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ABSTRACT

The linear two-dimensional problem of flexural-gravity waves generated by an oscillating rigid plate build-in a floating poroelastic plate is
studied. The problem is coupled. The plate deflections and the hydrodynamics loads are determined at the same time. The liquid under the
poroelastic plate is inviscid and incompressible. Dynamics of the floating plate is described by a thin elastic plate equation. Porosity of the
floating plate is taken into account only through the liquid flux into the plate. The velocity of the inflow is assumed to be governed by Darcy’s
law being proportional to the hydrodynamic pressure at the plate/liquid interface. Two cases of the oscillating rigid plate with and without its
part in the liquid are considered. The problems are solved by the Fourier transform method for non-zero porosity and by the vertical mode
method for elastic plates with zero porosity. The deflection and strain distributions are analyzed depending on the excitation frequency and
the porosity. Two models of floating plate porosity, where the hydrostatic pressure is included into Darcy’s law (Zavyalova’s model) and
excluded (Meylan’s model), are compared. Plate porosity induces damping to the system. It is shown that the damping rate is non-
monotonic with respect to the plate porosity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0175412

I. INTRODUCTION

Interaction of water with porous floating or submerged structures
is of interest in several applications. Porous structures are used in off-
shore and costal engineering to dissipate wave energy. Poroelastic
models of sea ice become popular in polar engineering because such
models are expected to explain attenuation energy of waves propagat-
ing through sea ice.

Sea ice is modeled as a thin poroelastic plate if the wavelength is
much larger than the ice thickness. In many models, ice thickness is
assumed constant. In this paper, we study the effect of a floating plate
porosity on its response to a periodic in time external load. This
response also depends on the excitation frequency and characteristics
of the plate.

At equilibrium, the plate is at rest without any stresses in it. Pores
extend from the plate/liquid interface to the upper dry surface of the
plate. The level of the liquid inside the floating poroelastic plate
depends on the plate thickness and density of the plate material. The
applied external load deforms the plate, the liquid inside the plate
moves, but the upper part of the plate always stays dry and the lower
part of the plate always stay in contact with the liquid, which implies

that the amplitude of the external load is relatively small and the prob-
lem can be approximately treated as linear. The liquid enters the plate
pores if the plate moves downwards and/or the pressure at the plate/
liquid interface increases. Correspondingly, the liquid exits from the
pores then and there when and where the hydrodynamic pressure
under the plate decreases.

The relation between the flux of the liquid into the pores and the
local pressure is taken in the simplest form. It is assumed that the
velocity of the liquid through the plate/liquid interface is proportional
to the pressure gradient in the pores. Note that the pressure at the liq-
uid interface inside the pores is equal to the atmospheric pressure.
Other models of the liquid flow in the pores are possible, which
account for capillary forces in the pores, presence of air in some closed
pores, inertia effects, and more complex equations of liquid flows
through the pores.

Models of submerged porous rigid and elastic plates are slightly
different from the models of floating poroelastic plates. The liquid is
on both sides of a submerged plate, and the hydrostatic pressure can-
not move the liquid through the pores of the submerged plate. For a
floating porous plate with pores being open to both surface of the plate,
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a deviation of the hydrostatic pressure from its equilibrium initial value
changes the liquid level inside the pore, this is, causes a flux of the liq-
uid into the pores.

One of the first equations, which describe flows of a liquid
through a porous body, is Darcy’s law Darcy (1856). Darcy’s law states
that the flow flux between two points inside a porous body is propor-
tional to the pressure drop over the distance between these points. The
coefficient of the proportionality depends on the dynamic viscosity of
the liquid l and the permeability P of the porous body. Scheidegger
(1963) and Philip (1970) presented Darcy’s law in the form

~v ¼ �P
l
rp; (1)

where~v is the flow velocity inside a porous body and rp is the pres-
sure gradient. Equation (1) was discovered experimentally by Darcy
but was derived later from the general equations of hydrodynamics.
Darcy’s law is a basic equation of hydrogeology.

Flows in porous media with high porosity are described by the
Brickman equation

rp ¼ � l
P
~v þ ler2~v; (2)

where le is the so-called effective viscosity of the porous body. This
equation generalizes Darcy’s equation (1) including viscous stresses,
see Saffman (1971) and Haber and Mauri (1983), for example. Sollitt
and Cross (1972) and Ward (1964) demonstrated that the pressure
gradient in large grain permeable media can be decomposed as

rp ¼ � lf
P
~v � Cf f 2qffiffiffiffi

P
p j~vj~v; (3)

where f is the porosity of the media, q is the fluid density, and Cf is a
dimensionless turbulent resistance coefficient. Darcy’s equation (1) is
not applicable to high-speed flows, where it is replaced by the
Forchheimer equation

�rp ¼ A~v þ Bj~vj~v; (4)

where A and B are coefficients specific for the porous media, see
Forchheimer (1901), Dagan (1989), and the review by Chwang and
Chan (1998).

The wave propagating through porous elastic media with a com-
pressible viscous fluid in the pores is described by the model developed
by Biot (1956a and 1956b). Biot’s model of saturated poroelastic media
was used by Chen et al. (2019) to derive a dispersion relation for a
floating poroelastic plate. Different forms of Darcy’ law are used to
study the interaction of porous structures with liquid. Not only equa-
tions describing flows in the porous structures but also the conditions
on the liquid/structure interfaces can be specific for particular struc-
tures and interaction conditions.

The problem of gravity wave scattering by porous structures was
investigated by many authors. Sollitt and Cross (1972) studied two-
dimensional gravity wave reflection and transmission at permeable
breakwaters of the rectangular cross section. They used linearized
equation (3). The dispersion relation derived by Sollitt and Cross
(1972) and the corresponding vertical models were investigated by
McIver (1998) using the theory of non-self-adjoint differential opera-
tors. The corresponding three-dimensional problems with porous
breakwaters were studied by Dalrymple et al. (1991).

Yu and Chwang (1994) used the boundary-element method
(BEM) to study wave diffraction by a submerged horizontally porous
plate. Matched eigenvalue function expansion methods were used in
two-dimensional problems by Wu et al. (1998), Liu et al. (2008), Liu
and Li(2011), Liu et al. (2012), and in three-dimensional problems by
Chwang and Wu (1994), for example. With the help of the
Wiener–Hopf technique, Evans and Peter (2011) obtained the formula
for the reflection coefficient when a wave is obliquely incident upon a
semi-infinite submerged porous plate. Cho and Kim (2013) and Cho
et al. (2013) also used the eigenfunction expansion method to describe
the interaction of oblique monochromatic incident waves with a sub-
merged horizontal porous plate and to compare their result with a
series of experiments. Gayen and Mondal (2014) reduced the problem
of wave scattering by a porous plate to a second kind hypersingular
integral equation in terms of the difference in the unknown velocity
potential across the plate. This method is very powerful in submerged
plate problems in two dimensions. The speed of the flow through the
porous plate was governed be Darcy’s law (1).

The studies listed above focused on flow interaction with the fixed
porous plate without account for plate elasticity. In some cases, elastic-
ity of the plate cannot be ignored, especially when porous structures
are used to model sea ice in the polar regions. Wang and Ren (1993)
studied reflection and transmission of small amplitude waves by a flex-
ible porous and thin beam-like breakwater held fixed in the seabed.
Wang and Ren (1994) studied wave trapping by a flexible porous bar-
rier backed by an impermeable vertical end wall. Yip et al. (2002)
investigated trapping of surface waves by submerged vertical porous
flexible barriers near the end of a semi-infinitely long channel of finite
depth and obtained the reflection coefficients for various wave condi-
tions, geometrical settings, and barrier properties. Williams and Wang
(2003) developed a new flexible porous wave barrier. The boundary
integral equation method was applied in the flow domain. The
dynamic behavior of the structure was investigated using an appropri-
ate Green function. Predictions by the numerical model were con-
firmed by small-scale experiments. Kumar and Sahoo (2006) studied a
flexible porous plate breakwater in a two-layer fluid. They considered
the effects of both surface and internal waves and obtained the reflec-
tion and transmission coefficients for the surface and internal modes.
Koley et al. (2015) reviewed calculation methods for wave scattering
by a submerged vertical flexible porous plate in water of finite and infi-
nite depths. Ashok et al. (2020) gave the analytical solution for the nor-
mally incident water wave scattering by a porous flexible vertical
elastic plate in infinite water. More complicated problems with porous
flexible plates were studied recently by Chanda and Bora (2021a), who
considered two submerged porous barriers with different porosities,
and by Luong and Nguyen (2023), who considered a perforated barrier
with a quadratic pressure drop condition on it. Chanda and Bora
(2021b) studied the combined effect of porous barriers and porous
sea-bed on scattering of flexural-gravity waves. Wang et al. (2023)
investigated flexural-gravity waves generated by a moving load with
uniform current beneath the floating plate. Interaction of flexural-
gravity waves with articulated plates was studied by Negi et al. (2023).
Complex flows in the presence of porous bodies, viscoelastic plates,
and broken ice were studied recently by Patari et al. (2023), Singh et al.
(2023), Panduranga et al. (2023), and Ni et al. (2023).

Floating poroelastic plate models were used recently to simulate
sea ice cover. Meylan et al. (2017) and Zheng et al. (2020c) developed
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a poroelastic ice cover model using Eq. (1) without account for hydro-
static pressure, as it is the case for the submerged plate. They derived
the corresponding dispersion relation and used it to extend the eigen-
function expansion method. A coupled boundary-element and finite-
element method was also employed. The two methods provided the
same results. They used both methods to calculate water-wave scatter-
ing by both a circular floating porous elastic plate and a porous elastic
plate with arbitrary shape. They found that wave-energy dissipation
due to the ice porosity initially increases as the plate becomes more
porous, but reaches a maximum and then slowly decreases as the
porosity increases further. The model by Meylan et al. (2017) can be
used in the polar engineering field where porosity of the sea ice and
dissipation of wave energy in ice are of concern. Zheng et al. (2020a)
analyzed the hydroelastic interaction between water waves and multi-
ple circular floating poroelastic plates and found that wave-power dis-
sipation by the array of the plates is enhanced by the hydrodynamic
interaction between the plates. Mohapatra et al. (2018) investigated the
surface gravity wave interaction with the submerged flexible porous
plate by using Green’s function. Koley et al. (2018) investigated oblique
surface gravity wave scattering by a floating flexible porous plate. By
using Green’s function, they converted the problem into a system of
Fredholm type integral equations. It was observed that “quiet zones”
exist for some angles of wave incidence. Smith et al. (2020) obtained
the solution to the problem of water-wave scattering by a semi-infinite
submerged thin porous or non-porous elastic plate by using the
Wiener–Hopf technique.

Linear waves generated by a given external periodic load acting
on a floating poroelastic plate were investigated by Zavyalova et al.
(2021). In contrast to other models of poroelastic floating ice, they
assumed that the speed of the flow into the floating plate is propor-
tional to the total hydrodynamic pressure on the plate/liquid interface,
including the hydrostatic pressure component.

In the present study, we investigate the difference between
Meylan’s model, see Meylan et al. (2017), without the hydrostatic
pressure in Darcy’s law and Zavyalova’s model with the complete
hydrodynamic pressure in Darcy’s law for a two-dimensional problem
with a floating poroelastic plate of infinite extent. Flexural-gravity
waves in the plate are caused by a built-in rigid plate, and the angle of
which with the vertical is a periodic function of time with a given fre-
quency and amplitude. The rigid thin plate is either above the floating
plate without any part of it under the plate or with a long submerged
part extended down to the bottom. The first problem without sub-
merged part of the rigid plate is formulated in Sec. II and solved in Sec.
III within several approximations including the model of elastic float-
ing plate with zero porosity. The second problem with a long part of
the oscillating rigid plate in the liquid is studied in Sec. IV. We investi-
gate the effect of the submerged part of the plate on the deflection of
the floating poroelastic plate and strains in it within both Meylan’s and
Zavyalova’s models in Sec. V. The observation from Meylan et al.
(2017) that the wave dissipation is not a monotonic function of the
floating plate porosity is confirmed and explained. The obtained
numerical results and their discussions are presented in Sec. V. Finally,
the conclusions are drawn in Sec. VI.

II. FORMULATION OF THE PROBLEM

Two-dimensional periodic in time deflection of a floating poroe-
lastic plate is studied within the linear theory of hydroelasticity. The
plate motion is caused by a rotation of a rigid plate build-in normally

to the floating plate, see Fig. 1. In this section and in Sec. III, the rigid
plate has no part in water below the floating plate. Therefore, the flow
under the plate is caused by the floating plate deflection but not by the
motion of the rigid plate directly. The problem with long submerged
part of the rigid plate will be studied in Sec. IV.

The liquid under the floating plate is incompressible, inviscid, and
of finite depthH. The problem is considered in the Cartesian coordinate
system Oxy, where the line y¼ 0 corresponds to the plate/liquid inter-
face at equilibrium, the line y ¼ �H corresponds to the bottom of the
liquid layer, and x is the horizontal coordinate with x¼ 0 at the place
where the rigid plate is built in the floating plate. The angle, <ðhe�ixtÞ,
of the rigid plate deviation from its equilibrium vertical position changes
periodically in time t with a given frequency x and small amplitude h.
Here, < stands for the real part of a complex variable. The deflection of
the poroelastic plate, <½wðxÞe�ixt �, is odd with respect to x,
wð�xÞ ¼ �wðxÞ. The flow caused by the deflection of the poroelastic
plate is potential with a velocity potential <½�ixuðx; yÞe�ixt �. The
complex-valued functions to be determined, uðx; yÞ and w(x), are pro-
portional to h within the linear theory of hydroelasticity. Without poros-
ity of the floating plate, outgoing waves propagate in both directions
from the place of excitation x¼ 0. Porosity of the floating plate is
responsible for damping of the generated waves and their decay with the
distance from the place, where the plate excitation occurs. We shall
determine the plate deflection and strains in the poroelastic plate
depending on the frequency x of excitation, elastic parameters of the
floating plate, and its porosity. This problem is coupled. The hydrody-
namic load acting on the floating plate and the plate deflection should
be determined at the same time.

Within the linear theory of hydroelasticity, the complex ampli-
tude of periodic plate deflection w(x) is governed by the equation, see
Squire et al. (1996)

�x2mwþ D
@4w
@x4

¼ pðx; 0Þ; (5)

where m is the plate mass per unit area, m ¼ qphp, hp is the plate
thickness, qp is the plate density, D ¼ Eh3p=½12ð1� �2Þ� is the plate
rigidity, E is Young’s modulus, � is Poisson’s ratio of the plate material,
and pðx; 0Þ is the complex amplitude of the hydrodynamic pressure,
<ðpðx; 0Þe�ixtÞ, on the plate/liquid interface. The linearized Bernoulli
equation provides

pðx; 0Þ ¼ qx2uðx; 0Þ � qgwðxÞ; (6)

where q is the liquid density and g is the gravitational acceleration.
Equations (5) and (6), as well as the following Eqs. (7) and (8), are

FIG. 1. Sketch of a rotating vertical plate in an poroelastic ice sheet.
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obtained by separating time through e�ixt from the original time-
periodic problem. The amplitude of the velocity potential uðx; yÞ satis-
fies Laplace’s equation in the flow region and the bottom boundary
condition

uxx þ uyy ¼ 0 ð�H < y < 0;�1 < x < 1Þ;
uy ¼ 0 ðy ¼ �HÞ: (7)

The boundary condition on the surface of the poroelastic plate
reads

uyðx; 0Þ ¼ wðxÞ þ ivnðxÞ=x; vnðxÞ ¼ apðx; 0Þ; (8)

where vnðxÞ is the complex amplitude of the speed of the liquid pene-
trating the porous surface of the floating plate. This velocity is assumed
to be proportional to the pressure on the plate/liquid interface with a
coefficient a, see Zavyalova et al. (2021), where a � 0. The relation
vnðxÞ ¼ apðx; 0Þ comes from Darcy’s law, see Darcy (1856), where the
speed of the flow through a porous media, vnðxÞ, is proportional to the
gradient of the pressure, pðx; 0Þ=hp, with coefficient P=l. Here, P is
the vertical permeability of the plate, l is the dynamic viscosity of the
fluid, l ¼ 1:8� 10�3 kg/(m s) for salt water, the pressure on the
upper liquid surface inside the media is equal to the atmospheric pres-
sure pa, and the pressure on the plate/liquid interface is equal to
pðx; 0Þ þ pa. Then, a ¼ P=ðlhpÞ. Petrich et al. (2006) wrote about
the sea ice permeability “Permeability is a function of the structure of
the porous ice matrix, and the simplest way to parameterize this struc-
ture is through its brine volume fraction, i.e., the total porosity.”
Dependence of the sea ice permeability on ice porosity can be found in
Freitag (1999) and Eicken et al. (2004). The experimental formula (40)
from Eicken et al. (2004), see also Fig. 9 in Petrich et al. (2006), shows
that the vertical permeability of sea ice varies from 10�13 to 10�10 m2

when the total porosity changes from 0.1 to 0.4. The corresponding
values of a vary from 10�9 to 10�6 m2 s/kg for ice plate of thickness
10 cm.

Note that the formula for vnðxÞ used in the analysis by Meylan
et al. (2017) is different from (8). They accounted only for the dynamic
pressure component in their analysis. This approach seems to come
from the problems with submerged porous plates, where the hydro-
static pressures on both sides of the thin plate are equal and do not
contribute to the flow through the plate. In the present problem with
the floating porous plate, the upper surface of the plate is assumed to
be dry with the atmospheric ambient pressure on the liquid surface
inside the floating plate. We do not know at this stage which approach
is right. To accommodate both approaches, we use the formula

vnðxÞ ¼ a qx2uðx; 0Þ � dqgwðxÞ� �
;

where d¼ 0 within the Meylan et al. (2017) model and d¼ 1 within
the Zavyalova et al. (2021) model.

The deflection w(x) and the velocity potential uðx; yÞ decay as
x ! 61 if a > 0,

wðxÞ ! 0; uðx; yÞ ! 0 ðx ! 61Þ: (9)

It will be shown below that there is a special frequency, for which the
outgoing wave exists for any porosity but only in the model with
d¼ 1. The functions w(x) and uðx; yÞ describe outgoing waves for
zero porosity, a¼ 0.

The external excitation is described by the condition

wxð60Þ ¼ h; (10)

where h is a given number. The condition (10) and Eqs. (5)–(9) imply
that the plate deflection is odd function of x,

wð�xÞ ¼ �wðxÞ; (11)

and, correspondingly, the flow is asymmetric

uð�x; yÞ ¼ �uðx; yÞ: (12)

Equations (11) and (12) make it possible to consider the deflection and
the flow only in x> 0 with the following boundary conditions at x¼ 0:

uð0; yÞ ¼ 0 ð�H < y < 0Þ; wð0Þ ¼ 0: (13)

Note that the second, wxxðxÞ, and the third, wxxxðxÞ, derivatives are
not necessarily continuous at x¼ 0.

There are eight parameters, m, D, q, g, a, H, h, x, in the formu-
lated problem. Within the linear approximation, the motion of the
plate and the flow velocities are proportional to the amplitude h of the
external excitation. To minimize the number of parameters, it is con-
venient to introduce the following dimensionless variables:

x ¼ H~x; y ¼ H~y; wðxÞ ¼ hHWð~xÞ;
uðx; yÞ ¼ hH2Uð~x;~yÞ; pðx; 0Þ ¼ q ghHPð~xÞ: (14)

Equations (5)–(13) in the dimensionless variables read

��b2W þ r
d4W

d~x4
¼ Pð~xÞ; Pð~xÞ ¼ b2U�Wð~xÞ ð~x > 0Þ;

(15)
dW
d~x

ð0Þ ¼ 1; Wð0Þ ¼ 0; Wð~xÞ ! 0 ð~x ! 1Þ; (16)

@2U

@~x2
þ @2U

@~y2
¼ 0 ð�1 < ~y < 0Þ; @U

@~y
¼ 0 ð~y ¼ �1Þ;

Uð0;~yÞ ¼ 0 ð�1 < ~y < 0Þ;
(17)

@U
@~y

¼ ð1� icdÞW þ icb2Uð0; ~xÞ ð~y ¼ 0Þ;

Uð~x;~yÞ ! 0 ð~x ! 1Þ:
(18)

There are four dimensionless parameters in the problem (15)–(18)

� ¼ m
qH

; b ¼ x
H
g

� �1
2

; r ¼ D
qgH4

; c ¼ aqg
x

: (19)

The dimensionless frequency b quantifies the importance of the
dynamic effects compared with the bending of the plate and the hydro-
static pressure, where Hx2 is the acceleration scale of the flow. The
problem (15)–(18) becomes decoupled for b � 1. The parameter c
quantifies importance of the plate porosity. The floating plate is elastic
but not porous if c¼ 0. The plate porosity is more important for low
frequencies x and is negligible for high frequencies of excitation. The
parameter � is the ratio of the structural mass m and the product qH,
which is of the order of the added mass of the floating plate per unit
area. For a floating plate we have qp < q, and the plate thickness hp is
smaller than H in the thin plate approximation (5). Therefore, in prac-
tical problems, � < 1. The parameter r indicates importance of
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bending stresses compared with the hydrostatic pressure under the
plate. Depending on values of these four parameters, different models
of floating poroelastic plate behavior can be derived.

The complex amplitude eð~xÞ of the strains in the floating plate is
related to the dimensionless deflectionWð~xÞ by the formula

eð~xÞ ¼ esc
d2W

d~x2
; esc ¼

hph

2H
; (20)

where esc is the scale of the strains.
The dimensionless parameter PH, which describes porosity in the

paper by Meylan et al. (2017), is related to the parameters (19) by the
formula PH ¼ b2c. For a in the range from 10�9 to 10�6 m2 s/kg,
the parameter c is in the range from 10�5 to 10�2 s�1=x for a sea-ice
plate of thickness 10 cm.

III. APPROXIMATE SOLUTIONS OF THE COUPLED
PROBLEM FOR POROELASTIC PLATE

Approximate solutions of the problem (11)–(15), which are valid
for different limiting values of the parameters (15), as well as the com-
plete solution of the original problem, are derived in this section.
These solutions will be used for analysis of poroelastic plate behavior
in Sec. V. As a reference case, we select the problem without presence
of the liquid under the plate, when the plate porosity does not matter.
Then, we find asymptotic solution for low-frequency excitation and
the complete solution using the Fourier transform. Finally, the prob-
lem of floating elastic plate without porosity is solved using the so-
called vertical modes.

A. Periodic excitation of a dry plate

We start with the simplest model of dry plate, where the right-
hand side of the plate equation (15) is zero. The solution of the homo-
geneous equation (15) with the boundary conditions (16), which
describes elastic waves propagating to infinity from the excitation
place, ~x ¼ 0, will be determined analytically.

The deflection of the dry plate, which is denoted byWdð~xÞ, satis-
fies the following equations:

r
d4Wd

@~x4
¼ �b2Wd ð~x > 0Þ; dWd

@~x
ð0Þ ¼ 1;

Wdð0Þ ¼ 0; Wdð~xÞ � aeik~x ð~x ! þ1Þ;
(21)

where a is a complex amplitude of the outgoing wave to be determined
and k ¼ ð�b2=rÞ14 is the dimensionless wave number of the outgoing
wave.

A general solution of the problem (21) which satisfies the far-
field condition as x ! 1 reads

Wdð~xÞ ¼ aeik~x þ be�k~x ; (22)

where the coefficients a and b are determined using the boundary con-
ditions at ~x ¼ 0,

a ¼ 1
2k

ð1� iÞ ¼ 1

k
ffiffiffi
2

p e�ip=4; b ¼ �a: (23)

The resulting amplitude of the dry plate deflection is given by

jWdð~xÞj ¼ 1

k
ffiffiffi
2

p 1� 2e�k~x cos k~x þ e�2k~x½ �12; (24)

and the amplitude of the strains jedj along the dry plate follows from
(20) as:

jedð~xÞj ¼ esc
kffiffiffi
2

p 1þ 2e�k~x cos k~x þ e�2k~x½ �12: (25)

The maximum of the strains in the plate, jejmax ¼
ffiffiffi
2

p
k esc, is achieved

at x¼ 0. The strain in the far field, where x ! þ1, is twice smaller
than at the excitation place, x¼ 0.

B. Low-frequency limit

In this section, we investigate the floating plate deflection,Wlð~xÞ,
for low frequency, b � 1, of the excitation using methods of asymp-
totic analysis. The solution of the problem (15)–(18) in the limit as
b2 ! 0 is sought in the form

Wlð~xÞ ¼ W0ð~xÞ þ b2W1ð~xÞ þ Oðb4Þ;
Ulð~x;~yÞ ¼ U0ð~x;~yÞ þ b2U1ð~x;~yÞ þ Oðb4Þ: (26)

The subscript l stands for the low-frequency approximation.
In the leading order, the problem is decoupled. Only the hydro-

static pressure matters. The zero order plate deflection W0ð~xÞ is gov-
erned by the equations

r
d4W0

d~x4
ð0Þ ¼ �W0; ð~x > 0Þ; dW0

d~x
ð0Þ ¼ 1; W0ð0Þ ¼ 0: (27)

The bounded solution of (27) reads

W0ð~xÞ ¼
ffiffiffi
2

p

s
e�s~x=

ffiffi
2

p
sin s~x=

ffiffiffi
2

p� �
; (28)

where s ¼ ffiffiffiffiffiffiffiffi
1=r4

p
. The solution W0ð~xÞ decays exponentially with the

distance from the excitation place, ~x ¼ 0. There are no outgoing waves
in the limit of small frequencies. The maximum dimensionless deflec-
tion jW0;maxj ¼

ffiffiffi
2

p
s�1e�p=4 is achieved at x ¼ ffiffiffi

2
p

p=ð4sÞ. The maxi-
mum strain is achieved at ~x ¼ 0 and is equal to

ffiffiffi
2

p
sesc.

The leading order velocity potential U0ð~x;~yÞ is governed by the
equations

@2U0

@~x2
þ @2U0

@~y2
¼ 0 ð�1 < ~y < 0Þ; @U0

@~y
¼ 0 ð~y ¼ �1Þ;

@U0

@~y
¼ ð1� icdÞW0ð~xÞ ð~y ¼ 0Þ;

(29)

U0ð0;~yÞ ¼ 0 ð�1 < ~y < 0Þ; U0ð~x ;~yÞ ! 0 ð~x ! 1Þ: (30)

The problem (29) and (30) is solved by using the sine Fourier
transform

Usðn;~yÞ ¼
ð1
0
Uð~x;~yÞ sin ðn~xÞd~̂x ;

Uð~x;~yÞ ¼ 2
p

ð1
0
Usðn;~yÞ sin ðn~xÞdn:

(31)

Applying the transform (31) to the equations and boundary conditions
in (29) and (30), we obtain

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 117127 (2023); doi: 10.1063/5.0175412 35, 117127-5

Published under an exclusive license by AIP Publishing

 20 February 2024 12:42:00

pubs.aip.org/aip/phf


Us
0ðn;~yÞ ¼

ð1� icdÞcosh nðy þ 1Þ½ �Ws
0ðnÞ

nsinhðnÞ ; (32)

whereWs
0ðnÞ is a sine Fourier transform ofW0ð~xÞ,

Ws
0ðnÞ ¼

ð1
0
W0ð~xÞ sin ðn~xÞd~x; W0ð~xÞ ¼ 2

p

ð1
0
Ws

0ðnÞ sin ðn~xÞdn:
(33)

The solution (28) provides

Ws
0ðnÞ ¼

ffiffiffi
2

p
srn

rn4 þ 1
: (34)

Then,

Us
0ðn;~yÞ ¼

ffiffiffi
2

p
rsð1� icdÞcosh nð~y þ 1Þ½ �

ðrn4 þ 1ÞsinhðnÞ : (35)

The problem for the first-order plate deflectionW1ð~xÞ is obtained
by substituting (26) in (15), (16) and collecting terms of order Oðb2Þ,

r
d4W1

d~x4
ð0Þ þW1 ¼ U0ð~x; 0Þ þ �W0 ð~x > 0Þ;

dW1

d~x
ð0Þ ¼ 0; W1ð0Þ ¼ 0:

(36)

The sine transform (33) applied to (36) and the leading order solutions
(34) and (32) provide

Ws
1ðnÞ ¼ � rn

rn4 þ 1
W 0 0

1ð0Þ þ
ffiffiffi
2

p
�s

rn

ðrn4 þ 1Þ2

þ
ffiffiffi
2

p
rsð1� icdÞ

ðrn4 þ 1Þ2tanhðnÞ : (37)

The derivativeW 0 0
1ð0Þ in (37) is determined using the condition

dW1

d~x
ð0Þ ¼ 2

p

ð1
0
Ws

1ðnÞndn ¼ 0: (38)

OnceW 0 0
1ð0Þ has been determined,W1ð~xÞ is calculated by apply-

ing the inverse transform (33)–(37). It is seen that for small b, the iner-
tia of plate and the hydrodynamic pressure acting on the plate can be
ignored at the leading order, only the elastic force and the hydrostatic
pressure govern the motion of the floating poroelastic plate.

C. Original hydroelastic problem

The solution of the original problem (15)–(18) is obtained using the
sine Fourier transform (33) and (31). Applying this transform to Eqs.
(15)–(18) and denoting the corresponding deflection byWuð~xÞ, we find
��b2Ws

uðnÞþr n4Ws
uðnÞþnW 00

u ð0Þ
� �¼ b2Usðn;0Þ�Ws

uðnÞ; (39)

@2Us
uðn;~yÞ
@~y2

� n2Us
uðn;~yÞ ¼ 0 ð�1 < ~y < 0Þ;

@Us
uðn;~yÞ
@~y

¼ 0 ð~y ¼ �1Þ;
(40)

@Us
u

@~y
¼ ð1� icdÞWs

uðnÞ þ icb2Us
uðn; 0Þ ð~y ¼ 0Þ: (41)

The solution of Eqs. (39)–(41) reads

Ws
uðnÞ ¼ �rW 00

u ð0ÞFðnÞ;

FðnÞ ¼ nðntanhðnÞ � icb2Þ
ðrn4 þ 1� �b2ÞðntanhðnÞ � icb2Þ � b2ð1� icdÞ :

(42)

The derivativeW 00
uð0Þ is determined using the first condition in (16)

dWu

d~x
ð0Þ ¼ 2

p

ð1
0
Ws

uðnÞndn ¼ � 2
p
rW 00

u ð0Þ
ð1
0
FðnÞndn ¼ 1: (43)

The function FðnÞ behaves as Oðn�3Þ for n ! 1. To improve
the convergence of the integrals in the inverse Fourier transforms, the
function FðnÞ is decomposed as

FðnÞ ¼ n

rn4 þ 1
þ F1ðnÞ; (44)

where F1ðnÞ behaves as Oðn�8Þ for n ! 1. Then, the plate deflection
can be written as

Wuð~xÞ ¼ � 2
p
rW 00

u ð0Þ
	
ps2

2
e�s~x=

ffiffi
2

p
sin s~x=

ffiffiffi
2

p� �

þ
ð1
0
F1ðnÞ sin ðn~xÞdn



; (45)

where s ¼ ffiffiffiffiffiffiffiffi
1=r4

p
. Compare the first term in (45) with the leading

order solution (28) for small frequencies. The integral in (45) con-
verges quickly, because the function F1ðnÞ is bounded and decays as
Oðn�8Þ for n ! 1:

The strains euð~xÞ defined in (20) are given by the formula

euð~xÞ ¼ 2
p
rW 00

u ð0Þesc
	
ps4

2
e�s~x=

ffiffi
2

p
cos s~x=

ffiffiffi
2

p� �

þ
ð1
0
n2F1ðnÞ sin ðn~xÞdn



: (46)

The integral in (46) converges quickly because n2F1ðnÞ behaves as
Oðn�6Þ for n ! 1.

The solution (45) and (46) cannot be used if the denominator,
RðnÞ ¼ ðrn4 þ 1��b2ÞntanhðnÞ� b2 � icb2ðrn4 þ1��b2 � dÞ,
of the function FðnÞ defined in (42) is zero for a real positive n. There
is a real root of the equation RðnÞ ¼ 0 for zero porosity, c¼0. This
case is considered in Sec. IIID. The equation RðnÞ ¼ 0 has no real
roots if c 6¼ 0 and d¼0, which is within the Meylan model. However,
for c 6¼ 0 and d¼1 the equation RðnÞ ¼ 0 has a real root n�, which is
independent of the porosity parameter c. The dimensionless wave
number n� is the solution of the equation tanhn� ¼ rn�3=� for the
dimensionless frequency b¼ n�2

ffiffiffiffiffiffiffiffiffi
r=�

p
. Therefore, Zavyalova’s model

with d¼1 predicts a wave propagating from the excitation place for
any porosity. This finding makes the Meylan’s and Zavyalova’s models
different despite the fact that the parameter d appears in the solution
only through the product cd which is small for practical values of the
porosity parameter a.

D. Hydroelastic problemwith zero porosity

For c¼ 0, the problem (15)–(18) is that of forced flexural-gravity
waves. Excitation of floating elastic plate produces waves outgoing to
infinity. The deflection of the elastic plate, which is denoted byWvð~xÞ,
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does not decay at x¼þ1. Correspondingly, the sine transform (33)
cannot be used directly to solve the problem (15)–(18) with c¼ 0.
However, the transform (33) can be used if one separates the wave
part of the deflection from the formulation as it was done in
Brocklehurst et al. (2010). Another approach, which will be used
below, is based on the method of vertical modes, Korobkin et al.
(2019) andWu et al. (2023).

The vertical modes are the functions of the vertical coordinate ~y ,

fnð~yÞ ¼ cosh jnð~y þ 1Þ½ �
jnsinh jn½ � ; (47)

where jn, n ¼ �2;�1; 0; 1; 2;… are complex solutions of the disper-
sion relation ðj4 þ lÞjtanhj ¼ q; q ¼ b2=r, and l ¼ 1=r� �q,
see Wu et al. (2023) for more details. The vertical modes are
orthogonal

h fnð~yÞ; fmð~yÞi ¼ 0 ðn 6¼ mÞ; h fnð~yÞ; fnð~yÞi ¼ Qn ðn � �2Þ;
(48)

where the scalar product is given by

hG1ð~yÞ;G2ð~yÞi ¼
ð0
�1

G1ð~yÞG2ð~yÞ d~y

þ 1
q
ðG000

1 ð0ÞG0
2ð0Þ þ G0

1ð0ÞG000
1 ð0ÞÞ; (49)

for any functions G1ð~yÞ and G2ð~yÞ defined in�1 < ~y < 0, and

Qn ¼ 1
2j2nq

2
ðj4n þ lÞ2j2n þ qð5j4n þ l� qÞ
h i

: (50)

The generalized orthogonality relations (48), where the scalar product
is given by (49), were originally derived by Sahoo et al. (2001) and sub-
sequently by Manam et al. (2006).

The products eijn~x fnð~yÞ; n � �2, satisfy Laplace’s equation and
describe waves propagating toward x¼þ1 for n¼ 0. A general solu-
tion of the boundary-value problem (15)–(18) reads

Uvð~x ;~yÞ ¼
X1
n¼�2

Av
ne

ijn~x fnð~yÞ; Wvð~xÞ ¼
X1
n¼�2

Av
ne

ijn~x ; (51)

with undetermined complex coefficients Av
n.

To find the coefficients Av
n, the following limits, where n � �2,

are calculated in two ways, by using (51) and (49):

lim
x!0

hUvð~x;~yÞ; fnð~yÞi ¼ Av
nQn; (52)

and using (47) and (16), and the third condition in (17)

lim
~x!0

hUvð~x;~yÞ; fnð~yÞi ¼ �W 00
v ð0Þ=q: (53)

Equating (52) and (53), and using the series (51), we obtain the deflec-
tion of the elastic plate

Wvð~xÞ ¼ �W 00
v ð0Þ
q

X1
n¼�2

eijn~x

Qn
; (54)

where the second derivativeW 00
v ð0Þ is determined by the condition, see

(16),W 0ð0Þ ¼ 1, as

W 00
v ð0Þ ¼ iq

X1
n¼�2

jn
Qn

 !�1

: (55)

The amplitude of the flexural-gravity wave at infinity, x ! þ1, is
equal to Av

0. The solution (55) and (54) without porosity will be com-
pared with the solution (45), where the porosity parameter c is small,
to establish conditions where the plate porosity plays a negligible role.

IV. LONG RIGID PLATE PROBLEM

In Secs. II and III, the built-in rigid plate was only above the float-
ing plate without its submerged part. The effect of the submerged part
of the rigid rotating plate on the deflection of the floating plate could
be strong for certain ranges of frequencies and porosity. Only the prob-
lem with long submerged part of the rigid plate extended down to the
bottom is considered here, see Fig. 2. The motion of the plate directly
drives the motion of the water now. The plate deflection and the corre-
sponding velocity potential are denoted by Wsð~xÞ and Usð~x;~yÞ where
s stands for “rotating rigid plate with long submerged part.”

A. Poroelastic floating plate

The functions Wsð~xÞ and Usð~x;~yÞ are odd with respect to the
horizontal coordinate ~x . They satisfy the same equations and condi-
tions as for the rigid plate without a submerged part, (15)–(18), but
now the velocity potential is no longer continuous at ~x ¼ 0 and the
third condition in (17) should be replaced by the body boundary con-
dition on the submerged part of the rotating rigid plate

@Usð0;~yÞ
@~x

¼ �~y ð�1 < ~y < 0Þ: (56)

The cosine Fourier transform,

Uc
sðn;~yÞ ¼

ð1
0
Usð~x;~yÞ cos ðn~xÞd~x;

Usð~x ;~yÞ ¼ 2
p

ð1
0
Uc

sðn;~yÞ cos ðn~xÞdn;
(57)

is applied to Laplace’s equation and the bottom condition with the
result

@2Uc
s

@~y2
ð0;~yÞ � n2Uc

sð0;~yÞ ¼ �~y;
@Uc

s

@~y
ðn;�1Þ ¼ 0: (58)

A general solution of the problem (58) reads

FIG. 2. Sketch of a floating poroelastic plate with a built-in rotating vertical plate
having a long submerged part.
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Uc
sðn;~yÞ ¼ CcðnÞcosh nð~y þ 1Þ½ � � 1

n3
sinh nð~y þ 1Þ½ � þ ~y

n2
; (59)

where CcðnÞ is to be determined. Applying (57) and cosine Fourier
transform forWsð~xÞ

Wc
s ðnÞ ¼

ð1
0
Wsð~xÞ cos ðn~xÞd~x; Wsð~xÞ ¼ 2

p

ð1
0
Wc

s ðnÞ cos ðn~xÞdn;
(60)

to the plate equation (15) and the condition on the plate/liquid inter-
face (18), and using (59), we find

Wc
s ðnÞ ¼ W 000

s ð0Þ
1

n4 þ s4
þ rF1ðnÞ

n

� �
� n2

n4 þ s4
� rnF1ðnÞ

� coshn� 1

n2coshn

b2FðnÞ
nðntanhðnÞ � icb2Þ ; (61)

where FðnÞ is introduced in (42) and F1ðnÞ in (44). The terms in (61)
behave as Oðn�4Þ; Oðn�9Þ; Oðn�2Þ; Oðn�7Þ, and Oðn�7Þ, corre-
spondingly. The inverse Fourier transforms of the first and third terms
are obtained by using table integrals, see Gradshteyn and Ryzhik
(2014), formulas 3.723. 1 and 7

ð1
0

cos ðn~xÞ
n4 þ s4

dn ¼ p
ffiffiffi
2

p

4s3
e�s~x=

ffiffi
2

p
cos s~x=

ffiffiffi
2

p� �
þ sin s~x=

ffiffiffi
2

p� �h i
;

(62)ð1
0

n2 cos ðn~xÞ
n4 þ s4

dn ¼ p
ffiffiffi
2

p

4s
e�s~x=

ffiffi
2

p
cos s~x=

ffiffiffi
2

p� �
� sin s~x=

ffiffiffi
2

p� �h i
:

(63)

Note that the integral (63) behaves as p
ffiffiffi
2

p
=ð4sÞ � ðp=2Þ~x þ Oð~x2Þ

~x ! 0, which together with (61) proves that the edge condition
W 0

sð0Þ ¼ 1 is satisfied.
The second edge conditionWsð0Þ ¼ 0, the inverse Fourier trans-

form (60), and the solution (61) lead to the equation for the derivative
W 000

s ð0Þ,

W 000
s ð0Þ

p
ffiffiffi
2

p

4s3
þ r

ð1
0

1
n
F1ðnÞ dn

" #

¼ p
ffiffiffi
2

p

4s
þ
ð1
0
ðrnF1ðnÞ þ b2FðnÞðcoshn� 1Þ

n3ðntanhðnÞ � icb2ÞcoshnÞdn: (64)

The integrals in (64) quickly converge. The deflection is given as

Wsð~xÞ ¼ e�s~x=
ffiffi
2

p

ffiffiffi
2

p
s3

ðW 000
s ð0Þ � s2Þ cos s~x=

ffiffiffi
2

p� �h

þðW 000
s ð0Þ þ s2Þ sin s~x=

ffiffiffi
2

p� �i
þ 2
p

ð1
0
ðW 00 0

sð0Þ
rF1ðnÞ

n
� rnF1ðnÞ

� b2FðnÞðcoshn� 1Þ
n3ðntanhðnÞ � icb2ÞcoshnÞ cos ðn~xÞdn; (65)

where the integral quickly converges.

The strain distribution (20) follows from (65) as

esð~xÞ=esc ¼ e�s~x=
ffiffi
2

p

ffiffiffi
2

p
s

ðW 000
s ð0Þ � s2Þ sin s~x=

ffiffiffi
2

p� �h

�ðW 000
s ð0Þ þ s2Þ cos s~x=

ffiffiffi
2

p� �i
� 2
p

ð1
0
ðW 00 0

sð0Þ
rF1ðnÞ

n
� rnF1ðnÞ

� b2FðnÞðcoshn� 1Þ
n3ðntanhðnÞ � icb2ÞcoshnÞn

2 cos ðn~xÞdn: (66)

B. Elastic floating plate

Similar to Sec. IIID, the vertical mode method is used to find
deflections and strains for an elastic floating plate with built-in vertical
long rigid plate. The complex amplitudes of the deflection and velocity
potential are denoted by Wzð~xÞ and Uzð~x ;~yÞ correspondingly. Note
that the subscript z does not mean “partial derivative with respect to z”
here but stands for “zero porosity.”

The vertical modes fnð~yÞ, the definition of the scalar product
(49), and the orthogonality condition (48) are the same as in Sec. IIID
for a vertical rigid plate without submerged part.

A general solution of the boundary-value problem (15)–(18),
where the boundary condition at ~x ¼ 0 is changed for (56) in the
problem with the long rigid plate, can be written in the form similar to
(51)

Uzð~x;~yÞ ¼
X1
n¼�2

Az
ne

ijn~x fnð~yÞ; Wzð~xÞ ¼
X1
n¼�2

Az
ne

ijn~x ; (67)

with undetermined complex coefficients Az
n.

To find the coefficients Az
n, the following limits where n � �2,

are calculated in two ways, by using (67) and (49):

lim
x!0

@Uzð~x;~yÞ
@~x

; fnð~yÞ

 �

¼ ijnA
z
nQn; (68)

and

lim
~x!0

@Uzð~x;~yÞ
@~x

; fnð~yÞ

 �

¼ Tn � 1
q
W 000ð0Þ;

Tn ¼ �
ð0
�1

~yfnð~yÞ d~y þ j2n
q
:

(69)

Equating (68) and (69), we obtain

Az
n ¼

Tn

ijnQn
�W 000

z ð0Þ
qijnQn

: (70)

The condition Wzð0Þ ¼ 0, the series (67) and the formula (70),
provides the third derivativeW 000

z ð0Þ as

W 000
z ð0Þ ¼ q

X1
n¼�2

Tn

knQn

X1
n¼�2

1
knQn

 !�1

: (71)

It was confirmed numerically that the second condition,W 0
zð0Þ ¼ 1, is

satisfied with the series (67) and formulas (70) and (71).
The series in (71) and the series for the deflection (67) together

with its second derivativeW 00
z ð~xÞ required for calculations of the strain
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distribution in the floating plate converge quickly becauseQn ¼ Oðn8Þ
when n ! 1, see Korobkin et al. (2019).

V. NUMERICAL RESULTS

Deflections and strains predicted by the models from Secs. III
and IV are calculated and analyzed for an ice plate with different
porosity excited by a built-in thin rigid plate at different frequencies.
The obtained solutions are compared one with another to understand
the damping mechanism of the porosity. It will be shown that damp-
ing of the generated waves is not proportional to porosity of the float-
ing plate.

Calculations are performed for the following characteristics of the
problem: gravitational acceleration g¼ 9.8 m/s2, density of the plate
material qi ¼ 917 kg/m3, plate thickness hp ¼ 1m, Young’s modulus
of the floating plate material E ¼ 4:2� 109 N/m2, and Poisson’s ratio
of the plate material � ¼ 0:33. Hence, the flexural rigidity of the float-
ing plate is D ¼ 3:92� 108 N m, and the mass of the floating plate
per unit area is equal to m¼ 917 kg/m2. The water density is
q¼ 1025 kg/m3, and the water depth is H¼ 10m. The corresponding
values of the dimensionless parameters are r ¼ 3:9 and � ¼ 0:09.
The scale of the angular frequency,

ffiffiffiffiffiffiffiffiffi
H=g

p
, is equal to 1.01, which

shows that the value of the dimensionless frequency b is approximately
equal to the value of the frequency x in seconds. The dimensionless
frequency b varies in our calculations from 0.001 to 5.05. The values of
the porosity parameter a are estimated for ice plate in Sec. II. For the
ice plate of thickness 1m, these estimates give the range of a from
10�10 to 10�7 m2 s/kg. Then, the parameter c varies from 2� 10�6 to
1. In our analysis, we consider a wider range of c to investigate the
effect of the floating plate porosity on plate deflection and strains in
the plate.

The series and integrals in the formulas for different solutions
converge quickly enough for accurate calculations. The function F1ðnÞ
in (45) decays as Oðn�8Þ for n ! 1. Correspondingly, the integral in
(46) converges quickly because n2F1ðnÞ ¼ Oðn�6Þ as n ! 1. The
series in (54) and (55) converge quickly because their terms decay as
Oðn�8Þ and Oðn�7Þ for n ! 1, accordingly. The series (67) for the
deflection and (71) for the third derivative of the deflection at ~x ¼ 0
converge quickly because their terms decay at least as Oðn�7Þ for
n ! 1.

For a rigid plate without submerged part, the dimensionless
amplitudes, jWð~xÞj, of the floating plate deflection as functions of the
dimensionless distance ~x along the plate from the excitation place,
~x ¼ 0, are shown in Fig. 3 for different dimensionless frequencies b
with account for porosity with a ¼ 10�4 m2 s/kg. In this figure, we
compare the amplitudes of the complete deflection jWuð~xÞj given in
Eq. (45) and shown by red lines and the deflection jWlð~xÞj predicted
by the low-frequency approximation (26) with two terms (dashed
lines) and with the leading approximation jW0ð~xÞj only, see Eq. (28)
(blue lines). The leading order low-frequency deflection jW0ð~xÞj
approximates the complete deflection jWuð~xÞj with a good accuracy
for b ¼ 0:001. The two-term approximation (26) can be used for
wider range of the frequencies.

The relative difference between the complete deflection (45) and
the two-term low-frequency approximation (26), 100%ðjWuð~xÞj
�jWlð~xÞjÞ=jWuð~xÞj, is shown in Fig. 4. The relative difference is
smaller than 20% for b ¼ 0:1. A small peak on the red line is
caused by small value of the denominator in the relative difference, see
Fig. 3(a).

To investigate the effect of frequency b on the floating plate deflec-
tion, the deflection amplitudes of the floating poroelastic plate jWuð~xÞj,
dry plate jWdð~xÞj, and zero porosity plate Wvð~xÞ are shown in Fig. 5
for four different frequencies with a ¼ 10�4 m2 s/kg. It is seen that the
maximum deflection of poroelastic plate is always higher than the maxi-
mum deflection of the corresponding plate without porosity and the
maximum occurs close to the excitation place. Far from this place, the
deflection of the plate with zero porosity is higher that the deflection of
the poroelastic plate for large frequency, see Figs. 5(b)–5(d), and smaller
for low frequencies, see Fig. 5(a). The deflections of floating plates are

FIG. 3. The deflection amplitudes of the floating poroelastic plate with an oscillating
vertical rigid plate without submerged part, jWuð~xÞj [red lines, Eq. (45)] and by the
low-frequency approximation jWlð~xÞj with two terms [dashed lines, Eq. (26)] and
with the leading approximation jW0ð~xÞj only [blue lines, Eq. (28)] for dimensionless
frequencies (a) b ¼ 0:001, (b) b ¼ 0:1, and (c) b ¼ 0:2.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 117127 (2023); doi: 10.1063/5.0175412 35, 117127-9

Published under an exclusive license by AIP Publishing

 20 February 2024 12:42:00

pubs.aip.org/aip/phf


always smaller that deflection of the dry plate for the same excitation
conditions. The parameter c responsible for the porosity of the plate can
be written as c ¼ ða=bÞq ffiffiffiffiffiffi

gH
p

. For conditions of Fig. 5, the product
aq

ffiffiffiffiffiffi
gH

p 	 1 and, therefore, c 	 1=b. We may expect that the effect of
the plate porosity becomes stronger for larger c and weaker for small c.
If we increase the frequency b further, then c decreases and red lines for
poroelastic plate will approach the blue dashed lines for floating plate
with zero porosity. Therefore, the attenuation, which is the rate of the

deflection decay with the distance ~x , decreases with increase in the fre-
quency and/or decrease in the porosity. However, if we decrease the fre-
quency b or increase the porosity coefficient c, we should not expect
that the porosity becomes stronger. The condition (18) can be written in
the form

@U
@~y

¼ Wð~xÞ þ icPð~xÞ; (72)

where Pð~xÞ is the hydrodynamic pressure action on the plate/liquid
interface. This condition for large c gives Pð~xÞ 	 0, and then the plate
equation (15) becomes the equation of the dry plate. For small c, Eq.
(72) shows that the term with the pressure can be neglected in the lead-
ing order, which implies that the poroelastic deflections jWuð~xÞj
should converge to elastic deflections jWvð~xÞj as c ! 0. This situation
is illustrated in Fig. 6, where b¼ 1 and the deflection amplitudes calcu-
lated for different values of c are shown. It is seen that the poroelastic
deflections jWuð~xÞj converges to the deflection of the elastic floating
plate jWvð~xÞj for small c and to the deflection of the elastic dry plate
jWdð~xÞj for large c. It is seen that large porosity does not mean large
damping of the generated waves. The deflections in the far field are
larger for floating plates with large porosity.

To show that the decay rate of the generated waves is not mono-
tonic with respect to the porosity parameter c, the deflection amplitude
jWuð~xÞj at ~x ¼ 30, which is far enough from the excitation place, see
Fig. 6, is plotted as a function of the porosity parameter log10c in
Fig. 7 in the logarithmic scale. The dimensionless frequency is
b ¼ 0:5. It is seen that the porosity reduces the deflection amplitude in

FIG. 4. The relative difference, 100%ðjWuð~xÞj � jWlð~xÞjÞ=jWuð~xÞj, between the
complete deflection jWuð~xÞj and the two-term low-frequency approximation (26)
for dimensionless frequency b ¼ 0:001 (magenta line), b ¼ 0:1 (blue line), and
b ¼ 0:2 (green line).

FIG. 5. The amplitudes of the floating poroelastic plate with an oscillating vertical rigid plate without submerged part for poroelastic plate [red lines, Eq. (45)], for dry plate [black
lines, Eq. (24)], and for the plate with zero porosity [blue lines, Eq. (54)], for dimensionless frequencies (a) b ¼ 0:1, (b) b ¼ 0:5, (c) b¼ 1, and (d) b¼ 2.
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the far field only in the interval 0:01 < c < 10 compared with the elas-
tic plate deflection. If the porosity is greater than 104, then the poroe-
lastic plate behaves as a dry plate, see also Fig. 7.

We find that the attenuation of poroelastic plate can be neglected
for c < 2� 10�2, which is for a < 10�5 m2 s=kg, where the behavior of
poroelastic plate is close to that of the elastic plate. Similarly, the poroelas-
tic plate can be approximately treated as a dry plate for c > 200, which is
for a > 10�1 m2 s=kg, where the attenuation does not exist.

The maximum values of the deflection amplitudes, maxjWð~xÞj,
where ~x � 0, and the places where they are achieved, ~xmax, depend on
the frequency and porosity for constant other parameters of the prob-
lem. These values and positions are important to estimate the maxi-
mum energies of the plate and the places where damage is most likely
to occur, respectively. The maximum deflection amplitudes
maxjWð~xÞj and the positions where they are achieved are shown in
Fig. 8 for the dimensionless frequency is b ¼ 0:5 as functions of the
porosity parameter c. It is seen that the maximum deflection of the poroelastic plate is close to the maximum deflection of the correspond-

ing elastic floating plate and achieved at the same place for c < 0:02
and close to the maximum deflection of the dry plate for c > 200. The
maximum deflection of a poroelastic plate increases and occurs further
from the excitation place as porosity increases. This implies that the
presence of water under the plate restricts propagation of the energy
from the excitation place.

The results for the oscillating vertical rigid plate with long sub-
merged part are shown in Figs. 9–12. The solutions from Sec. IV are
used. For small c, Eq. (72) for rigid plates with and without their sub-
merged parts indicates that the term with the pressure can be neglected
in the leading order, which implies that the poroelastic deflections
jWsð~xÞj should converge to elastic deflections jWzð~xÞj as c ! 0. This
is shown in Fig. 9, where b¼ 1 and the deflection amplitudes calcu-
lated for different values of c are shown. It is seen that the poroelastic
deflections jWsð~xÞj converge to the deflection of the elastic floating
plate jWzð~xÞj for small c and to the deflection of the elastic dry plate
jWdð~xÞj for large c. Therefore, large porosity does not mean large
damping of the generated waves. The deflections in the far field are
larger for floating plates with large porosity.

Figure 9 is similar to Fig. 6, where the poroelastic plate deflections
jWsð~xÞj are shown for the rigid oscillating plate without submerged

FIG. 6. The deflection amplitudes of floating poroelastic plate, jWuð~xÞj, for different
values of the porosity parameter c and b¼ 1, are compared with the deflection of
the dry plate jWdð~xÞj (black solid lines) and with deflection of the plate with zero
porosity jWvð~xÞj (black dashed lines).

FIG. 7. The deflection amplitude jWuð30Þj (red line) of the floating poroelastic plate
at ~x ¼ 30 as a function of the porosity parameter log10c in the logarithmic scale.
The deflection amplitudes at the same point for dry plate (dashed black line) and for
the plate with zero porosity (blue dashed line) are shown for reference.

FIG. 8. The maximum deflection amplitude (a) and the position (b), where the maxi-
mum deflection is achieved as functions of the porosity parameter c. Red lines are
for poroelastic plate, blue dashed lines for the elastic plate, and black dashed lines
are for the dry plate.
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part. The deflection amplitudes of floating poroelastic plate, jWuð~xÞj,
without submerged part of the oscillating plate and the deflection
amplitudes, jWsð~xÞj, for the rigid oscillating plate with long submerged
part are compared for different values of the porosity parameter c for
b ¼ 0:5 in Fig. 10. It is seen that the effect of the submerged part of
the rigid plate is negligible for large porosity, c > 1. For small porosity,
the presence of the rigid plate in water reduces the floating poroelastic
plate deflections.

The decay rate of the generated waves for the oscillating rigid
plate with long submerged part is not monotonic with respect to the
porosity parameter c, see Fig. 11. In this figure, the amplitude jWsð~xÞj,
at ~x ¼ 30 is plotted as a function of the porosity parameter log10c in
the logarithmic scale. It is seen that the porosity reduces the deflection
amplitude in the far field only in the interval 0:01 < c < 10 compared
with the elastic plate deflection. This figure is similar to Fig. 7, which is
for the deflection amplitude jWuð30Þj without submerged part of the
oscillating rigid plate.

FIG. 10. The deflection amplitudes of floating poroelastic plate, jWuð~xÞj, without
submerged part of the oscillating plate (solid lines) and the deflection amplitudes,
jWsð~xÞj, for the rigid oscillating plate with long submerged part (dashed lines) are
compared for different values of the porosity parameter c for b ¼ 0:5.

FIG. 11. The deflection amplitude jWsð30Þj (red line) of the floating poroelastic
plate at ~x ¼ 30 as a function of the porosity parameter log10c in the logarithmic
scale. The deflection amplitudes at the same point for dry plate (dashed black line)
and for the plate with zero porosity (blue dashed line) are shown for reference.

FIG. 12. The maximum deflection amplitude (a) and the position (b), where the
maximum deflection is achieved, as a function of the porosity parameter c for the
oscillating rigid plate with a long submerged part. Red lines are for the poroelastic
plate, blue dashed lines for the elastic plate, and black dashed lines are for the dry
plate.

FIG. 9. The deflection amplitudes of the floating poroelastic plate, jWsð~xÞj, shown
by color lines for different values of the porosity parameter c, are compared with the
deflection of the dry plate jWdð~xÞj (black solid line) and with deflection of the plate
with zero porosity jWvð~xÞj (black dashed line), for the rigid plate with long sub-
merged part and b¼ 1.
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The maximum values of the deflection amplitudes, maxjWsð~xÞj,
where ~x � 0, and the places where they are achieved, ~xmax, depend on
the frequency and porosity for constant other parameters of the prob-
lem. The maximum deflection amplitudes maxjWsð~xÞj and the posi-
tions where they are achieved are shown in Fig. 12 for dimensionless
frequency is b ¼ 0:5 as functions of the porosity parameter c. It is
seen that the maximum deflection of the poroelastic plate is close to
the maximum deflection of the corresponding elastic floating plate and
achieved at the same place for c < 0:02 and close to the maximum
deflection of the dry plate for c > 200. The maximum deflection of a
poroelastic plate increases and occurs further from the excitation place
as the porosity increases. This implies that the presence of water under
the plate restricts propagation of the energy from the excitation place.
This figure is similar to Fig. 8, which is for the deflection amplitude
jWuð30Þj without submerged part of the oscillating rigid plate.

The effect of the frequency is strong which is clear from Figs. 3–5.
The deflection amplitudes with, jWsð30Þj, and without, jWuð30Þj, sub-
merged part of the oscillating rigid plate at ~x ¼ 30 are shown as func-
tions of the porosity parameter c for different dimensionless
frequencies b in Fig. 13. Both deflection amplitudes are monotonic
functions of c for small frequencies, see Fig. 13(a). Note that
jWsð30Þj < jWuð30Þj for b ¼ 0:2 and c < 1. For larger frequency
jWsð30Þj 	 jWuð30Þj for all values of c for b ¼ 0:5, for c > 1 for
b¼ 1, and for c > 0:1 for b¼ 5. There are intervals of the porosity
parameter for large frequencies, where jWsð30Þj 	 jWuð30Þj 	 0, see
Figs. 13(c) and 13(d). For large frequencies and small porosity, the
deflections in the far field are greater for the oscillating rigid plate with
the long submerged part.

The distributions of the scaled strain amplitudes in the floating
poroelastic plate with, jesð~xÞj=esc, and without, jeuð~xÞj=esc, submerged
part of the oscillating rigid plate are shown in Fig. 14 for b ¼ 0:5 and
c¼ 2. The scale is given in (20). It is seen that the maximum strain is
achieved at the place of the excitation, where the jesð0Þj > jeuð0Þj.

The amplitudes of the deflections and strains predicted by
Meylan’s and Zavyalova’s models are compared in Fig. 15 for different
frequencies and the pitching rigid plate without its submerged part.
The deflections and strains are calculated by using Eqs. (45) and (46)
correspondingly with d¼ 0 for Meylan’s model and d¼ 1 for

FIG. 13. The deflection amplitudes with (red lines) and without (black dashed lines) submerged part of the oscillating rigid plate at ~x ¼ 30 as functions of the porosity parame-
ter c for dimensionless frequencies (a) b ¼ 0:2, (b) b ¼ 0:5, (c) b¼ 1, and (d) b¼ 5.

FIG. 14. The amplitudes of scaled strains in the floating poroelastic plate calculated
for the pitching vertical plate long submerged part, jesðxÞj=esc , (blue line) and with-
out the vertical plate in liquid, jeuðxÞj=esc , (red line) for b ¼ 0:5 and c¼ 2.
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Zavyalova’s model in (41). The results by these models are close one
to another for large frequencies, and this is for large c, see Eq. (42),
and deviate one from another for smaller frequencies. The differ-
ences between predictions by the two models increase with a
decrease in the dimensionless frequency b and an increase in the
porosity parameter a.

The ice is assumed to break there where the amplitude of the
strain jeð~xÞj approaches the so-called yield strain of ice, which is esti-
mated as 8� 10�5, see Brocklehurst et al. (2011). In the conditions
of the present calculations with ice thickness 1m and water depth
10m, we have esc ¼ h=20, see Eq. (20). The yield strain is achieved
for b¼ 1 at the amplitude of the rigid plate oscillations h ¼ 0:076
,
and for b¼ 5 at the amplitude h ¼ 0:0046
 at the place, where the
rigid plate is built in the floating plate, see Fig. 15. Note that the angle
of the plate inclination h is in radians in Eq. (20). The derived esti-
mates of the maximum values of the angle of the rigid plate inclina-
tion before breaking the floating ice plate justify the linear
approximation employed in this study because the allowed angles
and the resulting deflections are very small [Cho and Kim (2008);
Chwang and Li (1983); Cox and Weeks (1983); Ward et al. (2017);
Korobkin et al. (2018); Manam and Sivanesan (2016); (2017); and
Taylor (1956)].

VI. CONCLUSION

Two-dimensional periodic deflection of a floating poroelastic
plate has been investigated within Meylan’s and Zavyalova’s models of
floating poroelastic plates. The floating plate was governed by the
equation of thin elastic plate. Porosity was accounted through the
influx of the liquid into the floating plate. The velocity of the influx
was taken to be proportional to the hydrodynamic pressure on the
plate/liquid interface. This pressure in the porosity model is the com-
plete pressure which is the same as acting on the floating plate within
the Zavyalova’s model and only the dynamic pressure component
within Meylan’s model. As the authors are unaware of experimental
results with poor realistic floating plates, where a porosity model is jus-
tified. Correspondingly, we do not know which model of floating para-
lytic plate is the best one. Our investigation of these two simplest
models discovered several predictions which are different within differ-
ent models. Such theoretical results may help to design future experi-
ments with poroelastic plates and select conditions of experiments
leading to the most reliable model. Note that in the present formula-
tion, the upper surface of the floating plate is always dry, and the lower
surface of the plate is always in contact with the liquid. This is possible
only if the amplitude of the plate deflection is much smaller than the
plate thickness. It was shown that both models provide identical results
for large frequencies and small porosities. Further investigations are
needed, including experimental ones, to arrive at a physically reliable
models of floating poroelastic plates.

The flexural gravity waves in the floating plate were generated
by a rigid thin plate built in the floating plate and swinging at a given
frequency with a given small amplitude. This problem is coupled
with the plate deflection and hydrodynamic loads to be determined
at the same time. Two cases were distinguished with the rigid swing-
ing plate being strictly above the liquid (case 1) and under the float-
ing plate extended to the liquid bottom (case 2). The problem for the
first case was formulated in Sec. II and solved within different
approximations in Secs. III and IV, the formulation was extended to
the swinging plate with the long submerged part, and the problem
for the second case was solved within Fourier transform for non-
zero porosity and using the vertical modes for elastic plate with zero
porosity. In both cases, the problems were solved for elastic plates
with non-zero and zero porosities.

The behavior of the floating poroelastic plate for a given excita-
tion was studied in Sec. V within different models and approximations.
It was shown that the rate of decay of the plate deflection with the dis-
tance from the excitation place is not a monotonic function of the
porosity parameter. This result, in terms of the wave energy dissipa-
tion, was reported by Meylan et al. (2017). In the present study, we
found that the plate behaves as an elastic one with zero porosity for
small values of the porosity parameter. Correspondingly, the decay
rate of the generated wave is small. For large porosity with large open-
ing of the pores, the pressure under the plate is close to the atmo-
spheric pressure and the plate deflection is weakly depend on the
presence of the liquid. The numerical results confirm this finding.

Energy balance relations were not analyzed in this study. The
energy dissipates because of the plate porosity. It would be interesting
to obtain proportions between the bending energy of the plate, kinetic
energy of the plate, kinetic energy of the flow under the plate, and the
potential energy of the flow for different excitation conditions and dif-
ferent models.

FIG. 15. The dimensionless deflection, jWuðxÞj, (a) and scaled strain, jeuðxÞj=esc ,
(b) amplitudes of floating poroelastic plate calculated within Zavyalova’s (thick lines)
and Meylan’s (thin lines) models for a ¼ 10�5 m2 s/kg and different frequencies b
given in the inlet (b).
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