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 A method for determining cross-scale kinetic energy flux is proposed, based on the 21 

principal axis directions of strains and eddy tilt. 22 

 Shear strain dominates the inverse horizontal kinetic energy flux. 23 

 The dominant factors for cross-filament symmetric and centrifugal instabilities are shear 24 

strain and anisotropic eddy kinetic energy. 25 
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Abstract 27 

Submesoscale fronts and filaments are jet-like motions, associated with cross-scale kinetic 28 

energy (KE) flux through eddy-mean flow interaction. However, the diagnostic method for KE 29 

flux in jets with a steady zonal flow axis is not suitable for submesoscale processes with arbitrary 30 

axes. Based on a high-resolution ocean model and observations, we propose a method for 31 

diagnosing KE flux via mesoscale strains and submesoscale stresses from an anisotropic 32 

perspective. Furthermore, we develop a three-dimensional anisotropic KE flux algorithm under 33 

the hydrostatic assumption, which is important for diagnosing the energy sources and 34 

distributions of submesoscale vertical instabilities. Horizontally, we find that the inverse KE 35 

cascade mainly arises from shear strain throughout the filament’s lifespan, triggering anisotropic 36 

frontogenesis and ageostrophic secondary circulations (ASCs). In ASCs, the cross-filament shear 37 

strain provides an energy source for the geostrophic shear production (GSP) and causes the 38 

forward flux through the symmetric instability. Meanwhile, the forward KE flux caused by the 39 

centrifugal instability can reach 35% of GSP which is regulated by the anisotropic eddy KE but 40 

has been neglected in previous studies. This finding effectively explains the directional 41 

dependence of strains, stresses, and instabilities, broadening our understanding of energy balance 42 

and providing a foundation for improving submesoscale parameterizations. 43 

Plain Language Summary 44 

Multi-scale oceanic motions, including large-scale flows (> 300 km), mesoscale eddies (50-45 

300 km), and submesoscale processes (< 10 km), influence water matter and energy transport. 46 

The cross-scale kinetic energy (KE) exchange in larger-scale (i.e. large-scale and mesoscale) 47 

motions could be quantified by classical diagnostic methods. However, the cross-scale KE 48 

exchange for smaller-scale (i.e. submesoscale) motions remain unclear, since they usually have 49 

arbitrary flow axes and are associated with strong vertical velocities. Here, we develop an 50 

approach to diagnose cross-scale KE exchange for smaller-scale motions from an anisotropic 51 

perspective, and extend the previous 2D cross-scale KE formulation to 3D. This method could 52 

better diagnose KE sources and explain the strong vertical mechanisms for smaller-scale motions. 53 

Our findings show that, horizontally, the negative cross-scale KE exchange mainly comes from 54 

shear strain, which induces sharpening of smaller-scale motions and generates strong vertical 55 

velocities. The positive cross-scale KE exchange dominated by anisotropic stress can reach 35% 56 

of that dominated by strain. This finding is significant for understanding the development and 57 
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dynamic mechanisms of smaller-scale processes and should be incorporated into numerical 58 

models in future. 59 

1 Introduction 60 

The interaction between mean flow and perturbation/eddy provides an effective pathway 61 

for kinetic energy (KE) flux (Aiki & Richards, 2008; Ferrari & Wunsch, 2009; McWilliams, 62 

2016). The cross-scale KE flux is a fundamental knowledge in oceanography, and their 63 

quantification influences the accuracy in both physical and biochemical oceanography (Gaube et 64 

al., 2014; Mahadevan, 2016; Zhang et al., 2019). 65 

The classical method is based on the energy flux (e.g., eddy kinetic energy (EKE); mean 66 

kinetic energy (MKE), etc.) in the Lorenz energy cycle (also known as the four-box model), to 67 

quantify the reservoir, source, and sink of energy, and determine the direction of energy flux 68 

(Böning & Budich, 1992; Kang & Curchitser, 2015; Srinivasan et al., 2017; Xie et al., 2007). 69 

However, this method can only provide the global state of KE flux, and cannot capture the 70 

contribution of mean flow and eddy (Brum et al., 2023; Chu et al., 2014; Xue & Bane, 1997). 71 

For example, in KE flux, it is difficult to reflect the directional dependence of mean flow strains 72 

and eddies, limitinig discussion of the internal mechanism of KE flux. Another morphological 73 

method decomposes the eddy stress tensor and characterizes eddy stresses as ellipses (Hoskins et 74 

al., 1983; Senior et al., 2024; Stewart et al., 2015; Tamarin et al., 2016; Waterman & Lilly, 75 

2015). By analyzing the mean flow strains along the steady direction and the tilt of the eddy 76 

ellipse, barotropic instability can be judged, and the KE flux direction can be determined 77 

(Pedlosky, 1987; Chen et al., 2024; Zeng, 1982). These morphological characteristics of the eddy 78 

ellipse can be described by its anisotropy, which includes the tilt angle, shape, and size of the 79 

ellipse (Marshall et al., 2012; Senior et al., 2024; Waterman & Hoskins, 2013). This framework 80 

based on eddy ellipses is widely used for diagnosing and analyzing KE flux under the 81 

assumption of quasi-geostrophic balance in jets in western boundary current extension regions 82 

such as the Gulf Stream and Kuroshio Extension (Marshall et al., 2012; Scott et al., 2008; 83 

Waterman et al., 2011; Waterman & Jayne, 2011). For these special jets in the western boundary 84 

current extensions, whose zonal velocity is several orders of magnitude higher than meridional 85 

velocity, only the horizontal zonal velocity strain is typically considered in previous studies.  86 
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In contrast, submesoscale filaments and fronts have the Rossby number |𝑅𝑜| ≈ 1 (where 87 

𝑅𝑜 = 𝜁/𝑓, with 𝑓 as the planetary vorticity and 𝜁 = ∂𝑣/ ∂𝑥 − ∂𝑢/ ∂𝑦 as the relative vorticity) 88 

(Capet et al., 2008; McWilliams, 2016; Qiu et al., 2023). These filaments and fronts are jet-like 89 

structures with anisotropic characteristics (Barkan et al., 2019; Mahadevan, 2016; Srinivasan et 90 

al., 2023), but their flow axes are arbitrary and mean flow strains arise from both zonal and 91 

meridional velocity. Moreover, these strong horizontal mesoscale strains can induce 92 

submesoscale frontogenesis, disrupting geostrophic balance and triggering ageostrophic 93 

secondary circulations (ASCs) with strong vertical shear KE flux (Buckingham et al., 2021; 94 

Mahadevan, 2016; McWilliams, 2017; Yu et al., 2019a). It follows that horizontal and vertical 95 

strains accompany whole submesoscale processes and play an important role in KE flux. 96 

Therefore, energy diagnostic methods developed for jets considering only zonal strain/shear are 97 

insufficient to balance the KE budget and explain the dynamic mechanisms of submesoscale 98 

fronts/filaments.  99 

  This study proposes a method to diagnose KE flux in submesoscale fronts and filaments 100 

using eddy stresses and mean flow strains, highlighting the directional dependence of KE flux on 101 

strains, stresses, and instabilities. Furthermore, we develop an anisotropic KE flux algorithm 102 

under the hydrostatic assumption and apply it to cross-filament KE flux. The organization of this 103 

paper is as follows. Section 2 presents the data and methods, Section 3 analyzes horizontal and 104 

vertical KE flux mechanisms, and Section 4 provides discussion and conclusions. 105 

                                                                                                                                                                                                                                                                               106 

2 Data and Methods 107 

2.1 Observations and model data 108 

The chlorophyll-a concentration, sea surface temperature (SST), and sea level anomaly 109 

(SLA) data are derived from the Suomi National Polar-orbiting Partnership  polar orbiting 110 

satellite (O'Reilly et al., 1998), the P-Tree system of the Japan Aerospace Exploration Agency  111 

(Bessho et al., 2016) and the Archiving, Validation, and Interpretation of Satellite Oceanographic  112 

project (Ducet et al., 2000), with spatial (temporal) resolutions of 750 m (daily), 2 km (hourly) 113 

and 0.25° (daily), respectively. Due to the significant impact of cloud cover on satellites, a large 114 

amount of data is missing, thus only the relatively clear SST image on 12 August, 2021 is used in 115 

this study (Figure 1c). 116 
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 117 

Figure 1. (a) Model nested domain and bathymetry (unit: m); (b) observation route of ADCP and MVP during 18 to 118 

20 August, 2021 and chlorophyll-a (chla) concentration by satellites on 20 August, 2021 (unit: log10(chla) mg ∙119 

m−3); (c) observed sea surface temperature by satellite (SST) by satellite (unit: ℃); (d) simulated SST (unit: ℃). 120 

R1, R2, and R3 in (a) represent nested areas with resolutions of 21 km, 4.2 km, and 0.84 km, respectively. The black 121 

solid box is the observation area. The solid green box in (b) represents the measured data in the filament region. The 122 

time of (c) and (d) is on 12 August, 2021. The dark green contour lines represent SLA with values of 0.182 m, 0.240 123 

m, 0.275 m, and 0.306 m from outside to inside and vector arrows represent simulated velocities in (c) and (d). The 124 

dotted red box represents the region where a filament appears in (c) and (d). The black contours in (c) and (d) are 125 

used to identify the filament position, with values of 29.55 cm and 28.5 cm, respectively. The brick-red solid box in 126 

(d) represents the main study areas below. 127 

 128 

The in-situ profiles of temperature and salinity are collected from an AML oceanographic 129 

Moving Vessel Profiler 300 (MVP300). The profiles of current velocity, covering the upper 580 130 

m, are obtained from a vessel-mounted 300 kHz Acoustic Doppler Current Profiler (ADCP), 131 
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which have a 2-m vertical resolution and a 5- minute temporal sampling interval. Both MVP and 132 

ADCP measurements are conducted from 18 to 20 August, 2021 (Figure 1b). 133 

The numerical model used in this study is the Regional Ocean Modeling System (ROMS) 134 

(Cherian & Brink, 2018; Marchesiello et al., 2011; Shchepetkin & McWilliams, 2005). We set 135 

three-layer nested grids with horizontal resolutions of 21 km (R1), 4.2 km (R2), and 0.84 km 136 

(R3) (Figure 1a), respectively. Thirty-five terrain-following sigma levels are used. We 137 

interpolate the model output from sigma to Cartesian coordinates with a vertical interval of 2 m. 138 

The lateral boundary condition algorithms consist of an improved Flather-type scheme for the 139 

barotropic mode and a RadNud-type (the radiation and nudging) scheme for the baroclinic mode. 140 

The vertical subgrid mixing scheme for tracers and momentum is the Mellor-Yamada 2.5 level 141 

turbulence closure scheme. Two stretching parameters in the vertical terrain-following S 142 

coordinates are 7 and 2, controlling the bottom and surface refinements (Jing et al., 2021; 143 

Lemarié et al., 2012). 144 

The bathymetry is derived from the Earth Topography 1 Arc-Minute Global Relief Data 145 

(ETOPO1) (Amante & Eakins, 2009). Surface forcing, including wind stress, heat flux, and 146 

freshwater flux, is generated using hourly atmospheric and oceanic reanalysis data with a 147 

0.25° × 0.25° spatial resolution from ERA5 of the European Centre for Medium-Range Weather 148 

Forecasts (ECMWF) (Soci et al., 2024), based on the linearized bulk formulation of Barnier et al. 149 

(1995). 150 

This study focuses on a submesoscale filament, whose response time scale is about a weak. 151 

The immediacy of the process is strong, therefore, the initial oceanic state and lateral boundary 152 

information for the parent model (R1) are obtained from Hybrid Coordinate Ocean Model 153 

(HYCOM) 3-hour reanalysis dataset with a 1/12° × 1/12°  spatial resolution (Bleck, 2002; 154 

Chassignet et al., 2003; Halliwell, 2004). We take the daily average for HYCOM data for 155 

boundary driving the model in the R1 region. Model R1 is offline run, but the R2 and R3 are 156 

online run. The initial oceanic state and boundary of the R2 come from the output of the R1. The 157 

R2 and R3 models are created using one-way nesting from coarser to finer models (Penven et al., 158 

2006). We adopt the hot-start mode and run the model for 31 days from 1 to 31 August, 2021 for 159 

R2 and R3 grid (Figure 1a). The model output has a temporal resolution of 3 hour. 160 
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2.2 The budget of EKE equation 161 

The EKE equation can be used to diagnose the source and sink of KE between mesoscale 162 

and submesoscale processes (Gula & McWilliams, 2016; Kang & Curchitser, 2015; Thomas et 163 

al., 2016), as follows,  164 

∂𝑘̅𝑥𝑜𝑦

∂𝑡⏟
−ET

 + 𝛁 ∙ 𝑘̅𝑥𝑜𝑦𝐮̅̅ ̅̅ ̅̅ ̅̅⏟      
−TP

+
1

𝜌0
𝛁 ∙ 𝑝′𝐮′̅̅ ̅̅ ̅̅

⏟      
−PW

= −[𝑢′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑢̅ + 𝑣′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑣̅]⏟                
Πℎ𝑦𝑑𝑟𝑜

+𝑤′𝑏′⏟
BF

+

(𝑢′𝒟𝑢
′̅̅ ̅̅ ̅̅ ̅ + 𝑣′𝒟𝑣

′̅̅ ̅̅ ̅̅ ̅) + (𝑢′𝒱𝑢
′̅̅ ̅̅ ̅̅ ̅ + 𝑣′𝒱𝑣

′̅̅ ̅̅ ̅̅ ̅)⏟                      
DE

， 

(1) 

where the overline denotes the mean value by a spatial filtering with a cut-off wavelength at 25 165 

km, and the prime denotes the eddy/perturbation. 𝐮= (𝑢 , 𝑣 , 𝑤 ) is the velocity vector. 𝑏 =166 

−𝑔𝜌/𝜌0, is the buoyancy. 𝜌0 = 1025 kg/𝑚
3, is the reference density. 𝜌 is the density. 𝑘̅𝑥𝑜𝑦 =167 

1

2
(𝑢′𝑢′̅̅ ̅̅ ̅̅ + 𝑣′𝑣′̅̅ ̅̅ ̅̅ ), is the EKE in 𝑥𝑜𝑦 plane. 𝒱𝑢 and 𝒱𝑣 are mixing terms. 𝒟𝑢 and 𝒟𝑣 are diffusion 168 

terms. 𝑝 is the pressure. 𝜌0 is the reference density. The EKE dissipation in the model is the sum 169 

of the latter two terms (Gula & McWilliams, 2016). The abbreviations of ET, TP, PW, Πℎ𝑦𝑑𝑟𝑜, 170 

BF, and DE represent the KE tendency, transport production, pressure work, hydrostatic KE flux 171 

or shear production, buoyancy flux, and dissipative effect. Equation 1 is derived based on the 172 

hydrostatic assumption (see Supporting Information Equations S1, S2, S4, S5, S7, and S27 for 173 

specific derivation). 174 

The hydrostatic KE flux, Πℎ𝑦𝑑𝑟𝑜, represents the exchange of KE between the mean flow 175 

and eddy, and can be decomposed into three components: 176 

Πℎ𝑦𝑑𝑟𝑜 = −[𝑢
′𝑢′̅̅ ̅̅ ̅̅ 𝜕𝑢̅

𝜕𝑥
+ 𝑢′𝑣′̅̅ ̅̅ ̅̅ (

𝜕𝑢̅

𝜕𝑦
+
𝜕𝑣̅

𝜕𝑥
) + 𝑣′𝑣′̅̅ ̅̅ ̅̅ 𝜕𝑣̅

𝜕𝑦
]

⏟                        
Π𝑥𝑜𝑦

 −𝑣′𝑤′̅̅ ̅̅ ̅̅ 𝜕𝑣̅

𝜕𝑧⏟      
Π𝑦𝑜𝑧

  −𝑢′𝑤′̅̅ ̅̅ ̅̅ 𝜕𝑢̅

𝜕𝑧⏟      
Π𝑥𝑜𝑧

 ， 
(2) 

where Π𝑥𝑜𝑦, Π𝑦𝑜𝑧, and Π𝑥𝑜𝑧 are KE fluxes under the hydrostatic assumption in 𝑥𝑜𝑦, 𝑦𝑜𝑧, and 177 

𝑥𝑜𝑧 planes. The hydrostatic Π𝑥𝑜𝑦 is consistent with non-hydrostatic Π𝑥𝑜𝑦, but Π𝑦𝑜𝑧 and Π𝑥𝑜𝑧 are 178 

simplified under the hydrostatic assumption. In the following text, we will present the specific 179 

derivation and simplification process. 180 

2.3 Tensor decomposition and anisotropy definition 181 

In the EKE equation, Π𝑥𝑜𝑦 represents the work of Reynolds stresses against the mean flow 182 

strain (Böning & Budich, 1992; Qiu et al., 2024), and denotes the EKE production associated 183 

barotropic instability (Kang & Curchitser, 2015; Qiu et al., 2019). By introducing the 184 
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decomposition of the stress and strain tensors, we obtain isotropic and anisotropic components of 185 

stresses and strains (Hoskins et al., 1983; Qiao et al., 2023; Senior et al., 2024; Stewart et al., 186 

2015; Waterman & Lilly, 2015) (for details, see Equation S17 in Supporting Information). By 187 

dot product of stress and strain tensors, Π𝑥𝑜𝑦  can be decomposed into isotropic (Π𝛿
𝑥𝑜𝑦

) and 188 

anisotropic parts (Π𝛼
𝑥𝑜𝑦

) (Qiao et al., 2023; Srinivasan et al., 2023), as follows: 189 

Π𝑥𝑜𝑦 = −𝑘̅𝑥𝑜𝑦 ∙ 𝛿̅𝑥𝑜𝑦⏟        
Π
𝛿
𝑥𝑜𝑦

    −𝐿𝑛
𝑥𝑜𝑦

∙ 𝛼̅𝑛
𝑥𝑜𝑦

⏟          

Π𝛼𝑛
𝑥𝑜𝑦

 

−𝐿𝑠
𝑥𝑜𝑦

∙ 𝛼̅𝑠
𝑥𝑜𝑦

⏟        
Π𝛼𝑠
𝑥𝑜𝑦

 

⏟                  
Π𝛼
𝑥𝑜𝑦

， 

(3) 

The Π𝛼
𝑥𝑜𝑦

 can be expressed in vector form as 190 

Π𝛼
𝑥𝑜𝑦

=− |𝑳𝒙𝒐𝒚||𝜶̅𝒙𝒐𝒚| cos(2𝜃𝛼
𝑥𝑜𝑦

− 2𝜃𝐿
𝑥𝑜𝑦
) ， (4a) 

where  191 

𝑳𝒙𝒐𝒚 = 𝐿𝑛
𝑥𝑜𝑦
𝒊 + 𝐿𝑠

𝑥𝑜𝑦
 𝒋 = |𝑳𝒙𝒐𝒚|cos2𝜃𝐿

𝑥𝑜𝑦
 𝒊 + |𝑳𝒙𝒐𝒚|sin2𝜃𝐿

𝑥𝑜𝑦
 𝒋， (4b) 

𝜶̅𝒙𝒐𝒚 = 𝛼̅𝑛
𝑥𝑜𝑦
𝒊 + 𝛼̅𝑠

𝑥𝑜𝑦
 𝒋 = |𝜶̅𝒙𝒐𝒚|cos2𝜃𝛼

𝑥𝑜𝑦
𝒊 + |𝜶̅𝒙𝒐𝒚|sin2𝜃𝛼

𝑥𝑜𝑦
𝒋， (4c) 

where the bold fonts represent vectors. 𝒊 and 𝒋 are unit vectors at 𝑥 and 𝑦 axes. All 𝛿 and 𝛼 in the 192 

right subscripts denote the isotropic and anisotropic components of variables, respectively 193 

(except for the principal direction of the strain, such as 𝜃𝛼
𝑥𝑜𝑦

, which denotes the most significant 194 

direction of the strain). All the 𝑠  and 𝑛  in the right subscripts represent the components of 195 

variables in the directions of shear and normal strain. The right superscripts 𝑥𝑜𝑦, 𝑦𝑜𝑧, and 𝑥𝑜𝑧 196 

represent three two-dimensional coordinate planes. Π𝛼𝑛
𝑥𝑜𝑦

 and Π𝛼𝑠
𝑥𝑜𝑦

 are anisotropic KE fluxes 197 

from normal and shear strain, respectively. 𝛿̅𝑥𝑜𝑦 =
𝜕𝑢̅

𝜕𝑥
+
𝜕𝑣̅

𝜕𝑦
 is the divergence of mean flow in 198 

𝑥𝑜𝑦 plane. 𝜶̅𝒙𝒐𝒚 is the vector of mean strains. |𝜶̅𝒙𝒐𝒚| = √𝛼̅𝑛
𝑥𝑜𝑦2

+ 𝛼̅𝑠
𝑥𝑜𝑦2

 is the mean flow strain 199 

rate. 𝛼̅𝑛
𝑥𝑜𝑦

=
𝜕𝑢̅

𝜕𝑥
−
𝜕𝑣̅

𝜕𝑦
 and 𝛼̅𝑠

𝑥𝑜𝑦
=
𝜕𝑢̅

𝜕𝑦
+
𝜕𝑣̅

𝜕𝑥
 are the components of 𝜶̅𝒙𝒐𝒚, called the normal (stretch) 200 

and shear strain. 𝜃𝛼
𝑥𝑜𝑦

=
1

2
arctan (

𝛼̅𝑠
𝑥𝑜𝑦

𝛼̅𝑛
𝑥𝑜𝑦) is the principal axis direction of strains. 𝑳𝒙𝒐𝒚  is the 201 

vector of excess EKE of velocity fluctuations in the major axis direction compared with the 202 

minor axis direction. 𝐿𝑛
𝑥𝑜𝑦

=
𝑢′𝑢′̅̅ ̅̅ ̅̅ ̅−𝑣′𝑣′̅̅ ̅̅ ̅̅

2
 and 𝐿𝑠

𝑥𝑜𝑦
= 𝑢′𝑣′̅̅ ̅̅ ̅̅  are the components of 𝑳𝒙𝒐𝒚, called the 203 
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normal stress difference and the shear stress. |𝑳𝒙𝒐𝒚| = √𝐿𝑛
𝑥𝑜𝑦2

+ 𝐿𝑠
𝑥𝑜𝑦2

 is the anisotropic EKE 204 

and is a measure of the EKE associated with the anisotropic portion of the velocity fluctuations. 205 

This parameter is referred to simply as the ellipse anisotropy (Marshall et al., 2012; Senior et al., 206 

2024; Waterman & Hoskins, 2013). 𝜃𝐿
𝑥𝑜𝑦

=
1

2
arctan (

𝐿𝑠
𝑥𝑜𝑦

𝐿𝑛
𝑥𝑜𝑦) is the eddy tilt angle. 207 

 Based on the three-dimensional Navier-Stokes equation, we can obtain the three-208 

dimensional non-hydrostatic KE flux (Delpech et al., 2024; Qiao et al., 2023) (see Supporting 209 

Information S1 to S9 for specific derivation), as follows: 210 

Π𝑛𝑜𝑛−ℎ𝑦𝑑𝑟𝑜 = −[𝑢
′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑢̅ + 𝑣′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑣̅ + 𝑤′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑤̅], (5) 

Following Qiao et al. (2023), we decompose Equation 5 into isotropic, anisotropic, and 211 

compensation terms: 212 

Π𝑛𝑜𝑛−ℎ𝑦𝑑𝑟𝑜 = (Π𝛼
𝑥𝑜𝑦

+ Π𝛼
𝑦𝑜𝑧

+ Π𝛼
𝑥𝑜𝑧) + Π𝛿

3𝐷 + Π∗, (6) 

where 213 

Π𝛼
𝑦𝑜𝑧

= − [
1

2
(𝑣′𝑣′̅̅ ̅̅ ̅̅ − 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅) (

∂𝑣̅

∂y
−
∂𝑤̅

∂z
) + 𝑣′𝑤′̅̅ ̅̅ ̅̅ (

∂𝑣̅

∂𝑧
+
∂𝑤̅

∂y
)], (7) 

Π𝛼
𝑥𝑜𝑧 = −[

1

2
(𝑢′𝑢′̅̅ ̅̅ ̅̅ − 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅) (

∂𝑢̅

∂x
−
∂𝑤̅

∂z
) + 𝑢′𝑤′̅̅ ̅̅ ̅̅ (

∂𝑢̅

∂𝑧
+
∂𝑤̅

∂x
)], (8) 

Π𝛿
3𝐷 = −𝑘̅3𝐷𝛁 ∙ 𝐮̅ is the three-dimensional isotropic KE flux. 𝑘̅3𝐷 =

1

2
(𝑢′𝑢′̅̅ ̅̅ ̅̅ + 𝑣′𝑣′̅̅ ̅̅ ̅̅ + 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅) and 214 

𝛁 ∙ 𝐮̅ =
∂𝑢̅

∂𝑥
+
∂𝑣̅

∂𝑦
+
∂𝑤̅

∂𝑧
 are the three-dimensional EKE and divergence. Π∗ =

1

2
(𝑢′𝑢′̅̅ ̅̅ ̅̅ ∂𝑢̅

∂𝑥
+215 

𝑣′𝑣′̅̅ ̅̅ ̅̅ ∂𝑣̅

∂𝑦
+ 𝑤′𝑤′̅̅ ̅̅ ̅̅ ̅ ∂𝑤̅

∂𝑧
) is the compensation term of three-dimensional KE flux. 216 

Comparing the KE flux in Equations 1, 2, and 5, we find that Π𝑛𝑜𝑛−ℎ𝑦𝑑𝑟𝑜 satisfies the 217 

relationship: Π𝑛𝑜𝑛−ℎ𝑦𝑑𝑟𝑜 = Πℎ𝑦𝑑𝑟𝑜 + 𝑤
′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑤̅. Under the hydrostatic assumption, the vertical 218 

momentum equation simplifies to 𝑔 = −
1

𝜌

∂𝑝

∂𝑧
, implying that the advection term satisfies  𝐮 ∙219 

𝛁𝑤 = 0. Consequently, the three-dimensional KE flux satisfies 𝑤′𝐮′̅̅ ̅̅ ̅̅ ∙ 𝛁𝑤̅ ≈ 0. Therefore, there 220 

is Πℎ𝑦𝑑𝑟𝑜 ≈ Π𝑛𝑜𝑛−ℎ𝑦𝑑𝑟𝑜 − 0 , that is, Πℎ𝑦𝑑𝑟𝑜 is the KE flux under the hydrostatic assumption. 221 

Hydrostatic and non-hydrostatic Π𝛼
𝑥𝑜𝑦

 are consistent, but Π𝛼
𝑦𝑜𝑧

 and Π𝛼
𝑥𝑜𝑧  in Equations 7 and 8 222 

can be written as: 223 
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Π𝛼
𝑦𝑜𝑧

= −(
1

2
𝑣′𝑣′̅̅ ̅̅ ̅̅

∂𝑣̅

∂𝑦
+ 𝑣′𝑤′̅̅ ̅̅ ̅̅

∂𝑣̅

∂𝑧
) (9) 

Π𝛼
𝑥𝑜𝑧 = −(

1

2
𝑢′𝑢′̅̅ ̅̅ ̅̅

∂𝑢̅

∂𝑥
+ 𝑢′𝑤′̅̅ ̅̅ ̅̅

∂𝑢̅

∂𝑧
) (10) 

For clarity, we use the superscript "c" to denote the 𝑥𝑜𝑦, 𝑦𝑜𝑧, and 𝑥𝑜𝑧 coordinate planes. 224 

Considering that the submesoscale process still satisfies hydrostatic balance, the three-225 

dimensional KE flux of non- hydrostatic pressure by Qiao et al. (2023) may overestimate the 226 

vertical KE flux (Equation 7, and 8) (Haine & Marshall, 1998; Mahadevan, 2006; Thomas et al., 227 

2016). 228 

The anisotropic KE fluxes within these planes can be expressed in vector form as: 229 

Π𝛼
𝑐 = −𝐿𝑛

𝑐 ∙ 𝛼̅𝑛
𝑐⏟      

Π𝛼𝑛
𝑐  

−𝐿𝑠
𝑐 ∙ 𝛼̅𝑠

𝑐⏟    
Π𝛼𝑠
𝑐

= − |𝑳𝑐||𝜶̅𝒄| cos(2𝜃𝛼
𝑐 − 2𝜃𝐿

𝑐) 
(11) 

The meaning of 𝜶̅𝒄 and 𝑳𝒄, and their components and principal axis directions are consistent with 230 

the same variables mentioned above in the 𝑥𝑜𝑦 plane, but the coordinates are different. Note that 231 

under the hydrostatic assumption, the components of 𝜶̅𝒄 and 𝑳𝒄 in the 𝑦𝑜𝑧 and 𝑥𝑜𝑧 planes, are 232 

simplified compared to the same variables in the 𝑥𝑜𝑦 plane. For example, there are 𝛼̅𝑛
𝑦𝑜𝑧

=
𝜕𝑣̅

𝜕𝑦
, 233 

𝛼̅𝑠
𝑦𝑜𝑧

=
𝜕𝑣̅

𝜕𝑧
, 𝛼̅𝑛

𝑥𝑜𝑧 =
𝜕𝑢̅

𝜕𝑥
, 𝛼̅𝑠

𝑥𝑜𝑧 =
𝜕𝑢̅

𝜕𝑧
, 𝐿𝑛
𝑦𝑜𝑧

=
1

2
𝑣′𝑣′̅̅ ̅̅ ̅̅  𝐿𝑠

𝑦𝑜𝑧
= 𝑣′𝑤′̅̅ ̅̅ ̅̅ , 𝐿𝑛

𝑥𝑜𝑧 =
1

2
𝑢′𝑢′̅̅ ̅̅ ̅̅ , and 𝐿𝑠

𝑥𝑜𝑧 = 𝑢′𝑤′̅̅ ̅̅ ̅̅ .     234 

In general, Π𝛼
𝑦𝑜𝑧

 and Π𝛼
𝑥𝑜𝑧 are used to describe the vertical anisotropic KE flux along and 235 

across fronts/filaments. In this article, the general direction of the filament flow axes is 236 

determined by 𝑅𝑜 . Considering that normal and shear strains may vary with the coordinate 237 

system, it is meaningful to discuss those components in a fixed coordinate system. To facilitate 238 

the study of cross-filament KE flux, we rotate the horizontal coordinate axis clockwise so that 239 

the flow axis aligns with the meridional direction parallel (see Supporting Information Figure 240 

S1). Similarly, for the observed filament, we rotate coordinate axis by 90° counterclockwise to 241 

discuss its Π𝛼
𝑥𝑜𝑧. In the cross-filament region, the horizontal mean flow is primarily geostrophic, 242 

indicating that the submesoscale process adheres to the quasi-geostrophic balance (Shearman et 243 

al., 1999; Thomas et al., 2008; Chai & Zhao, 2024). Therefore, the horizontal velocity is replaced 244 

by the geostrophic velocity (𝑢𝑔, 𝑣𝑔) in  Π𝛼
𝑦𝑜𝑧

 and Π𝛼
𝑥𝑜𝑧. 245 
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2.4 Quasi-geostrophic omega equation 246 

To illustrate the in-situ KE budget, the quasi -geostrophic omega equation, which is more 247 

appropriate for submesoscale dynamics, is utilized to calculate vertical velocity based on 248 

observations (Hu et al., 2011; Martin & Richards, 2001; Molemaker et al., 2010; Pietri et al., 249 

2021), as follows: 250 

𝑓2
∂2𝑤

∂𝑧2
+ 𝑁2 (

∂2

∂𝑥2
+

∂2

∂𝑦2
)𝑤 = ∇ℎ ∙ 𝑸, (12a) 

where 251 

𝑸 = [2𝑓 (
∂𝜈𝑔

∂𝑥

∂𝑢𝑔

∂𝑧
+
∂𝜈𝑔

∂𝑦

∂𝜈𝑔

∂𝑧
) , −2𝑓 (

∂𝑢𝑔

∂𝑥

∂𝑢𝑔

∂𝑧
+
∂𝑢𝑔

∂𝑦

∂𝜈𝑔

∂𝑧
)], (12b) 

is the so-called Q-vector (Hoskins, 1982). 𝑁2 =
𝜕𝑏

𝜕𝑧
 is the square of buoyancy frequency. For a 252 

detailed analysis of the validity of the quasi-geostrophic omega equation at submesoscales, 253 

please refer to Pietri et al. (2021). 254 

3 Results 255 

3.1 Characteristics of submesoscale filaments 256 

Submesoscale filaments and fronts often occur at the edges of mesoscale eddies (Callies et 257 

al., 2016; Klein & Lapeyre, 2009; McWilliams, 2016). In the western South China Sea in 258 

summer, coupled mesoscale eddies often appear on both sides of the offshore eastward jet in 259 

southeastern Vietnam (Fang et al., 2002; Li et al., 2014). The SLA map and the simulated flow 260 

field capture two anticyclonic eddies in south of this offshore eastward jet on 12 August, 2021 261 

(Figures 1c and 1d). Both of the SST from satellite observations and numerical simulations show 262 

a cold tongue extending to warm water in the core of the right eddy (the red dashed box in 263 

Figures 1c and 1d), which is the characteristic of a cold filament. Another significant 264 

submesoscale filament is captured by in-situ observations over the western South China Sea 265 

(Figure 1b). Note that the position and time of modelled filament are different from that of the 266 

observed filament (Figures 1b and 1c), and we choose the part of observation in the edge of that 267 

filament (the green box in Figure 1b).  268 
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 269 

Figure 2. (a) ~ (g), (h) ~ (n), and (o) ~ (u)  are daily simulated surface Rossby number (𝑅𝑜), surface flow strain rate 270 

(|𝛼𝑥𝑜𝑦| = √(
𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑣

𝜕𝑥
+
𝜕𝑢

𝜕𝑦
)
2

, unit: s−1), and frontal sharpness (|𝛁𝒉𝑏|
2, unit: s−4) from 9 to 15 August, 271 

2021. The black boxes are the filament area selected based on 𝑅𝑜 and the light green line represents the cross-272 

filament region. The area of this figure is the brick-red box in Figure 1d. 273 

 274 

To determine the flow axis and the dynamic evolution of the filament, we define the 275 

lifespan of the filament based on the area of |𝑅𝑜| ≈ 1 and |𝛼| > 2 × 10−5 s−1. The lifespan is 276 

approximately 7 days from formation to dissipation during 9 to 15 August, 2021(Figures 2a to 277 

2g), which is divided into four stages: generation (slow increase on 9 August), development 278 

(rapid increase during 10 and 11 August), maturity (relatively stable on 12 August), and 279 

extinction (slow decrease during 13 to15 August). 280 

There is a sharp increase of |𝑅𝑜| ≈ 1  area from 10 to 12 August, indicating that 281 

submesoscale motion is most active at that period. The strong strain is associated with the whole 282 

filament lifespan (Figures 2h to 2n), which means that there is a strong horizontal shear and 283 

stretch process. The strong strain is conducive to the increase of horizontal buoyancy gradient, 284 
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thus enhancing frontogenesis sharpness (Figures 2o to 2u), which indicates that the strong 285 

frontogenesis may be one of important reasons for the formation and enhancement of the 286 

filament (McWilliams et al., 2009; Gula & McWilliams, 2014; Wang et al., 2022).  287 

3.2 KE balance at the filament 288 

To distinguish motions between mesoscale and submesoscale, the KE spectrum is used to 289 

determine the spatial filtering scale (Figure 3a). Following previous studies, submesoscale 290 

motions are identified where the KE spectrum slope approaches 𝑘−2 (Cheng et al., 2023; Qiu et 291 

al., 2023; Qiu et al., 2024). In the nested region R3, the KE spectrum exhibits a slope 292 

approximately parallel to 𝑘−2 at scales smaller than 25 km (Figure 3a). Therefore, 25 km is 293 

selected as the cutoff wavelength for high-pass filtering, with signals below this threshold 294 

defined as submesoscale processes. To remove the signals of near-inertial internal waves and 295 

other high-frequency variabilities, we apply a daily average to the 3-hourly output data (Cheng et 296 

al., 2023; Zhang et al., 2019; Zhang et al., 2023). 297 

 298 

Figure 3. (a) Kinetic energy power spectrum; (b) vertical and regional average of EKE equation terms (unit: 299 

1 × 10−11 W kg−1) for the filament region (black dashed box in Figure 1c). In (a), R1 (yellow), R2 (blue), and R3 300 

(red) refer to the nested models, respectively; the black dashed line represents the cut-off wavelength of 25 km, and 301 

grey dashed line is the reference slope 𝑘−2. The abbreviations of ET, TP, PW, Πℎ𝑦𝑑𝑟𝑜, BF, and DE represent KE 302 

tendency, transport production, pressure work, hydrostatic KE flux, buoyancy flux, and dissipative effect in (b).  303 

 304 
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The EKE equation is often adopted to diagnose the energy budget in eddy-current 305 

interactions (Evans et al.,2022; Haine & Marshall, 1998; Thomas & Taylor, 2013). The 306 

diagnostic results indicate that the main source of KE is Πℎ𝑦𝑑𝑟𝑜 (Figure 3b). The vertical mean 307 

Πℎ𝑦𝑑𝑟𝑜 is positive and accounts for 55% of the entire KE source (Figure 3b), indicating a strong 308 

interaction between mesoscale mean flow and submesoscale perturbation in the filament. 309 

3.3 KE flux at the filament 310 

The active KE within a fixed ocean domain is stored as MKE and EKE, which convert 311 

between each other through barotropic instability driven by Reynolds stresses (Greatbatch et al., 312 

2010; Kang & Curchitser, 2015; Zha & Marshall, 2013). When Π𝑥𝑜𝑦  > 0, the barotropic 313 

instability occurs, indicating that KE is transferred from larger scale MKE to smaller scale EKE 314 

(Böning and Budich, 1992; Chu et al., 2014; Qiu et al., 2019), representing a forward KE 315 

cascade; conversely, a negative value indicates an inverse cascade. That is: 316 

Π𝑥𝑜𝑦  {
< 0,      EKE → MKE
= 0，            neutral
> 0,      MKE → EKE

   (13) 

Following Equation 3, Π𝑥𝑜𝑦  consists of isotropic and anisotropic parts (Π𝛿
𝑥𝑜𝑦

 and Π𝛼
𝑥𝑜𝑦

). The 317 

vertical mean Π𝛿
𝑥𝑜𝑦
  exhibits a strong forward KE cascade over the entire filament lifespan, while 318 

Π𝛼
𝑥𝑜𝑦

 is always negative, driving an inverse KE cascade (Figure 4a). We compare the directional 319 

similarity rate (SR, that is, points whose Π𝛼
𝑥𝑜𝑦

 and Π𝑥𝑜𝑦 have the same the positive or negative 320 

direction) in the filament region. SR exceeds 76% in entire filament lifespan, and the maximum 321 

can reach 91%. This means that   Π𝛼
𝑥𝑜𝑦

 dominates the direction of KE flux in this region (Figure 322 

4a).  323 
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 324 

Figure 4. (a) Vertical spatial mean of kinetic energy flux (Π𝑥𝑜𝑦), isotropic kinetic energy flux (Π𝛿
𝑥𝑜𝑦

), anisotropic 325 

kinetic energy flux (Π𝛼
𝑥𝑜𝑦

), and similarity rate of Π𝑥𝑜𝑦 and Π𝛼
𝑥𝑜𝑦

 in the mixed layer. (b) ~ (e) and (f) ~ (i) are vertical 326 

mean of Π𝑥𝑜𝑦 and Π𝛼
𝑥𝑜𝑦

 in generation, development, maturity, and extinction stages.  327 

 328 

The spatial distributions of forward cascades from Π𝛼
𝑥𝑜𝑦

 and Π𝑥𝑜𝑦  are almost the same 329 

(Figures 4b to 4i), while negative KE cascades are mainly contributed by Π𝛼
𝑥𝑜𝑦

. This indicates 330 

that  Π𝛼
𝑥𝑜𝑦

 predominantly governs the direction of KE flux, whereas Π𝛿
𝑥𝑜𝑦

 has minimal spatial 331 

influence. This result agrees with previous studies. Srinivasan et al. (2023) analyzed the energy 332 

flux through a Helmholtz decomposition and showed that anisotropic KE flux chiefly drives the 333 
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inverse cascade, while both isotropic and anisotropic productions contribute to the forward 334 

cascade. Qiao et al. (2023) found that isotropic production has little impact on KE flux direction 335 

when considering large-scale to mesoscale processes. 336 

It can be concluded that Π𝛼
𝑥𝑜𝑦

 dominates the direction of Π𝑥𝑜𝑦. Therefore, we propose a 337 

new criterion for identifying KE flux direction by neglecting Π𝛿
𝑥𝑜𝑦

,  338 

Π𝑥𝑜𝑦=− |𝑳𝒙𝒐𝒚||𝜶̅𝒙𝒐𝒚| cos(𝜃𝛼
𝑥𝑜𝑦

− 𝜃𝐿
𝑥𝑜𝑦
) {
< 0,       EKE → MKE
= 0,        neutral
> 0,      MKE → EKE

 (14) 

Since |𝑳𝒙𝒐𝒚| and |𝜶̅𝒙𝒐𝒚| are positive values, the key factor controlling the KE flux direction 339 

is the absolute angle difference |𝜃𝛼
𝑥𝑜𝑦

− 𝜃𝐿
𝑥𝑜𝑦
|： 340 

|𝜃𝛼
𝑥𝑜𝑦

− 𝜃𝐿
𝑥𝑜𝑦
| { 
< 45°,   EKE → MKE
= 45°,            neutral
> 45°,   MKE → EKE

 (15) 

Equation 15 shows that the bidirectional KE flux between different scales is determined by the 341 

eddy tilt and the principal axis direction of the mean flow strains, explaining the instantaneous 342 

stresses and strains state as well as the critical angle for KE conversion direction. 343 

If Equation 15 is extended to the three-dimensional planes, we have 344 

|𝜃𝛼
𝑐 − 𝜃𝐿

𝑐| {
< 45°,      EKE → MKE
 = 45°,                neutral
> 45°,     MKE → EKE

 (16) 

The previous morphological diagrams of KE flux determined by shear and normal strains 345 

and eddy variance ellipse are shown in Figures 5a and 5b (Pedlosky, 1987; Chen et al., 2024; 346 

Zeng, 1982), in which only the horizontal zonal velocity strain is considered and not suitable for 347 

submesoscale filaments and fronts with arbitrary flow axes. The relationship among EKE, MKE, 348 

eddy tilt, and the principal axis direction of mean flow strains based on Equation 16 is shown in 349 

Figure 5c. When |𝜃𝛼
𝑐 − 𝜃𝐿

𝑐| > 45°, KE is transfered from the mean flow to eddy/perturbation 350 

(MKE→EKE), indicating a forward KE cascade. On the contrary, |𝜃𝛼
𝑐 − 𝜃𝐿

𝑐| < 45° indicates an 351 

inverse KE cascade from the eddy to the mean flow (EKE → MKE).  This method 352 

comprehensively accounts for all strains and stresses in KE flux, enabling quantification of their 353 

directional contributions.   354 
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 355 

Figure 5. (a) and (b) are two diagrams of kinetic energy flux by shear and normal strains and eddy variance ellipse 356 

at 𝑣 = 0, respectively. (c) is a diagram of three-dimensional KE flux by the strain rate vector and the eddy variance 357 

ellipse, which is drawn based on Equations 13 and 16. (𝑢𝑐, 𝑣𝑐) are (𝑢, 𝑣), (𝑣, 𝑤), and (𝑢, 𝑤) in 𝑥𝑜𝑦, 𝑦𝑜𝑧, and 𝑥𝑜𝑧 358 

planes. 359 

 360 

3.3.1 Horizontal KE flux at the filament 361 

Submesoscale filaments are stretched and compressed in along- and cross-filament 362 

directions by mesoscale strains, resulting in elongated filaments and active energy interactions 363 

(Lin et al., 2020; Mahadevan, 2006; Zhang et al., 2019). The horizontal KE flux is strongest 364 

during the mature stage (Figures 4a and 7a), and thus we select the average value from this stage 365 

to investigate the KE mechanism. Within the filament, both |𝑳𝒙𝒐𝒚|  and |𝜶̅𝒙𝒐𝒚|  are strong, 366 

indicating significant anisotropy and strain (Figures 6a and 6e), which provides favorable 367 

conditions for  Π𝛼
𝑥𝑜𝑦

 to drive the cross-scale KE flux (Figure 6h). In the directional view, 2𝜃𝛼
𝑥𝑜𝑦

 368 

approaches 90°, indicating that the strain rate is predominantly governed by shear strain. 𝜃𝐿
𝑥𝑜𝑦

 369 

determines the magnitude of |𝜃𝛼
𝑥𝑜𝑦

− 𝜃𝐿
𝑥𝑜𝑦
| , and thus controls the direction of the KE flux 370 

(Figures 6b to 6d, and 6h).  371 
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 372 

Figure 6. (a) Anisotropic eddy kinetic energy, |𝑳𝒙𝒐𝒚| (unit: m2 ∙ s−1); (b) double principal axis direction of strains, 373 

2𝜃𝛼
𝑥𝑜𝑦

 (unit: °); (c) eddy tilt angle, 𝜃𝐿
𝑥𝑜𝑦

 (unit: °); (d) absolute value of angle difference between 𝜃𝛼
𝑥𝑜𝑦

and 𝜃𝐿
𝑥𝑜𝑦

 (unit: 374 

°); (e) strain rate of mean flow, |𝜶𝒙𝒐𝒚̅̅ ̅̅ ̅̅ | (unit: s−1); (f) anisotropic normal kinetic energy flux, Π𝛼𝑛
𝑥𝑜𝑦

 (unit: s−1); (g) 375 

anisotropic shear kinetic energy flux, Π𝛼𝑠
𝑥𝑜𝑦

 (unit: s−1); (h) anisotropic horizontal kinetic energy flux, Π𝛼
𝑥𝑜𝑦

 (unit: 376 

s−1). (a) ~ (h) are vertical mean values in the maturity stage in the mixed layer. 377 

 378 

From the contribution of strains, Π𝛼𝑠
𝑥𝑜𝑦

 is the main source of the inverse Π𝛼
𝑥𝑜𝑦

 (Figures 6g 379 

and 6h). In Π𝛼
𝑥𝑜𝑦

, there are 𝜃𝐿
𝑥𝑜𝑦

→ 90° and 2𝜃𝛼
𝑥𝑜𝑦

→  90° (Figures 6b and 6c), that is, 𝛼̅𝑠
𝑥𝑜𝑦

≫380 

𝛼̅𝑛
𝑥𝑜𝑦

 and 𝐿𝑠
𝑥𝑜𝑦

≪ 𝐿𝑛
𝑥𝑜𝑦

 (refer to Equations 4a, 4b, and 4c), indicating the inverse cascades of 381 

Π𝛼𝑠
𝑥𝑜𝑦

= −𝐿𝑠
𝑥𝑜𝑦

∙ 𝛼̅𝑠
𝑥𝑜𝑦

 are dominated by shear strain 𝛼̅𝑠
𝑥𝑜𝑦

. Combined with the relationship 382 

among Π𝛼𝑠
𝑥𝑜𝑦

, Π𝛼
𝑥𝑜𝑦

 and Π𝑥𝑜𝑦, it is evident that the shear strain, 𝛼̅𝑠
𝑥𝑜𝑦

, is the primary contributor 383 

to the horizontal inverse KE cascade (Figures 4a and 7a). In contrast, Π𝛼𝑛
𝑥𝑜𝑦

 is primarily 384 

influenced by the normal stress difference, and exhibits a weaker forward cascade during the 385 

mature stage, contributing little to the total anisotropic KE flux, Π𝛼
𝑥𝑜𝑦

 (Figures 6f and 6h).  386 

To verify the applicability of the above conclusion, we used the daily (5 to 12 January, 387 

2012) LLC4320 (from Massachusetts Institute of Technology general circulation model 388 

(MITgcm) on a latitude-longitude-polar cap (LLC) grid) data in the Kuroshio Extension, with a 389 
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horizontal resolution of 1/48° , to calculate the horizontal anisotropic KE flux and its 390 

components (Qiu et al., 2018; Yu et al., 2019b; Zhang et al., 2023). We obtained the same 391 

conclusion as above conclusion that the shear strain is the main contributor for the inverse KE 392 

fluxes (Figure S3 in Supporting Information), confirming that our method is applicable to eddy-393 

rich regions with strong currents.  394 

3.3.2 Strain-induced frontogenesis associated with the evolution of the filament 395 

When a horizontal strain acts on a lateral buoyancy gradient (Figures 2h to 2u), strain-396 

induced frontogenesis occurs (Mahadevan, 2006; McKie et al., 2024; McWilliams et al., 2015; 397 

Zhang et al., 2019). Submesoscale fronts and filaments are identified as the flow with anisotropic 398 

buoyancy gradients and velocity gradients (Barkan et al., 2019; Srinivasan et al., 2023). If the 399 

horizontal buoyancy gradient tensor 𝑩 = [

 
𝑏𝑥
2  𝑏𝑥𝑏𝑦

𝑏𝑥𝑏𝑦  𝑏𝑦
2
] is introduced into the frontal tendency (𝐹) 400 

(Srinivasan et al., 2023), which is used to characterize frontogenesis (𝐹 > 0) and frontolysis 401 

(𝐹 < 0) processes, we can divide the frontal tendency into isotropic (𝐹𝛿) and anisotropic parts 402 

(𝐹𝛼), 403 

𝐹 = −
(𝑏𝑥
2 + 𝑏𝑦

2)

2
∙ 𝛿𝑥𝑜𝑦

⏟            
𝐹𝛿

    −
(𝑏𝑥
2 − 𝑏𝑦

2)

2
∙ 𝛼𝑛

𝑥𝑜𝑦
− 𝑏𝑥𝑏𝑦 ∙ 𝛼𝑠

𝑥𝑜𝑦

⏟                    
𝐹𝛼

 
(17a) 

= −
1

2
|∇ℎ𝑏|

2 ∙ 𝛿𝑥𝑜𝑦
⏟          

𝐹𝛿

    −
(𝑏𝑥
2 − 𝑏𝑦

2)

2
∙ 𝛼𝑛

𝑥𝑜𝑦

⏟            
   

𝐹𝛼𝑛

−𝑏𝑥𝑏𝑦 ∙ 𝛼𝑠
𝑥𝑜𝑦

⏟        
𝐹𝛼𝑠⏟                      

𝐹𝛼

 
(17b) 

where 𝑏𝑥 =
𝜕𝑏

𝜕𝑥
 and 𝑏y =

𝜕𝑏

𝜕𝑦
 are horizontal buoyancy gradients. 𝐹𝛼𝑛 and 𝐹𝛼𝑠  represent the 404 

anisotropic normal and shear frontal tendency, respectively. |∇ℎ𝑏|
2 = 𝑏𝑥

2 + 𝑏𝑦
2, is frontal 405 

sharpness. Equation 17 presents a method to decompose frontal tendency into strain directions, 406 

facilitating the quantification of strain contributions to frontogenesis and frontolysis processes. 407 

Frontogenesis is a key mechanism in the development and sharpening of fronts (Gula & 408 

McWilliams, 2016; McWilliams et al., 2009; Buckingham et al., 2021). It induces upwelling and 409 

surface divergence on the lighter side of a front, and downwelling and surface convergence on 410 

the denser side, generating a strong vertical velocity that drives an ASC (Jing et al., 2021; 411 

Siegelman, 2020; Thomas et al., 2008). Similar to the previous text, we transform the meridional 412 
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coordinates to coincide with the principal flow axis of the filament so that the relative 413 

contributions of divergence and strain and its components on frontogenesis can be explicitly 414 

separated (Balwada et al., 2021; Hetland et al., 2025; Srinivasan et al., 2023). We find that 𝐹𝛼 415 

dominates the frontogenesis, reaching its maximum during the development stage of the 416 

filament, while 𝐹𝛿 contributes only slightly (Figure 7b). For the contribution of strain 417 

components, anisotropic shear frontogenesis 𝐹𝛼𝑠 is the primary driver of filament sharpening 418 

(Figure 7b). This indicates that frontogenesis is mainly concentrated along the shear direction, 419 

promoting ASCs (Figures 8c and 8g) and triggering vertical instabilities. Recently, Hetland et al. 420 

(2025) proposed a “strain efficiency” concept unambiguously defined the contribution of total 421 

strain. This method may provide us with inspiration for completely decomposing the 422 

frontogenesis although it did not discuss the contribution of buoyancy gradient.  423 
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 424 

Figure 7. (a) Horizontal anisotropic energy flux (unit: s−1); (b) frontal tendency (unit: s−5); (c) cross-filament 425 

anisotropic energy flux (unit: s−1). The variables from (a) to (c) are the average values in the mixed layer from 9 to 426 

15 August, 2021. The gray dashed box represents the four stages of the filament (generation, development, maturity, 427 

and extinction). The two grey boxes are the two typical KE flux points on 10 August (the first point (P1)) and 11 428 

August (the second point (P2)), respectively. 429 

 430 

3.3.3 Vertical KE flux and associated submescale instabilities in ASCs 431 

The ASCs induced by frontogenesis intensify the vertical exchange in the mixed layer, and 432 

may trigger cross-filament submesoscale vertical instabilities, promoting KE dissipation to 433 

smaller scales (McWilliams et al., 2004; Srinivasan et al., 2023). The cross-filament KE flux 434 
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mainly exhibits a forward cascade, with two typical time points throughout the filament lifespan 435 

(Figure 7c). The first point occurs at the beginning of development stage (10 August), and is 436 

overwhelmingly dominated by Π𝛼𝑠
𝑥𝑜𝑧. The second point appears during the development stage (11 437 

August), resulting from the combined action of Π𝛼𝑠
𝑥𝑜𝑧 and Π𝛼𝑛

𝑥𝑜𝑧. Both of them show a forward KE 438 

cascade, markedly different from the horizontal KE flux. This suggests distinct mechanisms 439 

operate at these two stages. We will focus on studying the cross-filament KE mechanism at these 440 

points. 441 

 442 

Figure 8. (a) frontal tendency, 𝐹 (unit: s−5); (b) zonal eddy stress, 𝑢′𝑢′ (unit: m2 ∙ s−2); (c) vertical flow velocity, 𝑤 443 

(unit: m ∙ s−1); (d) anisotropic normal kinetic energy flux, Π𝛼𝑛
𝑥𝑜𝑧(unit: s−1); (i) instabilities; (j) geostrophic shear 444 

production (GSP) (unit: s−1); (k) anisotropic shear kinetic energy flux, Π𝛼𝑠
𝑥𝑜𝑧 (unit: s−1); (l) simulated anisotropic 445 
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kinetic energy flux,  Π𝛼
𝑥𝑜𝑧 (unit: s−1). (a) ~ (d) and (i) ~ (l) are the variables on 10 August (the first point (P2)). The 446 

variables of (e) ~ (h) and (m) ~ (p) are variables on 11 August (the second point (P2)). 447 

 448 

Once fronts and filaments form and intensify, they may become susceptible to a variety of 449 

instabilities that generate additional submesoscale currents (Gula & McWilliams, 2014; Jing et 450 

al., 2021; Thomas & Taylor, 2010). In particular, when the horizontal buoyancy gradient and 451 

vertical stratification vary sharply in geostrophic flow, negative Ertel potential vorticity (that is, 452 

𝑓𝑞 < 0 , where 𝑓𝑞 = 𝑓(𝑓 + 𝜁)𝑁2 − |∇ℎ𝑏|
2  and 𝑁2 =

𝜕b

𝜕𝑧
) may occur, resulting in symmetric 453 

instability (SI) (Dong et al., 2022; Haine & Marshall, 1998; Thomas et al., 2016) (Figures 8i and 454 

8m) (see Figure S2 in the Supporting Information for instabilities diagnose). SI extracts energy 455 

from the geostrophic shear production (GSP, where GSP = −𝑢′𝑤′̅̅ ̅̅ ̅̅ 𝜕𝑢𝑔̅̅ ̅̅

𝜕𝑧
), which characterizes the 456 

conversion rate of KE obtained from geostrophic flow with only vertical shear, and transfers it to 457 

smaller scales for dissipation (Bachman et al., 2017; Taylor & Thompson, 2023; Thomas et al., 458 

2013) (Figures 8e and 8m). Comparing GSP with Equation 10 reveals that Π𝛼𝑠
𝑥𝑜𝑧 is consistent 459 

with GSP under the hydrostatic assumption, that is, GSP ≈ Π𝛼𝑠
𝑥𝑜𝑧 , indicating that the cross-460 

filament GSP is distributed in the shear direction. Rose diagram of the cross-filament strain and 461 

anisotropic EKE at the two points are shown in Figure 9. At the first point, there are 2𝜃𝛼
𝑥𝑜𝑧 ≈462 

±90° and 𝜃𝐿
𝑥𝑜𝑧 ≈ −90° (Figures 9a and 9c), indicating that  𝜶̅𝑥𝑜𝑧 is mainly concentrated in the 463 

shear direction while 𝐿𝑛
𝑥𝑜𝑧 is mainly concentrated in the normal direction. This suggests that the 464 

energy driving SI mainly comes from the cross-filament geostrophic shear strain at the first point, 465 

consistent with previous studies (Dong et al., 2022; McWilliams, 2016; Qiu et al., 2024). 466 
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 467 

Figure 9. (a) and (b) are the rose graphs of strain rate of mean flow, 𝛼̅𝑥𝑜𝑧 (unit: s−1), and (c) and (d) are the rose 468 

graphs of anisotropic eddy kinetic energy, 𝑳𝒙𝒐𝒛 (unit: m2 ∙ s−1) at the first point (P1) and second point (P2). 469 

 470 

At the second point, the contributions of Π𝛼𝑛
𝑥𝑜𝑧 can reach 35% of Π𝛼𝑠

𝑥𝑜𝑧, which means that 471 

there may be another path of forward flux besides SI. The distribution of 𝜃𝛼
𝑥𝑜𝑧 and 𝜃𝐿

𝑥𝑜𝑧 at the 472 

second point is consistent with those at the first point (Figures 9b and 9d), which means that 473 

Π𝛼𝑠
𝑥𝑜𝑧  and Π𝛼𝑛

𝑥𝑜𝑧  are dominated by the shear strain 𝛼𝑠
𝑥𝑜𝑧  and the normal stress difference 𝐿𝑛

𝑥𝑜𝑧 , 474 

respectively. The difference is that 𝜶̅𝑥𝑜𝑧 at the second point decreases and 𝑳𝑥𝑜𝑧 increases overall 475 

(Figures 9b and 9d), which means that Π𝛼𝑠
𝑥𝑜𝑧 is weakened and Π𝛼𝑛

𝑥𝑜𝑧 is enhanced (Figures 8h and 476 

8o). Under the hydrostatic assumption, there is 𝐿𝑛
𝑥𝑜𝑧 =

𝑢′𝑢′̅̅ ̅̅ ̅̅ ̅

2
 (Equation 10), which means that the 477 

stress 𝑢′𝑢′  dominant the forward cascade of Π𝛼𝑛
𝑥𝑜𝑧 . In the filament, the increase of 𝑢′𝑢′̅̅ ̅̅ ̅̅  is 478 

typically driven by the extraction of KE from the laterally shear geostrophic current through 479 
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centrifugal/inertial instability (CI/II) (Figures 8i and 8m). The onset of CI requires that  𝑓(𝑓 +480 

𝜁𝑔) < 0 and 𝑁2 > 0 (Gula & McWilliams, 2016; Thomas et al., 2013) (see Figure S2 in the 481 

Supporting Information for instabilities diagnose). Therefore, the forward cascade caused by CI 482 

can reach 35% of GSP caused by SI at the second point (Figures 7c and 8h, 8m and 8n), which is 483 

one of the key mechanisms responsible for the rapid intensification of cross-filament KE flux 484 

over a short timescale.   485 

To verify the direction dependence of the submesoscale vertical instabilities and their 486 

associated KE flux, we derive Π𝛼
𝑥𝑜𝑧  based on observational data. The vertical velocity is 487 

estimated using the quasi-geostrophic omega equation (Equation 12a). We focus on the strongest 488 

ASC zone near the filament edge and compute the associated KE flux (Figures 1b and 10a). The 489 

results suggest that the anisotropic normal production driven by CI accounts for approximately 490 

29% of the GSP (Figures 10c and 10d), almost consistent with the model outcomes (35%). This 491 

means that the KE flux caused by vertical instabilities exhibits significant direction dependence, 492 

and the contributions of strain and anisotropic EKE are significantly different in different 493 

directions. This contrasts with previous studies, which often focused solely on the overall 494 

strength and trend of KE flux while overlooking the underlying mechanisms involving internal 495 

stresses and strains (Brannigan et al., 2017; Jing et al., 2021; Thomas et al., 2016; Yu et al., 496 

2019b). Note that we investigate vertical KE fluxes and instability mechanisms in both cross- 497 

and along-filament directions through coordinate transformation. Recent studies, such as Chen et 498 

al. (2024) and Hetland et al. (2025), have proposed frameworks for decomposing KE fluxes and 499 

frontogenesis in filament-aligned coordinates, which provide valuable references for future work.   500 



manuscript submitted to Journal of Geophysical Research-Oceans  

 

 501 

Figure 10. (a) Omega vertical flow velocity, 𝜔 (unit: m/s); (b) absolute angle difference between 𝜃𝛼
𝑥𝑜𝑧and 𝜃𝐿

𝑥𝑜𝑧 502 

(unit: °); (b) anisotropic kinetic energy flux, Π𝛼
𝑥𝑜𝑧 (mod) (unit: s−1); (d) geostrophic shear production, GSP (unit: 503 

s−1). Variables in (a) ~ (d) are calculated based on observations. 504 

 505 

Although the KE flux and frontogenesis of the filament are mainly concentrated within the 506 

mixed layer, there is also KE flux penetrating below the mixed layer (Figure 8p). Recently, 507 

Zhang et al. (2021) proposed the concept of mixed transitional layer instability, suggesting that 508 

baroclinic instability in these layers ultimately generates deep-penetrating and surface-intensified 509 

submesoscales (Zhang, 2024). This implies that the current study may underestimate baroclinic 510 

frontogenesis and instabilities occurring below the mixed layer—an aspect worth quantifying in 511 

future work. 512 

4 Summary and Discussion 513 

Based on a high-resolution ROMS model and observations, we propose a novel method for 514 

identifying three-dimensional KE flux using mesoscale strains and submesoscale eddy stresses 515 

from an anisotropic perspective. According to the state of the Rossby number and strain rate, we 516 

divide the filament evolution into four stages: generation, development, maturity and extinction. 517 

We found that the direction of KE flux within the filament is primarily governed by eddy tilt. 518 

Horizontally, the inverse KE cascade throughout the entire lifespan is mainly driven by shear 519 

strain. This strong shear strain promotes the formation of strain-induced frontogenesis with 520 

pronounced anisotropy. Anisotropic shear frontogenesis is the primary mechanism for filament 521 
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sharpening, which disrupts the geostrophic balance and generates ASCs across the filament. 522 

Within ASCs, we find that the GSP originates from the Π𝛼𝑠
𝑥𝑜𝑧, indicating that KE is transferred 523 

from mesoscale to dissipative scales by SI mainly due to shear strain.  Π𝛼𝑛
𝑥𝑜𝑧 provides a forward 524 

KE flux driven by CI and modulated by the normal stress difference. Π𝛼𝑛
𝑥𝑜𝑧 can reach up to 35% 525 

of GSP, playing a key role in regulating the generation, development, and decay of ASCs—an 526 

aspect that has been largely overlooked in previous studies. 527 

Based on the hydrostatic assumption, our method improves the anisotropic three-528 

dimensional non-hydrostatic KE flux from Qiao et al. (2023), and is used to diagnose the 529 

contributions of strain and stress in the cross- and along-filament/front KE conversion, as well as 530 

their responses to instabilities. This method extends the KE diagnosis to eddy-mean flow 531 

interactions from large-mesoscale jets to submesoscale filaments and fronts with arbitrary axes, 532 

highlighting the strong strain characteristics of submesoscale processes. In addition, for the 533 

decomposition of strain-induced frontogenesis, this paper emphasizes the direction dependence 534 

of the horizontal buoyancy gradient and strains, offering a new perspective for parameterizing 535 

submesoscale instabilities (Bachman et al., 2017; Naveira Garabato et al., 2022; Zhang et al., 536 

2023). At broader scales, our method remains applicable to KE exchanges between large-scale 537 

and mesoscale flows, as well as between mesoscale eddies and near-inertial waves, and similar 538 

methods have been confirmed in other studies (Delpech et al., 2024; Guo et al., 2024; Polzin, 539 

2010; Qiao et al., 2023). 540 

This article emphasizes the role of mesoscale strain and anisotropic EKE in energy flux. 541 

Therefore, the origin of frontogenesis is considered within the traditional framework, in which 542 

the balanced strain field is the primary driver of the frontogenesis (Hoskins & Bretherton 1972; 543 

Lapeyre & Klein 2006; McWilliams et al., 2009). However, the vertical momentum mixing 544 

under the turbulent thermal wind (TTW) balance can also alter the horizontal density gradient of 545 

fronts, potentially influencing the evolution of submesoscale frontogenesis (Barkan et al., 2019; 546 

Gula et al., 2014; Sullivan & McWilliams, 2024; Wenegrat et al., 2020; Wenegrat et al., 2023). 547 

Using the Large Eddy Simulation, Sullivan & McWilliams (2018) and Pham & Sarkar (2019) 548 

found that ASCs suppresses vertical buoyancy flux via surface turbulence. More recently, 549 

Johnson & Fox Kemper (2024) has demonstrated that this suppression is not captured by 550 

traditional boundary layer turbulence theory. If TTW acts as a source of potential vorticity within 551 

the mixed layer, it may suppress SI in submesoscale fronts (McWilliams et al., 2016; Wenegrat 552 
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et al., 2018; Barkan et al., 2019). This implies that our estimates of cross-filament frontogenesis 553 

and SI based solely on GSP may be overestimated.   554 

In addition, this paper focuses on KE flux and strain-induced frontogenesis intensification, 555 

while overlooking the available potential energy generated by the mixed layer instability (MLI) 556 

(Boccaletti et al., 2007; Callies et al., 2016; Cao et al., 2022; Capet et al., 2008). Recent work by 557 

Schubert et al. (2020) has shown that submesoscale eddies driven by MLI can gradually evolve 558 

into sharp fronts and trigger ASCs, leading to forward KE flux. Therefore, investigating the 559 

impact of vertical turbulent mixing and MLI on strain fields and KE flux will be an important 560 

focus of future research.  561 
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