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Abstract

The Local Converse Problem is to determine how the family of the local gamma
factors (s, m x 7,1)) characterizes the isomorphism class of an irreducible admis-
sible generic representation m of GL, (F'), with F' a non-archimedean local field,
where 7 runs through all irreducible supercuspidal representations of GL,.(F') and
r runs through positive integers. The Jacquet conjecture asserts that it is enough to
take r = 1,2,..., [%] Based on arguments in the work of Henniart and of Chen
giving preliminary steps towards the Jacquet conjecture, we formulate a general ap-
proach to prove the Jacquet conjecture. With this approach, the Jacquet conjecture
is proved under an assumption which is then verified in several cases, including the
case of level zero representations.

Keywords. Irreducible admissible representation, Whittaker model, Local gamma
factor, Local converse theorem

1 Introduction

Let 7 be an irreducible (admissible) generic representation of G,, := GL,(F'), where F
is a locally compact non-archimedean local field. We may assume that n > 2, since the
discussion in this paper for n = 1 is trivial. Attached to 7 is the family of local gamma
factors ~y(s, m x 7,1), with T any irreducible generic admissible representations of any G,.,
in the sense of Jacquet, Piatetski-Shapiro and Shalika ([13]), which can also be defined
through the Langlands-Shahidi method ([19]). Here ® is a nontrivial additive character
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of F'; the definition of this family of local gamma factors is recalled in Section 2. It is
natural to ask how this family of invariants yields information about the representation 7.
In this paper, we consider the Local Converse Problem for G,,, which is to find the
least integer ng such that the family of local gamma factors v(s, 7 X 7, ), with 7 running
through all irreducible generic representations of G, for r = 1,... ng, determines the
irreducible generic representation 7 of G,, up to isomorphism. It is an easy consequence
of the work of Jacquet, Piatetski-Shapiro and Shalika ([13]) that ny < n. The work of
Henniart ([11]) shows that ng < n — 1, and the works of J.-P. Chen ([7] and [8]) and
Cogdell and Piatetski-Shapiro ([9]) show that ng < n—2, forn > 3. A stronger statement
(when n > 4) is the following conjecture, which is usually attributed to H. Jacquet.

Conjecture 1.1 (The Jacquet Conjecture on the Local Converse Problem). Let 1 and m,
be irreducible generic smooth representations of G,,. If their local gamma factors (s, my X
T,1) and (s, ma X T,%) are equal, as functions in the complex variable s, for all irre-
ducible generic representations T of G, withr =1, ..., [%}, then m, and 74 are equiva-

lent as representations of G,,.

It is clear that the work ([11, 7, 9, 8]) confirms that for 2 < n < 4, Conjecture 1.1 is a
theorem. Indeed, for n = 2, Conjecture 1.1 was proved in 1970 by Jacquet and Langlands
in their well-known book ([12]), and for n = 3 it was proved in 1979 by Jacquet, Piatetski-
Shapiro and Shalika ([14]). Following a standard argument, which was already known to
the experts in the 1980s, we deduce in Section 2.4 that Conjecture 1.1 is equivalent to the
following conjecture.

Conjecture 1.2. Assume that 7, and 74 are irreducible unitarizable supercuspidal repre-
sentations of G,,. If their local gamma factors (s, w1 X T,1) and (s, w9 X T, 1) are equal
as functions in the complex variable s, for all irreducible supercuspidal representations T

of G, withr =1,..., [g], then 71 and 4 are equivalent as representations of G,,.

Since any irreducible supercuspidal representation of G,, has a nontrivial Whittaker
model, it is natural to use this property, combined with the local functional equation of
the local Rankin—Selberg convolution for G,, x G,, to figure out a possible approach to
prove Conjecture 1.2. This is in fact the idea behind the previous attacks on the Local
Converse Problem ([14, 11, 7, 8]). In this paper, we add a new idea to the argument in
order to attempt to reduce the twists downtor =1, ..., [g} ,1.e. Conjecture 1.2. The idea
is to find Whittaker functions satisfying some special properties.

Let U,, be the unipotent radical of the standard Borel subgroup B,, of G,,, which con-
sists of all upper-triangular matrices. Denote by P,, the mirabolic subgroup of G,,, consist-
ing of matrices with last row equal to (0, ..., 0, 1). We also fix a standard non-degenerate
character 1, of U,, (see Section 2.1) so that all Whittaker functions are implicitly ,,-
Whittaker functions.
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Definition 1.3. Let 7 be an irreducible unitarizable supercuspidal representations of G,
and let K be a compact-mod-centre open subgroup of G,,. A (non-zero) Whittaker func-
tion W, for  is called K-special if it satisfies:

Wi (g7") = W, (g) forall g € K,
and SuppW, C U,K , where ~ denotes complex conjugation.

Definition 1.4. Let 7, and 75 be irreducible unitarizable supercuspidal representations
of G,, with the same central character. Let W, and I, be (non-zero) Whittaker functions
for m; and 7y, respectively. We call (W, W) a special pair (of Whittaker functions)
for (1, m2) if there exists a compact-mod-centre open subgroup K of G,, such that W,
and W, are both K-special and

W (p) = Wy, (p), forall p € P,,.

If a special pair of Whittaker functions as in Definition 1.4 exists for (7, m), we
can prove that the representations 7; and 7y are distinguished by their families of lo-
cal gamma factors (s, m; x 7,), for 7 irreducible supercuspidal representations of G,
withr =1,..., [g] , by using a refinement of the argument in [7] and [8]. This approach
was successfully carried out by the second-named author in [17] for general linear groups
over finite fields. The key point is to find a refined decomposition for G,, which reflects the
symmetry carried in Definition 1.3. We recall in Section 3.1 this refined decomposition.

Theorem 1.5. Let m; and 7o be irreducible unitarizable supercuspidal representations
of G,. Assume that a special pair (W,,,W,,) exists for (i, 7). If the local gamma
factors (s, m X T,1) and y(s, wy X T, 1) are equal as functions in the complex variable s,
for all irreducible supercuspidal representations T of G, withr = 1,..., [g] then W, =

W, and m and 7, are equivalent as representations of G,,.

In certain cases, one can prove the existence of special pairs for irreducible unitarizable
supercuspidal representations of G,, by using the construction of supercuspidal represen-
tations in terms of maximal simple types of Bushnell and Kutzko ([6]) and the explicit
construction of Bessel functions of supercuspidal representations due to Paskiinas and the
third-named author ([18]). Given an irreducible supercuspidal representation 7 of G,,, one
of the invariants associated to it, by Bushnell and Henniart in [2], is its endo-class ©(r).
We prove:

Proposition 1.6. Let m, my be irreducible unitarizable supercuspidal representations
of G,, with the same endo-class. Then there is a special pair (W, , W, ) for (71, m2).

Theorem 1.5 with Proposition 1.6 implies, for example, that two level zero irreducible
unitarizable supercuspidal representations 7, 75 of G,, can be distinguished by the set of
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local gamma factors 7(s, m; x 7,), for all irreducible supercuspidal representations 7
of G, withr = 1,2,..., [%] In fact, this is a special case of a more general result, as
follows.
Attached to an irreducible supercuspidal representation 7 of G,,, via its endo-class O (),

is an invariant which we call its degree deg(m). The degree is an integer dividing n:
for example, deg(m) = 1 if and only if 7 is a twist of a level zero representation; and
if deg(m) < n then 7 is invariant under a non-trivial unramified character twist, though
the converse is not true. By using formulae on the conductors of pairs of supercuspidal
representations from [5, 4], we immediately obtain the following corollary.

Corollary 1.7. Let m, and 7y be irreducible unitarizable supercuspidal representations
of G,, and suppose that deg(m1) < n. If the local gamma factors v(s, w1 X7,1) and (s, ma X
T,1) are equal as functions in the complex variable s, for all irreducible supercuspidal
representations T of G, withr = 1,.. ., [g}, then T, and T are equivalent as represen-
tations of G,,.

We end the paper with some discussion of the scope of the methods used here, in
particular of the obstacles to extending to the case deg(m;) = n (see Remark 5.3).

2 Basics in the local Rankin—Selberg convolution

We start by recalling the basic facts about Whittaker models of irreducible generic rep-
resentations of G,, and local gamma factors of Rankin—Selberg convolution type over the
locally compact non-archimedean local field F'. We denote by o the ring of integers in F/,
by pr the prime ideal in 0, and by £ the residue field of F, of cardinality ¢ and char-
acteristic p; we also write | - | for the absolute value on F', normalized to have image q~.
We use analogous notation for extensions of F'. We also fix, once and for all, an additive
character ¢ of I’ which is trivial on px but nontrivial on op.

2.1 Whittaker models

Let QQ,, be the standard parabolic subgroup of G,, corresponding to the partition (n—1, 1).
Then

Qn - Zan

where Z,, is the center of G,,, and P,, is the mirabolic subgroup.

Definition 2.1. A character ¢y, of U, is called non-degenerate if its normalizer in B,
is Z,U,,. We denote by 1), the standard non-degenerate character given by

n—1
Yn(u) =9 (Z Ui,z’+1) ’
i=1
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foru = (u;;) € U,.

We call an irreducible smooth representation (7, V) of G,, generic if there is a non-
degenerate character ¢y of U,, such that the Hom-space

Homg,, (Vz, Ind§" (¢17,))

is nonzero. By the uniqueness of local Whittaker models, this Hom-space is at most one-
dimensional. Since the non-degenerate characters of U,, are all conjugate under B,,, we
see that 7 is generic if and only if

HomGn (VTH Indg: (77Z}n>> = HomUn (VW|Un7 wn)

is non-zero, where the isomorphism comes from Frobenius reciprocity.
Assume that 7 is generic. We fix a nonzero functional ¢ in Homy, (V|u,,, ¥,) (Which
is unique up to scalar). The Whittaker function attached to a vector v € V. is defined by

Wy(g) = (m(g)(v), forall g € G
It is easy to see that W, belongs to Indg;‘ (¢r,) and
W(m, ) = {W, | v eV}

is called the 1,,-Whittaker model of m, or simply the Whittaker model of 7. It is clear that
the Whittaker model of 7 is independent of the choice of the nonzero functional ¢.
For any W,, € W(m,1,,), define

W, (g) = W, (w, - ‘g7,

for g € G,,, where w, is the longest Weyl group element of G,,, with 1’s on the second
diagonal and zeros elsewhere, and *g denotes the transpose of g. Then one can check that
the function W, belongs to the v, '-Whittaker model of the contragredient 7 of 7, that is,

W, € W(#,4,") € Indfr (v, ).

It is a basic fact that any irreducible supercuspidal representation of G,, is generic ([10,
Theorem B]). We recall the following properties of the restriction of an irreducible generic
representation (7, V) of G,, to the subgroup P,,, which can be viewed as the starting point
of our approach to prove the Jacquet conjecture for G,,.

Theorem 2.2 ([1, §5]). With the notation fixed as above, the following hold.

(1) Indg’; (1) is irreducible as a representation of P,,.

(ii) If  is a generic representation of G,,, then Indgz(wn) is a P,-subrepresentation

of W(m,bn)lp,-

(iii) If w is an irreducible supercuspidal representation of G,,, then w|p, is equivalent
to Ind%’; (1) as representations of P,,.
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2.2 Local gamma factors

Next we review the basic setting of local gamma factors attached to a pair of irreducible
generic representations, for details of which we refer to [13].

Let n,7 > 1 be integers and let 7w and 7 be irreducible generic representations of G,,
and G, respectively, with central characters w, and w, respectively. Let W, € W(m, )
be a Whittaker function of = and W, € W(7, ') be a Whittaker function of 7. Since it
is the only case of interest to us here, we suppose that n > 7.

If j is an integer for whichn —r — 1 > j > 0, a local zeta integral for the pair (7, 7)
is defined by

g 0 0

ZWr, Wy, 85 7) :://VV,r z I 0 W,(g)| det g|*~ "% dxdg,
ols N0 0 L,

where the integration in the variable g is over U,.\ G, and the integration in the variable x
is over Mat; ., (F'). Jacquet, Piatetski-Shapiro, and Shalika proved in [13] the following
theorem.

For g € G,,, we denote by R, the right translation action of ¢ on functions from G,

|
to C, and we put w,,, = (O wn_r) .

Theorem 2.3 ([13, Section 2.7]). With notation as above, the following hold.

(i) Each integral Z(W,, W, , ®,s;j) is absolutely convergent for Re(s) sufficiently
large and is a rational function of q—°. More precisely, for fixed j, the integrals Z(W,, W, s; j)
span a fractional ideal (independent of j)

Cl¢®, ¢ °]L(s,m x T)

of the ring C|q®, q~°], where the local L-factor L(s, 7 x T) has the form P(q*)™",
with P € Clx] and P(0) = 1.

(i) Forn —r —1 > j > 0, there is a factor (s, ™ X T,1) independent of j, such that

Z(wawmfﬂz, l—ssn—r—j5-—1)
L(1—s,7xT)

Z(We, Wy, 8:7)

= w(—1)"e(s,m x 7,7) L(s.7 % 7)

(iii) There are c € C* and f = f(7 X 7,%) € Z such that

(s, mx T,0) = cq "
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The local gamma factor attached to a pair of representations 7 and 7 is defined in [13]
by
L(1—s,7xT)
L(s,mxT1)

Vs, m X T ) = (s, m X T,9) (2.4)

Then the functional equation in Part (ii) of Theorem 2.3 can be rewritten
Z(Ruy W, Wr, 1=sin—r = j=1) = wr(=1)" (5, 7 X 7, 90) Z(Wer, W, 5, ). (2.5)

We also remark that the local gamma factor (s, 7 X 7, 1) determines the conductor f (7 x
T,1)), since it is the leading power of ¢~* in a power series expansion for (s, ™ X 7,).

2.3 Central characters

In this section, we show that the well-known result that local gamma factors determine
the central character. We begin by recalling the following result on the stability of local
gamma factors, which follows from [15, Proposition 2.7].

Proposition 2.6. Let w be an irreducible generic representation of G,, with n > 2. Then
there exits m, such that, for any character x of F* of conductor m > m, and any c €

5]+

p~ "™ satisfying x(1 + z) = ¢(cx), for x € pj 1, we have
L(s,m x x) = Land e(s,m X x, ) = we(c)e(s, 1 x x, )",

Proof. Although this is not quite the statement of [15, Proposition 2.7], this statement is
included in the proof (see page 323 of op. cit.). [

Corollary 2.7. Let 7, my be irreducible generic representations of G,,. If their local
gamma factors (s, m X x, ) and (s, o X X, V) are equal as functions in the complex

variable s, for any character x of F'*, then w,, = wx,.

Proof. Fori = 1,2, let m,,, mz, be the numbers given by Proposition 2.6 and put m, =
max{m,, mz, | i = 1,2}. For x acharacter of [’ of conductor m > mg, we have (s, m; x
X, V) = (s, m X x, 1), by (2.4) and Proposition 2.6.

For any ¢ € p~™ \ p!=™, with m > my, there exists a character . character of

]

conductor m such that x.(1 + z) = ¢(cz), for z € pj +1; thus Proposition 2.6 implies

Wr, (€) = wr, (€).

Since any element of /' can be expressed as the quotient of two elements of valuation at
most —m, we deduce that w,, = wy,. U
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2.4 Reduction from generic to supercuspidal

This section is devoted to reducing Conjecture 1.1 to Conjecture 1.2. In other words, if
the Local Converse Theorem for twisting by generic representations of rank up to [%]
holds for unitarizable supercuspidal representations, then it also holds for general generic
smooth representations.

Let 7 be an irreducible generic smooth representation of G,,. From the classification
of irreducible smooth representations of G,, [20, Theorem 9.7], 7 is the unique irreducible

generic subquotient of a standard parabolically induced representation
7—1|.|Z1 X oo XTt|' |Zf7

where each 7; is an irreducible unitarizable supercuspidal representation of G,,,, with n =
: d
Zi:1 n;, an

2122

are real numbers. Moreover (71, ...,7;) and (z1, ..., ;) are uniquely determined up to a
permutation o such that z,(;) = z;, and any such tuples give rise to an irreducible generic
representation of G,, in this way. By the multiplicativity of the local gamma factors ([13,
Theorem 3.1]),we have

t

V(s mx 7)) = [[ (s + 20w x 7,9), (2.8)

i=1
for all irreducible generic representations 7 of G,.. We also observe that there is at most

one index ¢ such that n; > [g] .

Proposition 2.9 ([16, Section 3.2]). With notation as above, assume that T is irreducible,
unitarizable and supercuspidal.

(1) If]—ﬁz1 v(s+ z;, 7i X T,1) has a real pole (respectively, zero) at s = s, then T ~ T;
and sy = 1 — z; (respectively, so = —z;), for some i € {1,... t}.

(i) For each j = 1,...,t, the product [._, (s + 2i,7; X 73,%) has a real pole and
zero. Moreover, if 7 = 1 then there is a zero at s = —z1, and if j =t then there is a

poleat s =1 — z.

Note that the assumption in [16], that F' is of characteristic zero, is not used in the
proof of this since it requires only the multiplicativity of local gamma factors.

Corollary 2.10. With notation as above, suppose also that T, are irreducible unitarizable
supercuspidal representation of G, for 1 < i < t', withn = Zzzl n., and that z| >

-+ > z,, are real numbers. Suppose m > [%} and

t

t/
H’Y(3+Zm7’z’ X T,9) = H’Y(S"‘Z;’aﬁ X T,1),
i=1

i=1
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for all irreducible unitarizable supercuspidal representations T of G, withr = 1,2,... m.
Thent = t' and there is a permutation o of {1, ...t} such that:

(1) n; = n;_(i),for alll == ]_7 e ,t,

(i) v(s + z;, 7 X 7,0) = (s + 2 (1)77‘; @ X T V), for all irreducible unitarizable
1

supercuspidal representations T of G, withr =1,2,... mandi=1,... 1;

(i) 7~ 7 (i) and z; = z ),for all © such that n; < [%}

Proof. The proof is by induction on ¢. If t = 1butt > 1 then n; < [%} , for some 7, and,
by Proposition 2.9(i), HZ V(s +2
does not, which is absurd. Thus ¢ = 1 and there is nothing more to prove.

i»Ti X T;,9) has areal pole while (s + 21, 71 X 7}, 1))

Now assume t > 2 and note that either n; or n; is at most [g] . Suppose first that n; <
[2]. Then [T, 7(s + 2,7 X 7,70) has a pole at 1 — z so, by Proposition 2.9(i), there
is an integer 1 < j < t' such that 77 ~ 7, and 2} = z. Hence 7;] - | 5oy |
and (s + 2, 7y X 7,) = (s + 2}, 7; X 7,9), for all irredu(nble generic representations 7
of GG, for all r. In particular, we deduce

t—1

H’Y(S—FZ“TZXTQ/J H Y(s + 25, 7l X 7,),

=1 i=1,i#7

for all irreducible unitarizable supercuspidal representations 7 of G,., withr = 1,2,... m.
The result now follows from the inductive hypothesis.

Finally, if n; < [%] then [1._, v(s + 2i, 7 X 71,%) has a zero at —z; 5o, by Proposi-
tion 2.9(i), there is an integer 1 < j < t’ such that TJ/- ~ 77 and z§ = 2. The result then
follows as in the first case. [

Putting Corollary 2.10 with m = [%} together with the multiplicativity of local gamma
factors (2.8) and the classification of irreducible generic representations [20, Theorem 9.7],
we see that Conjecture 1.2 implies Conjecture 1.1.

3 Special pairs and the local converse theorem
3.1 Preliminary results
We begin by recalling some useful lemmas, which form the technical steps of the proof.

Lemma 3.1 ([15, Section 3.2]). Let t be a positive integer and let H be a complex smooth

function on G; with compact support modulo Uy satisfying

H(ug) = v(u)H(g),
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forallu € Uy, g € Gy If
| @)Wy =0,
U\Gy

for all W, € W(r,¢; "), with T running through all irreducible generic representations
of Gy, then H = 0.

From [8, Section 3.1], we have the generalized Bruhat decomposition:

n—1
Gn = |_| UnaiQm

1=0

o 0 In—l
where o = (1 0 ) .

Definition 3.2. Given two functions H; and H, on G,,, if
Hy(z) = Hy(x), forall x € U,a'Q,,
then we say that [/, and H- agree on height 1.

Assume that (W, W, ) is a special pair for (71, 72), as in Definition 1.4, so that W,
and W, agree on height © = 0. The condition on local gamma factors in the statement
Conjecture 1.2, via Corollary 2.7 and the following proposition, implies the agreement

of Wy, and W, on height i, fori =0,..., [g}

Proposition 3.3 ([8, Proposition 3.1]). Fix an integer 1 < r < n. Let m; and 7 be
irreducible supercuspidal representations of G, with the same central character, and
let Wy, , W, be Whittaker functions, for m,ms respectively, which coincide on P,. If
the local gamma factors (s, m X 7,9) and (s, Ty X T,1) are equal as functions in the
complex variable s € C, for all irreducible generic representations T of G,, then the two
Whittaker functions W, W, agree on height r.

We are going to use the functional equations together with the properties of special
pairs of Whittaker functions in order to show that if a special pair (W, W,,) agree on
height ¢, forz = 0,..., [%] , then they are in fact equal. To do so, we apply a refined
decomposition of G,,, whose finite field version was a key ingredient in the proof of the
Jacquet Conjecture on the Local Converse Problem for G,, over finite fields in [17].

Proposition 3.4 ([17, Proposition 3.8]). The following (non-disjoint) decomposition holds:

G, = U U, a"Q,a*U,,.
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3.2 Proof of Theorem 1.5

Let 7, my be irreducible supercuspidal representations of G,, and let (W,,,W,,) be a
special pair for (7, 7). Let K be the compact-mod-centre open subgroup of G,, such
that 1V, are K-special. By hypothesis, the local gamma factors (s, m X7, ¢) and y(s, ¥
T,1) are equal as functions in the complex variable s, for all irreducible supercuspidal
representations 7 of G, with » = 1,..., [2]. This condition can be extended for all ir-
reducible generic smooth representations 7 of G,, by the multiplicativity of local gamma
factors. Moreover, by Corollary 2.7, 7, 7y have the same central character. The proof
goes in three steps.
Step (1). By Proposition 3.3, W, (g) = Wa,(g), for

g e U U,a"Q, = U U,a"Q,a"U,.

o<r<(3] o<r<[3]

Step (2). For g = go*u € Q,a*U, NK, withn — [%} <k <n,and? = 1,2, we have

Wr, (qau) = Wr ((qoku) 1) = W (u=tan—Fg 1),

since W, is K-special. Since u~'a"*¢~1 € U,a"*Q,,, from Step (1) it follows that
Wi, (qafu) = Wy, (gaFu).

Thus W,,, W, agree on Q,a*U, N K and hence on Q,,a*U, N U,K, since they are
both v,,-Whittaker functions. Since SuppW,., C U, K, we deduce that W, (g) = W, (g),
for all

g e U Q,a*U, = U U,0°Q,a*U,,.

n—[%]ikin n—[%]gkgn

Step (3). It remains to consider the case of g € U,a"Q,a*U,, with 1 < r < [2]

and n — [%] < k < n — 1. For any fixed u € U, and p € P,,, Step (2) implies that

RpakuWTrl (q) = RpakuWﬂz (Q)a

for all ¢ € P,, where we recall that R, denotes the right translation action by g on the
Whittaker functions. We apply the functional equation (2.5) for j = n — r — 1 to the
Whittaker functions R, Wy, for i = 1,2 and any Whittaker function W, in W(r, ¢, ).

The local zeta function Z(R,,,x, Wi, , W;, s;n—r—1) is given by the following integral

ho 0 0 B
/ / Ry Wi | @ Tnyon O Wo(R)|det h|* "2 dadh
hJzx 1
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where the integration in the variable A is over U, \ G, and the integration in the variable =
is over Mat(,,_,_1)x,(F'). Hence we obtain

Z(R

P

akuWﬂ'l’ WT’ sn—r-—= 1) = Z(Rpakuwwza WT? SN —=r—= 1)

Since (s, w1 X 7,%) = (s, w2 X T, 1), by the functional equation (2.5) for j = n—r—1,
we obtain

Z(Ruy, . RyiuWay, W, 1 — 5:0) = Z(Ru RooieuWiy, Wy, 1 — 5;0).

Thus, from the definition of these zeta integrals,

[ (R BV = R B} (51 ) el 7 g)dg =
g n—r

for all generic representations 7 of G,., where the integration in the variable h is over U,\ G,..
From Lemma 3.1, we deduce that

g 0 — (9 0
an,erakqu <O In—’/‘) = an,erak’uWTrz (0 In—r)

forallp € P,,u € U, and g € G,.. Now by definition, for: = 1, 2,

t, —1
an erOé UWWZ (0 Ino T> — RpakuWﬂ'i (wn ( gO InO_T) tw;}')

B 0 - i
= W, ((wﬁg_l 0 )poz u) )
Hence we obtain the identity

0 In—r 0 In—r
Wﬂ'l ((wrtg_l 0 )paku) = Wﬂ-2 <(wrtg_1 0 )paku> 5

forall p € P,, u € U, and g € G,. In particular, taking g = w, we obtain

W, (" patu) = W, (a"patu),
for all p € P,, and u € U,,. This proves that W, (g) = W,(g), for

g e U,o" Q,afU,

with 1 <7 < [%] and n — [%] < k < n — 1. This completes Step (3).

By combining the results from all three Steps above, we obtain that
W (g) = Wi, (g), forall g € G,.

By the uniqueness of local Whittaker models for irreducible smooth representations of G,
the two Whittaker models W(71, ¢,,) and W (s, 1) have trivial intersection unless 7y
and 7, are equivalent as representations of G,,, which completes the proof of Theorem 1.5.
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4 Supercuspidals with the same endo-class

K-special Whittaker functions are Whittaker functions of G,, with certain symmetry when
restricted to K. The Bessel functions of irreducible supercuspidal representations of G,,
constructed by Paskiinas and the third-named author in [18] are such examples. We recall
from [18] the basics of these Bessel functions, which rely on the construction theory of
supercuspidal representations of G,, in terms of maximal simple types of Bushnell and
Kutzko [6]. We will use the standard notation from [6] and [18].

4.1 Bessel functions

We begin by recalling from [18, Section 5] the general formulation of Bessel functions.
Let K be an open compact-modulo-center subgroup of G,, and let &/ C M C K be
compact open subgroups of /. Let 7 be an irreducible smooth representation of K and
let ¥ be a linear character of /. Take an open normal subgroup A of X, which is contained
in Ker(7) NU. Let x, be the (trace) character of 7. The associated Bessel function J :
IC — C of 7 is defined by

J(g) = N7V D B )x(gu).

ueU /IN

This is independent of the choice of V. The basic properties of this Bessel function which
we will need are given below.

Proposition 4.1 ([18, Proposition 5.3]). Assume that the data introduced above satisfy
the following:

e 7| is an irreducible representation of M; and
o 7| = IndY (D).
Then the Bessel function J of T enjoys the following properties:
0 J@1) =1L
(i) J(hg) =T (gh) =V¥(h)T(g) forallh € U and g € K;

(iii) if T (g) # 0, then g intertwines V; in particular, if m € M, then J(m) # 0 if and
only ifm e U;

When the representation 7 is also unitarizable, the Bessel function enjoys another sym-
metry property, as in the finite field case in [17].
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Lemma 4.2. In the situation of Proposition 4.1, assume further that T is unitarizable.
Then
J(g)=JT(g™"), forgeKk.

Proof. Note that W is unitary, since it is a character of the compact group /. Thatis U(g—!) =
U(g). Since ., is also unitary and x,(gh) = x,(hg), for g, h € K, we get

T = U:NT D W h)x.(g )
u€U /N

= UNT' ) U(u)x(uly)

uEU /N

= UNTT Y W(u)xe(gu)

ueU /N

= N YT (e (gu)
uelU /IN

= J(g), forg € K.

The penultimate equality follows from the substitution u — u~' and the normality of A/
inU. []

4.2 Maximal simple types

Following [6, Section 6], the irreducible supercuspidal representations of G,, are classified
by means of maximal simple types (J, \), where .J is a compact open subgroup of G,
and ) is an irreducible representation of .J. More precisely, (.J, A) is introduced as follows.
We refer to [6] for precise definitions of the objects introduced here.

Let V = F™, an n-dimensional vector space over [’ with standard basis. Thus we
identify Autp(V') with G,, and A = Endp (V') with Mat,,«,,(F'). Let 2 be a principal
hereditary op-order in A with Jacobson radical . Define U°(2() = U(2A) = 2A* and
for m > 1, define U"(A) = 1 + P For m > 0, choose 5 € A such that § €
P\ B, E = F[B] is a field extension of F, and F* normalizes 2. Provided an
additional technical condition is satisfied (namely kr(3) < 0), these data give a principal
simple stratum [2(, m, 0, 8] of A. Take J = J(B,2), J* = J1(3,2A), and H' = H'(5,)
as defined in [6, Section 3]. Denote by C(2, 5,) the set of simple (linear) characters
of H'! as defined in [6, Section 3].

Recall from [6, Section 6] the following definition of maximal simple types.

Definition 4.3. The pair (J, \) is called a maximal simple type if one of the following
holds:

(a) J = J(p,2)is an open compact subgroup associated to a simple stratum [, m, 0, (]
of A as above, such that, if £ = F[f] and B = Endg(V), then 8 = AN Bisa
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maximal og-order in B. Moreover, there exists a simple character 0 € C(2, 3, )
such that

AE KRR o,

where k is a 3-extension of the unique irreducible representation n of J! = J1(3,2),
which contains , and o is the inflation to .J of an irreducible cuspidal representation
of

J/J' = U(B)/U(B) = GL,(tp),

where r =n/[E : F].

(b) (J,A) = (U(A), o), where  is a maximal hereditary op-order in A and o is the
inflation to U () of an irreducible cuspidal representation of

U(A)/UN(A) = GL (tr).

We will regard case (b) formally as a special case of case (a) by setting 5 = O and £ =
F, and 0,7, k trivial. In either case, we put J = E*.J. With these data, any irreducible
supercuspidal representation 7 of G,, is of the form

7 2 c-Ind§" (M),

for some choice of (J, A), where A|; = A. We call such a pair (J,A) and extended
maximal simple type.

For 7 an irreducible supercuspidal representation of G,,, any two extended maximal
simple types in 7 are conjugate in G,,. This fact allows one to associate some invariants
to 7. The simple character f in the construction of an extended maximal simple type for 7
determines an endo-class © = ©(m) as defined in [2]. We do not recall precisely the
definition of endo-class: it is a class for a certain equivalence relation on functions which
take values in simple characters. For i = 1,2, let §; € C(2;, 5;,1) be simple characters
for G,,. If 61, 65 have the same endo-class then they intertwine in G,,; if, moreover, the
hereditary orders 2l , 2, are isomorphic then 6, 6, are conjugate in G,,.

Although the field extension E/F involved in the construction of a maximal simple
type in 7 is not uniquely determined, its residue degree and ramification index are in fact
invariants of the endo-class © = O(7) and we write

f(©) = f(E/F), e(©) = e(E/F), deg(©) = [E : F].

These are then also invariants of 7 so we write deg(m) = deg(©) and call it the degree
of m. We also remark that the op-period of the hereditary order 2l in the construction of
any maximal simple type in 7 is e(©).
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4.3 Explicit Whittaker functions

Let 7 be an irreducible unitarizable supercuspidal representation of G,,. By [3, Proposi-
tion 1.6], there is an extended maximal simple type (J, A) in 7 such that

HomUnﬂJ(wn; A) # 0.

Since A restricts to a multiple of some simple character § € C(2, 3,1), one obtains
that 0(u) = 1, (u) for all uw € U,, N H'. As in [18, Definition 4.2], one defines a charac-
ter U, : (JNU,)H" — C* by

Wy, (uh) := hn(w)6(h), (4.4)
forallu € JNU, and h € H'. By [18, Theorem 4.4], the data
K=J,7=A M=UJnP)J", U=(JNU,)H", and ¥ = ¥,

satisfy the conditions in Proposition 4.1 and hence define a Bessel function 7.
Now we define a function W : G,, — C by

Wolg) = {wn(u)j(j) if g = uj withu € Uy, j €J, “s)

0 otherwise,

which is well-defined by Proposition 4.1(ii). Then, by [18, Theorem 5.8], W is a Whit-
taker function for 7. Moreover, since 7 is unitarizable, the same is true of A, so W, is
a J-special Whittaker function for 7, by Lemma 4.2. By Proposition 4.1, the restriction
of W, to P,, has a particularly simple description: for g € P,,,

U,(g) ifge(JNU,)H;

) (4.6)
0 otherwise.

Wa(g) = {

4.4 Proof of Proposition 1.6

Let 7, m be irreducible unitarizable supercuspidal representations of G,, with the same
endo-class ©. We will use all the notation of Definition 4.3 but with subscripts 1, .
Let (J1, A;) be an extended maximal simple type in 7; such that

HomUnﬂJl (wna Al) 7& 0.

By [18, Remark 4.15], we may assume that the pair (U, 1,,) arises from the construction
of [18, Theorem 3.3]. This construction, which produces a particular maximal unipotent
subgroup and non-degenerate character, depends only on the simple character ;. Thus,
by [18, Corollary 4.13], the space Homy, n3, (¢, A) is non-zero for any extended maxi-
mal simple type (J1, A) containing 6.
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Now let (Jo, Ay) be any extended maximal simple type in 5. The hereditary orders 2;
have the same period ¢(©) so are conjugate in G,,; replacing 25 by a conjugate if nec-
essary, we assume they are equal. Then the simple characters 6y, 65 are conjugate in G,
by definition of endo-equivalence; again, replacing 6, by a conjugate if necessary, we as-
sume they are equal. Now J; is the G,,-normalizer of §; so we have J; = J,. Hence, by
the remarks above,

HomUnﬂJ1<7v/}m A2> 7£ 0.
Thus the characters W), U2 as defined in (4.4) are equal. Finally, by (4.6), the J;-special
Whittaker functions W, W, defined by (4.5) agree on P,,. Thus (W, , W, ) is a special
pair for (7, m5), which completes the proof of Proposition 1.6.

Remark 4.7. In the proof of the existence of a special pair, we do not in fact use that
the endo-classes for 7, o coincide, but only that J;,J, are contained in a common
compact-modulo-center open subgroup of G, that H{ N P, = H; N P, and that 6,6,
coincide on H! N P,,. This is significantly weaker: for example, if deg(m;) = n and 3, is
a minimal element (see, for example, [6, Section 1.4] for the definition) then H 11 Nnp, =
ulsl i e,) np,.

5 Conductors of pairs

In this section we will prove Corollary 1.7. The techniques here are entirely different,
relying on the explicit computation of conductors of pairs of supercuspidal representations
from [5] and their application in [4].

5.1 Endo-classes

In [4], Bushnell and Henniart define a function § of pairs of endo-classes with the property
that, for 7, 7 irreducible supercuspidal representations of G,,, G, respectively, with n >
r > 1, the conductor satisfies

fr x7,0) =nr(FO(n),0(7)) +1). (5.1)

Moreover, [4, Theorem C] says that this function characterizes endo-classes in the fol-
lowing way: for endo-classes O, O,

5(01,02) > §(01,04), (5.2)

with equality if and only if ©; = O,.

The final ingredient we need is that, given an endo-class O, there is an irreducible
supercuspidal representation 7 of G, with endo-class © whenever 7 is a multiple of the
degree deg(©). This is immediate from the definitions of endo-class in [3] and of maximal
simple types.
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5.2 Proof of Corollary 1.7

Let m, m be unitarizable irreducible supercuspidal representations of G,,, with endo-
classes ©1, O, respectively, and suppose that deg(m;) < n. Suppose the local gamma
factors y(s, m; X 7,) and (s, mo X T, 1)) are equal as functions in the complex variable s,

for all irreducible supercuspidal representations 7 of G, withr = 1,.. ., [5}

Put r := deg(m ), which is a proper divisor of n; in particular, r < [g} Let 7 be

an irreducible supercuspidal representation 7 of G, with endo-class ©(7) = ©;. Then,
by (5.1) and hypothesis, we have

[ xF4) | fmx7y)

nr nr

§(01,01) = —1=5(6,,0,).

We deduce, from (5.2), that ©; = ©,. Then Proposition 1.6 and Theorem 1.5 combine to
imply that 7 is equivalent to 7.

Remark 5.3. The restriction of a simple character § € C(, 3, %) to the groups H'™! =
H'N Ut“(Ql), t > 0, determines a family of endo-classes. By considering these endo-
classes, rather than just those coming from the simple character 6, it seems likely that one
could prove a more general version of Corollary 1.7 by generalizing the function .

However, even in the most optimistic scenario, this will leave the case where, for i =
1,2, we have deg(m;) = n and any simple character 6; € C(%, 5;,7) in 7; has (; a min-
imal element. One would need to prove that the equality of local gamma factors implies
that one can assume §; = (5 (mod ‘Bf[%]) to enable us to construct a special pair of
Whittaker functions (see Remark 4.7). However, even the case n = 3 seems to be very
difficult to analyze directly via the explicit construction of supercuspidal representations,
even in the tame case.
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