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Abstract

High-quality surface designs are increasingly significant in industrial applications, such as architecture and product design, yet they
pose challenges in balancing visual appeal and functional requirements. Isogonal nets (I-nets) stand out for their aesthetically pleasing
patterns and engineering practicality. However, constructing such nets remains difficult due to their dependence on complex angle
constraints or a narrow focus on orthogonal scenarios. We propose a novel representation and construction method for I-nets charac-
terized by similar mid-edge subdivided parallelograms in the quad faces. This approach achieves a simple yet versatile representation
that generalizes orthogonal nets and extends to the construction of isogonal 4-webs (I-webs). By focusing on constraining edge ratios,
our method enables efficient integration into mesh optimization algorithms. We demonstrate the effectiveness of I-nets and I-webs
in freeform shapes through conformal mapping and numerical optimization. Experiments on various surfaces validate our method,
showcasing its potential for both theoretical advancements and practical applications.

Keywords: Isogonal nets, Isogonal webs, Checkerboard pattern, Discrete differential geometry, Conformal parametrization, Mesh

optimization, Computational design, High-quality quad mesh

1. Introduction

High-quality surfaces are typically designed not only to satisfy
functional requirements but also to possess unique visual effects.
The design of such surfaces relies on curve nets that form nearly
uniform angles between the curves [1]]. In recent years, surfaces
generated by these nets have been widely used in architectural
facades [2] and shell structures [3]], where the design of discrete
panels in the structures follows the curve nets to achieve aesthet-
ically pleasing and functional designs.

Among all curved nets, orthogonal nets are the key special
case where two families of curves intersect at right angles. These
nets have attracted extensive attention from researchers and de-
signers, as they can serve as foundational structures for the con-
struction of other specialized quad nets [4]. For instance, they
align with principal directions [5], which enables the construc-
tion of principal curvature nets and simplifies curvature analysis.
Additionally, due to their right angle constraints, orthogonal nets
streamline panel layouts for architectural envelopes, thereby re-
ducing manufacturing complexity and assembly costs [6].

However, many practical design scenarios require greater geo-
metric flexibility. For instance, freeform architectures often fea-
ture sweeping curves and intricate transitions that cannot be cap-
tured by strictly perpendicular curve families. In these contexts,
isogonal nets present a compelling alternative. By allowing a
constant intersection angle that doesn’t have to be 90 degrees,
I-nets give designers and engineers more flexibility in shaping
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their creations. This flexibility is particularly valuable for ar-
chitectural facades, shell structures, and product design, where
unique visual effects and adaptable structural layouts are crucial.

Recently, I-nets have started to gain increasing attention in
both research and industry for advanced surface design, serving
as fundamental structures for other specialized nets. For instance,
isogonal asymptotic nets characterize surfaces with negative con-
stant ratios of principal curvatures (CRPC-nets) and are instru-
mental in designing gridshell structures composed of straight
and developable lamellas [7| |8, 9]. Isogonal conjugate princi-
pal symmetric nets (S-nets) characterize positive CRPC-nets [9].
Moreover, isogonal S-nets with constant normal curvatures rep-
resent affine linear Weingarten surfaces, enabling cost-effective
paneling of freeform surfaces using curvature-equivalent pan-
els [10L [11]. Additionally, combining I-nets with another fam-
ily of curves can form triangular or hexagonal patterns. For ex-
ample, integrating geodesic curves with negative CRPC-nets has
been shown to be effective in constructing large-scale gridshells.
This approach ensures congruent elementary nodes and lamellas
while assuring structural stability, which are essential for struc-
tural integrity and aesthetic consistency [12} [13].

Despite the tremendous potential of I-nets, their construction
methods still face significant limitations in optimization com-
plexity and mesh analysis. Existing approaches can be gener-
ally categorized into two categories: constraining angle between
net diagonals or constraining angle net medial lines. The for-
mer focuses on maintaining a constant angle between diagonals,
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thereby emphasizing the diagonal meshes over the original con-
trol mesh [8} 9, [14} [15], which makes the direct analysis less
intuitive and less practical for real-world applications. The latter
enforces constant angles between curve tangents, which requires
representing two unit tangent vectors and introducing auxiliary
variables for their norms and unit vectors [9}[10L[11L[16L[17]. This
not only increases the complexity of mesh optimization prob-
lems and hinders efficient implementation but also complicates
the analysis of geometric invariance properties.

To address these challenges, we propose a novel definition and
construction of I-nets based on the Checkerboard Pattern method
[L8]]. Our approach focuses on developing I-nets with a simple
representation and efficient implementation, prioritizing visual
regularity and practical usability. We summarize our contribu-
tions as follows:

e We propose a simple representation approach for I-nets,
fully compatible with existing orthogonal and isogonal net
definitions, characterized by similar mid-edge subdivided
parallelograms.

o I-nets are defined by two constant edge ratios, which can be
easily integrated into mesh optimization algorithms.

e We introduce the concept of isogonal 4-webs (I-webs), a
novel framework that has not been previously explored.

o We demonstrate the versatility of I-nets and I-webs in high-
quality surface design through conformal mapping and nu-
merical optimization.

The structure of this paper is organized as follows. Sec. [2]re-
views related work on I-nets. Sec. |3| examines the relationship
between the angles and edge ratios of a parallelogram and ex-
plores 2D comformal mapping. Sec.[d]introduces the proposed I-
nets in both smooth and discrete theories, including special cases
compatible with orthogonal nets. The theory for representing I-
webs is also developed. Sec. [5]details the construction of I-nets
on Kinematic surfaces. Sec. [6|presents the optimization methods
of I-nets. Finally, conclusions and future research directions are
discussed in Sec.[7

2. Related work

I-nets represent a generalization of orthogonal nets, where the
constant angle is not restricted to 90 degrees. In the construction
of isogonal quad meshes, two primary methods exist for defin-
ing a constant angle locally on each quad face by considering the
subdivided parallelograms. These methods can generally be di-
vided into two categories: constraining the angle between quad
mesh diagonals, and constraining the angle between quad mesh
medial lines on each quad face of the mesh.

Before discussing the differences between these existing meth-
ods and our proposed approach, we first introduce the checker-
board pattern method, which serves as the foundation for our
work.

Checkerboard Pattern A quad mesh, where every second face
is a parallelogram (referred to as the black quad) and the alternate
face is a general quad (referred to as the white quad), is known as
a Checkerboard Pattern (CBP), first introduced in [[18]. Any gen-
eral quad mesh can be converted into a CBP through mid-edge
subdivision of each quad face, resulting in inscribed planar quads
that are parallelograms. The CBP is also seen as a quad mesh re-
finement in the diagonal direction [19]. Its curvature theory can
be discussed based on the definitions of shape operators provided

in [20]. The exploration of CBPs in general quad meshes has re-
vealed significant benefits across various fields, including geom-
etry processing and architectural structures. Applications include
isometric shape deformations [15]], mesh parametrizations [[14],
transformable design [[18] and mechanisms [21], as well as archi-
tectural skins [[11] and support structures of gridshells [8]].

Constant angle between mesh diagonals. The mid-edge subdi-
vided parallelograms of the mesh quads are treated as first-order
faces of the control quad mesh, with their edges representing dis-
crete first-order derivatives [20]. These parallelogram edges are
parallel to the diagonals of the original control mesh, which also
form the edges of two diagonal meshes. As a result, the edges
of the diagonal mesh are uniquely determined by the CBP. The
two diagonal meshes create a mesh pairing in the diagonal di-
rection of the control mesh. A mesh is orthogonal if this pairing
is rhombic [4], while an isogonal mesh is defined by a constant
angle between the mesh pairing [I8} 9L [14}[15]]. This approach pri-
oritizes the diagonal mesh over the original control mesh, making
it less convenient for directly analyzing a given mesh.

Constant angle between mesh medial lines. The two diago-
nals of each inscribed parallelogram serve as medial lines of the
control quad and are interpreted as discrete second-order deriva-
tives at the quad face barycenter. Constraining the angle between
these medial lines to be constant enforces an isogonal structure
on the quad mesh, as shown in [9]. However, this approach re-
quires representing two unit tangent vectors, which complicates
the standard optimization problem by introducing auxiliary vari-
ables for norms and unit vectors [22]].

Specifically, discrete orthogonality can be simply represented
by equal diagonal lengths within each quad, where the ratios be-
tween diagonal lengths are 1. This is a consequence of the prop-
erties of mid-edge subdivided rhombuses, where the inscribed
parallelograms transform into rhombuses [4]. This approach
demonstrates advantages in the handling the boundary align-
ment, implementation of simple quadratic equations and com-
patible constructions of various classical nets [4], which are com-
monly discussed in the context of Discrete Differential Geometry
[23].

However, directly generalizing the constraint that the ratio of
the two diagonal lengths should be constant but not equal to 1
does not ensure a constant angle between the medial lines, as
there remains one degree of freedom, specifically an interior an-
gle of the parallelogram. Consequently, we introduce an addi-
tional constraint: a constant ratio between the medial lines.

The combination of a constant ratio between the diagonals of
the quad mesh and a constant ratio between the medial lines ef-
fectively determines the shape of the inscribed parallelograms.
This ensures that both the interior angles and the diagonal an-
gles of all parallelograms are constant—and specifically, equal.
Thus, we construct an I-net characterized by a constant angle
between the diagonals and another constant angle between the
medial lines. This implies the presence of similar inscribed par-
allelograms within the mesh, thereby forming an isogonal 4-web.

Similar parallelograms. We define the I-net by quad meshes
with similar parallelograms in the CBP. We seek to describe simi-
lar parallelograms by constraining the ratios of their edges, rather
than representing angles. This geometric constraint, which fo-
cuses on the edges rather than the angles, can be readily inte-
grated into numerical optimization procedures. A simple exam-
ple of such an I-net is a planar sheared regular grid, although our
focus is on general spatial nets.

Special cases occur when the parallelograms take specific
shapes, such as rhombuses, rectangles, or squares. These
shapes define discrete orthogonal nets compatible with previous



work [4, (8} [18]].

A notable special case arises when the interior angle of a paral-
lelogram equals its diagonal angle. This implies that the constant
angle between the quad diagonals is equal to the constant angle
between the medial lines. We demonstrate that this angle condi-
tion can be prescribed by a single constant edge ratio, simplifying
both the isogonal representation and the optimization process.

3. Parallelogram determined by two edge ratios

In this section, we examine the relationship between the angles
and edge ratios of a parallelogram, including the special case
where the interior angle equals the diagonal angle. Conformal
mapping results in 2D are explored for a planar sheared grid with
congruent parallelograms, demonstrating the geometry-invariant
property under conformal maps.

3.1. Parallelogram prescribed by an interior angle and a diago-
nal angle

A parallelogram is a special type of planar quad with equal
and parallel opposite sides. It exhibits several distinct proper-
ties: equal opposite angles, supplementary adjacent angles, and
diagonals that bisect each other.

Special cases arise when additional constraints are applied: If
the lengths of two adjacent sides are equal, the parallelogram be-
comes a thombus, where the diagonals are perpendicular to each
other. If the lengths of two diagonals are equal, the parallelo-
gram is a rectangle. If both conditions are met (equal adjacent
sides and equal diagonals), it transforms into a square, where all
interior angles are 7 and the diagonals are of equal length.

Interior angle 6. Given a parallelogram ABCD with neighbor-
ing edge lengths BC = a and AB = b and their interior angle
/B = 6, the lengths of the two diagonal AC = p and BD = g can
be expressed using the Law of Cosine in trigonometry as follows

(Fig.[I):
p? =a*+b*—2abcosO,q* = a* + b* +2abcosh, (1)

which brings to
PP +q* =2a* + b, (2)

Diagonal angle 6. Suppose an angle between the two diag-
onals of a parallelogram ABCD is ZAOD = 6y, where O is the
intersection of two diagonals. The diagonal angle 6, is gener-
ally not equal to the interior angle 6. For instance, in a rhombus,
6o = 5, but only when the rhombus becomes a square does 6 = 7.

(0,60)—parallelogram. A parallelogram is referred to as an
(0, 80)—parallelogram when its interior angle is denoted by 8 and
its diagonal angle by 6.

Figure 1: A (6, 6y)—parallelogram with an interior angle 6 and an diagonal angle
6p. If 6 = 6, it is a O—parallelogram, which possesses two similar triangles
AABD = AODC with equal edge ratiosa: b:g=5: 4 : b.

Neighboring edge ratio A and diagonal edge ratio u. To sim-
plify the task of analyzing the shape of a parallelogram, we as-
sign the lengths of the neighboring edges asa = 1 and b = A and
the lengths of the diagonal edge as p and g = up. This results in

2(11; /122), derived from Eq. . The

the expression for p as p =

1+u? 1+u?
indicating that the shape of the parallelogram is uniquely deter-
mined by the ratios A and u. Given A and g, the parallelogram’s
shape will fixed, with only its scalar varying.

ratiosa:b:p:g=1:2: \/2('”2) : ,u\/z('”z) are unique,

Lemma 1. For a (0, 6y)—parallelogram with two edge lengths
a = 1and b = A and two diagonal lengths p and q, the interior
angles 6 and the diagonal angle 6y can be expressed in terms of
A and p as follows:

A+ D=1 (L +pHr-1)

0= ,cos by = , 3
cos N+ T T )
where A and u satisfy the conditions:
-1 +1 j2a-1 A+1
RS SV (B B
u+1 =11 1+1 [A—=1]

Additionally, the angles a and B of the triangle forming half of
the parallelogram can be computed by A and u as follows:

32+ A2+ 2 -1 A2 =2 +32+ 1
cosa = =

2u2(1+ )1 + uZ)’COS w20+ D1+ 2)
)

Proor. From Eq. , where p = 2(11;122)

cosines of the angles 6 and 6, are derived and presented in
Eq. (3). The ratios A and ¢ must satisfy the conditions speci-
fied in Eq. (@) within AABC, where the edge length are 1, A and

2(1+2%)

1+p2

posed by the cosine rule, ensuring that cos 6 and cos 8 fall within
the interval (=1, 1). The angles @ and 8 can be computed from
half of a parallelogram as a triangle with edge lengths 1, 4, and

2
q = p~ A

The ratios A4 and u serve analogous functions in determining
the shape of the parallelogram, and exhibit a mirrored similarity
with respect to their reciprocals.

If i is held constant while the ratio of neighboring edges is
inverted such thata = 1 and b = %, the interior angle 8 remains
unchanged, whereas the diagonal angle 6, transforms into 7 — 6.
Flig.Q}(B) shows a parallelogram with edge ratios (b : a,q : p) =
(_ ’ /J)

! Conversely, if the ratio of the diagonal lengths is inverted such
that p = ug, then 6 transforms into 7 — 6, while 6) remains un-
changed. The resulting parallelogram in Fig. 2H(C), with edge
ratios (b : a,q : p) = (4, }ll), is a mirror image of the original in
Fig.[2}(A) and is similar to the scaled version in Fig. 2}(B) with
a scaling factor of 1.

In particular, when (b : a,q : p) = (3, ,11)’ both 6 and 6, transi-

tion to their respective supplementary angles. This transformed
parallelogram in Fig.[2}(D) is similar to the original in Fig. E]-(Aﬁ
2

and g = up, the

. These conditions are consistent with the constraints im-

scaled down by a factor of % and mirrored to the one in Fig. I

(B). This illustrates the symmetrical influence of A and u on the
geometry of the parallelogram.



Additionally, if 2 > 1 or u > 1, the angles 6, or # are acute,
respectively. Specially, if A = 1 oru =1, theny = 5 or6 = 7,
respectively. For p > 1, this implies that angle 6 is acute and
diagonal BD is longer than AC, the range for A is then given by:

u—1
u+1

i
<a<PE s, ©6)
u—1

This condition facilitates the simplification of our discussion re-
garding the shapes of parallelograms, focusing solely on the con-
figurations depicted in Figs. [2}(A,B), where 6 is acuate.

Figure 2: (A-D) (0, 6p)—parallelograms with different edge ratios (b : a,q : p):
(&) (4, p), B) (1,1, (C) (A, 1), D) (}, ). (E-G) f—parallelograms with 6 =
.4, and %, respectively.

3.2. Parallelogram with an interior angle equal to a diagonal
angle

When the interior angle 6 remains constant, the diagonal an-
gle 6y decreases as A increases. There must be a point at which
6 = 6, which makes 4 = u. At this point, the shape of the
parallelogram is solely determined by A.

Definition 2. A parallelogram is called a 8—parallelogram if the
interior angle 0 is equal to the angle between the two diagonals.

For a 6—parallelogram with two edge lengths @ = 1 and b = A
and two diagonal lengths p and g, the following properties are
exhibited:

p=V2,q=22, 7)

1 1
costE(/l— /—1), ®)
V2-1<1< V2+1, )]
V2322 - 1) V2(1 + %)
cosa = T,cosﬁ: - (10)

The proof of Egs. is provided in Appendix A.1.

When 4 = 1, angle § = 7 indicating the parallelogram is a
square. This represents a special case of discrete orthogonality as
discussed in [18]. When 1 = 1, the angle 6 = arccos(3(1 - a)) =
T — arccos(%(a - 5)), which implies that the interior angles of
two @—parallelograms, whose side length ratios are reciprocals
of each other, are supplementary. This corresponds to the case
b :aq:p = (/ll, ﬁ) in Fig. (D). For instance, the angle
0 = arccos % and 6 = m—arccos % correspondto A =2 and A = %,
respectively.

Given 6, the ratio A can be calculated directly from Eq. (8)

as A = cosf + V1+cos2f. For example, the ratios A are

—“2‘6, ‘@2”/5, and ﬁ;‘ﬁ for 6 = 5,7,

seen in Fig. (2).

and ’é, respectively, as

3.3. Planar sheared grid and its conformal mappings

A planar rectangular grid M can be mapped into a sheared grid
M, with a specified angle 6, through a shear transformation w,
which is a kind of affine mapping. When considering the grids
within the complex plane C, the shear transformation w can be
represented as

w:z=x+iy 7, = ulx,y) + iv(x,y),

where i is the imaginary unit with i = —1 and
vl =yl L O =[x+ yeotn,y)
u,v] =1x,y COte() 1 =Xty 0, Y1

This transformation shears the grid in the horizontal direction,
mapping all rectangles to regular parallelograms with an inte-
rior angle 6 and a diagonal angle supposed 6. There exist
multiple parallelograms that can be combined in any manner
to form bigger parallelograms, which are similar to each other.
These parallelograms are referred to as (6, 8)—parallelograms,
and their shape is flexible, depending on the chosen values
of 6y and #. Their mid-edge subdivision forms congruent
(6, 6p)—parallelograms.

The sheared grid M, exhibit isogonal properties, characterized
by a constant angle 8, between their isolines and a constant angle
0 between the diagonal lines. For simplicity, we consider the
conformal mappings of M, with the special case that 6, = 6.

Conformal mappings. A smooth complex mapping w : D C
C  C;(x,y) = u(x,y) + iv(x,y) is conformal if w is an immer-
sion and angle-preserving. Analytically, conformal mapping w
satisfies the Cauchy-Riemann equations thatis u, = vy, u, = —v,,
which says w is holomorphic. Conformal mappings have vari-
ety of applications [24] in cartography, parametrization, texture
mapping, remeshing, surface deformation, simulations, and aux-
etic metamaterials.

If a conformal mapping w is applied to the grid My, two fami-
lies of straight lines can be transformed into two new families of
curves (or lines) that intersect at an angle 6 characterized by the
tangents between the two families of curves, as seen in Fig. (3).
The resulting curvilinear quads will not be congruent but will ex-
hibit similarity. This similarity is not immediately obvious due
to their curved boundaries. However, it can be characterized by
the mid-edge subdivided parallelograms of the original straight
quads, formed by connecting vertices with straight edges. On
an infinitesimal scale, these straight quads, shown in Figs. (3)-
(A’—C’) and indicated by gray dashed lines, resemble curvilinear
quads, which are depicted by black curves. Their mid-edge sub-
divided parallelograms are also 6—parallelogram, as w preserves
angles.

Two different conformal mappings w = % and ' = 7% are
provided as examples in Fig. . The function w = % is analytic
in the complex plane except at z = 0, while ' = 77 is analytic
everywhere in the complex plane. The pre-images (A, B, C) are
in the upper half-plane and are mapped into curved grids (A’, B’,
C’), respectively. As shown in Figs. (3)-(C; — C3), a sheared grid
under different conformal mappings transforms into curved grids
with varying shapes, yet the parallelograms within these grids
remain similar. For further details on the representation of the
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Figure 3: (A-C) Regular sheared grids Mo, M| and M, with congruent paral-
lelograms in the upper half-plane mapped from rectangular grids. (B) Sheared
grid M with §p = 8 = 7. (C) Sheared grid M, with 6 = 6 = . Conformal
mappings of these grids: (A’) The mapping w = % transforms the straight lines

of My into circular arcs. (B’~C’) The mapping «’ = z? transforms M| and M,
into curvilinear grids of parabolas. A ten by ten sheared grid with 6y = 6 = %
is mapped to: (C1) under w = 1, (Cy) and (C3) under w’ = 7%, forming CBPs
with similar %—parallelograms. The difference between (C») and (C3) is that the
origin lies within the pre-image of the sheared grid for (C3).

sheared grid and their conformal mappings, refer to Appendix
A2.

Remark. The examples above describe two elementary con-
formal mappings in two-dimensional space. These mappings
can be extended to complex mappings by combining various al-
gebraic representations. This approach can also be applied to
three-dimensional space. The existence of conformal mappings
between surfaces depends on their topology, specifically, there is
always a conformal mapping between surfaces that possess disk
topology or sphere topology [25]. According to Liouville’s the-
orem [26]], the conformal mappings in dimensions 3 and higher
are Mobius transformations [27]].

4. I-net characterized by similar parallelograms in the CBP

We aim to represent and construct I-nets based on a quad mesh
characterized by similar parallelograms in the CBP. We start by
analyzing a spatial quad defined by its mid-edge subdivided par-
allelogram. We then examine the conditions for forming an I-net
by considering a smooth parametrization X(u, v) and its diagonal
parametrization Y (i, v), which have constant norm ratios of their
tangents. On an infinitesimal scale, %Y(u, v) acts as a CBP of
X(u,v), featuring similar mid-edge subdivided parallelograms.
This process results in both X(u, v) and Y(u, v) being isogonal,
naturally extending to the formation of an I-web—a network of
four families of curves that intersect at constant angles. Finally,

we explore the discretized counterparts of these theories, ensur-
ing that the discrete representations maintain the key features of
both I-nets and I-webs.

4.1. Mid-edge subdivided parallelogram

In a general spatial quad, as shown in Fig.[4] we can consider
two types of edge angles. One is the angle 6 between the diagonal
vectors d; and d; of the quad. Another is the angle 6§, between
the medial-line vectors m;3 and my4 of the quad. By sequentially
connecting the midpoints of the quad edges in a counterclock-
wise direction, we construct a subdivided parallelogram nested
within the quad, as it features two pairs of opposite edges that
are equal in length and parallel to d; and d,, respectively. The
parallelogram is sometimes called Varignon parallelogram from
Varignon’s theorem [18},28]]. Consequently, the angle 6 is equiv-
alent to an interior angle of the parallelogram, while the angle 6,
is the angle between the two diagonals of this parallelogram.

The parallelogram is a (6, 6y)—parallelogram with an interior
angle 6 and a diagonal angle . Let A be the ratio of the diagonal
lengths, such that ||d,]||/||d;|| = A, and u be the ratio of the lengths
of the medial lines, that is ||m3||/|[mp4]| = u. The shape of the
parallelogram is determined by the angles 6 and 6, which are the
functions of A and y as derived from Eq. ().

Definition 3. A quad is called a (6(A, ), 6p(A, u))—quad, short
as (0, 6p)—quad, if its mid-edge subdivided parallelogram is a
(0, 60)—parallelogram.

Proposition 4. For a (6, 8y)—quad with two diagonal vectors d;
and dy and two medial-line vectors myz and myy, let A and u
be the ratios of the quad’s two diagonal lengths and two medial
lines, respectively, given by

|
—_— = 11
-t (b
[[my3|

—_— = 12
I (12)

the values of A and p satisfy Eq. (06).

When 6 = 6, it indicates that the angle between the quad’s
diagonals is equal to the angle between its medial lines. Further-
more, the parallelogram is a 6—parallelogram with 6 satisfying
Eq. (8). This indicates that the shape of the inscribed parallelo-
gram is solely determined by the ratio of two diagonal lengths.

Definition 5. A quad is called a 6(1)—quad, short as 6—quad, if
its mid-edge subdivision is a 0—parallelogram, where A is the
ratio of the quad’s two diagonal lengths.

Figure 4: Mid-edge subdivided parallelogram within a general spacial
(6,6p)—quad. The interior angle 6 and the diagonal angle 6y of the parallelo-
gram are functions of the ratio A of the diagonal lengths and the ratio y of the
medial-line lengths of the quad. The quad is referred to as a 6—quad, if the paral-
lelogram is a f—parallelogram, where the angles 6 = 6.

A 6—quad exhibits simplified relations between the two diag-
onal vectors as discussed in the following proposition.



Proposition 6. Consider a spatial quad with two diagonal vec-
tors d; and d,, where the angle between d and d; is 6 and the
ratio of their lengths is A as defined by Eq. ([1). The quad is a
6—quad if and only if the diagonals satisfy

d;—-d} =2d, -d,. (13)

Proor. = The dot product d; - d; is equal to ||d;]|||ds||cos € =
ld;|I>Acos . Since 6 is a function of A, substituting cos # from
2 2

Eq. lai yieldsd; - d, = dz;d‘,
& The area of a parallelogram A can be expressed as A =
[[dy xd]| = ||d;]]||d2|| sin 6. Alternatively, from the diagonal point
of view, the area can also be calculated as A = %||(d1 +dp) X
d, —dy)|| = %Hdl + d||l|d, — d,|| sin 6y, where 6y is the angle
between the medial lines of the quad. From the equality of these
expressions, we derive W = sl = pg, 1' can be

2|id, |llld> ~ sindy-
formulated as | d; +dy|l|ldy —dy]| cos 6y = 2||d;]l|d2|| cos €, which

lldi+dofllldo—dill  _  cos sinf  _
leads to SNl = sty Consequently, we have - % =
Cf:g , which is equivalent to sin(d — 8y) = 0. Thus 6 = 6, with

the reasonable range of 6, 6y € (0, 7). This indicates that Eq. @I)
ensures the interior angle 8 is equal to the angle 6, between the
diagonals in a parallelogram.

4.2. Isogonal net and web

Before constructing the discrete isogonal net with (6, 8y)—
quads, we discuss the corresponding smooth theory, which shows
close relationship involving isogonal web involving four families
of curves.

Given a smooth parameterization X : (i, v) € R? = X(u,v) C
R3, the condition for the parameter lines to form equal angles
is that the angle between the partial derivatives X, and X, is
constant. There exists a diagonal parametrization Y(u,v) de-
fined by Y(u,v) = X(u — v,u + v), where the partial derivatives
Y, =X,-X,and Y, = X, + X,. The two parameterizations
X(u, v) and Y(u, v) form a web of four families of curves (4-web),
that are combinatorially equivalent to the families u = const.,
v = const., u +v = const. and u — v = const. of straight lines in
the uv plane, as seen in Fig.[3]

On an infinitesimal scale, the two parameter lines of Y(u,v)
lead to mid-edge subdivided parallelograms with edge vectors
% and % and diagonal vectors X,, and X,,. The isogonal net and
web of the surface can be analyzed using these parallelograms,
leading to the following lemma.
Theorem 7. A smooth parametrization X : (u,v) C R?>
X(u,v) € R3 is isogonal (I-net) if the ratios Hi” and I‘g llll
stant, where Y(u,v) = X(u—v, u+v) is the diagonal parametriza-
tion of X(u,v). Furthermore, Y(u,v) is isogonal with respect to
X(u, v).

are con-

Proor. Suppose there exist constant values A and u such that
”‘5 H Aand H;” u. Then we have

Y2 = 2Y2 o (X, +X,)* = (X, - X,)?,

which simplifies to cos 6y = %, where 6 is the angle
between X,, and X, as shown in Fig.[5] Let 6 be the angle be-

2
tween Y, and Y,. Then cosf = ——H~=L
V(@?+1)2=442 cos? 6

sions for cos 8y and cos 6 are constant and match those given in
Eq. (3). Furthermore, the angles « between Y, and X, and S

+c0s 6
between Y, and X, are computed as cos @ = —=£2— and

V2 +142ucos 6y

The expres-

COSﬁ — U—cos by
fication, meaning that Y(u, v) is isogonal with respect to X(u, v).
Specifically, when 6 = 6, it is computed that 4 = u, 6 satisfies
Eq. (8), and @ and g satisfy Eq. (10).

Remark. The theorem provides only the sufficient condition for
a net to be isogonal; it does not constitute a necessary condition
for an I-net.

which correspond to Eq. H after simpli-

v u+v X(u,v)
2 im a
. P4

(®)

Figure 5: Top: A smooth parametrization X(u, v) and its diagonal parametrization
Y(u,v) = X(u — v, u + v) form an I-web when Hﬁ“” and I‘IQ;VH are constant. Down:
Discrete derivative mapping from a regular triangulated grid as parameter domain
to a triangle mesh. Discrete derivatives f, and f, approximate the second-order
smooth derivatives, while d; and d; approximate the first-order smooth deriva-
tives. These discrete derivatives have constant angles between them and form a
DI-web.

The parametrizations X(u,v) and Y(u,v) represent the same
smooth surface and form a 4-web with constant angles between
the four families of web curves.

Theorem 8. A smooth parametrization X(u, v) and its diagonal
parametrization Y(u,v) = X(u—v, u+v) form an isogonal 4-web
(I-web) if the ratios Hi((” and lg H are constant.

On an infinitesimal scale, the diagonal parametrization
%Y(u, v) is a CBP of the isogonal parametrization X(u, v) with
similar inscribed (6, 8y)—parallelograms as discussed in Sec.

Corollary 9. An I-net possesses similar parallelograms in the
CBP.

Several special cases arise when specific values of A or u are
chosen, corresponding to particular shapes of the parallelograms,
as follows:

o [-net with A = 1. The angle 6, between the partial deriva-
tives X, and X satisfies the Eq. (3), which implies that
=1 6y = %, see Fig. @-(A). Our proposed I-net defini-
tlon is compatlble with the orthogonal net, where two fami-
lies of curves intersect orthogonally.

Definition 10. An I-net is an orthogonal net (O-net) if A1 =
1.



o [-net with u = 1. Similarly, since the angle 8 between the
partial derivatives Y and Y, satisfies the Eq. (3), u = 1 is
equivalent to 6 = 7, see Fig. @-(B). This demonstrates that
the parametrlzatlons X(u,v) and Y(u, v) play similar roles in
terms of A, u and their respective constant angles.

o [-net with A = pu. When the parametrization X(u,v) has

a constant ratio 4 = p, i.e. Hi” = ”ﬁfi”, the angle
6y = (Xi,X,) between the two diagonals is equal to the
interior angle 8 = (X, + X, X,, — X,,) of the infinitesimal
parallelograms. This can also be proven in the reverse di-
rection. The constant angle can be computed from Eq. (§)
as arccos( 1- )) X(u,v) and Y(u,v) are locally aligned
through rotatlon “see Fig. [6}(O).

o [-net with A = p = 1. This implies 6 = 6, = 7. Lo-
cally, X(u, v) coincides with Y(u, v) after a rotation of %, see

Fig.[6H(D).

@A) ®) © (D)

Figure 6: Special cases for I-net and I-web based on the representation of similar
parallelograms in the CBP. (A) 1 =1 & 6y = % I-net with similar rhombuses
becomes O-net. B)u =1 0 = % I-net with similar rectangles. (C) 4 =

u < 0 =6p. I-net with similar 6—parallelograms. X(u, v) and Y(u, v) are aligned

through rotation. (D) A = u =1 & 6 = 6 = 7. O-net with similar squares.

X(u, v) is locally equivalent to Y(u, v) after a % rotation.
The discussion can be extended to the discrete nets.

4.3. Discrete isogonal net and web

We generalize the discussion of I-net and I-web to their dis-
crete counterparts. Similar results can be obtained on meshes.

Theorem 11. Let f : Z2 — R3 be a quad mesh with vertices
vi,i €{1,2,3,4} in each quad face. The discrete derivatives d; =
vz — vy and dy = v4 — Vv, approximate the first-order smooth
derivatives, while the discrete derivatives £, = %(V3 +V4—Vi—V3)

andf, = %(V 1 +V4—V2—V3) approximate the second-order smooth
derivatives at the barycenter £f(p) of each quad face, where p is
the barycenter of each quad domain. The mesh f is isogonal (DI-

net) if the ratios Ml g Ul

Il 51l are constant.

Proor. As seen in Fig. E]-down, the discrete derivatives v3 — v,
and v4 — v, are parallels to the edges of the inscribed parallel-
ograms of the CBP, thus approximating the first-order smooth
derivatives. The discrete derivative f, and f, can be rewritten as
£, = 2[(v3—v1)—(v2—v4)l and £, = $[(v4—v2)—(v3—v})], thus ap-
proximating the second-order smooth derivatives. The barycen-
ter f(p) of each quad face is also the barycenter of the inscribed
parallelograms, since f(p) = Vi + Vo +v3+vy = $(15%2 4+ B1¥) =

T(MY 4 ) et ”32” Aand H; ” = u, 6 and 6, be the angles

between d; and d,, and f, and f,, respectively. Then ||v4 — vl =
Alvs—vi[* and [|(v3 = v1) = (V2= Vo)lI* = g2 [|(Va—v2) = (vs—v))|I*
simplify to Eq. (3), which proves the lemma.

The angles between f, and d; and between f, and d; computed
as Eq. (3 are constant. It indicates that quad mesh f and d form
a discrete isogonal 4-web.

Theorem 12. A quad mesh f and its diagonal quad mesh d form

a discrete isogonal 4-web (DI-web) if the diagonal ratio ”32” and

Il

eIl are constant.

medial-line ratio

Remark. The isogonal condition for a DI-web is defined at the
quad faces rather than at the vertex stars. There is no direct proof
that the angles between edges emanating from each vertex are
constant. However, analogous to the smooth case, DI-webs are
expected to exhibit nearly constant angles at the vertices.

The DI-net, along with the mesh formed by the medial lines
and the two diagonal meshes, can all be viewed as discrete
parametrizations of the same smooth surface.

The constant angle in a DI-net f is characterized by the angle
6y between the discrete derivative f, and f,,, which corresponds to
the angle between the medial lines of the control quads and also
the diagonal lines of all the inscribed (6, 6y)—parallelograms. The
constant angle 8 between the two diagonals implies that the cor-
responding edges of the diagonal mesh pairing have a constant
ratio.

Proposition 13. The quads of a DI-net are (6, 60y)—quads with
constant values A and u, meaning they have similar parallelo-
grams in the CBP.

It is applicable for discrete analysis corresponding to the
smooth theory when specific values of A or u are chosen, as fol-
lows:

o DI-netwith A = 1. All the similar parallelograms of a DI-net
transform into similar rhombuses.

Definition 14. A DI-net is orthogonal (DO-net) if A = 1.

Corollary 15. A DO-net consists of similar rhombuses in
the CBP.

e DI-net with u = 1. The diagonal mesh pairing of a DI-net
with ¢ = 1 is orthogonal, which makes the parallelograms
similar rectangles in the CBP.

Corollary 16. A DI-net with u = 1 consists of similar rect-
angles in the CBP.

This aligns with the discrete orthogonal net settings that ap-
pear in the diagonal direction of a control mesh [8| 9l 14,
15]].

o DI-netwith A = u. When generalized to the discrete case, all
(6, 6p)—quads transition to §—quads within a DI-net. The re-
sulting DI-net exhibits a constant angle between the two me-
dial lines and the same angle between the two diagonals of
each quad, indicating that the mesh is isogonal with respect
to the medial line mesh and the diagonal meshes simultane-
ously. These meshes discretize the same smooth surface and
can be transformed by a rotation around the surface normal
locally.



Corollary 17. A DI-net with 6—quads possesses similar
6—parallelograms in the CBP. The shape of the parallelo-
grams is determined by the constant ratio of the diagonal
lengths of all quads.

e DI-net with A = u = 1. The parallelograms become squares,
where both the ratio of the diagonal lengths and the ratio of
the medial lines are equal to 1.

Corollary 18. A DO-net with 8—quads consists of squares
in the CBP.

The DO-net represents a special case of the orthogonal mesh
[4], where the CBP consists of rhombuses of varying shapes.
When all quads are planar, the DO-net represents a discrete prin-
cipal curvature net, featuring similar rhombuses, which aligns
with the findings in [4]. The advantageous properties and appli-
cations of principal curvature nets can be explored in a manner
analogous to previous studies.

As a discretization of an isothermic net, represented by the
planar CBP with parallelograms being squares [18]], the DO-net
with planar 7-quads serves as another representation of a discrete
isothermic net. The difference between these two representations
lies in the planarity constraint applied to the CBP in the former
and to the control quads in the latter. However, both methods
feature squares in the CBP.

5. Construction of I-nets

In this section, we explore the construction of I-nets with sim-
ilar parallelograms on kinematic surfaces.

An I-net is closely related to Darboux surfaces and kinematic
motions. A Darboux surface is generated by the movement of
a curve, known as the generatrix. The parametrization X(u, v) =
(x,,7) in the (u, v) parameter domain is given by:

[x y 2" =AWf@) guw) hwl" +[a(v) bE) W],

where A(v) is an orthogonal matrix and (a(v), b(v), c(v)) repre-
sents a translation.

A special class of Darboux surfaces are kinematic surfaces
[19], where the generatrices undergo uniform smooth motions
with constant speed. There are three types of kinematic surfaces:
translation surfaces, rotational surfaces, and helical surfaces.
For translation surfaces, the matrix A(v) is the identity matrix
I5. For rotational and helical surfaces, A(v) is a rotational matrix:

cos(v) —sin(v) O
A(v) = |sin(v) cos(v) Of.
0 0 1

We begin by analyzing isometry mappings of I-nets on devel-
opable surfaces in Sec.[5.1] A straight line moving at a constant
speed and angle relative to another forms a translation surface
of congruent parallelograms. This planar translation surface can
be continuously deformed into a series of developable surfaces,
ultimately forming a rotational cylinder.

In Sec.[5.2] we delve into the conformal mappings of I-nets on
rotational and helical surfaces. To facilitate the creation of I-nets,
explicit isothermal representations are employed to construct I-
nets on these surfaces. Notably, any I-net on a sphere can be
mapped to a planar I-net via stereographic projection, where the
vertices are mapped to the plane and the geometric connectivity
is preserved.

Subsequently, in Sec. [5.3] we introduce a propagation algo-
rithm that leverages loxodromes and parallel circles to model I-
nets on general rotational surfaces.

The constructed nets serve as an effective starting point for dis-
cretization and optimization to achieve higher convergence and
enable more extensive shape exploration, as discussed in Sec. [6]

5.1. I-nets on developable surfaces

The shear grid discussed in Sec. [3.3|can be seen as a transla-
tion surface produced by two straight lines moving along each
other at a constant speed and a constant inclination angle. This
process results in a planar I-net with congruent parallelograms,
which can be bent into various shapes without stretching or tear-
ing. The resulting surfaces are developable surfaces, including a
general cylinder, a cone, a tangent surfaces of a space curve, or a
composite shape formed by their combination.

The bending process is an isometric deformation that pre-
serves the congruence of all inscribed parallelograms and can be
implemented by modifying the control points of a chosen Bézier
curve on the surface [29], such as a geodesic [30]. During shape
editing, the edge lengths, interior angles, and areas of the paral-
lelograms remain unchanged, see Fig.

Figure 7: I-nets on developable surfaces are isometric to each other and can be
bended from a planar sheared grid with congruent parallelograms continuously
to a rotational cylinder. The geodesic curve, which is a straight line in the plane,
transforms into a helix on its corresponding rotational cylinder.

5.2. I-nets from isothermal parametrizations

A regular surface of revolution can be parametrized by two
general parameters u and v as

S(u,v) = (f(v)cosu, f(v)sinu, g(v)), (14)

where f(v) and g(v) determine the shape of the surface of revo-
lution by describing the radius and height of the surface as func-
tions of the parameter v.

This parametrization represents geodesic parallel coordinates
[29]], where profile curves S (u = const, v) are geodesic orthogo-
nal to the parallels S (u,v = const), implying F' = 0 in the first
fundamental form.

When E = f2(v) = f2(v)+g*(v) = G, S (u, v) is an isothermal
parametrization, where £ = G and F = 0. An isothermic net is
characterized by isothermal parametrization. Any two regular
surfaces are locally conformal, as established by the existence
of isothermal coordinate systems on any regular surface. These
systems enable a surface to be locally conformal to a plane, and
by composition, locally conformal to any other surface, as cited
in [31].

A sheared grid with regular spacing can be isometrically
mapped onto a rotational cylinder, preserving quad spacing and
shape, as seen in Fig.[/] However, only a conformal mapping
exists between a planar patch and a general surface of revolution,
which alters quad spacing.



An isothermal parametrization maps small squares in the (i, v)
domain to small squares on the surface, preserving angles be-
tween curves. In this case, § = 6y = 7 and 4 = u = 1, making
both the control net and its diagonal net O-nets. Furthermore, an
I-net with angles of 7 or %” can be obtained by selecting one fam-
ily of its diagonal isolines, which are loxodromes as discussed in
Sec. and one family of isolines. Each (6,6y = §)—quad of
the I-net is conformally mapped from a parallelogram formed
by two neighboring squares in the (#, v) domain. The mid-edge
subdivided parallelogram of this parallelogram can be computed

with (6, 6p) = (arccos \/Lg, Iyand (4, p) = (V5, V2), see Fig.

Figure 8: Left: Two parallel diagonals and two parallel edges of two neighbor-
ing squares form a parallelogram, whose mid-edge subdivided parallelogram has
0,8y) = (arccos %, 7 and (A, p) = (V5, V2). Right: I-net characterized by

these similar parallelograms can be generated from an isothermal net.

Explicit isothermal parametrizations can be obtained by
choosing different functions f(v) and g(v) for some common sur-
faces of revolution, as given by Eq. (14):

e Cylinder: f(v) =r,g(v) =rv
e Sphere: f(v) = rsechv, g(v) = rtanhv
e Catenoid: f(v) = rcoshv,g(v) =rv

where r is a constant.
Another common isothermal parametrization is for the heli-
coid, where g in Eq. (14) is a function of u, that is

e Helicoid: f(v) = rsinhv, g(u) = ru.

Combining the catenoid € and the helicoid H, a family of conju-
gate minimal surfaces can be produced with a changing parame-
ter t:

e Conjugate minimal surface: (cos )C + (sin#)H for t € R.

I-nets with similar inscribed parallelograms can be generated
on these five kinds of surfaces, where the angles are (6,6y) =
(arccos %, Z), as shown in the Figs. |§|~(A1 — E;). In Figs.
(A3—E3), applying Mobius transformations [27] to the prescribed
I-net yields a variety of new surface shapes, which aids in shape
exploration and serves as good initializations for further opti-
mization with different constant angles.

From the smooth I-net, we sample the curve network at dis-
crete points, typically at intersections. These points are then
connected to form edges and faces, constructing the discrete I-
net. The resulting mesh provides an effective initialization for
optimizing I-nets with other constant angles, as shown in Figs.[9}
(A1—E)and -(A3;—E3). Figs.E]-(Az—Ez) and -(A4— E4) illustrate
the optimized I-nets with specific angles gliding along the corre-
sponding surfaces depicted in Figs. E}-(A] — E)) and -(45 — E3),
respectively. The optimization process is detailed in Sec. 6]

Any two regular surfaces are locally conformal [31]], a
property that facilitates the construction of various isother-
mal parametrizations through conformal mappings, such as

Mobius transformations [27]. Consequently, given an isother-
mal parametrization, I-nets with similar inscribed parallelograms
characterized by angles (arccos \/Lg, %) can be obtained either via

conformal transformations or generated from isothermic nets af-
ter such transformations. Specifically, isometry, as a special con-
formal mapping, preserves all the inscribed parallelograms of
quads on an infinitesimal scale [[11}[14,|15] and the Gaussian cur-
vatures. The method is well-suited for the paneling of freeform
architectural facades using bendable materials such as plastic,
wooden or metal sheets, as demonstrated in studies [[10} [11} [15]
and others.

Stereographic projection. Stereographic projection is a con-
formal map from a sphere to a plane.

A sphere S? without the north pole N = (0,0, 1) can be
mapped conformally to a plane under the stereographic projec-
tion [31], which projects points on the sphere from N to the
plane while preserving geometric connectivity. Thus, an I-net
with similar parallelograms on a sphere can be mapped to a pla-
nar one while preserving the angles, see Fig.

5.3. I-nets formed by loxodromes and parallels

We represent the parametrization in Eq. (I4) as S(a,s) =
(f(s)cos a, f(s)sina, g(s)) using the arc-length parameter s and
the angle « € [0, 2x). The parametrized curve (f(s),0, g(s)) rep-
resents the profile curve, also known as the meridian. For a fixed
si, S (@, s;) describes a parallel circle, referred to as a parallel.

On a surface of revolution, there exist two families of special
curves that intersect the meridians at a constant angle y; these
curves are symmetric with respect to the meridians and are called
loxodromes. The net formed by these two families of loxodromes
is an I-net characterized by (6,6y)) = (%,2y)—parallelograms,
which are essentially similar rectangles.

Since the meridians and parallel circles form the principal
curvature lines of the surface of revolution, the angle between
the meridians and parallel circles is 5. Consequently, the angle
between a family of loxodromes and all the parallel circles is
6p = 5 — . Thus, this family of loxodromes and parallel circles
form an I-net with a constant angle 6y, but may have different
interior angle 6 for the inscribed parallelogram.

Remark. The isothermal nets discussed in Sec. [5.2]are special
principal curvature nets, and their diagonals are two families of
loxodromes with 6y = 7 and 6 = %”.

Specifically, the helices and logarithmic spirals are loxo-
dromes of the rotational cylinder and cone, respectively. These
curves are also known as curves of constant slope [32], as they
maintain a constant angle with respect to unchanged planes.
A helix given by (cos(as), sin(as), bs) on a cylinder S (u,v) =
(cos u, sinu, v) maintains a constant angle with respect to the
parallels. As seen in Fig. 0] a helix on the cylinder is high-
lighted. A rotational cone with a cone vertex angle of 2y can
be parametrized as S(u,v) = (usinycosv,usinysinv,ucosy)
with 0 < u and 0 < v < 2x. There exist logarithmic spiral curves
S (ce’sinv@nt vy with a constant ¢ that intersect the parallel cir-
cles at a constant angle 6y. Consequently, I-nets on rotational
cylinders and cones can be constructed by a family of parallel
circles and a family of helices or logarithmic spirals, respectively.

Any loxodrome on a general rotational surface can be explic-
itly parameterized by an arc-length parameter s as ([33])

I(s, k) = S(a(s, k), 1(s)), (15)

where #(s) = ssinfy + c,a(s,k) = cosb sz % for con-
stant ¢,k and 6y € [0,7]. Two neighboring loxodromes (s, k)
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Figure 9: (A; — E1) I-nets with similar inscribed parallelograms, characterized by angles (6, 6p) = (arccos %, Z) can be extracted from the isothermal parametrization
on surfaces. Examples include (A) a cylinder, (B) a sphere, (C) a catenoid, (D) a helicoid, and (E) a conjugate minimal surface combined by catenoid and helicoid. These
I-nets can be further optimized to have (6, 6p) = (4” z ) in (A2 — E»), approximating the corresponding surfaces. Alternatively, they can be transformed conformally
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under Mobius transformations to new surface shapes in (A3 — E3), and then optimized to have 6 = 6y = ?—g approximated on the surfaces in (A4 — E4). The Hausdorff
distances between the meshes in (A4 — E4) and the underlying subdivided meshes in (A3 — E3) are 1.959,0.016,38.593,3.120 and 9.464, respectively, relative to their

corresponding diagonal lengths of the bounding boxes.

A)

A)

Figure 10: (A) From Fig.El-(B), an I-net with similar parallelograms covers part
of a unit sphere. (A”) Under stereographic projection, it is mapped to the plane,
preserving the angles of all similar parallelograms.

and I(s, kj,1) intersect two neighboring parallel circles S (a;, 1)
and S(aj+1,7) at four points A S(a(s;, kj),t;) and B
S(a(si kj+1).1;) on S(a,1;) with computed s; = stiir:go’ and C
S(a(sit1,kj),tiy1) and D S(a(siv1, kjr1), tiv1) on S(a, tip1)
with computed s;4; fe1=¢

iy On an infinitesimal scale, points

10

A, B, C, D form a planar (6, 6p)-quad and its mid-edge subdivided
parallelogram lies on the surface. The straight diagonal and
medial-line distances measured in the ambient space can be con-
sidered as the geodesic distances on the surface. The angles 6 and
6y of the inscribed parallelogram are determined by edge ratios A
and y, which are given in Eq. (3). The ratios can be expressed as

_IID-All  |IB+D-A-C|
- a/’l - . (16)
1B - Cll IC+D-A-B|
A family of parallel circles with parameters s, 51, - , S, and

a family of loxodromes with parameters ko, ki, - - ,k, form an
I-net with a grid of points, where the integers m and n repre-
sent the number of quads in the horizontal and vertical direc-
tions, respectively. When all the quads satisfy Eq. (I6), the
isogonal parametrization on the surface of revolution have sim-
ilar inscribed parallelograms, and its diagonal parametrization
is isogonal with constant angle 6. However, this parametriza-
tion involving the solution of s; (fori = 0,1,--- ,m) and k; (for
j=0,1,---,n) from Eq. (T6) is not directly solved and explicitly
represented.



A direct method for constructing an I-net with given angles
(6, 6p) for similar inscribed parallelograms on a surface of rev-
olution involves using the propagation method, as described
in Alg. [T] in Appendix A.3. This method begins by select-
ing a loxodrome and a parallel circle with two points. New
points are then added incrementally to form a strip composed
of (6, 6y)—parallelograms, see Fig.[IT}(A). The I-net covering the
surface is then generated by rotating this strip at a constant speed,
see Fig. [[TH(B). This approach allows users to freely choose the
net’s constant angles (6, 6y), as well as its spacing and density.

The resulting I-net can be further utilized to construct an I-web
and other I-nets on the same surface. The two families of diag-
onal curves of the I-net are also loxodromes, as they form con-
stant angles with the parallels. Consequently, an isogonal web
composed of three families of loxodromes and a family of paral-
lel circles (which are also loxodromes with an angle of 7 relative
to the meridian) can be produced on the surface of revolution, as
shown in Fig.[TT}(C). Multiple non-trivial I-nets can be extracted
from any two families of loxodromes, including their reflections
with respect to the meridian planes.

w7

A)

Figure 11: On a general surface of revolution, an I-web is constructed using
three families of loxodromes and the parallel circles. (A) The process begins
with two neighboring loxodromes that form a constant angle § — 6o with the
meridians and intersect a parallel circle at points A and B. Two neighboring points
C and D on the loxodromes are computed to satisfy Eq. (I6). Subsequently, a
strip of quads with similar inscribed (6, 6p)—parallelograms is modeled using the
propagation algorithm outlined in Alg.|I} By uniformly rotating around the axis,
an I-net covering the rotational surface with congruent strips is constructed and
its discretization can be extracted in (B). (C) The two families of diagonal curves
create non-trivial isogonal curve patterns and are also loxodromes with angles
related to A and p. Loxodromes and parallel circles form an isogonal 4-web.
Multiple I-nets with different similar parallelograms can be extracted.

Remark. A special case of the I-nets discussed above occurs
when 8 = 6. In this scenario, the spacing quality of the resulting
net is highly dependent on the curvature changes of the rotational
surface.

6. Computational design of DI-nets

The computational design of DI-nets involves several key
steps: expressing non-linear geometric constraints associated
with mesh vertices, initializing the system, iteratively optimiz-
ing to satisfy these constraints, or enabling interactive design.

The Guided Projection algorithm, introduced in [22], is em-
ployed for the computational design tasks. This algorithm is a
Gauss-Newton method that approximates the function using a
first-order Taylor expansion and iteratively updates the param-
eters to minimize the sum of squared residuals. It necessitates
that the equation representations be quadratic or lower in degree,
meaning the equations must be transformed to have a maximum
degree of 2. Subsequently, all local constraints are integrated
across the entire mesh as energy terms, iteratively refining the
mesh parameters until both a satisfactory appearance and con-
vergence are achieved.
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6.1. Geometry constraints

The geometry constraint expressions for DI-nets with similar
parallelograms are essential for preserving the geometric prop-
erties of the nets and are integrated into the target function for
optimization.

6.1.1. DI-net with (0, 6y)—parallelograms

Constraints of (6, 6y)—quads. Within a (6, 6y)—quad with four
vertices V‘if ,(@ =1,---,4), the two diagonal vectors are d; =
Vg - V{ and d, £ -
m; = %(Vg + vf: - V{ - V{) and my, = %(V{ + Vf: - V; - vg). A
constant ratio A between the two diagonal lengths and a constant
ratio ¢ between the two medial-line lengths of all quads ensure
the similarity of all inserted parallelograms. From Prop. |4} the
constraints for A and u apply to each quad face f,(f = 1,---, |F|)
satisfy Egs. (TT|[T2), which are equivalent to

=v vg and the two medial-line vectors are

vi-v)? =11,
f f\2 b
(V _V):L,
Eqg. {4 2 17
g- (1) b= e 10, (17)
12261,
vl v v =1,
(Vf+Vf—Vf—Vf)2=Lq,
Eq. = 1 4 2 3 18
g (12) L= epr, (18)
H2=Cz,

Here L%, [?, 1P, 1%, ¢, and ¢, are auxiliary variables ensuring that
the equation representations are at most quadratic, thus compati-
ble with the algorithm in [22]].

The variables Vlf JL P IP L[4 ¢; and ¢, vary across each
quad faces of the mesh, whereas the variables A and y remain
constant and can be assigned specified values Ay and y as re-
quired.

Given ratios constraints. Similar parallelograms with given
ratios Ap and pg are enforced by the constraints:

A=120=0, /,l—/,l()ZO, (19)
which regulate the shape of all the parallelograms. Special cases
include 1o = 1 or yg = 1.

Given angles constraints. Since the angles 6 and 6, are func-
tions of A and u as given by Eq. (3), the shape of all the par-
allelograms, which is subject to the isogonal condition, can be
controlled by specifying constant angles 6 and 6. The relation-
ships are as follows:

’ (20)
(1 +cy)(c; —1)=2cos b (1l +cyp),

{(1 +e)(ea—1)=2c0sd- A1 + ),
which are quadratic equations since cosf and cosfy are com-
puted as constant values.

A DI-net composed of (6,6p)—quads is constrained by
Eqs. (I7J18), which correspond to the energy term Ep.
Egs. (19]20) are selected based on the user specifications and cor-
respond to energy term E,.

6.1.2. DI-net with 6y—parallelograms
Although 6 = 6 condition imposes additional restrictions by
requiring both the isogonal medial-line mesh and the isogonal



diagonal meshes, the equivalent condition specified by Eq. (I3)
is simpler when applied to each quad than when either condition
is considered individually.

Eq. (I3) is a quadratic equation in terms of mesh vertices
as variables, which is compatible with standard Gauss-Newton
methods for optimization. This formulation offers significant
advantages in simplifying the constraints and implementing the
optimization process, particularly when compared to the isogo-
nal condition defined by two unit tangent vectors along two dis-
crete curves at vertices [9, (10} [11} [16} [17], along two diagonals
[18, 9L 14, [15] or along two medial lines [9]. Moreover, this isog-
onal condition provides additional degrees of freedom for the
mesh, enabling it to accommodate a wider range of constraints
tailored for various curve nets, similar to the discussion in [4]].

Constraints of 6—quads. 6—Quads are special case of
(6,6p)—quads where 8 = 6y or equivalently 4 = p. The con-
straints can be implemented based on the aforementioned condi-
tions and further reinforced by setting A = u. However, the equa-
tion representations can be simplified as discussed in Prop. [6]
Specifically, the condition for two diagonal vectors within a
6—quad, as characterized by Eq. (I3), is equivalent to

™V =V = -V -2 -V v =0, @D
An isogonal quad mesh composed of #—quads features similar
inscribed 6—parallelograms in the CBP, with their similarity con-
trolled by a constant ratio A between the two diagonal lengths of
all quads. The ratio A satisfy Eq. (I7).

Given angle 0 constraints. The shape of the §—parallelogram
inscribed in the 6—quad is determined by the constant angle 6
or equivalently the ratio 4. #—Quads with a specified Ay can be
enforced according to the representation given in Eq. (I9). Given
fo, the ratio A that satisfies Eq. (8)) is equivalent to

A=cosby + /1 + cos? by,

which is a linear equation since cos 6 is constant.

A DI-net composed of #—quads is constrained by Egs. (I7]21),
which correspond to the energy term Eg. Eqs. (I922) are utilized
when necessary and correspond to energy term E..

(22)

6.2. Initialization

The quality of the initial mesh significantly impacts the effi-
ciency of our optimization process. A good initialization for DI-
nets means that the starting quad mesh contains inscribed paral-
lelograms that are as similar as possible. Examples include DI-
nets derived from planar sheared grids through conformal map-
ping or isometric deformation in Sec. [3.3] and Sec. [5.1} DI-nets
extracted from isothermal parametrizations in Sec. and DI-
nets formed by loxodromes and parallels on rotational surfaces
in Sec.[5.3} Once initialized, DI-nets with modified constant an-
gles can be optimized on the underlying surface by incorporating
a surface approximation constraint, as shown in Fig.[9]

Meshes with constant angles between their unit polyline tan-
gents—computed from three consecutive vertices at vertices
[9, 110} (11,1164 [17], between their quad diagonals along two diag-
onal directions [81 (9] [14] [15]] or between two medial lines defined
at faces [9] can be used for DI-net optimization. These meshes
exhibit (nearly) constant angles 6 or 6y, making them suitable for
constructing and optimizing DI-nets with similar parallelograms.

Orthogonal meshes are ideal for constructing orthogonal nets
(O-nets), and we prefer three types: (1) meshes where orthogo-
nality is defined by a constant angle between quad medial lines
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(41 =1) [4]]; (2) meshes where orthogonality is defined by a con-
stant angle between diagonal lines (u = 1) [8, 19, [14} [15]]; and (3)
meshes composed of squares with both A = u = 1 [18]]. Starting
from these meshes, DI-nets can be efficiently optimized by grad-
ually assigning different constant angles to achieve the desired
target angles.

6.3. Optimization

Fairness constraints. They are commonly used to control the
curvature quality of mesh polylines. By optimizing the spacing
and aesthetic appearance of quad meshes, they ensure smooth-
ness along polylines. The fairness term E,;, is defined on three
consecutive vertices vj, v;, V;, as:

Efair = Z (2vi = Vi = Vi)

iepolyline

Self-closeness constraints. The shape change during optimiza-
tion is controlled by limiting the movement of mesh vertices be-
tween iterations, known as self-closeness. The corresponding en-

ergy term is:
Ecos = Z (vi— vi)z-

icvertices

Vertices V; are derived from the previous iteration of v;.

Approximation constraints. To ensure a net gliding along a
surface closely approximates it, each vertex v; is constrained to
lie on the surface, with the vector from v; to the closest point p;
being orthogonal to the surface normal n; at p;. The correspond-
ing energy term is

Eupp = Z ((vi = p) - m)>.

ievertices

Here, the surface or mesh itself serves as a reference to control
shape changes during optimization.

Boundary-gliding constraints. To maintain the quality of the
mesh boundary, boundary-gliding constraints are added:

Epay = Y. ((vi=p)-e)’ +((vi = p) - €n)),

ieboundary

where (e;;, e, €;3) is the Frenet frame at the closest boundary
point p; of the reference mesh to the optimized mesh boundary
point v;. This ensures that the vector v; — p; aligns with the ref-
erence boundary tangent, which is equivalent to

Epary = Z ((vi = pi) X &)’

ieboundary

Target function. The target function for a DI-net is formulated
by integrating local constraints across the mesh and combining
them with fairness, self-closeness, approximation, and boundary-
gliding terms. It is expressed as:

E, = Eq+wE;+ U-)ZEfair + W3E s + U-)4Eapp + ‘USEhdr_w

Here, E represents the DI-net energy term, E. represents user-
defined constraints with w; being 0 or 1. Typically, the weight
w, ranges from 0.0005 to 0.01 to influence the quality of the
mesh polylines, while the weights w3 and w4 range from 0.001
to 0.1 to moderately affect the shape changes. Weight ws is used
in Fig. and set to 0.01. A larger w, value makes the mesh
polylines straighten and shrink more quickly, while larger w3 —



ws values slow the changes of the mesh and the optimization
process. Balancing w;, — ws is crucial for optimal results.

The optimization minimizes E, to achieve the desired ap-
pearance with low convergence residuals, typically requiring 10
to 30 iterations. The effectiveness of our method is demon-
strated through applications on freeform surfaces, as shown in
Figs.[12]13] Detailed numerical results are provided in Tab.[I]

Initial mesh

(D) (8,6,)=(90°,90°)

(E) (0,6,)=(60°,60°)

Figure 12: Starting from a general patch, various freeform shapes are designed
and covered by I-webs and similar parallelograms. (A) Direct optimization of
the initial mesh to an isogonal net results in a general DI-net with similar par-
allelograms. (B-E) The optimized DI-nets with prescribed angles 6 or 6y lead
to special cases of inscribed parallelograms: (B) rectangles, (C) rhombuses, (D)
squares, and (E) parallelograms with @ = 6y = 5. Computational details are pro-
vided in Tab.[T]

7. Conclusion

This paper presents a novel method for constructing isogonal
nets (I-nets) and isogonal 4-webs (I-webs) using the checker-
board pattern method. By defining I-nets through similar mid-
edge subdivided parallelograms, our approach generalizes or-
thogonal nets [4] and allows for constant angles between curve
families that are not restricted to 90 degrees. This expands
the scope of geometric design possibilities for regular surface
parametrization and ensures compatibility with orthogonal nets
through special cases like rhombuses, rectangles, and squares.

Our method focuses on constraining edge ratios to control an-
gles rather than directly representing angles, yielding a simple
and versatile representation that seamlessly integrates into mesh
optimization algorithms. This approach simplifies the construc-
tion of I-nets and enables the creation of I-webs, extending their
applications to more complex and freeform shapes. Through
conformal mapping and numerical optimization, we demonstrate
the versatility of I-nets and I-webs in various freeform shapes,
enhancing both the aesthetic and functional qualities of surface

13

Initial mesh (B) (8,6,) =(60°,45°)

LD

Figure 13: A quad mesh with a singular face at the center is optimized to (A) a
DI-net with 6 = 6y = § and (B) a DI-net with (6, 6p) = (5, %), respectively. (A’-
B’) show their corresponding Mobius transformations, preserving the geometric
connectivity.

designs. Experiments on different surfaces validate the effective-
ness of our approach, highlighting its potential for both theoreti-
cal advancements and practical applications.

Overall, this work lays the foundation for new research di-
rections and applications in geometry processing and computer-
aided design. Future research will delve into further generaliza-
tions of I-nets and their integration with other specialized nets.
Potential applications include paneling design for freeform ar-
chitectural surfaces, gridshell structures with uniform knots [34],
repetitive pattern design [35} 36} 137], auxetic quads with similar
elements [38]], periodic structures in additive manufacturing [39],
woven fabrics with regular patterns [40], and other emerging
fields.
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Appendix

A.1 Proof of Egs. (7{I0)

Proor. In parallelogram ABDC in Fig.[I] triangle AABD and tri-
angle AODC are similar due to § = 6. Consequently, we find
that p = V2, = V2dandu = g : p = A. The relationship
between the interior angle 6 and the edge ratio A, derived from
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Eq. , can be calculated as cos8 = 122—;1 = %(/l - %), which
indicates that 6 is a function of A, denoted as 6(1). The range of
A satisfies V2 — 1 < 1 < V2 + 1. Substituting ¢ = V24 into
Eq. (3), we can compute cos @ and cos 3 as given.

A.2 Conformal mappings of planar sheared grids

Consider a sheared grid with two families of straight lines in
the complex plane. The first family, denoted as C;, consists of
lines in the upper half-plane parallel to the real axis. These lines
can be represented in the complex function form as:

C, ={z=t+i§‘l,% CZ' heR"},

where 7 is a real variable, and A is a set of positive numbers with
a given common difference of s. The second family, denoted as
C,, consists of lines with an inclination angle 6, with respect to
the positive real axis. These lines can be represented as

Cr={z=t+B+ilkt),k=tan0 e R, BC Z,0 ¢ B},

where k > 0 is a real number of given tan § and 8 is a set of inte-
gers with a common difference of 1. These two families of lines
form a sheared grid M, with congruent (6, #)—parallelograms,
each having an interior angle 6, and a diagonal angle 6, and one
horizontal edge length equal to 1, as seen in Fig. (3)-(A).

The common difference / provides the flexibility to deter-
mine the angles 8y and 6, and consequently, to shape the grid
My. When the (6, §)—parallelograms become 6—parallelograms,
then the other edge length of each parallelogram is determined as

A =cos8 + V1 + cos . Furthermore, the real constant / can be
calculated as 4 = Asin6. The subsequent discussion will focus
on the results obtained for grid M, with similar —parallelograms
under conformal mappings.

The following list provides examples of choosing two different
conformal mappings.

o letw = % This inversion mapping is a simple Mdbius

transformation and analytic in the complex plane except at
z = 0. w maps the curves in C; to {z = u +iv = T
i ﬁ }, which represents a family of circles given by

1 1
2 2
+(+—=) =—.
) S am
Additionally, it maps the curves in Cp to {z = u + iv =
(1+k2)tt2trz;3t+82 - i(1+k2)r2+l28z+32 }, which represents a family
of circles given by
1, 1, 1+
- — + - — = —,
=38 " 58" = s

as shown in Fig. (3)-(A").

e Let o = 72. This conformal mapping is analytic in the

complex plane and transforms the curves in C; to {z = u +
iv = 1 = A*+i(2A1}, which represents a family of confocal
parabolas given by the equation

vV —4APu — 4A* = 0.

It also transforms the curves in Co to {z = u +iv = (1 —
k)12 + 28t + B? + i(2kt* + 2kBt)}, where u and v satisfy the
equation

4% u* + (K = DAV + 4k(K* = Duv+
APB (K - Du — 8K By — 4k*B* = 0.


https://en.wikipedia.org/wiki/Varignon%27s_theorem
https://en.wikipedia.org/wiki/Varignon%27s_theorem

Since the discriminant A of the conic section from the given
equation is A = 0, the conic section is a parabola for all
values of k. Curvilinear nets formed by parabolas for k =
E%n, %’)Z 1 and k = tan V3 are shown in Figs. -

A.3 Algorithm to construct an I-web on a rotational surface

Algorithm 1 Construct an I-web on a Rotational Surface

Input: A rotational surface with the Z—axis as the rotational
axis, and constant angles (6, 6p).
Select a parallel circle ¢y with center (0, 0, z9) and radius ry;
Set a point A on cyp;
Set the interval number m of quads in the horizontal direction
and n of quads in the vertical direction;
Compute a loxodrome I4 with angle 5 — 6, relative to a merid-
ian passing through point A using Eq. (I3);
Rotate /4 by %" to obtain another loxodrome [z that intersects
co at B;
Set a reasonable diagonal ratio 4;
while i < n and ¢; is within the surface do

Find the parallel circle ¢; with center (0, 0, z;) and radius r;,

such that it intersects /4 and [ at two points C = (x¢, ¢, 2i) €
la and D = (xp, yp, zi) € I, satisfying the equations:

Qar)* 1A= DI _ 2

C-D|f = , =
[ [ 22 1B CIE

Update A :=Cand B:=D

end while

Obtain a strip bounded by /4 and /z with similar inscribed par-

allelgromas (Fig.[TT}H(A));

Rotate the strip around the axis by a constant angle %7’: to get

the remaining m — 1 congruent strips;

Construct an I-net with m X n (6, 6p)—quads (Fig. [[T}(B));

Extract two families of diagonals, which have constant angles

with respect to the parallels and are thus also loxodromes.
Output: An isogonal 4-web with three families of loxodromes

and a family of parallel circles covering the rotational surface,

see Fig. [T[THC).

Remark. Alg.[T]enables the construction of smooth I-nets us-
ing geodesic distances on the surface. It can be extended to han-
dle discrete correspondences by using straight-line distances in
the ambient space.

A.4 Optimization statistics
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Table 1: Optimization statistics implemented in Python on a 2.7 GHz Intel®
Core 15 CPU with 8GB RAM. The initial meshes have unit diagonal length in
their bounding boxes. For the last two iterations, the weights for fairness w;,
self-closeness w3, and mesh approximation w4 are set to zero. For all previous
iterations, the weights are set as wy = 0.005 and w3 = w4 = 0.01.

’ Figs. \ |F|  #var #cons residual  #iter time[s]/it ‘
Fig.
(A) 400 3728 3201 1.2¢e-12 12 0.127
(B) 400 3728 3601 3.1e-12 17 0.121
© 400 3728 3601 29¢-13 17 0.122
(D) 400 2126 1602 1.6e—-12 17 0.107
E) 400 2126 1602 1.le—8 17 0.116
Fig.|13|
(A) 433 2323 1730 3.6e-12 12 0.17
(B) 433 4052 4321 38e-10 12 0.165
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