 = _Z-classes of S are the sets

D, = D,(S) ={a € S : rank(a) = r} for 0 <r <m,

with the additional constraint that » = n (mod 2) if S is either B,, or TL,,. The ordering
on these is given by D, < D, & r <s.

Finally, we note that the transformation monoids 7, and Z,, (and hence also S,,) can
be regarded as submonoids of P,:
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Tn, ={a € P, : dom(a) = n and ker(a) = A,} and

Z, ={a € Py : ker(a) = Ay, = coker(a)}.

Here and elsewhere we write Ax = {(z,x) : © € X} for the trivial/equality relation on
a set X. Note that Z, is closed under the involution * (which restricts to the inverse
operation on Z,), but 7, is not.

2.3. Independence algebras and their (partial) endomorphism monoids

Another source of examples for us will be certain twistings on semigroups of trans-
formations and matrices. They can in fact be treated within a common framework of
endomorphism monoids of independence algebras. These algebras were first introduced
by Narkiewicz [47] under the name of v*-algebras. The study of their endomorphisms,
and indeed the term ‘independence algebras’, were introduced by Gould [31]. For more
details on the history of this topic, and connections with other areas of mathematics,
see [1].

Let A be an algebra (in the sense of universal algebra). An endomorphism of A is
a morphism A — A, i.e. a self-map of A that respects the operations of A. A partial
endomorphism of A is a morphism B — A for some subalgebra B < A. The sets End(A)
and PEnd(A) of all such (partial) endomorphisms are monoids under composition. So
too is PAut(A) = {a € PEnd(A4) : a is injective}, and the latter is inverse. The automor-
phism group Aut(A4) = {a € End(A) : a is bijective} is the group of units of all three of
PEnd(A), End(A) and PAut(A).

For a subset X of an algebra A we write (X) for the subalgebra generated by X. We
say X is independent if © ¢ (X \ {z}) for any x € X. A basis of A is an independent
generating set.

Following [31], an independence algebra is an algebra A that satisfies the exchange
property and the free basis property:

(E) Forall X C Aand z,y € A, if x € (X U{y}) \ (X), then y € (X U {z}).
(F) If X is a basis for A, then any map X — A can be extended (necessarily uniquely)
to an endomorphism of A.

It can be shown that any independent set of an independence algebra A can be extended
to a basis, and that all bases have the same size, called the dimension of A and denoted
dim(A). Tt follows that (F) is equivalent to the ostensibly stronger condition:

(F) If X C A is independent, then any map X — A can be extended (necessarily
uniquely) to a partial endomorphism (X) — A.
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The rank of a partial endomorphism a € PEnd(A) is defined by rank(a) = dim(im(a)),
the dimension of the image of a. (Note that any subalgebra of an independence algebra
is itself an independence algebra, and therefore has a well-defined dimension.)

In our results we will need to assume that the underlying independence algebras are
strong. This is a concept introduced by Fountain and Lewin in their work [29] on en-
domorphism monoids of independence algebras. It formalises a well-known property of
vector spaces, which turns out not to follow from the defining properties of an indepen-
dence algebra. Fountain and Lewin give several equivalent formulations, of which we will
work with the following (see [29, Lemma 1.6]):

(S) If B,C < A are subalgebras, and if a basis X for BN C is extended to bases X UY
and X U Z for B and C, respectively, then X UY U Z is a basis for BV C.

Here U denotes disjoint union, and BV C' = (BUC) is the join of B and C' in the lattice
of subalgebras of A.

Archetypal examples of strong independence algebras include vector spaces and (plain)
sets. (Note that the former have a separate unary operation for scalar multiplication by
each element of the underlying field.) If A is simply a set, then

PEnd(A4) = P74, End(A) = Ta, PAut(A) =TZ4 and Aut(A4) =Sa.

If A is a vector space over a field F, of finite dimension n, then End(A) is isomorphic to
M,,(F), the multiplicative monoid of all n X n matrices over F. Structural similarities
between the monoids 7,, and M, (F') were one source of interest in independence algebras
in [31]. During the course of our investigations, we will uncover an intriguing point of
difference between these two monoids, namely that a certain ‘rank-based twisting’ is
‘tight’ for M,,(F') but not for T,; see Proposition 4.13 and Remark 4.12.

3. Twistings: definitions and basic properties
Throughout this section we fix the following:

e a monoid S, written multiplicatively, with identity 1; and
e a commutative monoid M, written additively, with identity 0.

Definition 3.1. A twisting of S is a map ® : § x S — N satisfying the following;:
(T1) @(a,b) + ®(ab,c) = ®(a,be) + ®(b,c) for all a,b,c € S.
With a slight abuse of notation we write ®(a, b, ¢) for the common value in (T1).

In the work on congruences of twisted partition monoids [25,26] it transpired that the
following property of multiplication in P,, was important in a number of technical argu-
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ments: for any partitions a,b € P,, the product ab can be obtained without introducing
any floating components in the product graph by replacing b by a suitable b’ € P,,, and,
dually, replacing a by a suitable a’ € P,,. Formalising to our general framework leads to
the following:

Definition 3.2. A twisting & is tight if it satisfies the following:

(T2) (a) For all a,b € S there exist a’ € S such that ab = a’b and ®(a’,b)
(b) For all a,b € S there exist ' € S such that ab = ab’ and ®(a, V') =

0.
0.
Otherwise ® is loose.

One can of course obtain a (tight) twisting by defining ®(a,b) = 0 for all a,b € S.
We call this the trivial twisting. Given a twisting ® and a natural number k, we can
define a new twisting ® by ®'(a,b) = k + ®(a,b); if £ > 0 then this is loose. If T" is a
subsemigroup of S, then any twisting ® of S restricts to a twisting of T'. If ® is tight,
then the restricted twisting need not be tight in general; similarly, a loose twisting could
restrict to a tight one. Several examples of twistings will be considered in Section 4. In
particular, in Remark 4.10 we will see an example where (T2)(b) holds, but (T2)(a) does
not.

Here is the key definition, using a twisting to combine M and S into a single semigroup:

Definition 3.3. Let & : S xS — N be a twisting, and fix some ¢ € M. The twisted product
M x% S is defined to be the semigroup with underlying set M x S, and operation

(1,a)(4,b) = (i + j + ®(a, b)g, ab) fori,j € M and a,b € S.
The product M x% S is said to be tight if ® is tight, or loose otherwise.

Associativity of the above operation follows quickly from (T1), and in fact we have
(i,a)(4,b)(k,c) = (i +j + k + ®(a,b,c)q, abc) for 4,5,k € M and a,b,c € S.
Note that if ® is the trivial twisting, or if ¢ = 0, then M x% S is the classical direct

product M x S, with operation (i,a)(j,b) = (i + j, ab).

The following lemma gathers some basic consequences of (T1) and (T2).

Lemma 3.4. If ® : S x S — N is a tight twisting, then for all a,b,c € S, the following
hold:

(b,c), and a Lb = P(a,c) = D(b,c),
(¢,b), and a Zb = P(c,a) = P(c,b),
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(T6) there exist o', € S such that abc = a’bc’ and ®(a’,b,c’) = 0.

Proof. (T3). For the first implication, suppose a < b. Then a = sb for some s € S, and
by (T2) we can assume that ®(s,b) = 0. Combining this with (T1), we have

D(a,c) =0+ P(a,c) = D(s,b) + ®(sb, ¢) = ®(s,bc) + ®(b,c) > P(b,¢).

The second implication follows from the first.

(T4). This is dual to (T3).

(T5). B ( 2), there exists ' € M such that a-1 = &' -1 and ®(a’,1) = 0. But
a-1

-1 simply says that a = @/, so indeed ®(a,1) = ®(a’,1) = 0. We obtain
= O by symmetry.

o(1,0) =
(T6). By (T2) there exist a’, ¢’ € S such that ab = a'b and a’b-¢ = a’b-¢/, with ®(a’,b) =0
and ®(a'b, ') = 0. We then have

a'bd =a'bc=abc  and  ®(d’,b,d)=®(a',b) + ®(a'b,)=04+0=0. O

We now list some fundamental properties of a tight twisted product T'= M x% S,
which we will use without explicit reference. The third is easily checked, and the rest are
simple consequences of (T5).

(P1) T is a monoid with identity (0, 1).

(P2) The set M x {1} is a submonoid of T, and is isomorphic to M.

(P3) If M has an absorbing element co (so i + oo = oo for all ¢ € M), then {o0} x S
is a submonoid of T, and is isomorphic to S. (This holds more generally if oo is
replaced by any element w € M for which 2w =w = w + q.)

(P4) T is generated by the union of M x {1} and {0} x S. Specifically, we have

(i,a) = (4,1)(0,a) = (0,a)(i, 1) forany i€ M and a € S.
While the subset {0} x S of T is in one-one correspondence with .S, it is typically not a
submonoid, as (0,a)(0,b) = (®(a,b)q, ab) for a,b € S.
The next result will be used when we consider idempotents in Section 6.
Lemma 3.5. If ® is a twisting of a monoid S, and if a € S and e € E(S), then

a<ge = Pla,e) =P(e,e) and a<ge = Ple,a) = Dle,e).

Proof. For the first implication (the second is dual), note that a < e implies a = ae.
Combining this with (T1) yields

O(a,e) + P(a,e) = P(a,e) + DP(ae,e) = P(a,ee) + P(e,e) = P(a,e) + P(e, e),
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and the assertion follows. 0O

Some of our motivating examples involve semigroups S with an involution *. We say
that a twisting ® of such a semigroup is x-symmetric if

O(a,b) = d(b*,a") for all a,b € S. (3.6)

Lemma 3.7. If ® is a *-symmetric twisting of a monoid S with involution, then (T2)(a)
and (T2)(b) are equivalent. Consequently, ® is tight if and only if either of these holds.

Proof. It suffices by symmetry to show that (T2)(a) implies (T2)(b), so suppose (T2)(a)
holds. To verify (T2)(b), let a,b € S. By assumption there exists ¢ € S such that
b*a* = ca* and P(c,a*) = 0. We then take b’ = ¢*, and we note that

ab' = ac* = (ca*)* = (b*a*)* =ab  and  P(a,b') = ®(a,c’) = P(c,a*) =0. O
4. Motivating examples

The purpose of this section is to describe some natural examples of twistings. These
include the canonical twistings of diagram monoids (Section 4.1), a new twisting for
monoids of partial endomorphisms of strong independence algebras (Section 4.3), in-
cluding full transformation monoids and matrix monoids, and analogous new twistings
for diagram monoids (Section 4.4).

4.1. Diagram monoids and their canonical twistings

As just noted, our first motivating example concerns diagram monoids, and we begin
with the partition monoid P,,. For partitions a,b € P,,, we let ®(a,b) be the number of
floating components in the product graph II(a,b). It is a non-trivial fact that this @ is
a tight twisting. Properties (T1) and (T2) are [28, Lemma 4.1] and [25, Lemma 2.9(i)],
respectively. We call this ® the canonical twisting of P,. It is clear from the definition
that ® is #-symmetric with respect to the standard involution * of P,.

Taking M to be either (N, +) or (Z,+), and ¢ = 1 in either case, leads to two twisted
products: N x1 P, and Z x} P,,. The first of these monoids was the subject of the papers
[25,26]. The second has not been explicitly studied, to the best of our knowledge, but
will play a pivotal role in the forthcoming paper [22].

Of course ® restricts to a twisting of any submonoid of P,,. Curiously, this restriction
is not always tight, as we will see in Proposition 4.2. For the proof we require a technical
lemma about planar partitions:

Lemma 4.1. For any a € &P, with rank(a) > 1, there exists c € PP, such that acZ a,
codom(ac) = n and ®(a,c) = 0.



J. East et al. / Journal of Algebra 689 (2026) 819-861 831

Proof. Let r = rank(a). If r = 1 we can simply take ¢ = (), the partition with a single

block. Now suppose r > 2, and write a = (gi g:}g—j%'%. By [24, Lemma 7.1] we
can assume that By < -+ < B, (where X < Y means that © < y for all x € X and
y € Y). Write m; = max(B;) for each i, and define the sets

M1:{17...,m1}, Mi:{mi_1+1,...,mi}fOI'l<i<T‘ and
M, ={m,_1+1,...,n}.

Then the conditions are easily checked for ¢ = (%i o

Ay A, |Cq]- -+ |Cs
(8] ek, g

Proposition 4.2. The canonical twisting is tight for Pn, Bn, PPn and TL,, but loose
for PB,, and M,, ifn > 2.

‘%:), noting that ac =

Proof. Property (T2) for B,, and TL,, is established in [20].
For &P, it suffices by Lemma 3.7 to establish (T2)(b). To do so, let a,b € PP,
Suppose first that rank(a) = 0, and let the lower non-transversals of ab be Af,..., A},

where we assume that 1 € A;. Then ab = ab’ for b’ = (:1W € PP, and we
have ®(a,b’) = 0 because dom(b') = n. Now suppose rank(a) > 1, and let ¢ € PP, be
as in Lemma 4.1. Now, ab <g a Z ac, so we have ab = acd for some d € #P,,. Thus, it

remains to check that ®(a,b’) = 0 for b’ = cd. Now,
®(a,c,d) = ®(a,c) + P(ac,d) =0,
as ®(a,c) =0, and ®(ac, d) = 0 since codom(ac) = n. But then it follows that
P(a,b') = ®(a,cd) < D(a,cd) + P(c,d) = ®(a,c,d) =0,

so certainly ®(a,b’) = 0.
For the failure of (T2)(b) in PB,, and M, take

=PT] e =T »

both from M,,. Then ab = b, and the only other ¥/ € PB, satisfying ab’ = b is b’ =
[ N )
“ I I , but we have ®(a,b) =1 and ®(a,b’) =2. O

The products N x1 B, and N x} 7L, have appeared frequently in the literature
[5,8,11,15,16,39,40,42], with the latter typically called the Kauffman monoid. The larger
monoids Z x 5 B,, and Z x} TL,, have also featured in [39,40]. Twisted products involving
PB,, and M, have more intricate structures, due to their twistings being loose. For
example, the middle diagrams in Figs. 3 and 4 show twisted products involving P, and
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‘PBs, respectively, with respect to the canonical twistings; the former is tight, and the
latter is loose.

4.2. Rigid twistings
The remaining twistings we consider here arise from a general construction:

Lemma 4.4. Let S be a monoid, r : S — Z an arbitrary function, and m € Z an arbitrary
integer. Then the function

D, SXxS—>Z given by @, (a,b) =m —r(a) —r(b) + r(ab) fora,be S

satisfies (T1). Consequently, ®, ., is a twisting of S if and only if the following inequality
holds:

r(a) +r(b) <r(ab) +m foralla,be S. (4.5)

If additionally S has an involution * for which the identity r(a*) = r(a) holds, then @, ,
s *-symmetric.

Proof. Tt is easy to check that both sides of (T1) evaluate to 2m—r(a)—r(b)—r(c)+r(abc).
It is also clear that the inequality (4.5) is equivalent to having ®,.,,(a,b) > 0 for all
a,b € S. Finally, if the identity r(a*) = r(a) holds, then for any a,b € S we have

D, (b a") =m —r(b*) —r(a*) +r(d*a”) =m —r(b) —r(a) + r(ab)
=&, ,,(a,b). DO

A twisting of the above form @, ., will be called rigid. Note that
D, m(a,1) =@, (1,0) =m —r(1) for any a € S.

In particular, if (1) = m, then M x%r _S'is a monoid with identity (0, 1), whether ®;. ,,
is tight or not. Note also that r(1) = mis a necessary condition for a rigid twisting ®,. ,,
to be tight.

Rigid twistings can be thought of as generalisations of the coboundaries from the pa-
per [14], which studied analogues of twistings that map from a cancellative commutative
monoid to a group (rather than from an arbitrary monoid to N). The main result of [14]
was that every twisting of the type they study is a coboundary. This is not the case
for twistings in general. In particular, we will see later that the canonical twistings on
diagram monoids are not rigid; see Remark 4.19.
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4.3. (Partial) endomorphism monoids of strong independence algebras

A special case of (4.5) is the well-known Sylvester rank inequality in linear algebra,
which says that for n x n matrices a and b over a field F' we have

rank(a) 4+ rank(b) < rank(ab) + n.

Because of Lemma 4.4, this leads to a rigid twisting on the multiplicative monoid M, (F)
of all such matrices, given by ®(a,b) = n — rank(a) — rank(b) + rank(ab). Among other
things, we will see that this twisting is tight; see Proposition 4.13.

In fact, Sylvester’s rank inequality holds in much greater generality, namely for partial
endomorphisms of finite-dimensional strong independence algebras:
Proposition 4.6. If A is a strong independence algebra of finite dimension n, then

rank(a) + rank(b) < rank(ab) +n for all a,b € PEnd(A).
Proof. Write k = rank(a) and [ = rank(ab). We must show that
rank(b) <l+n —k. (4.7)

Also define the subalgebras

B =im(a) and C = dom(b).

Choose a basis {wy,...,w;} for im(ab), and choose uy,...,u; € A such that w;ab = w;
for each i. Also set v; = u;a for each 4. Since {wy,...,w;} is independent, so too are
{u1,...,w} and {vy,..., v}, and we note that {uy,...,u;} C dom(a) and {vy,...,v;} C

im(a) Ndom(b) = BN C. Next we extend {v1,...,v;} to bases:

o {v1,... v}t ={v1,...,u} U{vig1,...,9m} of BNC,

o {v1,... v} ={v1,.. ;o U{vmy1, ..., 06} of B, and

o {v1,..., vt U{z1,...,21} of C' = dom(b).
Now, im(b) is generated by the image of this last basis, meaning that

im(b) = (v1b, ..., vmb, x1b, ..., xpb) = (v1b, ..., vmb) V (x1b, ... xpb).

It follows that
rank(b) = dim(im(b)) < dim(v1d, ..., v,bd) + dim{x1d, ..., xpb) < dim(vib,. .., v,b) + h.

Since v; € BN C = im(a) N dom(b) for each 1 < i < m, we have
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(v1b, ..., umb) Cim(adb) = (wy,...,w;) = (v1d,...,ub) C (v1d,...,vmd).

It follows that (v1b,...,v;,b) = im(ab), and so dim(v1b,...,v,b) = rank(ab) = . Thus,
continuing from above, we have

rank(b) < dim(v1 b, ..., vnb) +h =1+ h.

Thus, we can complete the proof of (4.7), and hence of the proposition, by showing that
h < n — k. But this follows from the strong property in A. Indeed, looking at the above
bases for B, C' and B N C, it follows that

{v1, -y U{0ms1, .o U{zr, oozt = {vr, o o b Uz, .0 an )

is a basis of BVC'. In particular, this set is independent, and hence k+h < n,i.e. h < n—k,
as required. O

The inequality just established leads to a rigid twisting of PEnd(A). Although this
need not be tight in general, it does satisfy one half of axiom (T2).

Theorem 4.8. Suppose A is a strong independence algebra of finite dimension n.

(i) The partial endomorphism monoid PEnd(A) has a twisting given by
®(a,b) = n —rank(a) — rank(b) + rank(ab).

(if) This twisting satisfies (T2)(b). That is, for any a,b € PEnd(A) we have ab = ab/
for some b’ € PEnd(A) with ®(a,b’) =0.

(iii) In the previous part, if b belongs to End(A) or to PAut(A), then such an element
b exists in End(A) or PAut(A), respectively.

Proof. (i). This follows from Lemma 4.4 and Proposition 4.6.

(ii). Fix a,b € PEnd(A), and let &k, € N and B,C < A be as in the proof of Proposi-
tion 4.6. Also fix the bases

{wy,...,w} of im(ab), {v1,...;vmfof BNC and {v1,...,vx} of B,

as in the same proof, where | < m < k, and where v;b = w; for each 1 < ¢ < [. Now extend
{v1,..., v} to a basis {v1,...,v,} of A, and extend {w1,...,w;} to an independent set
{wi,...,w} U{zks1,...,2n}. (The latter is possible because | < k.) Let

D ={(v1,...,Um,Vkt1,s---,0n) and E={(wi,...;W,2Zkt1s--s2n)

and define V' : D — F in PEnd(A) by
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v =vbforl <i<m and vl =zjfor k+1<j<n.

Note that b’ agrees with b on the basis {v1,...,vx} = {v1,...,vm} U{vms1,..., 0} of
B = im(a), in the sense that v;b and v;b’ are equal for 1 < ¢ < m, but are both undefined
for m+1 < ¢ < k. It follows from this that ab = ab’. By construction, we have

rank(b') = dim(im(v')) = dim(v1b, ..., Vb, Zkr1, - - 2n)

= dim{wy, ..., Wy, Zk41,.- -5 2n) =1+ n—k,
where we used the fact that
(wi,...,w) =im(ab) = (BN C)b = (vy,...,0m)b = (v1b,...,v;,b).
It follows that indeed

b(a,b)=n—k—(1+n—k)+1=0.

(iii). Suppose first that b € PAut(A). We must then have [ = m, as b maps BN C =
(v1,...,vm) bijectively onto (wi,...,w;). It follows from this that

dim(D)=m+n—k=10+n—k=dim(E),

so that b’ : D — F is indeed an isomorphism, and hence belongs to PAut(A).
On the other hand, if b € End(A), then C' = dom(b) = A, and so BN C = B, which
forces m = k. We then have

dim(D)=m+n—-k=k+n—k=n,
so that dom(b') = D = A, and V/ € End(4). O

Remark 4.9. The assumption that the independence algebra A is strong was used in the
proof of Proposition 4.6, which itself feeds into the proof of part (i) of Theorem 4.8.
However, this assumption on A was not used in the proofs of parts (ii) or (iii) of the
theorem.

Remark 4.10. To see that (T2)(a) does not hold (in general) for the twisting & of
PEnd(A) from Theorem 4.8, consider the case that A = {1,2,3} with no operations,
so that PEnd(A) = PT;s is the partial transformation semigroup of degree 3. Then with

a:(ifg) and b:(123),

both from P73, we have ab = (} ? g) The only other element a’ of P73 satisfying
ab=d'bis d = (1 ? ;’) (= ab), and we have ®(a,b) = ®(a’,b) = 1.
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The twisting of PEnd(A) from Theorem 4.8 restricts to a twisting on any submonoid
of PEnd(A). The next result concerns two of the most important such submonoids,
namely End(A) and PAut(A). Since the latter is inverse, the inversion map a +— a1 is

an involution.

Proposition 4.11. If A is a strong independence algebra of finite dimension n, then
End(A) and PAut(A) have twistings given by

®(a,b) = n —rank(a) — rank(b) + rank(ab).
This is tight and ~'-symmetric for PAut(A).

Proof. It remains only to prove the assertion concerning PAut(A). Symmetry follows
from Lemma 4.4 and the identity rank(a) = rank(a™!). Tightness then follows from
Lemma 3.7 and Theorem 4.8(iii). O

Remark 4.12. For A = {1, 2, 3} with no operations, the failure of (T2)(a) for End(A) = T3
can be deduced from Remark 4.10, as the elements a,b € P73 = PEnd(A) used there
actually belong to 73.

As special cases, consider again the algebra A = {1,...,n} with no operations. Here
we have

PEnd(A) = PT,, End(A) =T, and PAut(A4) = Z,.

It follows from Proposition 4.11 that the twisting on Z, is tight, but we observed in
Remarks 4.10 and 4.12 that those on P7, and 7T, are loose. The next result gives an
important special case in which the twisting on End(A) is tight. It is well known that the
linear monoid M,,(F), consisting of all n x n matrices over an arbitrary field F, under
multiplication, is isomorphic to End(V) for any n-dimensional vector space V over F,
and that V is a strong independence algebra (of dimension n). It is also well known that
the transpose map a — a” is an involution on M, (F).

Proposition 4.13. For anyn > 1 and any field F, the linear monoid M,,(F) has a tight, T -
symmetric twisting, given by

®(a,b) = n —rank(a) — rank(b) + rank(abd).

Proof. By Proposition 4.11, and the above-mentioned isomorphism M, (F) = End(V),
this @ is a twisting. Since rank(a’) = rank(a) for all a € M, (F), we again obtain *-
symmetry from Lemma 4.4. Thus, another appeal to Lemma 3.7 and Theorem 4.8 shows

that @ is tight. O
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4.4. New twistings for diagram monoids

We now prove a Sylvester-style rank inequality for partition monoids, which will allow
us to introduce a new family of (rigid) twistings for diagram monoids; see Theorem 4.17.
Curiously, these are tight for the Brauer monoids B,,, but not for any of P,,, ZP,,, PB,,
M, or TL, (apart from trivially small n), as we show in Proposition 4.18. Before we
begin, we need a technical result concerning joins of equivalence relations.

Let €q(X) be the V-semilattice of equivalence relations on a finite set X. For
e € €q(X) we write |le]] = |X/e| for the number of e-classes. For distinct z,y € X,
let €4, be the equivalence whose only non-trivial class is {x,y}. Note then that for any
€ € €q(X), the join € V g4y is either equal to € or else is obtained by merging precisely
two e-classes. Thus, we have

leV eayll = Jlell = 1. (4.14)
Lemma 4.15. If e,n € €q(X) for a finite set X, then ||| + ||n]| < |le V nl| + | X].
Proof. Write k = |||, I = ||n|| and n = | X|. We show by descending induction on [ that
levnl >k+1—n. If ]l =n, then n = Ax, and the claim is obvious since ¢ V1 = ¢. So

now suppose [ < n. We can then write n = 1’ Ve, for some ' € €q(X) with ||| =1+1,
and for distinct «,y € X. Using (4.14) and induction, we then have

levall=llevny Vel >llevy|-1>(k+({(+1)—n)—1=k+l—n. O
Remark 4.16. Lemma 4.15 says that when |X| = n is finite, the semilattice €q(X)
satisfies the Sylvester-type inequality (4.5) with m = n and r(¢) = ||¢||. It then follows

from Lemma 4.4 that €q(X) has a (rigid) twisting given by

®(e,n) = n — llell = lInll + [le v Il
This is easily seen to be tight. Indeed, let e,n € €q(X), and let k = |lg]| and | =
lle Vnl. Also let n/(e V) = {A1,...,A;}. Now, each A; is a union of e-classes, say
A=A U---UAy,. Foreach 1 <i<land 1 <j <k;, choose some a;; € A;;, and let

n' € €q(X) be such that {a;; : 1 < j < k;} is an n/-class for each 1 <14 <, with every
other 7/-class a singleton. Then

evn =eVn and Il =l+n—(ki+--+k)=1l+n—k,
so that ®(e,n)=n—k—({+n—k)+1=0.

We now return to the partition monoid P,,:
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Theorem 4.17. For any a,b € P, we have
rank(a) 4 rank(b) < rank(ab) + n.
Consequently, P, has a *-symmetric twisting given by
®(a,b) = n —rank(a) — rank(b) + rank(ab).

Proof. Because of Lemma 4.4 and the identity rank(a*) = rank(a), it suffices to prove
the claimed inequality. So fix a,b € P,, and write k = rank(a), [ = rank(b) and m =
rank(ab); we must show that m > k+1—n.

During the proof we will be interested in three kinds of connected components of the
product graph II(a,b). Specifically, we call a component C":

e a transversal if CNn # @ and CNn’ # & (in which case necessarily also CNn” # &),
e an upper semi-transversal if CNn# @, CNn” #g and CNn’ =g,
o a lower semi-transversal if CNn=g, CNn” # @ and CNn' # @.

Note that for any such C, the intersection C' N n” has the form A” for some
coker(a) V ker(b)-class A. Note also that m = rank(ab) is equal to the number of transver-
sals of II(a, b). Denote the unions of all transversals, all upper semi-transversals and all
lower semi-transversals of I1(a, b), respectively, by:

XuY'uZz, TUuUy” and V'uw’, where T,UV,W,X,Y,Z Cn.
By construction, the sets Y, U and V are pairwise disjoint, so it follows that
U+ |V|+ Y| <n.

Now consider the restrictions € = coker(a)[y and n = ker(b)[y. For any transversal C'
of II(a, b), we have C Nn” = A” for some ¢ V n-class A. It follows that

m = rank(ab) = |le V1|

Also let:

e ki (resp. 1) be the number of transversals of a (resp. b) contained in a transversal
of II(a, b),

e ko (resp. lz) be the number of transversals of a (resp. b) contained in a semi-
transversal.

We then have

k = ki+ko, I =11+ls, ki < ||6H, 1 < ||77||7 ko < |U| and lo < |V‘



J. East et al. / Journal of Algebra 689 (2026) 819-861 839

Combining the above information with Lemma 4.15, it follows that indeed

m= eVl = el +nl = Y=k +l = [Y[=(k—ko)+ (= 12) = [Y]
>k+l—|U - |[V|-|Y|>k+l-n O

We call ® from Theorem 4.17 the rank-based twisting of P,. As ever, this restricts to
a twisting on any submonoid of P,,.

Proposition 4.18. The rank-based twisting is tight for B,, but loose for P,, ZP,, PB,
and M, for n > 2, and for TL, forn > 3.

Proof. For the failure of (T2) in P,,, #P,,, PB,, and M,,, consider a,b € M,, as in (4.3),
and note that ab = b. For any V' € P,, with ab’ = ab, we have

®(a,b') =n— (n—2) —rank(t') + (n — 2) = n — rank(d’).

For this to equal 0 we would need rank(d’) = n, meaning that b’ € S, is a permuta-
tion. But for any permutation b’ € S,, we have coker(ab’) = A, # coker(b), so that
ab’ # b = ab.

For TL,,, consider

L1 e =20

As in the previous paragraph, any b’ € TL, satisfying ab’ = ab(= b) and ®(a,b’) = 0
must have rank(b’) = n. But there is a unique Temperley-Lieb diagram of rank n, namely
the identity 1, and we do not have a -1 = b.

By Lemma 3.7, it remains to verify (T2)(b) in B,. To do so, fix a,b € By, let k =
rank(a) and [ = rank(ab), and write

Tp|Trt1, Trpo| - |Tn-1, In\
Yk |Yk+1, Yrt2| - [Yn—1, yn/'

x
U

Ti+1
Y41

Re-ordering if necessary, we can assume that ab has the form

Ty|Tig1, Biga| [T 1, Te|Trgt, Togo| [ Tao1, T
zi|zi41, 242 ] (2ot 2k | 2R, 2tz 2ot 20 )

z1]|- .-

ab = (ml -
We then have ab = ab’ for
v = (=

and ®(a,b') =n—k—(I+n—-k)+1=0. O

yn|yl+17 yl+2\' " |yk—17 yk-\
Znlzit1, zir2| |21, Zk}’

Y
2

Yr+1
Zk+1
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Remark 4.19. The rank-based twisting coincides with the canonical (float-counting)
twisting on the submonoid Z,, of P,. Indeed, consider a,b € Z,. A floating compo-
nent in the product graph II(a,b) is simply a point 2", and there is one for each
xz € n\ (codom(a) Udom(b)). Thus, writing ® for the canonical twisting, we have

®(a,b) =n — | codom(a) U dom(d)|
=n — | codom(a)| — | dom(b)| + | codom(a) N dom(b)|
= n — rank(a) — rank(b) 4 rank(ab).

The rank-based and canonical twistings are distinct for the monoids P,, £P,,, PB,,
B, M,, and TL,,, however. In fact, we claim that for any of these monoids, the canonical
twisting @ is not rigid. That is, it does not have the form @, ,, (cf. Lemma 4.4) for any
function r and integer m (apart from trivially small n). Indeed, consider any submonoid
TL, < S <P, for n > 3, and suppose to the contrary that & = @, ,,, for some r : § — Z
and m € Z. Note then that for any idempotent e € E(S) we have

O(e,e) = (e, e) =m—r(e) —r(e)+r(ee) =m—r(e), sothat r(e) =m— (e, e).

Now consider the idempotents

0 B R A D B AR e

all from 7L, (C S). Since ®(e,e) = ©(f, f) =1 and ®(ef,ef) =0, we then have
0:(1)(eaf) :(I)r,m(eaf) :m—r(e)—r(f)—i—r(ef) :m_(m_l)_(m_1)+m:27
a contradiction.

Remark 4.20. Some products arising from the rank-based twistings are shown in the
right-hand columns of Figs. 3-5 for Py, PBs, B3 and B4. These are loose for P, and
PBs, but tight for B3 and B4. More information about these diagrams will be presented
in Remark 5.3.

5. Green’s relations

The rest of the paper is devoted to describing the structure and properties of a tight
twisted product M x% S. We begin here with a description of Green’s relations. Through-
out this section, we fix a monoid S, a tight twisting ® : S x S — N, and an (additive)
commutative monoid M with a fixed element ¢ € M. To simplify notation, we will denote
the arising twisted product M x% S by T.

The next result shows how Green’s relations on 7' = M x% S are built from the
corresponding relations on M and S. To avoid confusion, we write ¢, ¢5 and &7
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for the &-relation on M, S and T, respectively, where here £ is any of Green’s rela-
tions (pre-orders or equivalences). Note that £ = 2™ = /M = M = M and
<Y =<y = <= <%, because of commutativity.

Theorem 5.1. Let T = M x} S be a tight twisted product. If & is any of Green’s relations
(pre-orders or equivalences), then

(1,a)ET(j,b) < i&Mj and a&b fori,j€ M and a,be S.

Proof. We just prove the result when ¢ is < 7~ The proofs for < ¢ and <4 are analogous,
and then the remaining ones follow by combining these.
For the forward implication, suppose (¢, a) §:} (4,b), so that

(i,a) = (k,8)(4,0)(1,t) = (F+ k+ 1+ P(s,b,1)q, sbt) for some k,l € M and s,t € S.

Theni=j+k+1+ P(s,b,t)g §i§ j and a = sbt §i¢ b.
Conversely, suppose i S% 7 and a g} b, so that ¢ = j + [ for some [ € M (recall

that M is commutative) and a = sbt for some s,¢t € S. By (T6) we can assume that
®(s,b,t) = 0. We then have

(0,5)(4,0)(1,t) = (j + 1+ ®(s, b, t)q, sbt) = (i + 0, a) = (i, a),
and so (i,a) <y (j,b). O
We state some immediate consequences:

Corollary 5.2. Let T = M x% S be a tight twisted product, and ¢ any of Green’s equiv-
alences.

(i) For anyi € M and a € S we haveK(:’;a):KiMfo:HiMfo,

(ii) For & # 2 we have the poset isomorphism
(T/ ", <) = (M]AM, <) % (8/45,<) = (M]AM, <) x (5] 47, <)

In particular, if M is a group, then K(Ti’a) =M x K2, and (T/%T,S) = (S/%S,S)
for X #2. O

Remark 5.3. We now discuss some examples of tight twisted products, to illustrate The-
orem 5.1 and Corollary 5.2. For comparison we also consider some loose products, where
these results no longer apply. All examples will involve the two-element additive monoid
M = {0,000}, and we will take ¢ = co. In each case S is a diagram monoid of small degree.
The tightness or looseness of the considered twistings always follows from Proposition 4.2
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Fig. 3. Egg-box diagrams of the partition monoid P2, and two of its twisted products. See Remark 5.3 for
more details.

or 4.18. The Green structure for the loose examples was computed using the Semigroups
package for GAP [30,45].

We start with S = P,, the partition monoid of degree 2, whose egg-box diagram is
shown in Fig. 3 (left). The tight twisted product T' = M xS, arising from the canonical
twisting @, is shown in Fig. 3 (middle). Here blue and red diagrams of a € P represent
(0,a) and (00, a), respectively, and group 7 -classes are shaded grey; the same colouring
conventions apply to the other diagrams discussed below. The posets (S/_# & <)=3
and (M/_#™ <) 2 2 are chains of sizes 3 and 2, respectively, while (T/_#",<) = 3 x 2
is the direct product, as can be readily seen in the diagram.

By contrast, Fig. 3 (right) pictures the egg-box diagram of the twisted product
M xg Po, where this time ® is the rank-based twisting. Since this twisting is loose,
Theorem 5.1 does not apply here, and one can immediately see from the diagram that
the #-class poset is not isomorphic to the direct product 3 x 2. Indeed, while the sets
{0} x D; and {0} x Dy are whole Z-classes in the product arising from the canonical
twisting, they ‘fall apart’ into multiple Z-classes for the rank-based twisting.

Fig. 4 follows the same pattern for the partial Brauer monoid PBs, showing egg-box
diagrams for PB; itself (left), and the products M x§ PB, arising from the canonical
twisting (middle) and the rank-based twisting (right). Both of these products are loose.
Although they have the same 2 = _#-classes as each other, the orderings on these are
different.

Fig. 5 treats the Brauer monoids Bs (top row) and B, (bottom row). For reasons of
space, we have not pictured individual elements here; B4 has size 105. The canonical and
rank-based twistings are both tight, and in each case the poset of _#-classes decomposes
as a direct product.
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Fig. 4. Egg-box diagrams of the partial Brauer monoid PBaz, and two of its twisted products. See Remark 5.3
for more details.
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Fig. 5. Egg-box diagrams of the Brauer monoids Bs (top row) and By (bottom row), and two each of their
twisted products. See Remark 5.3 for more details.

As an application of the above results, we can also deduce a useful result concerning
the property of stability. A semigroup S is said to be stable if

a gab & aZab and a Zba & aba for all a,b e S. (5.4)

Stable semigroups have many important and useful properties, as explained in [23]. It is
known that all finite semigroups are stable, and that 2 = ¢ in any stable semigroup;
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see for example [50, Section A.2]. Any commutative semigroup is stable because for such
a semigroup we have ¢ =% = 2.

Proposition 5.5. A tight twisted product T = M x% S is stable if and only if S is stable.

Proof. Throughout the proof we use Theorem 5.1 extensively, without explicit mention.
Suppose first that .S is stable. To demonstrate stability of T, it suffices by symmetry to
establish the first equivalence in (5.4), and since Z C _#, only the forward implication
is required. So suppose

(i,a) jT(i,a)(j, b) = (i +j + ®(a,b)q, ad) for some ¢,5 € M and a,b € S.

We then have i/Mi +j + ®(a,b)q and a/sab. But M and S are both stable (by
assumption for S, and by commutativity for M), so it follows that i M i+ j+ ®(a,b)q
and a %Z° ab. But this then gives

(i,a) Z" (i + j + ®(a,b)q, ab) = (i,a)(j, b).

Conversely, suppose T is stable. Again aiming to prove the forward implication in the
first equivalence in (5.4), suppose a /S ab for some a,b € S. By (T2)(b), we can assume
that ®(a,b) = 0. We then have

(Ov a) jT(Ov ab) = (07 a) (07 b)7

so it follows from stability of T  that (0,a)%” (0,a)(0,b) = (0,ab), and hence that
aZ®ab. O

In [40, Corollary 3] it is proved that the twisted Brauer monoid Z x} B, is stable
when @ is the canonical twisting. This also follows from Proposition 5.5 because B, is
finite and hence stable.

6. Idempotents, Schiitzenberger groups and biordered sets

We continue to fix a tight twisted product T = M x% S, where M, S, ® and ¢
have their usual meanings. In this section we describe the set E(T") of idempotents of
T (Section 6.1), and its structure as a biordered set (Section 6.3). In between, we show
how the Schiitzenberger groups of T are related to those of M and S (Section 6.2).

6.1. The idempotents

Before we look at the idempotents of the tight twisted product 7= M x% S directly,
it is convenient to describe the group AT classes. We begin with a technical lemma
concerning the additive monoid (M, +), whose simple proof is omitted; for similar results
see [32, Section I.4].
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Lemma 6.1. If H is a group ™ -class of M, and if k € M, then the following are
equivalent:

(i) H=H +k,
(ii) ig% k for somei € H,
(iii) i<k forallic H. O

If H is an 7 -class (of S), then it quickly follows from (T3) and (T4) that ®(a,b) =
®(c,d) for all a,b,c,d € H. We write ®(H) for this common value (so ®(H) = ®(a,b)
for any a,b € H).

In the following proof, we will make use of the fact that an 7#-class H of a semigroup
is a group if and only if xy € H for some x,y € H; see for example [36, Theorem 2.2.5].

Theorem 6.2. Let T = M x% S be a tight twisted product. If H is an M _class, and H'
an A% -class, then the following are equivalent:

(i) the T -class H x H' is a group,

(ii) H and H' are groups, and H = H + ®(H')q,
(iii) H and H' are groups, and i §1§ O(H')q for some (equivalently all) i € H,
)

(iv) H and H' are groups, and either ®(H') =0 or else i S{\} q for some (equivalently

all) i € H.

When the above conditions hold, the group AT class H x H' is isomorphic to the direct
product (H,+) x (H',").

Proof. (i) = (iii). Suppose H x H’ is a group, say with identity (i, a). Since
(i,a) = (i,a)? = (2i + ®(a,a)q, a®),

it follows that a = a? and i = 2i + ®(a,a)q = 2i + ®(H')q. The former tells us that
H? = H' is a group. The latter tells us that 4 S{\} ®(H')q, and also that i Z™ 2i. Since
M = M | this gives i M 2 which implies that HZM = H is a group (as mentioned
before the proof).

(iii) = (ii). This follows from Lemma 6.1.

(ii) = (i). Suppose H and H' are groups, with H = H+®(H')q. Let the identities of these
groups be i € H and e € H’', and let p € H be such that i = p+ ®(H')qg = p + P(e, e)q.
Since 17 is the identity of H, we have

(p.e)(p,e) = (2p + ®(e,€)q,€%) = (p +i,e) = (p,e),

and hence (p,e) € H x H' is an idempotent.
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(iii) = (iv). This is clear.

(iv) = (iii). We only need to check that ¢ S{\} ®(H')g. If ®(H') = 0 this is ob-
vious. When ®(H') # 0 we have ®(H")i #™ i because H is a group, and hence
i 3% O(H')i §]‘} ®(H')q, as required.

For the final assertion, suppose H x H' is a group. Let ¢ and e be the identities of the
groups H and H’, respectively, and write m = ®(H'), so that

iS% mq, H=H+mq and ®(a,b) = m for all a,b € H'.

Also let t = i + mgq; since H = H + mq we have t € H. For any j,k € H and a,b € H’
we have

(j,a)(k,b) = (j + k + ®(a,b)q,ab) = (j + k +i+mq,ab) = (j +t + k,ab).

It follows that the 77 -class H x H' is isomorphic to the direct product (H, ®) x (H',-),
where @ is the variant operation [34] given by j@®k = j +t+ k. Since the map j — j+1¢
is easily seen to be an isomorphism (H,®) — (H,+), the proof is complete. O

We now define the set
Q= {(i,e) € E(M) x E(S) : HM x HY is a group }

= {(i,e) € E(M) x E(S) : i §Z£ ®(e,e)q}, (6.3)

where the second equality follows from Theorem 6.2. For (i,e) € §2, we write (¢, e) for
the unique idempotent in HM x H, f , which is of course the identity element of this group
A7 -class. The next result follows from Theorem 6.2 and its proof.

Proposition 6.4. We have E(T) = E(M x1 S) = {e(i,e) : (i,e) € Q}, where Q is as in
(6.3). For any (i,e) € Q, we have

e(i,e) = (p,e), where  p=p(i,e) € HM is such that i = p+ ®(e,e)q. O

Remark 6.5. If ¢ is a unit, then so too is ®(e, €)q for any e € E(S). In this case it follows
that Q = E(M) x E(S), and that

e(i,e) = (1 — P(e, €)g, €) for all i € E(M) and e € E(S).

In particular, if M is a group, so that E(M) = {0}, the idempotents of T all have the
form (0, ¢e) = (—®P(e, e)g, e) for e € E(S).

On the other hand, if e € E(S5) is such that ®(e,e) = 0, then (i,e) € Q for all
i € E(M). In this case we have p(i,e) =i, and so £(i,e) = (i,e).

If M is unipotent, i.e. E(M) = {0}, but ¢ is not a unit, then 0 f{\} q, and so

Q={(0,e) : e € E(S), ®(e,e) =0} = E(T).
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Remark 6.6. Fig. 3 pictures the partition monoid Ps (left) as well as the tight twisted
product T' = M xg Py (middle), where M = {0,00}, and where ® is the canonical
twisting. Since oo is an absorbing element of M, we see that (co,e) is an idempotent
of T for every idempotent e of P,. On the other hand, (0,e) is an idempotent of T for

e:II,H,V,W,handﬁ,butnotforezl , I, , ,
P4 [ ] [ ] [ ] [ ] *—e L BN J *—e

or . This is because 0 Zé oo = ¢, and P (e, e) = 0 for all the idempotents in the first
[ N J

list, but ®(e,e) > 0 for those in the second.
Similar comments apply to both (tight) twisted products T = M xg By pictured in

Fig. 5 (and also to M x g Bs). For the canonical twisting we have, among many examples,
L8 L8
(0,e) € E(T) and (0, f) € E(T) for the idempotents e = /n I and f = “ I I from

By, as ®(e,e) = 0 and ®(f, f) = 1. On the other hand, for the rank-based twisting we
have ®(e,e) = 4 — rank(e) > 0 for any idempotent e € E(By) of rank less than 4.

6.2. Schiitzenberger groups

An arbitrary J#-class H of a semigroup can be given a group structure, even if H does
not contain an idempotent; these are known as Schiitzenberger groups. In this section
we want to describe the Schiitzenberger groups of a tight twisted product.

Let us first briefly review the basic definitions and facts; for details and proofs see [13,
Section 2.4] and [2, pp. 166-167]. Let S be an arbitrary semigroup. Define the set

P=PH)={ue S :HunH #2}={uecS': Hu=H}.

Each u € P determines a bijection p, : H — H : a — au, and the set of all these forms
the Schiitzenberger group of H:

I =T(H) = {po : u € P(H)}.

This is a simply transitive group of permutations of H, and in the case that H is a
subgroup of S we have I'(H) = H. We can also give H itself a group operation *, as
follows. For this, fix some element h € H. For a,b € H we define

axb=ap where 8 € T is such that b = hpS. (6.7)

Note that 8 here is uniquely determined, due to I' being simply transitive. The group
(H,*) is isomorphic to T'(H), so we refer to both groups as ‘the Schiitzenberger group’
of H. All s#-classes in a common Z-class have isomorphic Schiitzenberger groups.

Returning now to tight twisted products, we saw in Theorem 6.2 that the group -
classes in T'= M x% S are direct products of group #-classes of M and S. This holds
more generally for Schiitzenbeger groups:
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Theorem 6.8. For any T -class H x H' of a tight twisted product T = M x& S, we have
I'H x H)=T(H) x T'(H").
Proof. Fix elements ¢ € H and a € H’, so that
H=H, H =H; and HxH =H},.

Let

P=PH)={jeM:H+j=H} and P =PH)={ueS:Hu=H'}
={jeM:i+je H} ={ueS:auc HY,

and also define
P'={ueP :%(a,u)=0}={uec P :®0bu)=0forallbe H'},
noting that the second equality follows from (T3). We first claim that
I'(H')={py:ueP'}. (6.9)

To prove this, we need to show that for any u € P’ we have p, = p, for some v € P”.

By (T2) we have au = av for some v € S with ®(a,v) = 0. Since also av = au € H', we

have v € P’, so indeed v € P”. Now for any b € H' we have b = sa for some s € S, and

so bp, = sav = sau = bp,,, which gives p, = p,. This completes the proof of (6.9).
Returning now to the main proof, we will show that

(H x H',%) = (H,x) x (H', %),

where here we write x for the operations in all three Schiitzenberger groups, as in (6.7),
with respect to the fixed elements i € H, a € H', and (i,a) € H x H'. Now consider two
elements (j,0) and (k,c) of H x H'. We must show that

(4,b) x (k,c) = (j x k,b*c).
By definition, we have

jxk=jk and bxc=by,
where k € T'(H) and v € T'(H') are such that k = ik and ¢ = ay.

Now, k = py, for some h € P, and by (6.9) we have v = p,, for some u € P”. Note that

(t,a)(h,u) = (i + h + ®(a,u)q, au) = (ipp, ap,) = (ik, ay) = (k,c).
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Since (i,a) and (k,c) both belong to H x H’, this shows that (h,u) € P(H x H'), and
also that (i,a)p(y,u) = (k,c). It follows that

(ja b) * (/{J,C) = (.77 b)ﬁ(h,u) = (]?b)<h’ u) = (] +h+ ¢<b7 u)vau)
= (jpn, bpu) = (jr,by) = (j* k,bxc),

as required. O
6.3. The biordered set

The set of idempotents of a semigroup need not be a subsemigroup, but it has a
partial operation giving it the structure of a so-called biordered set, as defined by Nam-
booripad [46]. Having characterised the idempotents of a tight twisted product, here we
wish to describe the associated biordered structure.

First we give the relevant definitions. Let S be an arbitrary semigroup. Define two
pre-orders, >— and — on F(S) by

er—f & e=ef and e— f & e= fe.

A pair (e, f) of idempotents is called basic if (at least) one of e — f, e — f, f—e
or f — e holds. In this case, ef and fe are both idempotents (at least one of which is
equal to e or f). The biordered set of S is the set E(S) with the partial product which
is the restriction of the product of S to the set of all basic pairs.

For two biordered sets E(S) and E(T'), their direct product E(S) x E(T) is the partial
algebra in which (eq, f1)(e2, f2) is defined if and only if ejey is defined in E(S) and fi fo
is defined in E(T), in which case (e1, f1)(ez2, f2) = (e1e2, f1f2)-

A morphism of biordered sets is a map ¢ : E(S) — E(T), for semigroups .S and T, such
that whenever ef is defined in F(S), so too is e¢- f¢ in E(T), and e¢ - f¢ = (ef)d. An
isomorphism of biordered sets is a bijective morphism whose inverse is also a morphism.

Now, returning to our earlier notation, let T'= M x% S be a tight twisted product.
We wish to describe the biordered set E(T') in terms of E(S) and E(M). This amounts
to describing all the products that exist in E(T"), which involves characterising the —
and — pre-orders. This characterisation is in terms of the corresponding pre-orders in
E(S) and E(M). But note that since M is commutative, the biordered set E(M) is a
semilattice, and so >— = — in E(M); this coincides with the usual partial order <,
given by ¢ < j < i =144 j(=j+ 1), which is in turn the restriction of g{‘} to E(M).

Proposition 6.10. Let (i,¢), (4, f) € Q. Then

(i) e(i,e) —e(g, f) & i <j and e— f, in which case (j, f)e(i,e) = (i, fe),
(ii) e(i,e) — (4, f) & i <j and e — f, in which case e(i,e)e(j, f) = (i, ef).
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Consequently, the product £(i,e)e(j, f) is defined in the biordered set E(T) if and
only if (i,e)(J, f) is defined in the direct product E(M) x E(S), in which case

e(i,e)e(d, f) = e(i+j,ef).

Proof. The final assertion follows by combining parts (i) and (ii). Thus, by symme-
try, it suffices to prove (i). For the rest of the proof we write s = p(i,e) € HM and
t =p(j,f) € H, so that

e(i,e)z(s,e), &‘(j,f):(t,f), 7;:8+‘I)(€,€)q and j:t+(b(f7f)Q-

Suppose first that (i, e) = e(j, f). Then

(s,€) = (i, e) = e(i,e)e(l, f) = (s,€)(t, f) = (s + 1 + (e, flg, ef).
It follows that e = ef (i.e. e >— f) and s = s+t + P(e, f)q g% t. Since s _g#™i and
t/Mj, we deduce that i §]‘/§ 7, so indeed 7 < j.

Conversely, suppose ¢ < j and e ¥ f, meaning that ¢ =i+ j and e = ef. We must
show that

e(i,e)e(d, f) = eli,e), ie. e(i,e) — (4, f), (6.11)
and e(4, NHe(i, e) = (i, fe). (6.12)

For (6.11), we first note that
e(i,e)e(d, f) = (s,e)(t, f) = (s +t + (e, flg, ef) = (s + 1+ D(e, flg. ). (6.13)

From e = ef we have e <& f, so it follows from Lemma 3.5 that ®(e, f) = ®(f, f).
Since i is the identity element of the group HM = HM  we also have

st+i=(6+i)+j=s+(i+j)=s+i=s.
Combining the previous two conclusions with (6.13) and the definition of ¢ yields
£, )i, f) = (s + 1+ B(e, g €) = (s+ 1+ B(F. g, ) = (s+,¢) = (s,¢) = (i e).
We can now deduce (6.12) fairly quickly. Since e(i,e) — &(j, f), it follows that
e(4, fe(i,e) is an idempotent in the LT class of e(i,e). This product therefore has
the form &(i, g) for some idempotent g € E(S). This idempotent must in fact be g = fe,

since the second coordinate in e(j, f)e(i,e) = (¢, f)(s,e) is simply fe. O

As a consequence, we have the following;:
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Theorem 6.14. For a tight twisted product T = M x} S, the map
E(T) —» E(M) x E(S) : e(i,e) — (i,e) for (i,e) € Q

is a well-defined embedding of biordered sets. It is an isomorphism if and only if one of
the following holds:

(i) q is a unit of M, or
(ii) ®(e,e) =0 for all idempotents e € E(S).

Proof. Since (i, e) is the unique idempotent in the AT -class of (i,e) € Q, the map
is well defined. It follows from Proposition 6.10 that it is a morphism, and it is clearly
injective.

For the second assertion, first note that the map is surjective (and hence bijective) if
and only if Q = E(M) x E(S). By Proposition 6.4, this is equivalent to having

) S% D(e, e)q for all i € E(M) and e € E(S).

Since S% 0 for all ¢ € E(M), this is equivalent to having 0 S% (e, e)q for all
e € E(S), which is in turn equivalent to ®(e,e)q being a unit for all such e. This is
equivalent to one of (i) or (ii) holding. Finally we note that when the map is surjective,
its inverse (i,e) — £(i,¢e) is a morphism as well, as follows from the final assertion of
Proposition 6.10. O

Corollary 6.15. If M is unipotent and q is a unit (e.g. if M is a group), then the biordered
sets E(T) = E(M x1 S) and E(S) are isomorphic.

Proof. By Theorem 6.14 we have E(T) = E(M) x E(S) ={0} x E(S) =2 E(S). O

Remark 6.16. As in Remark 6.5, note that when M is a group, each idempotent of T" has
the form €(0,e) = (—®(e, €)q, e) for e € E(S). Denoting this idempotent by € = £(0, e),
the map E(S) — E(T) : e — € determines an isomorphism of biordered sets. Thus,
ef = ef for any basic pair (e, f) in E(S). This does not extend to non-basic products
in general, however. That is, if ef happens to be an idempotent of S, then we need not
have €f = ef in T'; in fact, €f might not even be an idempotent of T'.

For a concrete instance of this, consider T = 7Z X<11> P for n > 3, where ® is the
canonical twisting on the partition monoid P,,, and where the group M is (Z,+) and we
take ¢ = 1. Also consider the idempotents

o B S A D B - S

all from P,,. We then have € = (—1,¢), f = (1, f) and ef = (0,ef), yet ef = (=2, ef).
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7. Regularity

We again fix a tight twisted product T'= M x S, and consider the regular elements
of T', as well as regularity of T itself. Analogously to our treatment of idempotents in
Section 6, where we first described the group 7 T_classes, here we begin by characterising
the regular 27 -classes before focusing on the regular elements themselves.

For a regular 2°-class D (of S), let

®(D) = min{®(e,e) : e € E(D)}.

Note that this is somewhat different in nature to the ®(H) parameters defined in Sec-
tion 6; specifically, it is possible for the set {®(e,e):e € E(D)} to have size greater
than 1.

Theorem 7.1. Let T = M x% S be a tight twisted product. For an 2™ (= 2™ )-class H
and a 9°-class D, the following are equivalent:

(i) the 2" -class H x D is regular,

(ii) H is a group, D is regular, and H = H + ®(D)q,
(iii) H s a group, D is reqular, and i <% ®(D)q for some (equivalently all) i € H,
(iv) H is a group, D is regular, and either ®(D) =0 or else i < q for some (equiva-

lently all) i € H.

Every group 7 -class contained in a reqular 27 -class H x D is isomorphic to the direct
product (H,+) x (G,-) for some (equivalently, any) group °-class G C D.

Proof. By considering a product of the form (¢,a)(4,b)(i,a), it is clear that for H x D
to be regular, it is necessary for H and D to be regular, and in particular for H to be
a group. So suppose this is the case, and fix some ¢ € H. Keeping in mind that H is a
group, we see that

H x D isregular < H x D contains an idempotent

& H x HY is a group for some e € E(D)

e §% (e, e)q for some e € E(D) by Theorem 6.2
& i< ®(D)g as ®(D) < ®(e,e)
& H=H+ ®(D)gq by Lemma 6.1.

This shows that (i) < (ii)< (iii). The equivalence (ili)< (iv) is exactly as in the proof
of Theorem 6.2, which also gives the final assertion. O

Remark 7.2. Consider the case that a 27 -class H x D is regular and no element of H

is S%—below q. It then follows from Theorem 7.1 that ®(D) = 0, and so ®(e,e) = 0



J. East et al. / Journal of Algebra 689 (2026) 819-861 853

for some e € E(D). Since H x D is regular, it follows from general semigroup structure
theory that every Z” - and .Z7-class contained in H x D contains an idempotent. Such
an idempotent has the form (j, f) for some j € H and f € E(D). Expanding the product
(4, /), f), we see that 7 = 25 + ®(f, f)g; since j ﬁ% q, this forces ®(f, f) = 0. So we
are led to the following statement (and its dual):

o If ®(e,e) = 0 for some idempotent e € E(S), then every .£-class contained in D,
contains an idempotent f such that ®(f, f) = 0.

This statement refers only to the monoid S and its (tight) twisting ®, and says nothing
about the monoid M (or T). One can in fact prove this statement directly without
reference to the structure of M x% S, as follows.

Fix some #°-class L C D,. Since e € D, we can fix some a € L with a %% e. We
then have e = ab for some b € S, and by (T2) we can assume that ®(a,b) = 0. We
then set f = ba. Note first that a = ea (as a®® e) and so af = aba = ea = a, so that
f € LY = L; we also have f? = baf = ba = f. We additionally claim that ®(f, f) = 0.
Indeed, we have

®(f, f) = ®(ba, ba) = D(a, ba) by (T3), as a.Z° f = ba
< &(a,ba) + ®(b, a)
= ®(a,b) + ®(ab, a) by (T1)
=0+ ®(ab, ab) by (T4), as a Z° e = ab
= ®(e,e) =0.

Since also ®(f, f) > 0, it follows that indeed ®(f, f) = 0.
We now give a direct characterisation of the regular elements of 7"
Corollary 7.3. For a tight twisted product T = M x% S, we have
Reg(T) = {(i,a) € Reg(M) x Reg(S) : i <3 ®(D7)q}.

Proof. Observe that (i,a) € T is regular if and only if its 27 -class D(T;.)a) = HM x D?

is regular. We now apply Theorem 7.1. O
We can also say precisely when the entire twisted product T is regular:

Theorem 7.4. For a tight twisted product T = M x% S, the following are equivalent:

(i) T is regular,
(ii) M and S are both regular, and either q is a unit or else ®(D) = 0 for every 2°-
class D.
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Proof. It follows from Corollary 7.3 that T is regular if and only if M and S are regular
and ¢ S{\} ®(D)gq for every i € M and every 29 -class D. As in the proof of Theorem 6.14,
the latter is equivalent to ®(D)q being a unit for every 2°-class D, and hence to ¢ being
a unit or having ®(D) =0 for all D. O

Remark 7.5. One can examine Figs. 3 and 5, and locate the regular Z-classes in the
various tight twisted products pictured there. For example, consider M xg Pa, where
M ={0,00} and ® is the canonical twisting, as shown in Fig. 3 (middle). The Z-classes
of Py are Dy < Dy < D>, and we have

@(Dg) = CI)(Dl) =0 and @(DQ) =1.

Since 0 ﬁz‘} oo = g, it follows that {0} x Dy and {0} x D; are regular, but {0} x Dy is
not. On the other hand, {oco} x D, is regular for each r.

Next consider the products arising from the canonical twisting on the Brauer
monoids Bz and By; see Fig. 5 (middle). These monoids have Z-classes Dy < D3 and
Dy < Dy < Dy, respectively, and we have

d(D3) =®(Dy) =0, O(Dy)=®(Dy)=0 and ®(Dy) = 1.

Thus, {0} x Dy is a non-regular Z-class of M x g By, but every other Z-class of M x3° By
and M x g Bs is regular. In particular, M x g Bs is itself regular. More generally, M xg B,
is regular if and only if n is odd.

Finally, when & is the rank-based twisting on B,,, we have ®(D,) = n — r. Conse-
quently, the P-class {0} x D, of M x3 B,, is only regular when r = n. This can be seen
in Fig. 5 (right) for n = 3 and 4.

8. Idempotent-generated submonoids

The results of Sections 5-7 apply to arbitrary tight twisted products T = M x1 S,
and give detailed structural information about them. On the other hand, there are many
general problems one could pose for twisted products, whose solutions are not uniform,
but require situation-specific/ad hoc reasoning. In this final section we address one of
these, namely the determination of the idempotent-generated submonoid (E(T)). By
considering a number of concrete examples, including some in the existing literature, we
will see that the nature of this submonoid depends heavily on the structure of M and S,
and also on the twisting ®. Specifically, we consider rigid twistings in Section 8.1, and
twisted diagram monoids in Section 8.2.

For convenience, we will write E(S) = (E(S)) for the idempotent-generated sub-
monoid of S. It is well known, and easy to check, that E(S) \ {1} is a subsemi-
group of E(S), and we will denote it by E’(S) =E(S)\ {1}. It is also clear that
E*(S) = (E(S) \ {1}). We similarly write E(T) = (E(T)) and E*(T) = E(T) \ {(0,1)}.
But note that E(M) = E(M) because M is commutative.
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Perhaps the most general statement one can make is the following:
Proposition 8.1. Let T = M x1 S be a tight twisted product.

(i) We have E(T) C (E(M) x {1}) U (M x E*(S)).
(ii) If M is unipotent, then E*(T) C M x E°(S).
(iii) If q is a unit, then E(T) is a homomorphic pre-image of E(S).

Proof. (i). Consider a product of idempotents a = (i1,e1)--- (ix,ex) in T. If each
ej = 1, then each ¢; is an idempotent (cf. Remark 6.5), and a = (i1 + - - - + ix, 1) with
i1+ -+ 1ir € E(M) by commutativity. Otherwise, the second coordinate of a belongs
to E*(S9).

(ii). This follows from part (i), as E(M) x {1} = {(0,1)}.

(iii). The natural map E(T) — E(S) : (i,a) — a is surjective, as its image
contains all of E(S). This is because any e € FE(S) is the second coordinate of
e(0,e) = (—P(e,e)g,e). O

Remark 8.2. With reference to Proposition 8.1(i) and (iii), we will see specific examples
in which:

o E(T)=(E(M) x {1})U (M x E*(S)) (Theorems 8.6, 8.7),
o ¢ is a unit and E(T) 2 E(S) (Theorem 8.3).

In Remark 8.8 we discuss an intermediate example between these two extremes.

Before we do this, however, it will be convenient to extend the domain of a twisting ®

to any number of coordinates. For k£ > 0 and aq,...,ar € S, we inductively define
0 ifk<1
b(a,...,ar) = )
D(ay,...,a5—1)+P(ay---ag_1,a;) ifk>2.

When k = 2 or 3, it is easy to see that this agrees with the numbers ®(a,b) and ®(a, b, ¢)
we have already encountered. It is also easy to show by induction that in the twisted
product M x% S, we have

(il,al)---(ik,ak) = (i1 4+ i —l—(I)(al,...,ak.)q,al ---ak).

8.1. Rigid twistings

We first consider rigid twistings, i.e. twistings of the form ®,.,,, from Lemma 4.4. Here
we do not need to assume that such a twisting is tight.
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Theorem 8.3. If T = M x% S is a twisted product, where M is a group and ® = @, ,, is
rigid, then (E(T)) = (E(S)).

Proof. For a € S, we define j, = r(a) — m. It is easy to check, using the definition of
b =P, ,, that j, + jo + P(a,b) = jap for all a,b € S. It follows from this that

W ={(jug,a) : a € S}

is a subsemigroup of T, and that S — W : a — (jaq,a) is an isomorphism. The result
now follows from the claim that W contains E(T), and hence E(T). To see that this is
the case, note that Remark 6.16 gives E(T) = {¢(0,¢) : e € E(S)}, and we observe that

6(07 6) = (7¢(67 e)qv 6) = (jeqv 6) for e € E(S)a
as ®(e,e) =m —r(e) —r(e) +r(e?) =m—r(e) = —j.. O
8.2. Twisted diagram monoids

We now consider the idempotent-generated subsemigroup E(7T), where T is either of
the (tight) twisted products N ><(11) P, or Z X<11> ‘P,, arising from the partition monoid P,
and its canonical twisting ®. To avoid trivialities, we assume that n > 2 throughout this
section. It will also be convenient to write

Eo(Pn) ={e € P, : ®(e,e) = 0},

and we note that E(N x1 P,) = {(0,¢) : e € Eg(P,)}, as in Remark 6.5.
It was shown in [19, Proposition 16] that the singular ideal Sing(P,) = P, \ S, is
generated by the set

Y={t;;:1<i<ji<n}U{t;:1<i<n},
where these partitions are defined by:

(N AT 0 OO OO

We will also use the partitions e;;, defined for distinct 7, j € n by

1T e
DIl v

tij =tj; = I

*—o—
*——o
[ ) ;
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In what follows, we will use (without mention) the fact that each ¢;;, e;; and e}; belong
to Eo(Pp). This follows from the more general fact (which will also be used without
mention) that

®(a,b) =0 if codom(a) U dom(b) = n,
which includes the case that either codom(a) = n or dom(b) = n.
Lemma 8.4. For any a € Sing(P,,) U {1} we have
a=-ej e for some eq,. .. ex € Eg(Py) with ®(eq,...,ex) =0.

Proof. By the above-mentioned result of [19], we have a = fy--- f; for some | > 0 and
fi,---, fi € X. We now proceed by induction on [. If [ = 0, we take k =1 and e; = 1. So
suppose [ > 1, and let b = f1 -+ fi_1. By induction, we have

b=g1 " gm for some ¢1,...,9m € Eo(Py) with ®(g1,...,9m) =0.

If f; =t;; for some 1 < i < j < n, then a = g1 - gmtij, with g1,...,9m,ti; € Eo(Pn)
and

(I)(gl,agmatm) = (I)(glaagm) +(I)(gl gmatzj) = 0.

We are therefore left to consider the case in which f; = ¢; for some ¢ € n, and here we
have a = bt;.

Case 1. If {i’} is a block of b, then b = bt; = a, S0 a = ¢1 - - - gm, and we are done.

Case 2. Next suppose b has a block of the form A U {i’} for some non-empty subset
A Cn. Then for any j € n '\ {i} we have t; = eJ,e;i, and so

a="bt; =g1- gmej;€ji-
This factorisation has the desired form, since

‘1)(917 e ugmae;ﬂeji) = (I)(glu e 7g’m7€;i) + (I)(gl o gme;kz7€]l>
=®(g1,- -y 9m) + P(g91- - gm, €j;) + 0= P(b,e};) = 0.

Case 3. If we are not in the above cases, then i belongs to a nontrivial coker(b)-class. If
j € n\ {i} also belongs to this class, then

a=0bt; =bej; = g1 gmeji,
which again has the required form, since

D(g1,---s9m,€5i) = P91, -, 9m) + P(g1- - Gm,€i) =0. O
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Lemma 8.5. For any a € Sing(P,) we have a = agh for some g,h € Eyo(P,) with
®(a,g,h) =1.

Proof. If coker(a) # Ay, then for any (i, j) € coker(a) with 7 # j, we have
a = ae;je;; and ®(a,eij, ;) = Pla, egief;) + Pleyj,ef;) =0+ 1= 1.

Otherwise, since rank(a) < n (as a is singular), @ must contain some lower singleton,
{#'} say, and then for any j € n\ {i} we have

a = aej;ej; and ®(a,ej;,e5i) = Pla, ej;e5:) + P(ef;,e5) =1+0=1. O
We can now deal with the twisted monoid N x} P,:
Theorem 8.6. If ® is the canonical twisting on the partition monoid P, n > 2, then
(E(N xg Py)) ={(0,1)} U (N x Sing(Py)).
Proof. Throughout the proof we write T = N x1 P,, and for e € FEy(P,) write
e = (0,e) € E(T). By Proposition 8.1(ii), we only need to show that N x Sing(P,,) C E(T).

If a € Sing(P,), then with ej,...,ex € Eo(Pp) as in Lemma 8.4 we have (0,a) =
€ - e, € E(T). Thus, we can complete the proof by showing that:

« For any a € Sing(P,) and any m € N, we have (m + 1,a) = (m,a)gh for some

But this follows quickly from Lemma 8.5. Indeed, if g, h € Ey(P,,) are as in that lemma,
then

(m,a)gh = (m,a)(0,9)(0,h) = (m + ®(a,g,h),agh) = (m+1,a). O
Here is the corresponding result for Z x L P,:
Theorem 8.7. If ® is the canonical twisting on the partition monoid P, with n > 2, then
(E(Z x4 Pn)) ={(0,1)} U(Z x Sing(Py)).
Proof. This time we write T = Z x} P,,, and € = (—®(e, e),e) € E(T) for e € E(P,,).
Again, the proof boils down to showing that Z x Sing(P,,) C E(T). Since T = Z x} P,

contains N x L P,,, it follows from Theorem 8.6 that N x Sing(P,,) C E(T'). Thus, we are
left to show that:

e For any a € Sing(P,) and any m € Z, we have (m — 1,a) = (m,a)gh for some
g,h € E(Py).
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To prove this, suppose first that coker(a) # Ay, and fix some (i, j) € coker(a) with i # j.
Then

(m,a)titij = (m,a)(=1,t:)(0,t;;) = (m — 1,a),

since we have at;t;; = a and ®(a,t;,t;;) = 0.
Now suppose coker(a) = Ay. As in the proof of Lemma 8.5, a contains a lower
singleton, {¢’'} say. This time we take g =t¢;; and h =¢; for any j € n\ {i}. O

Remark 8.8. Results analogous to Theorems 8.6 and 8.7 hold for the Brauer monoid B,,.
Specifically, for n > 3 we have

(BE(N xg B,)) ={(0,1)} U (N x Sing(B,)) and
(B(Z xg By)) ={(0,1)} U (Z x Sing(B,)).

Indeed, the first of these is [16, Theorem 3.23], while the second can be deduced from
the first, using the following:

 For any a € Sing(B,) and any m € Z, we have (m — 1,a) = (m,a)gh for some
g, h € E(By).

To prove this, note first that ¢ must have some lower block {i’,j'}. Then for any
ken\{ij}, and writing n \ {é,7,k} = {l1,...,l,—3}, we take
i3
ln—3)?

o= (B[ hz)  andn= (gl
noting that § = (—1,9) and h = (0,h). The claim follows because a = agh and
®(a,g,h) = 0.

The situation for the Temperley—Lieb monoid 7L, is far more intricate. A description
of (E(NxYTL,)) =E*(NxLTL,)U{(0,1)} is the main result of [15]. Specifically, it was
shown there that (i,a) belongs to E’(N xL TL,) precisely when i > x(a) and x(a) =i
(mod 2), where here x(a) is a certain parameter defined in terms of the so-called Jones

normal form of a, which was itself introduced in [8]. The definitions of these normal
forms, and the associated x parameters, are rather involved, so for reasons of space we
will not repeat them here. But we can at least observe that:

o E°(N x} 7L,) is a proper subset of N x Sing(7L,,), and
o E°(N x} 7L,) is infinite, and maps onto E°(7L,,).

=]

Thus, E*(N x} 7L,,) lies between the two ‘extremes’ discussed in Remark 8.2.

Things are potentially even more complicated for other diagram monoids, such as
the partial Brauer and Motzkin monoids, PB,, and M,,. For one thing, their singu-
lar parts are not idempotent-generated [17]. For another, their twistings are loose, by
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Proposition 4.2. We believe it would be interesting, and challenging, to determine the
idempotent-generated submonoids of the associated twisted products, over both N and Z,
but this is beyond the scope of the current work.
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