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ABSTRACT

The linear three-dimensional problem of ice loads acting on a vertical circular cylinder frozen in
an ice cover of infinite extent is studied. The loads are caused by an uni-directional hydroelastic
wave propagating in the ice cover towards the cylinder mounted to the see bottom in water of
constant depth. There are no open water surfaces in this problem. The deflection of the ice cover
is described by the Bernoulli-Euler equation of a thin elastic plate of constant thickness. At the
contact line between the ice cover and the surface of the cylinder, some edge conditions are im-
posed. In this study, the edge of the ice plate is either clamped to the cylinder or has no contact
with the cylinder surface, with the plate edge being free of stresses and shear forces. The water is
of finite constant depth, inviscid and incompressible. The problem is solved by both the vertical
mode method and using the Weber integral transform in the radial coordinate. Each vertical mode
corresponds to a root of the dispersion relation for flexural-gravity waves. It is proved that these
two solutions are identical for the clamped edge conditions. This result is non-trivial because the
vertical modes are non-orthogonal in a standard sense, they are linearly dependent, the roots of the
dispersion relation can be double and even triple, and the set of the modes could be incomplete. A
general solution of the wave-cylinder interaction problem is derived by the method of vertical modes
and applied to different edge conditions on the contact line. There are three conditions of solvabil-
ity in this problem. It is shown that these conditions are satisfied for any parameters of the problem.
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1. Introduction

The linear three-dimensional problem of uni-directional hydroelastic wave propagating in an in-
finite ice cover towards a circular vertical cylinder in water of finite depth is solved in this paper by
the Weber integral transform, as in [1], and by the vertical mode method, see [2]. The present anal-
ysis is inspired by the approach suggested in [2], where two-dimensional problems of flexural-gravity
waves interacting with a vertical wall were studied by the vertical mode method. The approach
of [2] was generalised in [3] to the three-dimensional problems. In this generalised approach, the
vertical coordinate is separated in the solution reducing the original three-dimensional problem to
a set of two-dimensional radiation and diffraction problems. Each vertical mode corresponds to a
root of the dispersion relation for hydroelastic waves. Such a separation is only possible for water
of constant depth, flat horizontal bottom, constant thickness of the ice sheet, and vertical solid
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Fig. 1 Sketch of the problem and main notations.

boundaries of the flow region. The resulting two-dimensional problems are similar to radiation
problems of acoustics. They are formulated for the two-dimensional Helmholtz equations with the
wavenumbers equal to the roots of the dispersion relation of the hydroelastic waves, see [3]. The
equations should be solved outside the cross section of the vertical cylinder with corresponding
far-field conditions. The boundary conditions for the potentials are imposed on the boundary of
the cylinder, where the normal derivatives of the potentials are given by linear combinations of
two functions, which are independent of the roots of the dispersion relation. The vertical mode
method provides a general solution of the formulated problem with two undetermined functions
on the contact line between the ice cover and the vertical walls. This result is valid for any shape
of the cylinder and of any number of the cylinders, see [3] for the general approach and physical
meanings of the undetermined functions. One of the functions is the slope of the elastic plate
deflection along the contact line, and another function provides the distribution of the shear force
on the contact line. These functions are determined by using the edge conditions. The problem
becomes simpler in the two-dimensional case studied in [2], where these two functions turn to two
unknown numbers, and for a circular cylinder, where these functions can be represented by their
Fourier series with the original problem being reduced to a set of problems for each coefficient in
the series to be determined independently. Another difficulty with the vertical modes is related to
their properties. It was noted in [4] that the vertical modes are non-orthogonal in a standard sense
and could be incomplete. It was also shown that the modes are linearly dependent. It was shown
in [3] that some roots of the dispersion relation for some parameters of the problem can be double
and even triple. Therefore, the solution of this problem by the vertical mode method without its
validation is questionable, strictly speaking. We are unaware of rigorous results on completeness of
the vertical modes.

Similar approach to the hydroelastic wave scattering problem was employed by Evans and Porter
[4]. They solved the two-dimensional scattering problem by a Green’ function approach (see [4],
section 3) and then by the eigen function expansion method (see [4], section 4), which is equivalent
to the present method of vertical modes. They reported that the vertical mode method is much
simpler to use, and it also gives useful details about the ice deflection and the flow beneath the
ice. However, to validate this mode solution, they solve the same problem by another method and
demonstrated that these two solutions are identical. We follow the same idea in the present paper
for the problem of a vertical cylinder and the ice sheet clamped to the surface of the cylinder, see
Sections 3 and 4.

The vertical modes of ice sheet of constant thickness floating on water of finite depth were
introduced in [5, 6] and were successfully applied to two-dimensional problems of hydroelasticity
without vertical boundaries in several papers, see for example [7, 8|.



The effect of vertical boundaries of a flow region on deflections of infinite ice cover were studied
in [9-13]. A more complicated problem of a finite ice floe frozen to a vertical cylinder in an incident
wave was investigated in [14] by the vertical mode method. In [14], the modes corresponding to
the two complex roots of the hydroelastic wave dispersion relation were assumed to be linearly
dependent on other modes, see equation (14) in [14]. However, this fact has not been used in
the analysis of [14]. A similar difficulty was encountered in [15], see section 3.2 on vertical modes
and equation (3.39) which is similar to equation (14) of [14]. It is still not clear that the vertical
modes taken for each root of the dispersion relation are independent of other modes and in which
sense. Indeed, two of the vertical modes can be expressed as series of all other modes, see equations
(49) and (50) below, but the convergence of the series do not allow us to calculate all required
derivatives differentiating the series term by term. Properties of the vertical modes such as their
orthogonality and linear independence have not been clarified yet. The corresponding non-self-
adjoint boundary eigenvalue problem with the eigenvalue in the boundary condition still needs to
be carefully analysed using the methods of functional analysis. This problem is not considered here.

2. Formulation of the problem

The linear problem of an incident hydroelastic wave interacting with a circular bottom-mounted
cylinder is formulated with respect to a velocity potential, ¢(x,y, z,t), which satisfies the Laplace
equation,

V2¢ + ¢zz = Oa V2<Z) = ¢:mc + ¢yy7 (1)

in the flow region, —H < z < 0, r > b, where x = rcosf, y = rsin@, and r, 0, z are the cylindrical
coordinates, H is the water depth and b is the radius of the rigid circular cylinder, see Figure 1.
The plane z = —H corresponds to the flat rigid bottom and the plane z = 0 corresponds to the
ice-fluid interface. The potential ¢ satisfies also the boundary conditions on the bottom,

¢, =0 (z=—-H, r>0b), (2)
on the surface of the circular cylinder,
¢r=0 (r=b, —H<z<0), (3)
and on the ice/water interface,
¢, = wy(r,0,t) (z=0, r>b), (4)

where the equation z = w(r,0,t) describes the deflection of the ice cover. The deflection w(r,0,1t)
is governed by the Bernoulli-Euler equation of a thin elastic plate, see [15],

mwy + DV4w = p(r, 6,0, 1) (r>0), (5)

where m is the mass of the ice cover per unit area, m = p;h;, h; is the ice thickness, p; is the ice
density, D is the rigidity coefficient, D = Eh3/[12(1—1?)] for an elastic plate of constant thickness,
FE is the Young module of the ice, v is the Poisson ratio, p is the hydrodynamic pressure given on
the ice/water interface by the linearized Bernoulli equation,

p(r,0,0,t) = —pgy(r,0,0,t) — pgw(r,0,t), (6)

where p is the water density and g is the gravitational acceleration.



The conditions at the contact line, z = 0 and r = b, between the ice cover and the surface of
the cylinder can be complicated in practical problems. These conditions will be used at the very
end of the solution procedure. The clamped edge conditions,

w=0, w,=0 (r=»5), (7)

will be used for a reference. These conditions imply that the ice sheet is frozen to the surface of
the cylinder, see [9-14]. Free-edge conditions at the contact line will be considered in Section 5.
The flow and ice deflection are caused by an incident hydroelastic wave,

Wine(x,t) = Acos (kx — wt), (8)

propagating in the positive z-direction, see Figure 1, where A is the amplitude of the incident wave,
k is the wavenumber and w is the wave frequency. The real and positive w and k in (8) are related
by the dispersion equation, see [16],

2 P _ 4
w <m+ktanh(kﬂ)) = pg + DE”, 9)

which is convenient to use in its non-dimensional form,
(5" + 6) sctanh () — ¢ = 0. (10)

Here s = kH is the non-dimensional wavenumber, ¢ = (w?H/g)(H/L.)*, 6 = (1 —w?/wd)(H/L.)*,
L. = (D/pg)'/* is the characteristic length of the ice sheet and wy = (pg/m)'/? is the frequency
of the broken ice, see [17]. The real positive root of (9) is denoted by k without index. Other
roots, which are complex, are distinguished by their indexes. The velocity potential ¢,.(z, z,t)
corresponding to the hydroelastic incident wave (8) reads

w coshlk(z + H)]

¢inc(xa Z, t) — A -7

k  sinb{kd] sin(kz — wt). (11)

The formulated problem (1) - (11) can be solved in the same way as the corresponding problem
without ice cover, see [18], if the edge conditions are disregarded. The solution of the hydroelastic
wave diffraction problem without these conditions can be written using only the vertical mode
presented in the incident wave potential (11) without any evanescent modes corresponding to the
complex roots of equation (10). The resulting velocity potential reads
w cosh[k(z + H)]

QSO(x,ya Zat) =A—

PRCANT] R [—i®(r,0)e "], (12)

where R stands for the real part of a complex number. The kinematic condition (4) and equation
(12) provide the deflection of the cover as

wo(z,y,t) = AR [D(r, 9)6_i“’t] . (13)
The deflection (13) approaches the incident wave (8) in the far field if

B(r,0) ~ e as r 0. (14)

The functions (12) and (13) satisfy the bottom condition (2), the kinematic condition (4) and the
equations (5), (6) for any ®(r,#). The potential ®(r, ) is the solution of the boundary problem

VO +EP =0  (r>0), (15)



., =0 (r=b), (16)

which also satisfies the far-field condition (14). The boundary problem (14)-(16) is similar to the
problem of linear water waves diffracted by a vertical cylinder with circular cross section [18]. The
only difference of the present problem from that of linear wave diffraction is that w and k for water
waves without ice are related by a dispersion relation which differs from (9) and can be obtained
from (10) by letting L./H — 0 and w/wy — 0.

By using the formula, see [19],

eikreost — Z emi" I (kr) cos(mb),

where €, = 2 for m > 1 and ¢y = 1, J,,,(kr) is the Bessel function of the first kind with order m,

and the fact that the products J,,,(kr) cos (m#) and Hrg)(kr) cos (m#), where HS)(kr) is the Hankel
function of the first kind corresponding to outward-propagating cylindrical waves, are solutions of
(15), the solution of (14)—(16) can be presented in the form, see [18],

e o I (kb
0) = mzzoemz T (k7)) — ]_[T(nl)f(k(z) Hﬁ)(k‘r) cos (md). (17)

For a non-circular vertical cylinder [20], equation (15) should be solved in the exterior of the
cylinder cross section, condition (16) should be changed to the condition of zero normal derivative,
0®/0n = 0, on the cylinder, and the far-field condition (14) is used as-is.

The functions (12) and (13), where ®(r, ) is given by (17), satisfy all equations of the formulated
problem (1)—(9) except the edge conditions. Note that the edge conditions were not used in (17).
Therefore the complete solution of the linear problem of hydroelasticity (1)—(11) is given by (12),
(13) with corrections accounting for the edge conditions,

¢(:L" y’ Z? t) = ¢0(’:L'7 y? Z? t) +¢C(r7 97 Z7 t)’ w(l" y’ t) = w0($’ y’ t) +wc(r’ 07 t)' (18)

The correction potential, ¢.(r, 0, z,t), and the correction deflection, w.(r,0,t), are the solutions of
the radiation problem with the periodic in time flow caused by given disturbances at the plate edge,
r = b. For a cylinder frozen in the ice cover, the correction functions satisfy equations (1)—(6),
describe outgoing waves at infinity, and satisfy the edge conditions,

Ow./0r = 0, w, = —AR[® (b, 0)e™ ™" (r="»5), (19)

where ®(r, 0) is the solution of the problem (14)—(16). Note that dwy/0r = 0 on r = b. On the
cylinder surface, r = b, we have J,,,(kb) Hp, h2 0% "(kb) — J,,'(kb)H, m(kb) 2i/(mkb), see [19], and then

s m m €08 (mf)
ka Z em (kb)

Then the second condition in (19) can be written as

o(b,6,1) i% (m#) L(t)—%ﬂ —iwt
cos mb), m(t) = Hg)’(k;b) e ",

predicting the following form of the correction deflection, r > b,

(r,0,t) Z R[L m(r)] cos(mb), (20)



where

W) =1,  Wh(b) =0. (21)
Correspondingly the correction potential ¢.(r, 6, z,t) is sought in the form
Ge(r,0,2,8) =Y R[iw Ly (t) Dy (r, 2)] cos (mh), (22)
m=0
where 5%
O (r,0) = Wlr) (> b). (23)
The bottom condition (2) and the condition (3) on the surface of the cylinder give
0®,, 0P,
—H) = ——m =0. 24
(- H) =0, S (b2) =0 (24)

It is convenient to introduce the operator in r, see [1], defined by

2®,, 10®, m?

or? T or
Then V2(®,,(r, 2) cos (mf)) = Sp, < Py,> cos (m) and the Laplace equation (1) provides

S <Pp> +Ppy .. =0 (—H <z<0, r>0). (26)

Correspondingly,

VAW (r) cos (mf)) = S2, <W,,> cos (m#),
and the equations (5) and (6) give after dividing both sides of (5) by pg,

2 2
w w
L3S2, <Wp> + (1 - w2> W, = n ®p(r,0)  (r>b), (27)
0

where equations D = pgL? and pg/m = w were used. At infinity, r — oo, the correction functions
represent waves radiated from the cylinder. The boundary problem (21)-(27) is solved in the next
section by the method of separating variables which leads to the so-called vertical modes of an
elastic floating plate.

3. Vertical-mode solution

The plate equation (27) can be transformed to a boundary condition for equation (26), which is
for the potential ®,,(r, z). By using condition (23) and equation (26), we obtain

P
S?n <q)m,z>: Wéﬂ (’I”, Z)

Setting z = 0 in this equation and using condition (23), non-dimensional variables # = r/H, 2z =
z/H and the notations from the dispersion relation (10), we can exclude Wy, (r) from (27) and
present (27) in the form of the following boundary condition for equation (26),

PPy,

o5 07z

o, i
0P _ 4 (3207 >b). (28)




Note that the equation (26) and the boundary conditions (24) do not change their forms in the non-
dimensional variables. We shall find a solution of equation (26) subject to the boundary conditions
(24) and (28), which describes out-going waves as # — co. Note that there are no forcing terms in
this problem. We need to find all possible non-trivial solutions of this problem. Then we determine
the deflections Wy, (r) using (23), and finally satisfy the conditions (21), the first of which guarantees
that the solution is non-trivial.

By the method of separating variables, the product ®,,(7, 2) = R(7)f(2) satisfies equation (26)
and boundary conditions on the bottom (24;) and the ice-water interface (28) if f(2) is a nontrivial
solution of the following spectral problem

=2 f=0 (1< 2<0),

df L @f df

where s is a root of the dispersion relation (10), and R(7) is a solution of the equation
d’?R  1dR 5 m?

- P
a2 T dr 72

)RzO (7 > b), (30)

which describes out-going waves. The solution of (29) are non-trivial if s is a root of the dispersion
relation (10). The solutions of (29) and (30) are convenient to normalise by the conditions f/(0) = 1
and R'(b) = 1. Note that if 5 is a solution of the dispersion relation (10), then —s is also the
solution. The equation has two real roots, £, 29 > 0, four complex roots, +ag & iby, where
ag > 0 and by > 0, and infinite number of pure imaginary roots, », = +ise,, &,+1 > &, > 0 for
n > 1. Different solutions of the problem (29) are obtained if we restrict ourselves to the roots
%_9 = —ag + iby, %1 = ag + iby, o and s, = ise,, where the numbering of the roots from [3] is
used. The corresponding solutions of (29) normalised with f’(0) =1 are

cosh[s, (2 + 1)]
7y, sinh[sz,]

fn(é) =

(31)

where n > —2. Note that the solutions for n > 0 are real, and f_2(2) = f*;(2), where the star
stands for complex conjugate. These solutions are called the vertical modes of a floating elastic
plate. These modes are non-orthogonal in a standard sense.

It is convenient to introduce the scalar product of two functions F'(2) and G(2) defined in the
interval —1 < z < 0 by, see [3],

<F,G>= /_ 01 F(3)G(5)d5 + ;(F”’(O)G’(O) + F'(0)G"(0)). (32)

The vertical modes are orthogonal with respect to this scalar product, < f;, f,>= 0, where j # n.
We denote < fp, fn> by Q. It is not necessary that @), is real and positive. By algebra,

@n

4
:2%%2P%@%+5F+q®%ﬁ+5—@] (33)
For the imaginary roots of the dispersion relation, s, = is,, where &, > 0 and n > 1, we have
&p, = — q(7n) % + O(n~°) as n — oo. Therefore, @, = O(n®) as n — oco.
The corresponding solutions of the equation (30) for s = 5, normalised with R™ (b) =1 and
describing waves propagating from the cylinder are

N, .
m) s Hy/ (o271
R (7) = L bal) (34
stn Hpy'' (56,0)

7



For n > 1 these functions are real and decay exponentially as 7 — 0o, see equation 9.6.4 from [19],

K, (2e,)

RM(p) = —mn 35
(%) oK (D) (35)
where K,,(x) are modified Bessel functions.
As a result, the series
n=-—2

satisfies equation (26) and the boundary conditions on the bottom and the ice-water interface,
and describes out-going waves at infinity for arbitrary coefficients Cy,,. These coefficients should
be determined in such a way that the conditions (21), (23) and the second condition in (24) are
satisfied.

The kinematic condition (23) and the scaling of the vertical modes provide

1 o
W%@):EiE:C%mR§%m, r=iH. (37)

n=—2

The second boundary condition on the cylinder (24) together with the equation (36) yield

0P,

é%(a@ZE%EZC%JMQZO (-1 <2<0). (38)

n=—2

Equation (38) does not imply, in general, that C,,, = 0 for n > —2 because the system of the
functions f,,(2) is not necessary complete and the functions are not necessary independent. A care
is needed also in calculations of the derivatives at the contact line, where r = b and z = 0. In
particular, the second derivative 9[(9®,,/0r)(b, z)]/0z is equal to zero on the cylinder, —H < z < 0,
including the limit as z — 0. On the other hand, the derivative 9[(0®,,/0z)(r,0)]/0r = OWy,/0r,
in general, is not equal to zero as r — b. The edge conditions (21) are understood below as the
limits:

.. 0%, B
Wa0) = iy iy 52021 = 1, 39
MW o [0 (0%, o (0%, B
0= it | (F2) 20| = ity | () ] 0 o

The order of differentiation in (40) can be changed because the derivatives are calculated at a
distance from the cylinder, » = b, and the limit » — b is taken thereafter. In the following we
understand the condition (38) also as the limit » — b+ 0, similar to (39) and (40).
To satisfy (38), (39) and (40), we use the non-dimensional variables and calculate the limit, see
3], 0
lim < —"
P—b or

(7, 2), fr(2)>,

where k > —2, by using (36) and then independently by using the definition of the scalar product
(32) and the conditions (38)-(40), see [2]. The series (36) and the orthogonality of the functions
fj(2) provide

OB o o s dRYY
ili)l})< 7 (T,Z),fk(2)>: Z Cnm a7 (b)<fn7fk>: Cka‘a (41)



where Q) are given by (33). On the other hand, by using (32) and conditions (38) and (40), we

obtain
0®,,

tim <2252 )= (12
i [ [ 20 sz + 1 (2 (52 coo+ 3 (B2 cosro)).

where the limit of the integral is zero due to (38), the limit of the third term is zero due to (40)
and f;(0) = 1 due to the normalisation of the vertical modes. By using (25), (26) one can show
that

P (09, . # (0%, 9
e ( o7 )(T’O) :H4823< o >(r’0) = —H gy (Sm <Wm>), (43)

where the limit of this expression as 7 — b is denoted by ¢H g,, with the non-dimensional constant
gm is to be determined. Equating the results in (41) and (42) we arrive at the formulae for the
coefficients Cyp,

Hom
Crm = .

@n
The condition (39) has not been satisfied yet. Substituting (37) and (44) in (39), we find the
constant g,

(44)

9m = < Z ) . (45)

The terms of the series (45) decay as O(n~") when n — oco. The non-dimensional complex-valued
coefficients g, depend on the parameters g, ¢ of the dispersion relation (10) and the non-dimensional
radius of the cylinder b.

Equations (36), (37) and (44) provide the solution

n=—2 n=—2

It can be shown by substitution that the functions (46) satisfy equations (26) and (27). The
deflections W, (r) satisfy the edge condition (39) due to the definition (45) of the constants gp,.
The edge condition (40) is satisfied only if

o0

1

> o= 0. (47)
n=—2 °"

To prove (47), we use the technique from [4]. The left-hand side of the dispersion relation (10) is
denoted by R(5) and then the derivative R'(3) is calculated. Using (33) it can be shown that
R (3) = 2¢%50,Qn / (52, + 0).

The series (47) takes now the form

and can be written as a contour integral by using the residue theorem. We introduce a function
F(z) = z?tanh z/R(2), where z = x + iy, and consider the integral of this function along a closed



rectangular contour Cy: z = z & 27Ni, |z| < VN, and z = £V N + iy, |y| < 2rN. This is
straightforward to show that the contour integral tends to zero as N — co. On the other hand,
the contour integral is equal to 27i multiplied by the sum of the residuals of F(z) corresponding
to the roots of R(z), z = £3¢,, n > —2, inside the contour of integration by the residue theorem.
As N — oo, we find

which proves (47). Equality (47) can be used to check the numerical accuracy of the roots of the
dispersion relation (10).

To prove that the boundary condition (38) on the surface of the cylinder is satisfied with the
coefficients (44), we use the same idea as above for the equality (47). We have

8@% Z Fnl? = 29mq Z COShCJ;;Lh ) i) R/?Zn) (-1< 2<0). (48)

n=-—2

It is convenient to introduce a function G(z) = z cosh[z(2+1)]/[cosh zR(z)] and consider its integral
along the contour Cy introduced above. It can be shown that this integral tends to zero as N — oo
and, on the other hand, it is equal to the series on the right-hand side of (48) multiplied by 4i.
This justifies that the boundary condition on the cylinder (38) is satisfied with the derived solution.
The condition (38) provides, in particular, the following relation between the vertical modes

Z fnl2) _ (-1<2<0), (49)

n=-—2

where the series converges as O(n~%) when n — oo. Differentiating (49) twice and using (29), we
find

Z "f" ) _ (-1 < 2<0), (50)

n=—2

where the series still converges absolutely. Therefore, equations (49) and (50) can be used to
express, for example, vertical modes f_2(2) and f_1(2) through all other modes f,,(2) starting from

n = 0. This fact is interesting, however it could be of little use because the products R ( ) fn(2),
where n > —2, make the solution but not the vertical modes on their own. All the products for
n > —2 are independent and should be included into the solution even if some of the vertical modes
are linearly dependent of others. It would be wrong to start in the series (36) from n = 0 on
the base of (49) and (50). Note that the relations (49) and (50) were mentioned in both [14] and
[15], however all vertical modes starting from n = —2 were included in the solutions. More details
about eigenvalue problems with high-order derivatives in boundary conditions can be found in [21],
chapter 4.

The obtained solution in the form of the series (46) satisfies both the equations of the problem
and boundary and edge conditions. The series in (46) and the series for the required derivatives of
these functions absolutely converge. The only problem left is the problem of the uniqueness of the
obtained solution. To justify that the solution derived in this section is complete, the problem for
the correction functions, ¢.(r, 0, z,t) and w.(r,0,t) is solved in the next section by the method of
integral Weber transform employed in [1].

10



4. Solution by the Weber transform

The boundary-value problem (20)-(27) for the correction deflections Wy, (r) and the correction
potentials ®,,(r, z), where m > 0, is solved in this section by using the integral Weber transform in
the radial coordinate r, see [1]. Then the residue theorem is applied to the obtained solution, see
[22] and [23], to prove that this solution is identical to that derived in Section 3 by the vertical-mode
method.

At infinity, r — 00, the correction functions represent waves radiated from the cylinder. These
waves, with their complex amplitudes A,, being unknown in advance, decay as r~/2 with the
distance r from the cylinder. We separate the wave parts in the solution,

O L IOL B0 ) + 91 2). Wonlr) = A HD (hr) + W), (51)

Pm(r,2) = Am ksinh (KH) =~ ™

The subscript (e) stands for evanescent parts of the solution, which decay at infinity quicker than
r~1/2. The Weber transform cannot be applied to the correction functions, D, (r, z) and W, (r),
see the deflection of the Weber transform by (59) and (60) below, because they decay too slow
at infinity but the transform can be applied to the evanescent parts of the solutions. The new
unknown functions @) (r,z) and Wi (r) should satisfy equations (26) and (27), where r > b, and
the bottom condition, ool /0z = 0, where z = —H, see first conditions (24). On the surface of
the cylinder, the second condition in (24) and equations (51) give

009 cosh[k(z + H)]

“or 02 = —An =g

HW (kp). 2
5 m (kb) (52)

The edge conditions (21) provide

W (b) =1 — A HD(kb), W' (b) = —AnkH (kD). (53)
At infinity,
dr =0,  WORFr—=0  (r— o). (54)

The notations from Section 3 are used below. Also we introduce p,, = j20K (50b) to make the
formulae more compact. The second edge condition in (53) shows that it is convenient to introduce

new unknown functions . (r,z) and Wi (r) by
O (r,2) = —Ampmk®) (r,2), W (r) = = Appmk W (r). (55)

The new unknown functions satisfy equations (26), (27), boundary conditions (24;) and (23), and
the far-field conditions (54). The conditions (242) and (212) read

o) cosh [k(z + H)]
Sbz) = i (—H < z < 0), (56)
(4)
dgm (b) = 1. (57)

The condition (291) gives the equation for the amplitude A,,,

A [H) (kb) = kW) (0)] = 1. (58)
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The functions @%)(r, z) and Wi (r) are obtained by using the Weber transform, see [1], [22],
[23], denoted by long tilde,

O (g) = / W) (1) Zon (1, 5)dr, (59)
b
where
/ / 2 0Z,
Zm(1,8) = I (s7) Y (sb) — T (0) Yo (s7),  Zim(b,s) = — W(b’ s) =0, (60)

Zm(r,s) = 0 as r — oo. The transform (59) is defined for functions in r > b, which decay as
N Wi (r) = 0 where r — o0, see (54). The inverse transform reads

W (r) = / Wi ()5 Zum(r, ) Dy (5)ds, (61)
0
where D,,(s) = [J!,(sb)]? + [Y,,(sb)]?>. We shall determine W,S?(s) and show that this function
is real and odd for real and positive s, see (61). Then we shall determine the deflection WY (r)
by using the inverse transform (61) and finally find the potential o (r,z). Note that the present
method is focused on the deflection but the method of vertical modes is focused on the potential
of the flow beneath the ice, see Section 3.
The Weber transform (59) is applied to equations (26) and (27) written for WT(,f)r) and O (r,z),
see (51) and (55). We use the formulas

Sm<f(P)>(s) = =52 () — —1'(b),

v x 2s 2 d
SE<f(r)>(s) = s f(s) + = f/(b) = — - (Sm<f(r)>)r=y (62)
T wsdr
from [1] which are valid for any function f(r) defined in r > b and decaying at infinity quicker than

O(rfé). Then equation (26), Sp<®)> +<I>%)7ZZ = 0, provides

o) 4 o) — 2 g0

_32(1)’%) + (I)%)zz = 78 q)m r(b7 Z) (_H <z< 0)7 (63)
k) 7-‘- )
and the equation (27) gives
. 2s . 2 d . AN W2 T
LA WD (5) + Z WO (6) = 2 L (S D ()3 )omy b+ (1 ) Wi (5) == 0 (5,0). (64
c {s W' (s) + - Wi (b) — dr(s <W(r)>)r=p o+ 2 W' (s) 7 (s,0). (64)

The condition (23) on the ice/water interface and the condition (24;) on the bottom yield

— —_— —

0% (5,0) = Wi(s),  ®%.(s,—H)=0. (65)
The right-hand side in (63) is calculated by using (56),

2 50 (b,2) = I coshk(z + H)],  Pm 2 (66)

s s ~ 7ksinh (kH)
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The solution of the boundary problem (63), (65) and (66) reads

‘1)%)(8, z) = C1(s)cosh [s(z + H)] 4+ Ca(s) cosh [k(z + H)], (67)
where -
P, Wi (s) P, ksinh (kH)
“=e—ey YT ) TSP - ) s s (sH) (68)

In particular, on the ice/water interface, z = 0,

o0)(s.0) = Ww(s) | PucoshkH (| J tanh (KH)Y
A s tanh (sH) = s(k% — s2) s tanh (sH)

(69)

Substituting (69) in (64) and denoting d%(Sm<WT(,?>)T:b by Vi, we arrive at the following equation
for W,Sf)(s):

V/V\qg)(s)R(sH) (LC>4 _ w?P,, cosh (kH) ( _ k tanh (kH)

sH tanh(sH) \ H gs(k? — s?) s tanh (sH)

)+ ZL W, (0

where s is the real positive parameter of the Weber transform. The left-hand side in (70) is equal to

zero at s = k, R(kH) = R(52) = 0, see the dispersion relation (9). To avoid singularity of W,,(,f)(s)
at s = k, we require that the right-hand side in (70) is also equal to zero at s = k. This gives the
equation for V,,:

2
L4-2Vm:lim{Lf28—wPmCOSh(kH) ( _ktanhEkH))}

¢ 7k s—k 7w g s(k?—s?) s tanh (sH)
2
— % L‘Cl _ v 2 lim 1 1— M ’
T gk -2k wktanh (kH) s—k [k —s s tanh (sH)

where

jo [1(y ktanh(RH)\] _ 1 () 2k
s—k |k —s stanh (sH) )|  k sinh(2kH) )

By using the dispersion relation (9) and the notations from (10), one finds

1 + 254/ sinh(27)

21, _ 2
H?*V,, = 365 + 204+ 0) (71)
and then (70) provides
@y 24,0 o0 2 w? 1 — ktanh(kH)/(stanh (sH))
Wn'(s) = { ;LC(S )+ 7 gk - tanh (kH) [ k? — s?
1 2kH stanh (sH) _ 2H? F(§)
T o (1 T Son (2kH)>H " Stanh (sH)[Lis*+ (1 —w?/wd)] —w?/g  7© R(E)’ (72)
where i s
»y +
F(¢) = (%3 = C(%o)) Etanh€ — - @ (73)
R(&) = (' +0)Etanh & —q, {=sH, s =kH (74)
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4
2
C(%o):%0+5( P

2542 Smh(g%o)> F(s) =0, R(x) = 0. (75)

Note that both F(§) and R({) are even functions of £. Substituting (72) in (61) and using the
following formulae

Zm(rys) i Hr(,%)(ST) Ceel = g H,%)(sr) Zm(r,—5)  Zp(r,s)
2 gy ] T | EY(sh) Dy(=s) — Din(s)’

where s > 0, see [22], equation (5.6), and [23], equation (51), and < stands for the imaginary part
of a complex number, we find

o [ F(& Hi )
N / &) glhr (g)dg ' (76)

— OO

Here the derivative HT(,})’(ZIA)) has no zeros in the upper half-plane, &z > 0, see figure 9.6 in [19].
Also

W, ;o
Hp, (ZT) 1 éezz(r—b)

anT(zI;)Ng . (|z] > 00, O0<argz<m).

The product zWT(,?(z) defined by (72) for real and positive z is continued to the upper half-plane
Sz > 0. The continued function decays at infinity, |z| — oo, and has simple poles at z = s,
where n = —2,—1,1,2,3, ... and s, are the roots of the dispersion relation (10), R(»z,) = 0. Note
that R(») = 0 but z = s is not a pole of the integrand in (76) because F'(s¢)/R(3¢) # 0. The
integral (76) is evaluated by contour integration in the upper half-plahe Jz > 0 and using the
residue theorem,

[ F > d—omi 3 L) Hn'Car)
R ) n=—2,n#0 R/(%n) Hr(rpl(%ni)) .

Using the functions (34), we obtain

oo

i 2 F(50) im)
Wi(r)=—2HR| Y R,(i))ng (7). (77)
n=—2,n7#0 "

The terms of the series in (77) are real for n > 1, see (35), (73) and (74). For n = —2 and n = —1

we use the relations s_o = —3¢_7,

F(-2)=F(z), R(-2)=-R(z), F(z)=F(), R(z)=R(). R =R"@#)

which provide that the series in (77) is real and, therefore, the operation R can be dropped.
Substituting (77) and (55) in (51), we find

o0

m) 20 F (52, m) s
Walr) = Awpns | SO0+ >0 2t poe) ) (78)
n=—2,n#0 n

where the amplitude A,, of the outgoing wave is defined by the condition W,,(b) = 1, see (58).
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Equations (73) and (74), where £ = 5, n # 0, yield
R(s) =0, R'(56) = 2¢°50Qn/ (56, +0),  F(56) = q(2565 + C(5%0))/ (54 + 6),
and then
256, F(36,) 256} + C(3q))
R%%h) QQn ’

where Qn,, n > —2 are given by (33). It can be shown by using (75) and (74) that 23+ C(50) = ¢Qo
and finally

250, F (52, Qo
Ria)  Qn (79)
Substituting (79) in (78), we find

0 (m)
Ry,
M@n@ﬂzzfxnﬂm}mgh }::‘44JZ2-

an (80)

n=-—2

Here Ay pim#0Qo = gm which follows from the condition W, (b) = 1. Therefore, the deflection (80)
obtained by the Weber transform and the deflection (46) obtained by the vertical-mode method
are identical.

The method of the vertical modes is simpler that the method of this section. The vertical-mode
method can be used to solve problems for a circular cylinder with different conditions on the contact
line between the ice plate and the surface of the cylinder.

5. Ice plate with free-free edge at the cylinder

The problem (1)-(9) of a linear hydroelastic incident wave interacting with a single vertical circular
cylinder, which was formulated in Section 2, is considered here for the free-free conditions on the
contact line between the ice plate and the surface of the cylinder being. Only the edge conditions
(7) are different now. They are changed to

Vo(b,0,t) =0, M, (b,6,t) =0, (81)
where 10M 9 9 /10
_ 1 0Mro __nY 2 _ _NY [(tow
Vi=Qrt - =55% Qr=—Dg (Viw), My=-D1-v)s <raa>’
92w 10w 1 02w
My =—D <a2+<a+2892>> (82)

V;- is the Kelvin-Kirchhoff edge reaction, @, is the transverse shearing force, M,g is the twisting
moment and M, is the bending moment, see [24].

The solution of the formulated problem is sought in the form (18) where wq(r, 8, t) and ¢o(r, 0, z,t)
are given by (12), (13) and (17). The correction deflection and potential, w.(r, 0, t) and ¢.(r, 6, z,t),
are sought in the forms (20) and (22), where W, (r) and ®,,(r, z) satisfy (23), (24), (26) and (27).
The conditions at r = b follow from (81). The condition M, (b,6,t) = 0 yields

2 2

Wy = —k2— "2 (v —1), (83)

w4+ 2w - -

b ™" b2
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and the condition V.(b,0,t) = 0 yields

1
b

1+(2-v)

(3 — v)m? (1 —v)m?
b2 )

e

m2
W)+ -W) — W) + (84)
The notations and formulae are the same as in the Section 2 except the edge conditions at r = b.
The analysis of Section 3 up to equation (39) is independent of edge conditions and can be used
in the present problem with free-free edge as well. We conclude that the solutions, W;,(r) and
®,,,(r, z), are given by (36) and (37), where the coefficients C,, are given by (41) and (42). However,

now both the second and third terms in (42) are not zero. We denote

D (0P
0z \ or

O (0P -

5 ) (b,0) = qHvyy, , (85)

where gy, and v, are to be determined as part of the solution. Then equations (41) and (42)
provide
Com = H(gm + Vm%g,)/Q'm

and the equation (37) gives the deflection as

Win(r) = g WD (r) + v WD (1), (86)
() (m) /A 0 (m) (4
W= 3 T D wom=3 %’%Ré - (87)
n=—2 n n=—2 n

The formula (86) is valid for any edge conditions. The functions Wi (r) and w2 (r) are indepen-
dent of the type of edge conditions. Note that I/VT(,L1 )(r) appeared in the solution of the problem
with clamped edge, see equation (46). In particular, W,%l)’(b) =0, see (47). Substituting (86) and
(87) in (85), we find that the following equalities should be hold,

4

o 2 o0
Z%zq, Z%:o. (88)

n=—2 n=—2

These equations should be checked numerically together with (47), in order to validate numeri-
cal calculations. All information about edge conditions contains in the coefficients g¢,, and vp,.
Equations for these coefficients are obtained by substituting (86) in the edge conditions.

Substituting (86) in (83) and (84), using (30) for the derivatives of R\ (#) and equalities (47)
and (88), we obtain the equations with respect to g, and vy,

(1—v)m? _(m (1—v)m? _(my (v —1)m? 1—v
(53 Lg" —q) gm + 5 L™ + T 1)m= g m?, (89)
A=)m® (m) _ (m) A=v)m® ) m) , V=1 o 1w o,
<B2LO — Ll dm + TLI — L2 + 6 q|Vm = —2 + Z;Tm s (90)
where
o0 2p o 2p
m n m) /(1 Hn,
n=—2 n n=—2 n

The system of linear equations (89) and (90) can be simplified. For m = 0 the system gives
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g0 =0, vy = - (92)
LY + (1 - v)q/b
For m > 1 the system takes the form
m ql;:3 m 2
(Lf) ) - (1_,j)mz> Gm + (L™~ bg)vm = 1, (93)
m) 2 m 1—v)(m? -1
(L") = ba)gum + (Lg ) )(B )q> Vi = 343. (94)

The coefficients g,, and v, do not decay as m — oo. Indeed, the asymptotic behaviour of the
Bessel functions with large order, see [19], provides

. b
(m)(py ~ _ 2
R,™(b) - (m — 00),
and then
Lm0y
po~ (m — o00),

where, lp =0, I =0 and [; = ¢, see (47) and (88). We conclude that
L") ~ —gb*/(2m®),  L§" = o(m™), L ~bg/m  (m— o).

The obtained asymptotic formulae and the equations (90), (93) yield

om3 1—v om 1
~—— , Ump ~ —=
Grm qb3 95—V " qb 95—V

as v — 00. A special care is needed to solve the system (93) and (94) for large m.
Equations (86), (87), (93) and (94) solve the problem of incident hydroelastic wave diffraction
by a vertical circular cylinder which is not connected to the ice plate.

6. Numerical results

The hydroelastic behaviour of the ice cover around a circular cylinder in an incident linear wave is
investigated numerically for a sea ice with density p; = 917 kg/m?, Young ’s modulus E = 4.2 x 10°
N/m?, Poisson’s ratio v = 0.33 and thickness 1.5 m. The mass of the ice sheet per unit area
is m = 1375.5 kg/m?. The water density is p = 1026 kg/m?, water depth is H = 15 m. The
characteristic length of this ice plate is L. = 19.05 m, and the frequency of broken ice is wg = 2.7
1/s.

The calculations were performed for 0 < kH < 1.4, where all roots of the dispersion relation
(10) are single and the real part of »_; is not small. Cases, where some roots are either close to
each other or are double/triple, are not considered here. For example, there is a triple root of the
dispersion relation at » &~ 2.28¢ for ¢ &~ 79.47 and § ~ 2.89. These values correspond to the wave
frequency w = 2.28 1/s and ice thickness 50 cm. The conditions of double and triple roots of the
dispersion relation (10) were studied in [3]. It is not clear how to define the vertical modes, see
Section 3, in the case of double/triple roots of the dispersion relation (10).
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Fig. 2 The series lg(kH), l1(kH) — q and l3(kH).

The roots of the dispersion relations are computed for s = kH starting from 0.01 with step
0.01. For each value of », we calculate w using the dispersion relation (9) and the parameters ¢
and J. For small s, which is for long waves, the frequencies w and the dimensionless parameter
q are small and § is positive. The following asymptotic formula for the complex root s»_1 can be
derived

»_1=x_10+qrx_11+ q2%_12 + O(qg) (¢ — 0), (95)
1

1 .
% 10 =01(1 —i—z)/\@, x_11= _m’

1 )
2
¥_1g = —n2 + .
2 " (tanh(%lo) cosh?(52_19) 2%_10>

This formula provides initial guess for the root s»_; when kH = 0.01. A better approximation of
this root is obtained by the Newton method. The iterations stop when the distance between two
successive approximations of the dimensionless root is less than 10'4. Then we make a step in
kH and take the value of the root from the previous step as the initial guess. Note that »y = kH.
In the regular case of all single roots and § > 0, the pure imaginary roots sz,, n > 1, are close to
mni and can be calculated by an iteration method. To validate the numerical values of the roots,
we calculate the series (47) and (88). They are denoted as [, in (91). These series are shown in
Figure 2 as functions of kH. It is seen that the accuracy of the root calculations is very good for
long waves. For shorter waves the accuracy is still acceptable even without special treatment of the
series. The root s_ is calculated with accuracy 107'° and the roots on the imaginary axis with
the accuracy 10716,

The strain distribution around the cylinder in incident waves is important to estimate the
possibility for the ice to be broken due to the wave-structure interaction. The yield strain for ice,
€, is estimated as 8 x 1077, see [1]. On the contact line of the cylinder frozen in ice, only the radial
strain component, €,(0,t) = 0.5h;w,(b,0,t), is not equal to zero. Within the linear model of the

present study, the strain reads
L (t) L%m) — 5 || cos (m#),

0

er(0,1) = i i R
‘a ) 2H2
m=0
where Lém) and Lgm) are given by (91).
The amplitudes of the radial strains as functions of the polar angle 6 are shown in Fig. 3 for the
radius of the cylinder b = 2 m, wave amplitude of 1 cm, the non-dimensional wave number kH = 1

in Fig. 3a and kH = 0.7 in Fig. 3b, and different thicknesses of the ice cover. The wave length,
A=94.25 m for kH = 1 and A = 134.64 m for kH = 0.7, is much greater than the cylinder radius,
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Fig. 3 The radial strain amplitudes at the contact line as functions of the angular coordinate 6 for
H=15m,b=2m, A=1 cm, the ice thickness h; = 0.2, 0.5, 1 m, and (a) kH =1; (b) kH = 0.7.
The dashed circular line is for the yield strain 8 x 107°.

b = 2 m, in these computations. It is seen that the strains are greater and more non-uniform for
thicker ice. The stresses are greater than the yield stress € in all cases. Note that the strains
depend linearly on the wave amplitude A. Then the wave of 94 m length does not damage the
ice contact with the cylinder for h; = 1 m if the wave amplitude is smaller than 4 mm, see Fig
3a. However, this rule works only if the strains in the incident wave are smaller than the yield
strain. In the sinusoidal incident wave (8), the maximum strain is 2w2h; A/A2. For ice 1 m thick
this maximum is smaller than the yield strain €} if A(m) < 4 x 107°A%(m). For example, in the
conditions of the present calculations, the amplitude of the incident wave cannot be larger than
35 mm for A = 94 m. In other words, a hydroelastic wave of length 94 m can propagate in ice cover
with A; = 1 m only if its amplitude is below 35 mm. The waves of larger amplitude do not exist
because they would break the ice cover. Interestingly, the linearisation parameter of the problem
kA cannot then be larger than €:\/(7h;) and, therefore, nonlinear effects might be important for
very long waves and/or thin ice cover. For example, for h; = 1 m, we find that propagating waves
exist with kA < 0.1 if the wave length is larger than 250 m. Therefore, for waves with length greater
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than 250 m, their amplitudes can be large enough to justify nonlinear effects with the strains in
the wave being below the yield strain.

In the problem of Section 5, the deflection, w(b, d,t), of the free edge of the ice plate is given
by equations (13), (17), (18), (19), (86), and (87),

w(b,0,4) = S R [Lon(t) (1 = Win(b))] cos(m),

m=0

where W, (b) is given by (86). The amplitude of the edge deflection is shown in Figure 4 in the
polar coordinates for H = 15 m, h; = 1.5 m, b = 10 m, and incident wave amplitude 1 cm. The in-
cident wave propagates from left to right. The calculations were performed for three wavenumbers
kH = 0.5, 1 and 1.2. It is seen that the deflection amplitude at the cylinder is close to the wave
amplitude for long waves, which is shown by the unit dashed circle in the figure, and may exceed it
twice for short waves. The shortest wave here is still more than five times longer than the diameter
of the cylinder.

05

05

2 15 1 035 0 05 1 15

Fig. 4 Deflection (in cm) of the free ice edge in polar coordinates for kH = 0.5,1.0,1.2. The dashed
circular line is for the deflection amplitude without the cylinder.

7. Conclusion

The problems of flexural-gravity waves and their interactions with a vertical circular cylinder
have been investigated. The solutions of these problems were obtained by the method of vertical
modes and by using the Weber integral transform. It was shown that the solutions by these two
methods are identical for clamped conditions at the contact line between the ice sheet and the
cylinder surface.

The method of the vertical modes is simpler than the integral transform method. However,
the use of the orthogonality condition is not straightforward. One needs to prove that the solution
obtained by the vertical-mode method does satisfy all equations and the boundary conditions either
by direct substitution, see [3], or by comparing it with the solution obtained by another method.
Justification of the vertical-mode solutions by direct substitution can be complicated and not
feasible for vertical cylinders with non-circular cross sections [20] and for several cylinders frozen in
ice. Even for a single circular cylinder with mixed boundary conditions at the contact line between
the cylinder and the ice plate, where ice is clamped to the cylinder only along an interval, both the
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vertical-mode solution and its justification could be complicated. Also the vertical-mode method
requires homogeneous conditions on the ice/water interface, which is an important limitation of
the method.

x=-d zj

Y
A, kw, ® Ak o @

open water

ice cover

rigid bottom

Fig. 5 A circular cylinder frozen in semi-infinite ice cover and exposed to an incident water wave.

The problem studied in this paper is simplified, see [25]. A more practical problem is sketched
in Fig. 5, where a vertical cylinder is placed in an ice field at a distance from the edge of the ice
half-plane. This problem can be solved approximately for a given amplitude A,, and frequency w
of an incident water wave. By using the solution of the two-dimensional problem of a water wave
diffracted by the edge of a floating elastic plate, we can find the amplitude A and the wave number
k of the transmitted wave without the cylinder, see [26]. Note that the ice inertia is neglected in
[26]. Then the transmitted flexural-gravity wave is considered as the incident wave for the cylinder,
and the wave/cylinder interaction problem is solved by the methods of this paper. Let the distance
d of the cylinder from the edge of the ice field be much greater than the water depth H and the
radius of the cylinder b. The waves diffracted by the cylinder interact with the edge of the ice field
and generate secondary incident waves. These secondary waves can be neglected if the cylinder is
far enough from the ice edge.
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