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Abstract

Strains in the ice cover of a frozen channel, which are caused by a body moving under the ice at a constant speed

along the channel, are studied. The channel is of rectangular cross section, the fluid in the channel is inviscid

and incompressible. The ice cover is modeled by a thin viscoelastic plate clamped to the channel walls. The

underwater body is modeled by a three-dimensional dipole. The intensity of the dipole is related to the speed

and size of the underwater body. The problem is considered within the linear theory of hydroelasticity. For

small deflections of the ice cover the velocity potential of the dipole in the channel is obtained by the method of

images without account for ice deflection in the leading order. The problem of a dipole moving in the channel

with rigid walls provides the hydrodynamic pressure on the upper boundary of the channel, which corresponds

to the ice cover. This pressure distribution does not depend on the deflection of the ice cover in the leading

approximation. The deflections of ice and the strains in the ice cover are independent of time in the coordinate

system moving together with the dipole. The problem is solved numerically using the Fourier transform along

the channel, the method of normal modes across the channel, and the truncation method for resulting infinite

systems of linear equations. It was revealed that the strains in the ice strongly depend on the speed of the dipole

with respect to the critical speeds of the hydroelastic waves propagating along the frozen channel. The width

of the channel matters even it is much larger than the characteristic length of the ice cover.

Keywords: Elastic plate, Dipole, Ice defections and strains, Underwater body

1. Introduction

The problems of the ice cover response to applied external loads have been well studied for an unbounded

ice cover [1] and for a semi-infinite ice cover clamped to a vertical wall [2]. The external loads were modelled

by ether a point pressure or a smooth localized pressure distribution moving with a constant speed along the

ice cover. The problems were studied within the linear theory of hydroelasticity. The ice deflections and strain5

distributions in the ice cover were determined. A main practical goal of those studies was to answer the question

whether the ice can be broken or not by an applied moving pressure and where this would happen, close to the

load or at a distance from it.

The ice deflection and strains in the ice plate due to a localized external load moving along the channel

were investigated in [3, 4]. The effect of the channel parameters and characteristics of the ice plate on the10
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ice deflections and strain distribution in the ice cover were studied. A relevant problem of hydroelastic waves

propagating along a frozen channel was studied in [5, 6] within the linear theory of hydroelasticity.

The tree-dimensional problem of ice deflection caused by a dipole moving horizontally in the fluid under

the ice cover was studied in [7]. The fluid was unbounded horizontally and infinitely deep. The ice cover and

fluid were initially at rest. The initial compression of the ice was taken into account. A dipole started to move15

instantly at a constant speed. The ice deflection was obtained using the Fourier transforms. It was shown that

the ice deflection approaches a steady state for large times in the coordinate system moving together with the

dipole. The speed of the dipole in [7] was below the critical speed, defined in [1], for the ice cover. The deflection

was maximum just above the dipole with the ice plate deflecting down towards the dipole. The ice deflection

quickly decayed with the distance from the dipole.20

A similar problem in the two-dimensional formulation was studied in [8, 9]. The two-dimensional problem of

a pulsating point source placed in an infinitely deep ice-covered fluid was investigated in [10]. The solution was

obtained as a superposition of standing and traveling waves. The frequencies of both the standing and traveling

waves were equal to the frequency of the source strength oscillation. The amplitudes and wavenumbers of the

obtained hydroelastic waves were shown to be strongly depend on the thickness and elastic properties of the25

ice.

The two-dimensional problem of a cylinder moving with large amplitude oscillations in a deep fluid covered

with ice was investigated in [11]. The problem was solved using multipole expansion method. The effects of both

the ice properties and the parameters of the motion on the hydrodynamic force acting on the cylinder and the

ice plate deflection were investigated. Linear and nonlinear boundary conditions were used. The nonlinearity30

was shown to be important for vertical motions of the body, where the distance from the body to the ice cover

changes in time.

The motions of slender bodies in a fluid under an ice cover were studied in [12]. The ice cover was modelled

as an infinite thin elastic plate. The fluid was of infinite depth. The slender body in a fluid was modelled by the

source-sink system in the three-dimensional formulation. The distance of the body from the ice cover, the ice35

thickness and the size of the body affected the amplitudes of the generated hydroelastic waves. It was shown

that the ice cover can be broken by the moving slender body for certain ranges of the parameters of the ice and

the body velocity. The obtained theoretical results were compared with the experimental results for a submarine

moving under a continuous ice plate. Motion of a single source under the ice was investigated in [13].

Small oscillations of a two-dimensional submerged body in a fluid partly covered with ice were studied40

by Sturova and Tkacheva [14, 15, 16] within the linear theory of hydroelasticity. In these studies, the upper

boundary of the fluid consisted of either two semi-infinite intervals of free surfaces and a floating elastic plate or

a finite interval of the free surface between two semi-infinite elastic plates of different thicknesses. The oscillating

body was placed either under the ice or under the free surface. The problem was reduced to an integral equation

for an unknown distribution of mass sources on the equilibrium position of the body surface. The amplitudes45

of the vertical displacements of both the free surface and elastic plates were determined. It was shown that the

generated flow strongly depends on the position of the submerged body with respect to the elastic plates [15].

This analysis can be extended to the three-dimensional problems with oscillating submerged bodies.

The two-dimensional problem of hydroelastic wave interaction with a body submerged below an ice cover
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with a crack was studied in [17]. The body was modelled by a circular cylinder within the multipole expansion50

method. The ice cover was modelled by a thin uniform elastic plate with the conditions of zero bending moment

and zero shear force at the crack. The problem was solved using the boundary element method within the

linearized potential theory. Similar problems including those with different numbers of cracks in the ice cover

were investigated in [18].

In the present paper, the problem of ice deflection caused by an underwater body moving along a frozen55

channel is considered. This problem is approximately identical to the problem of a stationary body placed in

a uniform current under the ice cover in a channel, if viscosity of the fluid is negligible. The moving body is

modelled by a three-dimensional dipole of a constant strength. The dipole moving at a constant speed in an

unbounded fluid generates the flow and the pressure corresponding to a rigid sphere moving at the same speed

[19]. The radius of the sphere is related to the speed of the dipole and its strength. A dipole moving in a60

channel with rigid walls also represents approximately a rigid sphere if the dipole strength is so small that the

corresponding sphere radius is much smaller than both the distance from the dipole to the walls of the channel

and the depth of the channel. For a dipole moving relatively close to a wall, the shape of the corresponding rigid

body is not spherical. This shape can be approximately determined. This fictitious body is inside the channel

and does not touch the channel walls.65

The velocity potential of a dipole placed in a rectangular channel with rigid walls is determined by the

method of images. The potential of several dipoles is the superposition of the corresponding potentials of

individual dipoles. A system of dipoles can be arranged in such a way that they accurately represent a body of

a given shape. By using the known velocity potential and the unsteady Bernoulli equation, the hydrodynamic

loads acting on the channel walls are determined. For a dipole of small strength, the linearized Bernoulli70

equation is used. This case corresponds to the motion of a small sphere along the channel covered with ice.

The hydrodynamic loads on the ice cover caused by a moving underwater body are determined in the leading

order without account for the ice deflection. The ice deflection is determined thereafter as the ice response to

the loads caused by the moving body. Even for small deflections of the ice cover, the strains in the cover can

be large enough to cause ice breaking. The Kelvin-Voigt model of viscoelastic ice plate is used in the present75

study to estimate the strains in the ice cover. In this model, hydroelastic waves decay with distance from the

load due to the damping effect. The viscoelastic ice model is closer to reality than the elastic ice plate model

without dampimg.

The problem formulation and three asymptotic models with small deflections of the ice cover are presented

in Section 2. Only the model of a weak dipole is coupled. The problem within this approximate model is solved80

by using the Fourier transform and normal mode decomposition in Section 3. Numerical results are reported

and discussed in Section 4. The conclusions are drawn in Section 5.

2. Formulation of the problem

The hydroelastic waves generated by an underwater body moving along a channel covered with ice are

considered in the Cartesian coordinates x, y, z. The channel is of rectangular cross section and is infinitely long.85
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Рис. 1: The scheme of the problem with main notation.

The scheme of the problem is shown on the Figure 1. The ice cover is modelled as a viscoelastic plate [1],

Mwtt +D

(
1 + τ

∂

∂t

)
∇4

2w = p(x, y, w(x, y, t), t) (−∞ < x <∞, −L < y < L, z = w(x, y, t)), (1)

where w(x, y, t) is the deflection of the ice plate, 2L is the width of the channel, x is the coordinate along the

channel, D is the rigidity coefficient, M = ρihi is the mass of the ice plate per unit area, ρi is the ice density,

hi is the ice plate thickness, τ is the retardation time in the Kelvin-Voight model of viscoelastic ice plate [23],

∇4
2w = ∂4w/∂x4 + 2∂4w/∂x2∂y2 + ∂4w/∂y4 is the biharmonic operator, and p(x, y, z, t) is the hydrodynamic90

pressure caused by both the moving body and deflection of the ice cover of the channel, z is the vertical

coordinate. Here z = −H corresponds to the bottom of the channel and z = 0 to the initial position of the

interface between the water in the channel and the flat ice plate. The ice plate is frozen to the walls of the

channel, which is modelled by the clamped conditions,

w = 0, wy = 0 (−∞ < x <∞, y = ±L). (2)

The water in the channel is modelled as an incompressible and inviscid fluid. The moving body is represented95

by a dipole. The flow caused by a moving dipole is potential and three-dimensional with the velocity potential

ϕtot(x, y, z, t). The hydrodynamic pressure is given by the nonlinear Bernoulli equation,

p(x, y, z, t) = −ρl
(
∂ϕtot
∂t

+
1

2
|∇ϕtot|2 + gz

)
, (3)

where ρl is the fluid density, and g is the gravitational acceleration. Initially, t = 0, the fluid and the ice plate

are at rest,

ϕtot = 0, ϕtot,t = 0, w = 0, wt = 0 (t = 0), (4)

with the pressure (3) being hydrostatic in the channel and zero on the ice-water interface. The total velocity100

potential, ϕtot, satisfies the following boundary conditions on the walls and the bottom of the channel,

ϕtot,y = 0 (y = ±L), ϕtot,z = 0 (z = −H), (5)

the kinematic condition on the ice-water interface,

∂w

∂x

∂ϕtot
∂x

+
∂w

∂y

∂ϕtot
∂y

+
∂w

∂t
=
∂ϕtot
∂z

(−∞ < x <∞, −L < y < L, z = w(x, y, t)), (6)
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and the Laplace equation,

∇2ϕtot = 0, (7)

in the flow region except a small vicinity of the dipole, where

ϕtot ∼ −I
x− x0(t)

r3
, r =

√
(x− x0)2 + (y − y0)2 + (z − z0)2 (8)

as r → 0 and t > 0. Here (x0, y0, z0) are the coordinates of the moving dipole, r is the distance from the105

dipole and I is the dipole strength. Both the potential ϕtot(x, y, z, t) and the deflection w(x, y, t) decay with the

distance from the dipole at any finite time t,

ϕtot → 0, w → 0 (|x− x0(t)| → ∞), (9)

in the model of viscoelastic plate (1).

In the present study, the dipole moves along the channel at a constant speed U and does not move in both

z and y directions,110

z0,t = 0, y0,t = 0, x0 = Ut. (10)

The strength of the dipole, I, is a positive constant. In the coordinate system X, y, z, moving together with the

dipole, X = x− Ut, the dipole is stationary but the fluid moves in the negative x direction with the speed U .

The flow close to the dipole is described by the local potential −IX/r3 − UX, where X = r cos θ with a polar

angle θ. Differentiating the local potential in r and equating the result to zero, we find that the local potential

describes the flow around a sphere of radius R = (2I/U)1/3. In other words, a rigid sphere of radius R moving115

in an unbounded fluid at speed U generates a flow which is equivalent to the flow caused by the dipole placed

at the centre of a sphere and with strength UR3/2, [19]. The radius R will be used below as a characteristic

of the dipole strength. When R is much smaller than the dimensions of the channel cross section, the dipole

represents a small sphere moving under the ice cover. If R is comparable with the channel dimensions L and

H, the dipole still represents a rigid body moving in the channel when the ice deflection is negligible. However,120

the shape of the rigid body could be rather complicated. To find the shape of the corresponding body and the

pressure on the walls of the channel due to the dipole, we need to determine the velocity potential of the dipole,

ϕD(X, y, z), moving in the channel with rigid walls at a constant speed U . Note that this potential does not

depend on time in the moving coordinate system, once y0, z0 and I are constant. The potential ϕD(X, y, z)

satisfies the Laplace equation, ϕDXX + ϕDyy + ϕDzz = 0, in the channel, (|X| < ∞, |y| < L,−H < z < 0), decays125

at infinity, ϕD → 0 as |X| → ∞, and behaves as

ϕD ∼ −UR
3

2

X

r3
, (11)

where r =
√
X2 + (y − y0)2 + (z − z0)2 tends to zero. Its normal derivative is equal to zero on the boundaries

of the channel, y = ±L, z = 0, and z = −H. The potential ϕD(X, y, z) is obtained by using the method of

images. First, the images of the dipole (11) with respect to the vertical walls of the channel are used to satisfy

the boundary conditions at y = ±L. The resulting potential, ϕD1, is given by the infinite series,

ϕD1(X, y, y0, z, z0) = −
UR3

2
X

{
1

r̃3(y0, z0)
+

∞∑
n=1

[
1

r̃3(y0 + 4nL, z0)
+
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1

r̃3((4n− 2)L− y0, z0)
+

1

r̃3(y0 − 4nL, z0)
+

1

r̃3(−(4n− 2)L− y0, z0)

]}
, (12)

where r̃(y0, z0) =
√
X2 + (y − y0)2 + (z − z0)2. Note that only the coordinates of the images are shown in

r̃(y0, z0). The potential (12) does not satisfy the boundary conditions at z = 0 and z = −H. The method of

images is used for the potential (12) to satisfy these conditions by reflecting ϕD1 with respect to the planes

z = −H and z = 0. The resulting potential reads

ϕD(X, y, z) = ϕD1(X, y, y0, z, z0) +

∞∑
m=1

(
ϕD1(X, y, y0, z, z0 + 2mH) + ϕD1(X, y, y0, z,−z0 − 2mH)+

+ϕD1(X, y, y0, z, z0 − 2mH) + ϕD1(X, y, y0, z,−z0 + 2(m− 1)H)
)
. (13)

The three-dimensional shape of a body in the channel, which corresponds to the potential (13), is difficult

to analyse. It is expected that the shape of the corresponding body is close to a sphere for a dipole of small130

strength placed in the middle of the channel cross section, and is a deformed sphere for a dipole placed near

a wall. By adding dipoles with different strengthes at different points of the channel an underwater object of

complex geometry can be modelled.

The potential (13) makes it possible to decompose the total potential of the flow in the channel,

ϕtot(x, y, z, t) = ϕD(X, y, z) + ϕE(X, y, z, t), (14)

where ϕE accounts for elastic deformation of the ice cover in the channel. The ice deflection w(X + Ut, y, t) is135

denoted by wE(X, y, t) below. The potential ϕE and the deflection wE are written in the moving coordinate

system. The potential is regular in the flow region, satisfies the Laplace equation,

∇2ϕE = 0 (−∞ < X <∞, −L < y < L, −H < z < wE(X, y, t)), (15)

the boundary conditions on the rigid walls of the channel,

ϕEy = 0 (y = ±L), ϕEz = 0 (z = −H), (16)

the kinematic condition on the ice-water interface,

∂ϕE

∂z
+ U

∂wE

∂X
=
∂wE

∂X

(
∂ϕD

∂X
+
∂ϕE

∂X

)
+
∂wE

∂y

(
∂ϕD

∂y
+
∂ϕE

∂y

)
+
∂wE

∂t
− ∂ϕD

∂z
(z = wE(X, y, t)), (17)

and decays at infinity as |X| → ∞.140

The hydrodynamic pressure in the plate equation (1) is given by the Bernoulli equation (3), where the

potential ϕtot is provided by (14),

p = −ρl
(
−U ∂ϕ

D

∂X
− U ∂ϕ

E

∂X
+
∂ϕE

∂t
+

1

2
|∇ϕD|2 +∇ϕD · ∇ϕE +

1

2
|∇ϕE |2 + gwE

)
(z = wE(X, y, t)), (18)

where ∇ϕD = (∂ϕD/∂X, ∂ϕD/∂y, ∂ϕD/∂z). Note that ∂ϕD/∂z is equal to zero on the undisturbed ice-water

interface, z = 0, but not on the actual position of the interface, z = wE(X, y, t).

We shall determine the solution of the formulated problem (1), (2), (14)–(18) as t → ∞, when both the

flow and the ice deflection are independent of time in the moving coordinate system because of the viscoelastic
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Fr µ ε

(a) � 1 O(1) O(1)

(b) O(1) � 1 O(1)

(c) O(1) O(1) � 1

Таблица 1: Conditions of negligible deflection of ice cover.

properties of the ice plate, see equation (1). Then the derivatives of the ice deflection on the left-hand side of

the plate equation (1) are transformed as
∂2w

∂t2
→ U2 ∂

2wE

∂X2
,(

1 + τ
∂

∂t

)(∂4w
∂x4

+ 2
∂4w

∂x2∂y2
+
∂4w

∂y4

)
→
(
1− τU ∂

∂X

)(∂4wE
∂X4

+ 2
∂4wE

∂X2∂y2
+
∂4wE

∂y4

)
.

We also should drop the terms ∂ψE/∂t in (18) and ∂wE/∂t in (17) in the large-time limit. Note that both the145

elastic potential and the deflection decay as |X| → ∞ in the model of viscoelastic ice.

We are concerned with small ice deflections, where the linear equation (1) of the ice plate dynamics is justified

and a deflection scale, wsc, is much smaller than the characteristic length of the channel L. It is convenient to

introduce the characteristic length of the ice cover [1, 3], Lc = (D/ρlg)
1/4, the Froude number Fr = U/

√
gL,

and the non-dimensional parameter, ε = R/L, which describes the strength of the dipole. Then the scale of the150

potential of the dipole is ϕDsc = UR3/L2 = ULε3, see equations (13) and (14). In the Bernoulli equation (18),

1
2 |∇ϕ

D|2

U∂ϕD/∂X
∼ (ϕDsc/L)

2

UϕDsc/L
=
ϕDsc
LU

= ε3. (19)

Therefore, the quadratic term in (18) with the dipole potential should be retained only if ε is not small. Then

the scale of the hydrodynamic pressure is psc = ρlU
2ε3. Below the non-dimensional variables are denoted by

tilde, where X = Lx̃, y = Lỹ, and z = Lz̃. The plate equation (1) in the non-dimensional variables and the

moving coordinate system provides155

U2ρihiwsc
L2

∂2w̃

∂x̃2
+
ρlgL

4
cwsc
L4

(
1− τU

L

∂

∂x̃

)
∇̃4w̃ = pscp̃(x̃, ỹ, w̃)− ρlgwscw̃, (20)

where p̃ is the non-dimensional dynamic pressure component. We introduce two non-dimensional parameters:

non-dimensional retardation time, δ = τU/L, and the non-dimensional rigidity of the ice cover, µ = L/Lc.

Here Lc is independent of the channel dimensions and depends on the ice thickness hi. If µ = O(1), then the

support of the ice cover through the ice edge conditions on the walls of the channel plays an important role.

However, if the channel is wide, µ� 1, than the ice cover is mainly supported by the buoyancy force. Therefore,160

the bending stresses balance the pressure p̃psc for narrow channels, and then ρlgwsc/µ
4 = psc for µ =

O(1) including µ� 1. Correspondingly the buoyancy force plays the main role and ρlgwsc = psc for µ� 1.

Both cases can be combined in a single formula for the scale of ice deflection,

wsc = L Fr2ε3min(µ4, 1). (21)

The condition of small deflection, wsc/L � 1, is satisfied when at least one of the parameters Fr, µ, ε is

small, see Table 1. Each case is considered separately below.165

(a) Slow motion of the dipole
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In this case, wsc/L = O(Fr2), Fr = o(1) and ε = O(1). The kinematic condition (17) provides the scale of

the elastic potential, ϕEsc, by comparing the orders of the terms on the left-hand side of (17) and using (21),

ϕEsc = Uwsc. (22)

The relative order of the potentials ϕD and ϕE is

ϕEsc
ϕDsc

=
Uwsc
ULε3

= Fr2µ4.

This implies that ϕE can be neglected compared with ϕD in the Bernoulli equation (18), making the dynamic

pressure to be independent of the ice deflection in leading order. Therefore, the problem is decoupled for small

Froude numbers. The inertia term in (20) can be neglected in leading order compared with the hydrodynamic

pressure term,
U2ρihiwsc
L2psc

= αFr2µ4, α =
ρihi
ρlL

,

where α = O(1) and Fr� 1. Then the equation (20) for the non-dimensional deflection w̃(x̃, ỹ) reads in leading

order170 (
1− δ ∂

∂x̃

)
∇̃4w̃ + µ4w̃ =

∂ϕ̃D

∂x̃
− 1

2
ε3|∇̃ϕ̃D|2. (23)

This static equation of the ice deflection in the moving coordinate system should be solved subject to the

boundary conditions (2) on the walls of the channel, ỹ = ±1, and the condition (9) as x̃→ ±∞. The equation

(23) can be additionally simplified for narrow channels, µ � 1, and/or for weak dipole, ε � 1. Once the ice

deflection w̃(x̃, ỹ) has been determined, one can find the elastic potential ϕ̃E(x̃, ỹ, z̃) in the leading order as

Fr→ 0 by solving the boundary problem (14) – (17) in the linearized flow region, ỹ < 1, −h < z̃ < 0, |x̃| <∞,

where h = H/L. The most complicated part of this problem is the kinematic condition (17) in leading order as

Fr→ 0. The derivative ∂ϕD/∂z on the boundary, z̃ = w̃(x̃, ỹ), in this condition is approximated as

∂ϕD

∂z
(X, y,w) ≈ ∂2ϕD

∂z2
(X, y, 0)w = −∇2

2ϕ
D(X, y, 0)w =

−Uε
3

L
wsc∇̃2

2ϕ̃
D(x̃, ỹ, 0)w̃.

As a result the condition (17) reads in leading order,

∂ϕE

∂z̃
=
∂w̃

∂x̃
+ ε3

[
∂w̃

∂x̃

∂ϕ̃D

∂x̃
+
∂w̃

∂ỹ

∂ϕ̃D

∂ỹ
+ ∇̃2

2ϕ̃
Dw̃

]
, (24)

where ϕ̃D is given by (13) and w̃(x̃, ỹ) is the solution of the problem (23), (2). The Neumann boundary problem

(14) – (16), (24) has a solution only if the integral of the right-hand side in (24) over the ice cover is zero. It is

straightforward to show that the total flux through the ice-water interface indeed is equal to zero by using the

edge conditions (2) and the condition (9) that the ice deflection w̃ and the flow potential ϕ̃D decay at infinity,175

x̃→ ±∞.

Equations (23) and (24) show that ε is the parameter of linearization. The buoyancy term in (23) can be

neglected in leading order for narrow channels with µ � 1. For zero speed of the dipole, the dipole strength I

cannot be related to the radius of a sphere in unbounded flow. In this case, ϕDsc = I/L2 and a characteristic

speed Usc = I/L3 can be introduced. Then the results of this section are still valid but with the dipole speed U180
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replaced by Usc and ε = 1. In addition, we should set δ = 0 and ∂ϕ̃D/∂x̃ = 0 in (23), and ∂w̃/∂x̃ = 0 in (24).

The approximation of slow dipole is valid for I/(L3
√
gL)� 1.

(b) Narrow channel

In this case, wsc/L = O(µ4) as µ → 0. The relation (22) is valid in this case as well. The elastic potential

can be neglected compared with the potential of the dipole when Fr2µ4 � 1. The ice deflection is described by185

(23) in leading order, where the buoyancy term µ4w̃ should be dropped. The kinematic condition (24) keeps its

form in leading order.

We conclude that for narrow channels with L/Lc � 1 the ice deflection is described by the static equation (23)

without the buoyancy term. Therefore, the problem is decoupled. The relative correction to the hydrodynamic

pressure, and respectively to the ice cover deflection, is of order ϕEsc/ϕDsc = O(Fr2µ4) in both (a) and (b) cases.190

(c) Weak dipole

The case of a small rigid body, R/L� 1, moving along the channel provides wsc/L = O(ε3). For Fr = O(1)

and µ = O(1) the elastic potential ϕE and the potential of the dipole, ϕD, are of the same order. Therefore,

the problem is coupled in this case, see equation (18). However, the quadratic terms in (18) can be neglected in

leading order, see (19). The relation (22) is valid in this case as well. The terms on the right-hand side of (17)195

can be neglected. They are of order O(ε3) as ε→ 0. For a weak dipole, the problem is coupled but linear. The

inertia term in the plate equation (20), in general, cannot be neglected. The plate equation in this case reads

αFr2
∂2w̃

∂x̃2
+

1

µ4

(
1− δ ∂

∂x̃

)
∇̃4

2w̃ + w̃ − Fr2
∂ϕ̃E

∂x̃
=
∂ϕ̃D

∂x̃
(x̃, ỹ, 0) (z̃ = 0, |ỹ| < 1, |x̃| <∞). (25)

This equation should be solved subject to the edge conditions (2) and the condition (9) far from the dipole,

x̃ → ±∞. The potential of the dipole, ϕ̃D, in (25) is given by (13) and (14). The elastic potential ϕ̃E is the

solution of the Neumann problem (16) – (18) with the condition,200

∂ϕ̃E

∂z̃
= −∂w̃

∂x̃
(z̃ = 0, |ỹ| < 1, |x̃| <∞), (26)

on the ice-water interface. The approximation of a weak dipole is the most complex one because the ice deflection

and the flow under the ice are coupled in this case.

3. The ice deflection by a weak dipole

The coupled linear problem (1), (15) – (17), (25), (26) is solved by using the Fourier transform in the x̃-205

coordinate along the channel and the normal mode method with beam functions in the ỹ-coordinate across the

channel. This problem is similar to the problem of an external load moving along the channel at a constant

speed. The external load is represented by the derivative (∂ϕ̃D/∂x̃)(x̃, ỹ, 0) on the right hand-side of the ice

plate equation (25), see equation (6) in [3]. Similarly to the analysis of [3], after the Fourier transform along the

channel, the term −Fr2∂ϕ̃E/∂x̃ in (25) can be represented by an added-mass matrix for clamped beam modes,210

and the plate equation (25) can be reduced to a system of algebraic equations for the coefficients of the series

of the ice deflection w̃(x̃, ỹ) with respect to the beam modes.

9



Рис. 2: The non-dimensional forcing term ϕ̃D
x̃ (x̃, ỹ, 0, 0,−h/2) in (27) for ỹ0 = 0 and z̃0 = −h/2, where h = 0.2.

The non-dimensional equations describing the ice plate deflection in the coordinate system moving together

with a weak dipole along the channel read

αFr2w̃x̃x̃ +
1

µ4

(
1− δ ∂

∂x̃

)
∇4

2w̃ + w̃ − Fr2ϕ̃Ex̃ =

= ϕ̃Dx̃ (x̃, ỹ, ỹ0, 0, z̃0) (|x̃| <∞, |ỹ| < 1), (27)

w̃ = 0, w̃ỹ = 0 (ỹ = ±1), (28)
215

∇2ϕ̃E = 0 (−∞ < x̃ <∞, −1 < ỹ < 1, −h < z̃ < 0), (29)

ϕ̃Ez̃ = −w̃x̃ (z̃ = 0), ϕ̃Ez̃ = 0 (z̃ = −h), ϕ̃Eỹ = 0 (ỹ = ±1), (30)

ϕ̃E → 0, w̃ → 0 (|x̃| → ∞). (31)

The potential ϕ̃D in the right-hand side of (27) is given by (13) written in the dimensionless variables. Note that

ϕ̃Dx̃ (x̃, ỹ, ỹ0, 0, z̃0) is even in x̃. It is also even in ỹ for ỹ0 = 0. The forcing term, ϕ̃Dx̃ (x̃, ỹ, 0, 0,−h/2), is depicted

in Figure 2 for a dipole moving at the middle of the channel cross section, where h = 0.2.220

The solution of the stationary problem (27) – (31) depends on four non-dimensional parameters, α, Fr, µ,

δ, and the non-dimensional coordinates of the dipole, ỹ0, z̃0. We shall determine the steady state ice deflection,

w̃(x̃, ỹ), and the distribution of strains in the ice plate, ε̃(x̃, ỹ), for some typical values of the parameters of the

problem.

We are concerned, in particular, with the effect of the dipole position in the channel on the ice deflections225

and strain distribution in the ice cover. The ice deflection and strains are scaled with wsc given in equation (21)

and εsc = hiwsc/(2L
2) correspondingly. These scales depend on the dipole strength through the parameter ε.

In the linear theory of hydroelasticity, the strains vary linearly through the ice thickness and are zero at the

middle of the plate thickness. This model is known as the Kirchhoff plate model. At any location in the plate,

the maximum strain is achieved on either upper or lower surface of the plate. We are concerned with positive230

strains which correspond to elongations of the ice surface and tensile stresses in the ice. The strain tensor is

given by

Ẽ(x̃, ỹ) = −ζ

 w̃x̃x̃ w̃x̃ỹ

w̃x̃ỹ w̃ỹỹ

 , (32)

where ζ is the non-dimensional coordinate across the ice thickness, −1 ≤ ζ ≤ 1, and the matrix with the

second-order partial derivatives describes the local curvature of the plate surface, z̃ = w̃(x̃, ỹ), see [5]. To find
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the maximum strain in the ice sheet, we need to determine the eigenvalues of the strain tensor at each location235

over the ice sheet and take the maximum of them in magnitude. The linear theory of hydroelasticity can be

used when the strains are below the yield strain εcr of the ice. The yield strain of a material is defined as the

strain at which the material begins to deform plastically [24]. Strains greater than the yield strain may lead to

ice fracture. The fracture strain in the experiments with ice was reported as 3 · 10−5, and the theory predicts

ice fracture when the strain reaches 4.3 · 10−5, see [25]. In the present study, we use the estimate εcr = 8 · 10−5,240

see [26] and discussion of this value there.

The problem (27) – (31) is solved using the Fourier transform in the x̃-direction,

w̃F (ξ, ỹ) =
1√
2π

∞∫
−∞

w̃(x̃, ỹ)e−iξx̃dx̃, w̃(x̃, ỹ) =
1√
2π

∞∫
−∞

w̃F (ξ, ỹ)eiξx̃dξ.

The Fourier transform applied to the plate equation (27) and the boundary conditions (28) provides

−αFr2ξ2w̃F +
1

µ4
(1− iδξ) (w̃Fỹỹỹỹ − 2ξ2w̃Fỹỹ + ξ4w̃F ) + w̃F − iξFr2(ϕ̃E)F =

= iξ(ϕ̃D)F (ξ, ỹ, ỹ0, 0, z̃0) (−1 < ỹ < 1), (33)

w̃F = 0, w̃Fỹ = 0 (ỹ = ±1). (34)

The function w̃F (ξ, ỹ) is sought in the form of the infinite series,245

wF (ξ, ỹ) =

∞∑
j=1

aj(ξ)ψj(ỹ), (35)

where the principal coordinates aj(ξ) are to be determined, and ψj(ỹ) are the non-trivial solutions of the spectral

problem,

ψIVj = λ4jψj (−1 < ỹ < 1), ψj = ψ′j = 0 (ỹ = ±1), (36)

1∫
−1

ψi(ỹ)ψj(ỹ)dỹ = δij ,

where δij = 0 for i 6= j and δjj = 1, and λj are the eigenvalues of the problem (36), j ≥ 1. The functions

ψj(ỹ) are known as clamped beam modes [5] . We distinguish even modes, ψcj(ỹ), and odd modes, ψsj (ỹ), where

ψcj(−ỹ) = ψcj(ỹ) and ψsj (−ỹ) = −ψsj (ỹ) for −1 < ỹ < 1 and j ≥ 1.250

We consider a dipole placed either at the centre line of the channel, where ỹ0 = 0, or closer to a wall. For

a dipole moving along the centre line of the channel the solution of (33) and (34) is even in ỹ. Therefore, only

the even modes should be included in the series (35) in this case. The even and odd modes do not interact with

each other and the series (35) can be detailed, in general, as

w̃F (ξ, ỹ) =

∞∑
j=1

acj(ξ)ψ
c
j(ỹ) +

∞∑
j=1

asj(ξ)ψ
s
j (ỹ), (37)

where acj and asj are principal coordinates of the even and odd modes, respectively. Substituting (37) in the255

equation (33), multiplying both sizes of the equation by ψcj(ỹ), and integrating the result in ỹ from −1 to 1, using

the orthogonality condition from (36), we arrive at an infinite system of linear equations for acj(ξ). Note that

the term −iξ(ϕ̃E)F in (33) with the elastic potential leads to the matrix of added masses for the clamped beam
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modes, see [5]. The obtained algebraic system is solved by the truncation method. A similar procedure with odd

modes ψsj (ỹ) leads to a system of linear equations for the coefficients asj(ξ). Finally, the ice deflection w̃(x̃, ỹ)260

is determined using the inverse Fourier transform. Finite numbers of terms, N c
mod and Ns

mod, are retained in

the series (37) in numerical calculations. The inverse Fourier transforms of the coefficients in (37) are evaluated

numerically using linear interpolation of the coefficients. Note that the clamped beam modes are independent

of the parameter ξ of the Fourier transform. For more details of the numerical solution see [3].

4. Numerical results265

The hydroelastic behaviour of the ice cover in a channel, which is caused by a dipole moving under the ice, is

investigated numerically for a freshwater ice with density ρi = 917 kg/m3, Young’s modulus E = 4.2 ·109 N/m2,

Poisson’s ratio ν = 0.3 and the retardation time τ = 0.1 s, the thickness of the ice plate hi = 10 cm, the half

width of the channel L = 10 m and the water depth H = 2 m. These conditions were used in [5]. The coordinates

of the dipole are (X, y0, z0) in the original dimensional variables, X = Ut. The speed U and the position of270

the dipole with respect to the walls of the channel, y0 and z0, vary in the present calculations. In contrast to

the problem of a dipole moving under ice sheets of infinite extent, there are infinitely many critical speeds of

hydroelastic waves in the frozen channel. Correspondingly, there are many values of the speed of the moving

dipole at which the strains in the ice cover peak. The strains are finite even at the critical speeds because of

the viscoelastic properties of the ice cover. The ranges of the speeds U in the numerical analysis are related to275

the critical speeds of the hydroelastic waves propagating in the frozen channel. These speeds were computed in

[5]. The characteristic length Lc of the ice cover is equal to 2.48 m in the case under consideration. For such a

characteristic length the presence of the side walls of the channel is important for both strains and deflections

as was shown in [3], see Figures 9 and 10 there. The lowest critical speed for this channel is 5.38 m/s for τ = 0 s

and approximately 5.5 m/s for τ = 0.1 s, see [3]. In this section, we investigate elastic behaviour of the ice cover280

for speeds of the dipole near the first critical speed.

Calculations of the deflection, w̃(x̃, ỹ), and the strains by (32) require numerical evaluations of the inverse

Fourier transforms of the functions acj(ξ) and asj(ξ) in series (37). In total, 3(N c
mod +Ns

mod) integrals should be

evaluated for different values of the x̃-coordinate along the channel. The number of the modes retained in each

series of (37) varies from 5 to 15 to confirm the convergence of both series (37) and the corresponding series285

for the strains. For the conditions of the calculations, accurate evaluation of the inverse Fourier transforms was

achieved by limiting the integration intervals to (0, 200) with variable steps of integration from 0.1 to 1. The

dipole potential, ϕD(x, y, y0, 0, z0), on the ice-water interface is determined by the double series (12) and (13).

The series quickly converge. The number of terms in each series, Ndip, varies from 10 to 1000 to confirm accuracy

of the numerical results. The right-hand side of equation (33) is shown in Fig. 3 for two different distances of the290

dipole from the ice cover. It is seen that the forcing load is localised near the dipole in the ỹ-direction. However,

the load slowly decays with increase of the parameter ξ of the Fourier transform.

As a reference case, we consider a dipole of strength I, see equation (8), corresponding to a sphere of

radius R = 30 cm moving in unbounded fluid. The diameter of such a sphere is smaller than the channel

depth. The dipole strength, I = UR3/2, depends on the body speed U , see [19]. Then ε = R/L = 0.03, and295
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µ = L/Lc = 4.02 is greater than one in (21). The numerical results below are presented in the dimensional

variables for the constant radius R = 30 cm and different speeds of the dipole, U . Note that the problem in

the dimensionless variables, see equation (25), depends on the speed of the dipole U , but not on the radius R.

Correspondingly, the strains and deflections presented below can be multiplied by the factor (R̃/0.3m)3 to obtain

the results for an arbitrary radius R̃ and strength I = UR̃3/2 of the dipole. As it mentioned in Introduction,300

for a dipole moving relatively close to a wall, the shape of the corresponding rigid body is not spherical and can

be determined. In any case this fictitious body is inside the channel and does not touch the channel walls.

The ice deflections and strains are shown in Figs. 4 - 6 for the dipole moving along the centre of the channel,

y0 = 0, at different levels below the ice cover, |z0| = 7H/8, 3H/4, H/2, H/4, H/8 m, and at speeds 3 and 7 m/s.

For the subcritical speed of the dipole, U = 3 m/s, the ice deflections and strains are shown in Fig. 4 and Fig. 5,305

respectively. In the subcritical case, both the deflections and strains are even functions of X and y. The strains

at the central line, see Fig. 5b, are always higher than the strains along the walls of the channel, see Fig. 5c.

For the dipole moving at the depth H/4 = 50 cm beneath the ice at this subcritical speed, the maximum strain

2 · 10−5, see Fig. 5b, is achieved above the dipole. By using the scaling factor (R̃/0.3m)3, we conclude that the

maximum strain approaches the yield strain εcr = 8 · 10−5 for the dipole corresponding to a sphere of radius 47310

cm in unbounded fluid, moving at speed 3 m/s.
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The strains for a supercritical speed of the dipole, U = 7m/s, are shown in Fig. 6 for different distances

of the dipole below the ice cover. An important difference between the subcritical case, see Figs. 4, 5, and

the supercritical case, see Fig. 6, is the wave in the ice cover generated by the dipole in front of it. This is in

agreement with the theory of large-time response of the ice cover to a load moving along a frozen channel, [28].315

The strains approach the yield strain, εcr = 8 · 10−5, in front of the dipole, if the strength I of the dipole is

increased about 4 times. This implies that a dipole, the strength of which is equivalent to a sphere of radius 35

cm in the unbounded fluid, moving at speed 7 m/s at depth 0.5 m may break the ice cover of thickness 10 cm

about 3 m in front of it, see Fig. 6 b. The Fig. 6 shows also that the strains at the wall at X = 0, are greater

than the strain above the moving dipole if the depth of the dipole submergence is greater than 1 m.320
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The effect of the dipole position in the channel on the ice deflection and strains is depicted in Figs. 7 and 8,

respectively. In these figures, the dipole moves at depth 1 m. The effect of the dipole position with respect to

the centre line of the channel is different for different speeds of the dipole. Fig. 7a shows that for the subcritical

speed U = 3 m/s the maximum deflection of the ice above the dipole, X = 0, increases with the distance of the

dipole from the nearest wall. However, for the supercritical speed U = 7 m/s, see Fig. 7b, the dipole moving325

close to a wall may generate larger ice deflection than the dipole moving at the centre of the channel. Moreover,

the deflection is maximum near another wall.

The strains, ε(0, y), above the dipole moving at the subcritical speed U = 3m/s are shown in Fig. 8a. It

is seen that the strains monotonically decrease with the distance from the dipole in the main part of the ice

cover and increase near the wall. A similar effect is observed for the supercritical speed U = 7m/s but now the330

maximum strain along the channel is shown as a function of y in Fig. 8b. We may conclude that the ice cover

is more likely to break at the wall but not above the dipole, if the dipole moves closer to one of the channel

wall. For larger speed, U = 12 m/s, the maximum of the strain is always achieved at the wall for y0 ≥ 2 m.

Therefore, for supercritical speeds the dipole generates complex deflection of the ship-wave type both behind

and in front of it, which is strongly affected by the asymmetry of the dipole trajectory in the channel.335

The deflections w(X, y) and strains ε(X, y) of the ice sheet for y0 = 8 m, |z0| = 1 m and U = 12 m/s are

shown in Fig. 9 as three-dimensional surfaces and as contour plots. Here hi = 0.06 m and τ = 0.07 s. Note

the waves both in front and behind the dipole and the Kelvin ship-wave pattern of the waves. One can see

reflections of the waves from the distant wall and increase of the strains at the nearest wall of the channel.

Numerical results by the present model are compared with the results from [7], where the motion of a dipole340

under the ice sheet of infinite extent in the water of infinite depth was studied. In [7], the dipole modelled a

sphere of radius R = 0.5 m moving at constant speed 6 m/s at distance 5 m beneath the ice cover. The ice

thickness hi was varied from 0.2 to 0.5 m. Other parameters were as follows: water density ρl = 1025 kg/m2, ice

density ρi = 0.9ρl, Young modulus of ice E = 3 × 109 N/m2, Poisson’s ratio ν = 0.3. The pre-existing tensile

stress in the ice was accounted in the model of [7] being equal to 105 N/m2. For these conditions the critical345

velocity of the dipole motion was equal to 8.22 m/s for hi = 0.2 m, and 11.43 m/s for hi = 0.5 m, see [7].

Our calculations were performed for the ice channel of width 120 m and depth 60 m. The parameters of the

ice and dipole were the same as in [7], see above. The characteristic length of the ice sheet Lc is estimated as

7.65 m for hi = 0.5 m. In our calculations it was about 8 times smaller then the distance from the dipole to the

channel walls. There are no pre-existing stresses in the present model. However, our estimates show that, in the350

equation of the ice deflection, see equation (1.7) in [7], the term corresponding to the membrane stresses is much

smaller that the term describing the bending stresses in the ice cover. This is confirmed by our calculations

without account for the membrane stresses. The relatively difference between our deflections and the deflections

predicted in [7] is less that 4% for ice thicknesses hi = 0.3, 0.4, and 0.5 m. It should be noticed that the walls

of the channel play negligible role in this case, because the dipole moves at subcritical speed and deflection of355

the ice is localised above the dipole.
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5. Conclusion

The deflections and strains of the ice cover in a channel, which are caused by a dipole moving under the ice

along the channel, have been investigated. The moving dipole approximately corresponds to a sphere, the radius

of which is much smaller than both the depth and the width of the channel. It was shown that the problem360

of ice deflection is decoupled and linear in leading order. The problem was solved in two steps. First, the ice

deflection was neglected and the potential flow generated by the dipole was determined by the method of images

for the channel covered with a rigid plate. The solution of this problem provides the hydrodynamic pressure

over the rigid upper cover of the channel. Second, this hydrodynamic pressure was taken as a forcing load in

the problem of ice deflection caused by the dipole and the flow due to the elastic deflection of the ice cover. The365

problem was formulated for a visco-elastic ice model in the coordinate system moving together with the dipole,

where the ice deflection is stationary for large times. This coupled problem was solved numerically by using the

Fourier transform along the channel and the normal modes across the channel. The strains in the ice cover were

shown to be strongly dependent on the speed of the dipole and asymmetry of the dipole trajectory. The ice can

be broken by the moving dipole either in front of it or on the wall if the dipole moves close to the wall.370

The asymptotic analysis revealed two other limiting cases with small ice deflection. In the first case, the

channel width is much smaller than the characteristic length of the ice cover, and the ice response is independent

of the elastic potential and the buoyancy force in leading order. In the second case, the dipole moves at a small

speed with the Froude number being small. In this limiting case, the elastic potential also can be neglected in

leading order but the buoyancy force matters.375

The characteristic length of the ice cover in calculations of section 4 is four times smaller than the half-length

of the channel. However the effect of the side walls of the channel on the strains is significant.
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Рис. 3: The forcing term of the ice plate equation (33), (ϕ̃D
x̃ )F (ξ, ỹ, 0, 0, z̃0), for a dipole moving along the central line of the channel

at distance a) |z̃0| = h/2, and b) |z̃0| = h/10 from the ice cover in the dimensionless variables.

Рис. 4: Deflection of the ice cover a) across the channel at X = 0, and b) along the central line of the channel, y = 0. The speed of

the dipole is U = 3 m/s. Depth |z0| is shown in the legend, H=2 m.
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Рис. 5: Strains a) across the channel at X = 0, b) along the central line of the channel, y = 0, c) along the vertical walls of the

channel, y = ±10 m, for U = 3 m/s and H = 2 m.
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Рис. 6: Strains a) across the channel at X = 0, b) along the central line of the channel, y = 0, c) along the vertical walls of the

channel, y = ±10 m, for U = 7 m/s, H = 2 m.
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Рис. 7: Deflections of the ice cover across the channel above the dipole, X = 0, for the speed of the dipole a) U = 3m/s, b)

U = 7m/s. c) Deflection along the channel above the dipole, y = y0, for the speed 7 m/s. Position of the dipole y0 is shown in the

legend in metres.
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Рис. 8: The strains of the ice cover above the dipole, X = 0, for the dipole moving closer to the right wall of the channel a) at

speed U = 3m/s for different y0. b) The maximum strain along the channel as a function of y for the supercritical speed U = 7m/s.

c) The maximum strain along the channel as a function of y for the supercritical speed U = 12m/s. The dipole moves at depth

z0 = 1 m, y0 is shown in metres in the legend.
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Рис. 9: The ice deflections (a) and strains (b) as functions of X and y for the dipole moving at speed U = 12 m/s at |z0| = 1 m

and y0 = 8 m.
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