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Abstract. Recurrent Neural Networks (RNNs) have achieved remark-
able success in handling sequential data. However, they lack interpretabil-
ity. Extracting Deterministic Finite Automata (DFAs) from black-box
models can provide insight into their decision-making processes. This
research focuses on extracting DFAs from RNNs trained on regular lan-
guages using an exact learning framework. The proposed approach em-
ploys the L∗ algorithm to learn a DFA, and it demonstrates how a
hyperplane-based method can be used to partition the RNN state space
when evaluating equivalence queries.
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1 Introduction

This research explores the extraction of automata from Recurrent Neural Net-
works (RNNs). Recurrent Neural Networks are known for successfully handling
sequential data, making them widely used for language modelling tasks. Unlike
feed-forward neural networks, RNNs’ sequential processing architecture allows
them to capture the patterns and dependencies of language data.

Regardless of their effectiveness, owing to their lack of interpretability, RNNs
are considered to function as black boxes [2,15,22]. The internal decision-making
process of RNNs is difficult to understand, and there is no straightforward way
to interpret it or the network output at each step. This lack of transparency
raises questions about the model training process and whether the model has
captured the specifics of the problem it is supposed to address. This is not just
a theoretical issue and has practical consequences, specifically in cases where
understanding the decision-making process is important [4,14].

To address this, researchers have been exploring methods to extract more
interpretable models, such as automata, to approximate the functionality and
behaviour of RNNs. Automata are symbolic, rule-based models that provide
a clearer structure, making it easier to understand and verify the model’s be-
haviour. While they can be used to interpret the RNN’s decision-making process,
they can also serve as a substitute for the RNN when inferring.
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One of the first attempts to extract an automaton from RNNs was presented
in [7], where it was demonstrated that the structure of the state space of an RNN
trained on a regular grammar could be closely approximated by a corresponding
minimal finite-state automaton. The work in [11] further explored this connec-
tion by introducing a quantisation algorithm that divides the RNN state space
into partitions for automaton extraction. Similarly, [23] showed that clustering
the output space of an RNN is an effective method for extracting finite-state rep-
resentations. Furthermore, [33] provided evidence that the hidden state space of
an RNN forms cluster-like structures while learning a regular grammar. Also,
[29] use k-means clustering to extract a Deterministic Finite Automata (DFA),
but this requires predefining the number of DFA states as a hyperparameter [29].

The L∗ algorithm [1] is a widely recognised exact learning method used to
learn a minimal DFA that accepts the same language as an unknown target
system. Exact learning is a framework where a learner interacts with an oracle
(or teacher) to identify the target model. The goal of the learner is to construct
a hypothesis, such as a DFA, that matches the behaviour of the target system,
using a series of carefully chosen queries [12]. The L∗ algorithm uses membership
queries and equivalence queries to learn the DFA, where membership queries
ask whether a specific string belongs to the target language, whilst equivalence
queries check if a proposed automaton matches the target language and return
a counterexample if it does not.

To apply L∗ with RNNs as the oracle, answers to membership and equivalence
queries are needed. Membership queries can be straightforwardly answered, but
since RNNs are defined over high-dimensional continuous vector spaces, whereas
DFAs have a finite set of discrete states, a notion of equivalence is not imme-
diately available. Building on earlier work, [32] explores the extraction of DFAs
from RNNs using the L∗ algorithm. Their approach introduces an abstraction of
the RNN state space for the equivalence query. This abstraction was constructed
by partitioning the RNN hidden state space using support vector machine (SVM)
classifiers trained on the hidden states, a potentially expensive operation. By
iteratively partitioning the RNN state space only when necessary, they demon-
strate that it is possible to extract a DFA from an RNN while mitigating state
explosion.

In this work, an alternative DFA extraction method using the L∗ algorithm
is presented, where the equivalence queries are realised using a hyperplane-based
partitioning of the RNN state space. This abstraction does not construct a DFA
itself but serves as an intermediate representation that allows comparison of the
behaviour of the RNN with the hypothesis DFA extracted by L∗. The main con-
tributions include a hyperplane-based approach to partitioning the RNN state
space, which is computationally attractive, and the way that this is integrated
into a method for answering equivalence queries. In addition, using k-means clus-
tering to start with an initial number of clusters, based on the natural clustering
of RNN hidden states, in order to reduce the number of refinements needed in
partitioning, is investigated. An experimental evaluation of the work on formal
language problems is presented.
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The remainder of this paper is organised as follows. Sections 2 and 3 review
related work and provide background information and definitions relevant to the
study. Section 4 describes the proposed methodology, focusing on how the L∗

algorithm is employed for automata extraction. Section 5 presents the experi-
mental setup and results, followed by a discussion of the findings in Section 6
and conclusions in Section 7.

2 Related work

Neural nets were first introduced in [20], with a model inspired by biological
neurons. Foundational concepts involving the use of rational expressions and
finite-state automata to describe the expressive power of such models were later
established in [16]. Extending these foundational concepts, [27] explored the
computational capabilities of first-order RNNs, where they argue that RNNs
can simulate Turing machines under specific configurations, thereby establishing
a theoretical framework that highlights the computational potential of neural
networks. Building on this, recent research has focused on the extraction of
automata from trained RNN models, which shows that there is a possibility to
extract finite automata from RNNs trained for grammatical inferences [11,15,23].

The automata extraction methods can be divided into two main categories
based on their underlying principles: compositional approaches and learning ap-
proaches [15]. Compositional approaches analyse and partition the RNN state
space to identify representative state vectors and the transitions between them,
typically using clustering to capture the discrete dynamics of the RNN. Learning
approaches, such as exact learning, build an automaton by querying the target
system’s outputs and iteratively refining the model using counterexamples.

In the early days following the introduction of RNNs [9], various studies
explored the possibility of obtaining finite automata by partitioning the state
space of RNNs [7,11,23,33], which laid the foundation for automata extraction.
An early attempt to verify the structure of the RNN state space using clustering
algorithms, specifically hierarchical clustering, was presented in [7]. This work
aimed to closely approximate the corresponding minimal finite-state automaton
by organising the states of the RNN into meaningful clusters. This approach
provided an early demonstration of how unsupervised learning techniques could
be applied to uncover the underlying state transitions of RNNs. Building on
this work, further research in [11] explored the use of state space partitioning
through clustering, highlighting its importance in understanding and modelling
the behaviour of RNNs.

The study in [23] continued this line of inquiry by employing a simple clus-
tering algorithm to partition the RNN state space, using input data generated
from predefined DFAs. Their work used a quantisation method, which converts
continuous internal states of RNNs into discrete representations. Here, an initial
quantisation level has to be fixed before extraction. Their results indicated that
a minimal DFA could be effectively extracted through the method by grouping
like-valued state vectors together as a single cluster and treating a cluster as a
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state of a DFA. There are subsequent studies which have expanded and refined
these approaches for automata extraction. For instance, one can use a clustering
method such as k-means [33,29], which does not need quantisation [29]. Quan-
tisation can lead to a state explosion where the number of discrete states grows
exponentially, making the extraction process more complicated.

The primary advantage of compositional approaches lies in their scalability,
as these methods can process extensive datasets and derive automata repre-
sentations without manual intervention. It makes them particularly suitable for
applications where the RNN operates over a wide range of inputs and generates
complex output patterns [15,29]. However, these methods also face significant
challenges, such as ensuring the accuracy of the state space partitioning, as im-
proper clustering can lead to the loss of important information and result in an
incomplete or inaccurate automaton [8].

Learning approaches use exact learning algorithms, such as the L∗ algo-
rithm [1], to extract an automaton from a target system. Here, an automaton
is extracted by asking queries to understand the underlying state transitions
of a network. This approach has achieved wide success, specifically for regular
languages. However, unlike compositional methods, such approaches have limi-
tations in scalability [30].

A prominent example of work in this area is the research presented in [32],
which employs the L∗ algorithm originally developed in [1]. The L∗ algorithm
is a well-established exact learning method that uses an oracle to query a tar-
get network and incrementally construct an equivalent automaton. Variants of
this algorithm have also been applied in other studies focused on automaton
extraction [19].

The work in [32] adapted the L∗ algorithm to extract a DFA from RNNs
trained with perfect train and test accuracy. Their novel algorithm efficiently
utilises the L∗ algorithm and an abstraction of the state space of the RNN in
extracting automata [32]. Later, this line of work was extended to extracting
deterministic weighted automata using a variation of the L∗ algorithm adapted
to a probabilistic setting. However, this involved performing equivalence queries
using the oracle itself [31]. Additionally, several studies have explored the ex-
traction of weighted finite automata using variants of the L∗ algorithm [10,21],
originally proposed in [3].

3 Background

This section introduces the technical notation that will be used throughout the
paper. See [26] for details.

3.1 Languages and automata

Formal grammars are used to model and to study the properties, structures, and
behaviours of computational systems from the Chomsky hierarchy [5]. Examples
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of common formal grammars include regular grammars, context-free grammars,
and recursively enumerable grammars.

A finite alphabet Σ is a finite set of elements, called letters and the set of all
finite words (a.k.a. strings, i.e. a finite sequence of letters) over Σ is denoted by
Σ∗. The empty word of length 0 is denoted by ε. The length of a word w ∈ Σ∗

is denoted by |w|. Given two words u and v, their concatenation is the word
w = uv, and u is said to be a prefix, and v a suffix of w, respectively.

Definition 1. A Deterministic Finite Automata (DFA) A is a tuple 〈Σ,Q, qI , F, δ〉,
where Σ is the finite alphabet, Q is the finite set of states, F ⊆ Q are the ac-
cepting states, qI ∈ Q is an initial state and δ : Q × Σ → Q is the transition
function.

A word w = σ1σ2 . . . σn ∈ Σ∗, with σi ∈ Σ for all i, is accepted by A, if
there exists q0, q1, q2, . . . , qn ∈ Q, such that q0 = qI , qn ∈ F and δ(qi−1, σi) = qi.
The regular language recognised by A, is denoted by LA, which is defined by
the set of words accepted by the DFA A. Two DFAs are called equivalent if they
recognise the same language.

3.2 Recurrent Neural Networks

Recurrent Neural Networks (RNNs) are a class of neural networks that includes
at least one feedback loop, allowing activations to circulate within the network.
This recurrent structure makes RNNs particularly well-suited for modelling se-
quential data. By utilising their internal state, RNNs can retain memory of
previous elements in a sequence, enabling them to consider the impact of past
inputs when computing current outputs. Thus, the units in an RNN layer use
not only the input from the previous layer but also the hidden state from the
previous time step. The output at a given time step becomes part of the input for
the next, facilitating the sequential mechanism within the RNN. Later advance-
ments, such as Long Short-Term Memory (LSTM) [13] (and gated Recurrent
Unit (GRU) [6]) have significantly improved RNNs’ ability to handle long-range
data dependencies, thus expanding their potential uses. In this work, the RNNs
with LSTM and GRU architectures will be discussed.

An RNN that processes an input word w ∈ Σ∗ produces an output and
can also provide access to the corresponding hidden state information. Formally
[21,32], a Recurrent Neural Network (RNN) is a tuple R = (h0, fR, gR), where
h0 ∈ R

d is the initial state, where d ∈ N is the dimension of the RNN state
space, gR : Rd × Σ → R

d is the transition function producing the next hidden
state given the current hidden state and an input symbol, fR : Rd → {0, 1} is
the output function. Here, the RNN R is a binary acceptor.

For any w ∈ Σ∗ the transition function gR can be extended by defining the
function g∗R : Rd ×Σ∗ → R

d as follows:

g∗R(h, ε) = h, g∗R(h,wσ) = gR(g
∗
R(h,w), σ)

for h ∈ R
d, w ∈ Σ∗, and σ ∈ Σ.
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The hidden state of the RNN R after processing a word w ∈ Σ∗ is g∗R(h0, w).
The output of the RNN on input word w is then fR(g

∗
R(h0, w)) ∈ {0, 1}. The set

of all possible hidden states reachable from h0 is denoted by S ⊆ R
d.

3.3 L
∗ Algorithm for DFA learning.

Angluin’s L∗ algorithm [1] is an exact learning algorithm designed to learn a
minimal DFA for regular languages through a series of membership and equiva-
lence queries. It interacts with an oracle, known as a minimally adequate teacher,
which is a theoretical construct capable of answering these two types of queries
about an unknown regular language L over an alphabet Σ.

A membership query provides a word w from Σ∗, and the oracle classifies
the word as either belonging to the language (true) or not (false). Based on
these responses, the learner constructs a DFA AL that hypothesises acceptance
of the language L (see Definition 2). Equivalence queries are then used to verify
whether the learned DFA AL correctly accepts the language L. If AL does not
accept L, the oracle provides a counterexample. The learner uses this feedback
to refine the DFA.

The algorithm iteratively refines the DFA through further membership queries
until the oracle confirms that AL accepts the language L. At this point, the algo-
rithm terminates, and AL is returned as the final DFA. In the L∗ algorithm, an
observation table is maintained to organise the results of membership queries.
The table is incrementally filled by querying the oracle during the learning pro-
cess.

The observation table T in the L∗ algorithm consists of a matrix with rows
indexed by a finite set of prefixes U and columns by a finite set of suffixes V . The
entry at position (u, v) is 1 if uv ∈ L, and 0 otherwise, where u ∈ U and v ∈ V .
From an observation table (initially set with U = V = {ε}), the L∗ algorithm
performs membership queries to fill the table until it is closed.

The closed condition states that for every uσ, where u indexes a row and
σ ∈ Σ, there exists a word u′ indexing a row of T that is identical to what the
row indexed by uσ would be, i.e. the role of an extended word uσ, using σ ∈ Σ,
is already covered by some existing row in T .

The membership queries are performed for all concatenations of prefixes in
U with suffixes in V . When the table is not closed, U is updated by adding
new prefixes that correspond to uncovered transitions, and when the table is
not consistent, V is extended by adding distinguishing suffixes. The consistency
condition states that for any two prefixes s1, s2 ∈ U , where U is the set of prefixes
indexing the rows of the observation table, if the rows indexed by s1 and s2 are
identical, for all σ ∈ Σ, rows indexed by s1σ and s2σ are equal.

When the observation table T is closed and consistent, the algorithm returns
a DFA AL, as defined in Definition 2, to consider for the equivalence queries. The
equivalence queries verify whether the DFA AL correctly recognises the target
language. If it does not, a counterexample w ∈ Σ∗ is returned to the learner
L∗. Then, there exist strings u and v such that w = uv, and by updating the
observation table to include u in U (the set of prefixes) and v in V (the set of
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suffixes), the table remains consistent. Then the table T is extended by adding
rows uσ by using the membership queries for the missing entries where σ ∈ Σ.

Definition 2. Let Σ be a finite alphabet. Given a closed and consistent obser-
vation table defined by two finite sets of words U and V and T : U × V → {0, 1}
(such that T (u, v) = T (u′, v′) if uv = u′v′), the hypothesis DFA is defined by
A = (Σ,Q, qI , F, δ) where Q is the finite set of distinct rows indexed by words in
U , qI ∈ Q is the row indexed by ε, F ⊆ Q is the rows indexed by u ∈ U such that
T (u, ε) = 1, and δ : Q × Σ → Q is the transition function such that for a state
q corresponding to a row indexed by a word u, and for a letter σ ∈ Σ, δ(q, σ) is
the state corresponding to the row indexed by the prefix uσ. Note that δ is well
defined, since the table is closed and consistent.

4 Extracting a DFA from an RNN via learning

This section describes the procedure for extracting a DFA from an RNN.
The DFA is extracted using the L∗ algorithm, as explained in Section 3.3.

Here, the oracle is the RNN R, and the learner L∗ attempts to infer the language
recognised by R. During the membership queries, words are queried through the
RNN R, and the outputs are recorded in an observation table with fR(uv) ∈
{0, 1}. Once the observation table T is closed, the algorithm returns a DFA to
be evaluated through equivalence queries.

Membership queries pose no issue; the main challenge in using the L∗ algo-
rithm lies in answering equivalence queries. RNNs operate over high-dimensional
continuous vector spaces, whereas DFAs consist of a finite set of discrete states.
Due to the continuous and potentially infinite nature of RNN state representa-
tions, checking formal equivalence between an RNN and a DFA is undecidable
in general [18]. One way to address this is by using an abstraction of the RNN’s
hidden state space – typically by clustering hidden states to induce a finite-state
model [32]. This abstraction allows for the use of equivalence queries, in which
the abstracted automaton is iteratively compared against the L∗ DFA. Coun-
terexamples identified through these queries are used to refine the DFA until
convergence is reached or equivalence is reasonably approximated. In this work,
this challenge is addressed using an alternative approach.

4.1 Partitioning the state space of the RNN

The state space of an RNN can be partitioned based on the behaviour of its
hidden states. During sequence processing, hidden states that exhibit similar
dynamics tend to lie close to one another in the high-dimensional space. These
hidden states can therefore be grouped into clusters, which reveal structural
patterns in the RNN’s internal representation. This abstraction can be used
to perform equivalence queries and serve as the basis for constructing the L∗

hypothesis DFA. Unlike in the other works, here a partitioning of the RNN state
space is maintained rather than an exact DFA.
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Given a recurrent neural network (RNN) R with a state space S ⊆ R
d, a

partitioning P = {pi ⊆ R
d|i, j ∈ {0, . . . , n}, pi ∩ pj = ∅,∪n

i=0pi = R
d} divides

space into non-overlapping regions. The abstraction AP is the hypothesised ab-
straction of the RNN state space, represented as the collection of all partitions
with each partition pi mapped to 1 or 0, based on the classification of the first
hidden state encountered within that partition.

To extract an abstract partitioning AP , the state space of the RNN R can
be explored according to the network’s transition function gR. This exploration
begins with an initial partition p(h0), where h0 represents the initial hidden state
of the RNN. Initially, the entire state space is treated as a single partition. As
exploration progresses through equivalence queries, this space is incrementally
divided into smaller partitions. The classification of a partition is determined
based on the first hidden state observed within it, during the processing of an
input word. If the next hidden state, corresponding to a subsequent input sym-
bol in the word, falls within the same partition, a loop transition is created.
Otherwise, the transition leads to a different partition. The partitions are stored
in a decision tree structure.

4.2 Identifying conflicts

The equivalence between the L∗ DFA AL and the abstraction AP should produce
the same outputs for the same inputs, meaning they recognise the same language
or accept the same set of input-output behaviours.

The equivalence query has two tasks: it should be able to return a counterex-
ample in the event where the L∗ DFA is incorrect, and it should be able to refine
the partitioning P , if AP is incorrect. As presented in [32], exploring the DFA
and the partitioning in parallel allows for inconsistencies between them to be
identified without fully exploring the abstraction partitioning AP .

In equivalence queries, the extracted DFA AL is compared against the current
partitioning of the RNN state space, denoted by AP . Each word w ∈ Σ∗, up to
the maximum length of the training sequences, is submitted to both AL and AP .
The states reached and their corresponding classifications are then compared to
detect any discrepancies.

If the classifications of the reached states differ for a given input w, the input
is passed to the RNN R to determine the source of the discrepancy. If AL is
incorrect according to R, i.e., AL(w) 6= fR(w), the mismatch is referred to as
a conflict in the DFA. Additionally, at each transition, the classification of the
hidden states in R is compared with that of AL to identify cases where both AL

and AP may fail to represent the correct behaviour. If disagreement is found,
these are also treated as conflicts in the DFA.

A partition conflict is identified when AP behaves inconsistently with R,
specifically when AP (w) 6= fR(w). This indicates that a single partition in AP

maps to multiple states in the minimal DFA AL. Such a one-to-many mapping
is invalid, as each state in AL must correspond to a unique behaviour.

Additionally, during the equivalence queries, each hidden state explored is
checked against the current partition to ensure that no conflicting hidden states
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are grouped within the same partition. Specifically, this refers to a scenario where
both a positively and a negatively classified hidden state (i.e., one leading to ac-
ceptance and one to rejection) reside within the same partition. Algorithm 1
details the procedure for performing the equivalence queries during the extrac-
tion.

Algorithm 1 Equivalence Queries

Require: RNN R = (h0, fR, gR), learning DFA AL, abstract partitioning AP , visited
← ∅

Ensure: Counterexample, Refinement, or Equivalence
1: for each input word w ∈ Σ∗ do

2: Add w to visited

3: Compute h← g∗R(h0, w)
4: if AL(w) 6= AP (w) and AL(w) 6= fR(w) then

5: return w as a Counterexample

6: else if AL(w) 6= AP (w) and AP (w) 6= fR(w) then

7: Let w1 ← w

8: for each w2 ∈ visited \ {w1} do

9: if there exists a suffix s such that
AL(w1s) 6= AL(w2s) and AP (w1s) = AP (w2s) then

10: Let h1 ← g∗R(h0, w1s), h2 ← g∗R(h0, w2s)
11: Refinement(h1, h2)
12: return refined AP

13: end if

14: end for

15: else if there exists a hidden state h′ such that fR(h
′) 6= AP (h

′) then

16: conflicting h′ in the same pi, where i ∈ {0, 1, 2, ...}
17: Let hµ be the mean of all h ∈ pi \ {h

′}
18: Refinement(h′, hµ)
19: return AP

20: end if

21: end for

22: return Equivalence

4.3 Resolving conflicts

There are two possible ways to resolve conflicts. If there are conflicts in the DFA
AL, the conflicting word w is returned to the learner L∗ as a counterexample.
The observation table T is then updated with the appropriate prefix and suffix
of the counterexample, leading to a refined L∗ DFA AL.

If there is a partition conflict, it indicates an inconsistency in the partitioning
of the RNN state space. Specifically, there exist two input sequences, w1 and w2,
that follow distinct paths in AL but are mapped to the same path in AP . This
means that two different states in AL are mapped into a single partition in AP ,
resulting in a conflict.

To resolve this, the conflicting partition is split using the hidden states cor-
responding to w1 and w2, leading to a partition refinement. These hidden states
are selected by identifying sequences of equal length that behave differently in
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the L∗ DFA but are assigned to the same abstract partition in AP . This discrep-
ancy reveals that the current partitioning fails to distinguish between sequences
that should lead to different outcomes. By refining AP—i.e., separating the con-
flicting hidden states into distinct partitions—the abstraction is updated so that
w1 and w2 are no longer assigned to the same partitions.

Additionally, there can be partition conflicts due to conflicting hidden states
that are grouped within the same partition. The refinement process is done by
computing the mean of all the existing hidden states in the current partition and
comparing it with the conflicting hidden state. These two representatives—the
partition mean and the conflicting hidden state—are then passed to a refinement
operation to split the conflicted partition, thereby creating more precise parti-
tions that align with the actual behaviour of the RNN. Refinements are applied
only when conflicts are detected within a partition.

Refinements were done using a hyperplane-based approach as described be-
low.

Using a hyperplane for the partition refinement. A hyperplane is a deci-
sion boundary that separates a high-dimensional space into two distinct regions.
In the context of partition refinement, a hyperplane is used to divide a conflicted
partition into two, ensuring that the points causing the conflict are assigned to
distinct partitions, maximising the distance between them for better separation.

Suppose w1 and w2 are conflicting words identified under partition conflicts.
Then, the hidden states h1 = g∗(h0, w1) and h2 = g∗(h0, w2), which exist in the
conflicted partition, should be passed into a refinement operation, so that they
are mapped into two separate partitions.

A hyperplane can be defined as z.x + b = 0, where z ∈ R
d is the normal

vector to the hyperplane, x ∈ R
d is a point in the d-dimensional space, b ∈ R

is the bias, determining the hyperplane’s position relative to the origin. Hidden
states h1, h2 ∈ R

d of the RNN are high-dimensional vectors. The hyperplane
separating the two hidden states can be calculated as follows.

z = h2 − h1 m =
h1 + h2

2
b = −z ·m z · x+ b = 0

For a given hidden state h, the signed distance from the hyperplane is
d(h) = z · h+ b. Thus, the partition refinement function is,

P (h) =

{

pi, if d(h) > 0,

pi+1, if d(h) ≤ 0.

where, i = 1, 2, 3... is the partition index.
The hyperplane passes through the midpoint of the two conflicting hidden

states and is perpendicular to the line joining these vectors. This hyperplane
divides the d-dimensional state space into two distinct partitions, ensuring h1

and h2 belong to separate partitions. This condition is checked before accepting
the partition refinement.
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During each iteration of the refinement process, a conflicted partition is di-
vided into two, resulting in an incremental increase in the total number of par-
titions, i.e. abstract partitions in AP . A decision tree structure was employed to
manage and store these partitions. Each hyperplane that divides a partition is
represented as a leaf node in the decision tree, with the resulting partitions as
its child nodes.

This hierarchical structure allows the decision tree to dynamically expand
with each new round of partition refinement, accommodating additional hyper-
planes as they are introduced. The decision tree facilitates tracking transitions
when a word w is fed into the abstract partitioning AP . For each word w, the
corresponding hidden states at each time step are obtained and then passed
through the decision tree to determine their respective partitions.

The procedure is described in Algorithm 2, which elaborates the refinement
operation mentioned in line 11 of Algorithm 1.

Algorithm 2 Partition Refinement using Hyperplane

Require: R,AP = {pi | i ∈ {0, 1, 2, . . . , n}}, conflicted partition : p′, decision tree :
D, conflicted hidden states : h1, h2

Ensure: Refined AP , updated : D
1: Define hyperplane: z ← h2 − h1, b← −z ·

h1+h2

2

2: for each h in p′ do

3: Compute signed distance d(h)← z · h+ b

4: Assign h to pi if d(h) > 0, otherwise to pi+1

5: end for

6: Store hyperplane z · x+ b = 0 at the conflicted node of D
7: Add pi and pi+1 as child nodes of D
8: return Refined AP , updated : D
9: Termination: Proceed to the next iteration of Algorithm 1

4.4 Initial partitioning with k-means clustering

Initially, the RNN state space was treated as a single partition, and refinements
were applied only when necessary. To potentially improve efficiency, an initial
partitioning using k-means clustering is introduced. The hidden states of the
RNN exhibit a natural clustering structure due to variations in their weight-
based representations. This property was leveraged to divide the state space
into multiple initial partitions, allowing the extraction process to begin with a
more informative abstraction. As a result, fewer refinements were required later,
reducing the overall effort needed for exploration and partition refinements.

k-means is a clustering algorithm that groups data points based on the Eu-
clidean distance metric. The proposed method begins the extraction process with
k clusters—that is, k abstract partitions. To determine an appropriate value for
k, the elbow method was employed, which estimates the natural number of clus-
ters present in the hidden state space [17].
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4.5 Termination of the Equivalence queries

The algorithm’s termination strategy was adapted based on specific observations.
In most cases, the extraction process completes within seconds. However, there
were instances where the extraction algorithm required significantly more time
due to having to evaluate the RNN model while doing the equivalence queries.
To address such cases and prevent the algorithm from running indefinitely, ter-
minating conditions were introduced.

Initially, a termination condition based on the length of a sequence was in-
troduced. The counterexample search proceeds in lexicographical order. When a
counterexample is identified, the equivalence check is repeated to verify whether
the refined DFA AL is equivalent to the RNN. If the equivalence is not satis-
fied, the process either provides a new counterexample or refines the partitioning
AP . If no counterexample is found and the sequence length exceeds the previous
counterexample’s length by more than five characters, the algorithm terminates.

The partition refinement process is performed to obtain an abstract parti-
tion AP that can be explored in parallel to help identify counterexamples during
the equivalence queries. However, an excessive number of refinements without
yielding any counterexamples is inefficient and unproductive. Therefore, the al-
gorithm is designed to terminate if more than 10 refinements are made without
finding any counterexamples.

The algorithm is designed to operate until it can no longer identify any
new counterexamples within the predefined word length limits. If the extraction
process takes excessive time, a time limit is invoked. The set limit is 10 seconds.
If no additional counterexamples are identified after exhausting all possibilities
within that time, the algorithm terminates and outputs the final L∗ DFA AL,
which is accepted as the final DFA.

5 Experiments and Results

5.1 Model training

The implementation is in Python, using PyTorch for neural network construction
and scikit-learn for additional machine learning functions [24,25]. The target
languages are infinite, so the training data is a sample from the language: for
languages with an alphabet of 2 elements, sequences ranging from lengths 1 to 15
were used; if the alphabet contains more than 2 elements, the maximum sequence
length was limited to 10. Each string was labelled as true or false depending
on whether it belonged to the target language.

For each language, the sample data was initially divided into training (80%),
validation (10%), and test sets (10%), with each selection reflecting the propor-
tion of positive and negative samples in the whole dataset. Many of the languages
are highly imbalanced; therefore, oversampling was used in the training set to
ensure a balanced representation of labels, thereby mitigating imbalance and
improving the model’s ability to generalise.
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The models were trained using one hidden layer with 16 hidden states, the
Adam optimiser, and an initial learning rate of 0.0001. Each RNN was trained
for up to 50 epochs on the training set, with an early stopping rule implemented,
halting training if the validation accuracy did not improve for more than 5 con-
secutive epochs. If the desired accuracy was not achieved, training was extended
up to 100 epochs. All models aimed to achieve 100% training and testing ac-
curacy, with some achieving this benchmark, demonstrating perfect learning of
the training data. However, the training process did not always result in per-
fect accuracy. The primary objective of this work is learning DFAs from RNNs,
not training RNNs. Therefore, for some languages, the DFA extraction was per-
formed on RNNs that have not completely captured the input language.

5.2 Datasets

Tomita Grammars The Tomita grammars [28] are a set of seven regular
grammars over the binary alphabet Σ = {0, 1}. These grammars are widely
used as benchmarks for evaluating automaton learning, grammar inference, and
explainable AI methods. Each grammar defines a distinct language with varying
levels of complexity, making them valuable for testing the capabilities of models
such as RNNs and automaton extraction techniques.

Further Regular languages Further sample regular languages were also used
to test the algorithm. These languages primarily consisted of sequences over the
binary alphabet Σ = {0, 1} and alphabet of size 3: Σ = {a, b, c}. However, the
algorithm is not limited to these and can be applied to RNNs trained on regular
languages over any arbitrary alphabet. The 7 Tomita grammars and 20 regular
languages are given below:

T1: 1∗

T2: (10)∗

T3: no odd run of 1s follows an

odd run of 0s
T4: no substring 000
T5: even number of both 0s and

1s
T6: #0 − #1 = multiple of 3
T7: 0∗1∗0∗1∗

RL1: string start with 1
RL2: string start with 0
RL3: string end with 0
RL4: string end with 1
RL5: string contains 101
RL6: string contains 0101
RL7: string start with 0, end 1
RL8: len≥ 3, 3rd symbol 0
RL9: 0∗1∗01
RL10: string contains 00

RL11: string without 11
RL12: string contains 11
RL13: len ≥ 5, 5th from right 1
RL14: alternate 0, 1
RL15: every 0 follow by 1, end 1
RL16: a∗b or c∗b
RL17: (aa)∗(bbb)∗

RL18: bc∗b or ac∗a
RL19: 0n1m, n ≥ 3, m even

RL20: string with at most two 0s

5.3 Extracting DFA from LSTMs and GRUs

RNN models with LSTM and GRU architecture, for the regular language datasets,
were trained as described in Section 5.1. The DFA extraction algorithm was then
run on the resulting RNNs with a timeout of 10 seconds. Tables 1 and 2 col-
late the results. The dataset used for testing includes the full set of sequences
generated up to the maximum sequence length, 15 when |Σ| = 2, and 10 when
|Σ| = 3. Additionally, an experiment was conducted to compare the extraction
time when SVMs were used instead of hyperplanes in the partitioning method.
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Table 1. Performance of automata extracted from LSTMs. Columns repre-
sents: target language L, performance of LSTM R compared to L, performance of the
extracted DFA AL compared to R, performance of AL compared to L, number of par-
titions in AP , number of states |QA| in AL, total time t for the extraction (seconds)
using hyperplanes, and the time ref.t of the final refinement/counterexample (seconds)
using the hyperplanes, total time t for the extraction (seconds) using the SVM method,
and the time ref.t of the final refinement/counterexample (seconds) using the SVM
method. Each row represents languages for which the LSTM models were trained.

L R vs L AL vs R AL vs L |P | |QA| Hyperplane SVM

Acc. Prec. F1 Acc. Prec. F1 Acc. Prec. F1 t(s) ref.t(s) t(s) ref.t(s)
T1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 2 0.23 0.08 2.18 0.13

T2 0.99 1.00 0.93 1.00 1.00 1.00 0.99 1.00 0.93 9 4 10.0 0.48 10.00 0.98

T3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 5 5 3.39 1.42 8.09 1.56

T4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 6 4 10.00 1.79 10.00 2.61

T5 0.83 0.50 0.67 1.00 1.00 1.00 0.83 0.50 0.67 7 4 10.00 1.31 10.00 3.5

T6 0.99 1.00 0.99 1.00 1.00 1.00 0.99 1.00 0.99 11 4 2.47 2.46 10.00 2.87

T7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 12 5 10.00 4.24 10.00 4.07

RL1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 0.63 0.15 10.00 0.19

RL2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 0.64 0.20 10.00 0.53

RL3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 2 1.10 0.10 2.01 0.17

RL4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 2 0.22 0.10 1.59 0.16

RL5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 12 4 10.00 1.74 10.00 6.67

RL6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 11 5 10.00 6.64 10.00 9.73

RL7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 7 4 10.00 0.81 10.00 0.90

RL8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 5.85 10.00 0.44

RL9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 10 7 10.00 0.79 10.00 1.74

RL10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 7 3 10.00 0.78 10.00 1.57

RL11 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 0.66 0.16 10.00 0.21

RL12 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 6 3 10.00 0.74 10.00 2.00

RL13 0.99 0.99 0.99 0.68 0.75 0.64 0.68 0.75 0.64 17 28 10.00 9.98 10.00 9.99

RL14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 5 4 3.08 0.43 6.92 0.52

RL15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 4 3 10.00 0.41 10.00 0.69

RL16 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 3.47 10.00 8.82

RL17 0.99 1.00 0.98 1.00 1.00 1.00 0.99 1.00 0.98 10 7 10.00 0.98 10.00 2.17

RL18 0.99 0.80 0.89 1.00 1.00 1.00 0.99 0.80 0.89 16 11 10.00 8.86 10.00 6.29

RL19 0.93 0.01 0.02 0.94 0.94 0.19 0.99 0.09 0.16 14 13 10.00 9.79 10.00 9.98

RL20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 9 4 10.00 4.25 10.00 2.62

The final set of experiments investigates the impact of initialising the DFA
extraction algorithm with an initial partitioning determined by performing k-
means clustering on the weight space of the trained RNN. Table 3 gives the
result of repeating the DFA extraction from the LSTMs with this pre-processing
step.

6 Evaluation and Discussion

The results show that the algorithm effectively extracts DFAs from both LSTM
and GRU models. Among the 27 LSTMs, 20 achieved 100% training accuracy,
and five reached 99%. However, among these, three models (T2, RL17, RL18)
exhibited low F1-scores despite high accuracy, suggesting that they failed to
capture the underlying language. Two models (T5, RL19) showed both low ac-
curacy and F1-scores, with RL19 performing particularly poorly (F1-score 2%).
DFA extraction was successful in 25 out of 27 cases, achieving 100% accuracy.
The exceptions, RL13 and RL19, terminated due to time limits, producing DFAs
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Table 2. Performance of automata extracted from GRUs. Columns represents:
target language L, performance of the GRU R compared to L, performance of the
extracted DFA AL compared to R, performance of AL compared to L, number of
partitions in AP , number of states |QA| in AL, total time t for the extraction (seconds)
using hyperplanes, the time ref.t of the final refinement or counterexample (seconds)
using the hyperplanes, total time t for the extraction (seconds) using the SVM method,
and the time ref.t of the final refinement or counterexample (seconds) using the SVM
method. Each row represents languages for which the GRU models were trained.

L R vs L AL vs R AL vs L |P | |QA| Hyperplane SVM

Acc. Prec. F1 Acc. Prec. F1 Acc. Prec. F1 t(s) ref.t(s) t(s) ref.t(s)
T1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 2 0.23 0.09 0.57 0.13

T2 0.99 1.00 0.93 1.00 1.00 1.00 0.99 1.00 0.93 8 4 10.00 0.57 10.00 0.98

T3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 2.44 10.00 2.96

T4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 4 10.00 1.74 10.00 3.57

T5 0.83 0.50 0.67 1.00 1.00 1.00 0.83 0.50 0.67 7 4 10.00 4.87 10.00 3.47

T6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 5 3 10.00 0.17 10.00 0.25

T7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 8.79 10.00 8.90

RL1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 0.61 0.14 10.00 0.20

RL2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 0.63 0.13 10.00 0.17

RL3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 2 0.22 0.09 0.33 0.11

RL4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 2 0.24 0.09 0.32 0.14

RL5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 10 4 10.00 7.61 10.00 4.26

RL6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 7.51 10.00 7.28

RL7 0.99 0.98 0.99 0.99 1.00 0.99 0.99 0.99 0.99 11 9 10.00 2.08 10.00 3.91

RL8 0.99 0.99 0.99 1.00 1.00 1.00 0.99 0.99 0.99 14 7 10.00 2.87 10.00 6.79

RL9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 14 7 10.00 6.43 10.00 4.87

RL10 0.95 1.00 0.97 0.95 0.95 0.98 0.99 1.00 0.99 17 6 10.00 4.50 10.00 10.00

RL11 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 5 3 8.91 0.50 10.00 1.77

RL12 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 7 3 10.00 0.63 10.00 2.15

RL13 0.88 0.88 0.88 0.90 0.87 0.90 0.80 0.78 0.82 16 45 10.00 8.62 10.00 10.00

RL14 0.99 1.00 0.98 1.00 1.00 1.00 0.99 1.00 0.98 10 6 10.00 1.58 10.00 5.32

RL15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 3 1.16 0.17 2.29 0.19

RL16 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 8 5 10.00 1.38 10.00 3.20

RL17 0.99 0.81 0.88 1.00 1.00 1.00 0.99 0.81 0.88 17 11 10.00 5.09 10.00 4.56

RL18 0.99 0.45 0.63 0.99 1.00 0.95 0.99 0.50 0.67 13 6 10.00 9.33 10.00 4.56

RL19 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 11 7 10.00 5.87 10.00 5.62

RL20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 7 4 10.00 1.24 10.00 2.07

with 0.68% and 0.94% accuracy, respectively, with the final counterexample or
refinement occurring just before termination. In RL19, the low F1-score also
indicated that the LSTM itself had not learned the language patterns.

For GRUs, 18 achieved 100% training accuracy, while two reached 99% accu-
racy and F1-score. Four models obtained 99% training but low F1-scores, again
reflecting limited language generalisation, while three (T5, RL10, RL13) had
both low accuracy and F1-scores. DFA extraction was fully successful for 23 of
the 27 GRU models, each with 100% accuracy. The remaining four DFA extrac-
tions exceeded 90% accuracy and F1-scores, with reduced extraction accuracy
correlating to weaker GRU training. Interestingly, in some cases, GRUs with less
than perfect accuracy still produced 100% accurate DFAs.

The DFA extraction process was subject to a 10-second time limit. For LSTM
models, most extractions continued until the limit, except for nine cases. Among
these, 13 models completed their final refinement in under 1 second, and eight
within 5 seconds, while only six required longer. A similar trend was observed
for GRU models, where most extractions ran until the time limit, except for
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Table 3. Performance of DFAs extracted from LSTMs using k-means clus-

tering for initial partitioning. Columns represents: target language L, performance
of the LSTM R compared to L, performance of the extracted DFA AL compared to
R, performance of AL compared to L, number of initial partitions (clusters) k, total
number of partitions in AP , number of states |QA| in AL, total time t for the extraction
(seconds), and the time ref.t of the final refinement or counterexample (seconds). Each
row represents languages for which the LSTM models were trained.

L R vs L AL vs R AL vs L k |P | |QA| t(s) ref.t(s)
Acc. Prec. F1 Acc. Prec. F1 Acc. Prec. F1

T1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 2 1.86 0.90

T2 0.99 1.00 0.93 1.00 1.00 1.00 0.99 1.00 0.93 3 7 4 10.00 1.08

T3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 5 5 4.08 2.26

T4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 4 4 2.88 1.25

T5 0.83 0.50 0.67 1.00 1.00 1.00 0.83 0.50 0.67 5 7 4 10.00 1.48

T6 0.99 1.00 0.99 1.00 1.00 1.00 0.99 1.00 0.99 4 9 4 10.00 2.16

T7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 9 5 10.00 2.11

RL1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 3 1.42 0.85

RL2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 3 1.28 1.03

RL3 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 2 1.83 0.97

RL4 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 2 1.83 0.99

RL5 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 12 4 10.00 2.89

RL6 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 11 5 10.00 6.04

RL7 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 7 4 10.00 1.13

RL8 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 9 5 10.00 1.23

RL9 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 9 7 10.00 1.39

RL10 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 7 3 10.00 1.49

RL11 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 3 3 1.40 0.91

RL12 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 6 3 10.00 1.45

RL13 0.99 0.99 0.99 0.68 0.75 0.64 0.68 0.75 0.64 4 11 19 10.00 9.73

RL14 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 5 4 3.50 1.18

RL15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 6 3 10.00 2.96

RL16 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 3 8 5 10.00 4.93

RL17 0.99 1.00 0.98 1.00 1.00 1.00 0.99 1.00 0.98 3 9 7 10.00 1.66

RL18 0.99 0.80 0.89 1.00 1.00 1.00 0.99 0.80 0.89 3 13 11 10.00 7.26

RL19 0.94 0.01 0.02 0.94 0.94 0.19 0.99 0.09 0.16 2 14 13 10.00 9.99

RL20 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 2 8 4 10.00 4.26

six cases. Notably, nine GRU models reached their final refinement in under 1
second and ten within 5 seconds. Only RL13 and RL18 extended close to the full
10-second limit. In both cases, the remaining time after the final refinement or
counterexample was spent verifying equivalence against all provided sequences.
This suggests that termination is influenced by the number of strings evaluated
for equivalence.

In experiments where k-means clustering was used to partition the state
space, the extracted DFAs achieved accuracy comparable to those obtained from
LSTMs without initial partitioning (3, 1). Since the sample size was small (27
models) and normality assumptions were not met, the non-parametric Wilcoxon
signed-rank test was applied to compare extraction times between the two set-
tings. Contrary to expectations, no significant improvement was observed (p =
0.97). Although k-means clustering reduced the number of refinements, the cost
of computing initial clusters offset these gains, compromising overall efficiency.

The proposed algorithm is designed to terminate once equivalence is estab-
lished between the L∗ DFA AL and RNN R. In practice, additional termination
strategies were introduced during experiments (Section 4.5), based on the length
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of the final counterexample and the number of excessive refinements. Crucially,
these early termination conditions did not affect the correctness of the final
DFAs, as the absence of counterexamples beyond these thresholds indicated a
low likelihood of further discrepancies. Time constraints (10 seconds) also did
not compromise correctness in most cases, with the exception of models RL13
and RL19.

Additionally, an experiment was conducted by substituting SVMs for hy-
perplane generation when partitioning the RNN state space, while keeping all
other factors constant. In this setup, the SVMs separate the conflicted hid-
den states from others to form new partitions. The non-parametric Wilcoxon
signed-rank test was then applied to both total extraction time and refine-
ment/counterexample generation time for LSTM and GRU models.

For LSTMs, extraction with SVMs was significantly slower than with hyper-
planes (p = 0.004 for both total extraction time and refinement/counterexample
time). GRUs showed the same pattern, where extraction with SVMs was statis-
tically slower than hyperplanes (p = 0.046 and p = 0.042, respectively), though
the average time differences were smaller. Notably, total extraction time is not
always a reliable measure, as many extractions ran until the time limit and
termination was based on predefined factors.

When using hyperplanes, partitioning was refined upon detecting conflicts
between hidden states, prioritising the separation of the most dissimilar states
rather than isolating a single conflicted state. Subsequent refinements iteratively
resolved remaining conflicts by grouping dissimilar states into distinct parti-
tions, keeping the number of refinements minimal and ensuring computational
efficiency.

7 Conclusion

This work presents an approach to extracting a DFA from an RNN to enhance
the interpretability. The study employs the L∗ algorithm for DFA extraction but
introduces a novel approach to equivalence queries. The work in [32] proposed
iteratively refining equivalence queries by comparing the L∗-learned DFA with
an abstraction of the RNN state space generated by partitioning the RNN’s
state space using SVMs. Building on that, this work extends the methodology
by using hyperplane-based state-space partitioning during equivalence checking.
The main contribution of this work is the use of hyperplanes to partition the
RNN’s state space, ensuring the extracted DFA closely aligns with the RNN’s
decision-making process.

This method successfully extracts a sufficiently accurate DFA from a well-
trained RNN. Similar to the work in [32], the algorithm needs only the language’s
alphabet and access to the RNN model; no additional details are required. The
extraction process typically requires less than 10 seconds, as calculating hyper-
planes to classify states in the abstract partitioning is computationally efficient.

If an RNN achieves a 100% training and testing accuracy, then the extracted
DFA precisely represents the language on which the RNN was trained. Addition-
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ally, for some RNNs that did not achieve perfect training and testing accuracy,
the extracted DFA still captured the RNN’s behaviour with 100% accuracy.
However, in such cases, the extracted DFA deviates from the target language,
indicating that the RNN itself did not properly learn the intended language.

Although for some RNNs the extraction process continued until the time limit
of 10 seconds, the final refinement or counterexample generation was typically
completed well before that. The remaining time was spent confirming equiv-
alence using all provided strings up to termination. If additional termination
strategies or constraints had been introduced, DFAs could have been extracted
more efficiently. In this study, no limitations were imposed on the set of strings
used for equivalence queries; instead, all strings were explored in lexicographic
order until the time limit or another termination condition (Section 4.5) was
reached. Thus, the termination was not triggered earlier until all strings were
inspected within the given time limit.

The accuracy of the extracted DFAs refers to their similarity in predictions
compared to the original RNN. If the DFA can produce outputs that are ex-
actly or closely aligned with the RNN’s predictions (where the RNN acts as the
oracle during extraction), it can be concluded that the DFA has successfully
approximated the RNN’s behaviour. However, this does not imply that it has
learned the exact internal behaviour of the RNN. Instead, the DFA captures
the decision-making logic of the RNN—that is, how the RNN processes input
sequences to generate outputs.

In this work, counterexamples are not prioritised, and no limit is imposed
on the number of strings evaluated to check equivalence. Future work aims to
explore methods for managing the termination of the algorithm more effectively,
without exhaustively evaluating all available strings within the given time limit.

The results of this work align with the findings reported in [32]. More im-
portantly, the extraction method is simpler, as it exclusively uses hyperplanes to
partition the state space. The accuracy of the extraction remains comparable,
but the key contribution of this study lies in employing a simpler refinement
approach for partitioning. The L∗ algorithm inherently scales, increasing com-
putational time as the number of states grows. By reducing the time required
for equivalence queries, the proposed method improves the efficiency of DFA
extraction from RNNs.
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