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Abstract. The complete first order theories of the exponential differential
equations of semiabelian varieties are given. It is shown that these theories
also arise from an amalgamation-with-predimension construction in the style
of Hrushovski. The theories include necessary and sufficient conditions for a
system of equations to have a solution. The necessary conditions generalize
Ax’s differential fields version of Schanuel’s conjecture to semiabelian vari-
eties. There is a purely algebraic corollary, the “Weak CIT” for semiabelian
varieties, which concerns the intersections of algebraic subgroups with alge-

braic varieties.
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1. Introduction

1.1. The exponential differential equation

Let (F;+, -, D) be a differential field of characteristic zero, and consider the ezpo-
nential differential equation Dz = %. If F is a field of meromorphic functions in

a variable ¢, with D being %, then this is the differential equation satisfied by any

z(t),y(t) € F such that y(t) = e*®).

James Ax proved the following differential fields version of Schanuel’s con-

jecture.

Theorem 1.1 (Ax, [Ax71]). Let F be a field of characteristic zero, D be a derivation
on F and C be the constant subfield. Suppose n > 1 and x1,y1,...,Tn,Yn € F are
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such that Dx; = Duyi for each i, and the Dx; are Q-linearly independent. Then

7

td(xhyl?"'axrny'r;/c) =zn+ 1.

Here and throughout this paper, td(X/C) means the transcendence degree
of the field extension C(X)/C.

The theorem can be viewed as giving a restriction on the systems of equations
which have solutions in a differential field. In this paper it is shown that Ax’s the-
orem is the only restriction on a system of instances of the exponential differential
equation and polynomial equations having solutions in a differential field. This is
done by proving a matching existential closedness theorem, stating that certain
systems of equations do have solutions when the field F' is differentially closed. The
theorem says roughly that certain algebraic subvarieties V' C F?", whose images
under projections are suitably large and which we call rotund subvarieties, must
have nonempty intersection with the set of n-tuples of solutions of the exponential
differential equation.

1.2. Semiabelian varieties

We consider not just the exponential differential equation given above, but also the
exponential differential equations of every semiabelian variety defined over the field
of constants. Next we explain what these equations are, and the language we use
to study them. The foundations of algebraic geometry we use are those standard
in model theory, which can be found in [Pil98] or in [Mar00]. In particular, we
generally work with a fixed algebraically closed field F (always of characteristic
zero in this paper), and identify a variety V defined over F with its set of F-
points, although we may write the latter also as V(F). If K is another field with
K C For FF C K then we write V(K) for the K-points of V. The varieties
we consider are not necessarily affine varieties (for example, abelian varieties are
not). In general, they are patched together from finitely many affine pieces, so
are imaginaries in the model-theoretic sense. The theory ACF, of algebraically
closed fields of characteristic zero has elimination of imaginaries and elimination of
quantifiers, so we can consider varieties as embedded in affine space as a boolean
combination of Zariski-closed sets (a constructible set). Thus from the model-
theoretic perspective, an element of V(F) is a tuple of elements of F', considered
as a member of a particular definable set. However, the number of elements in
the tuple will not generally be the same as the dimension of the variety, so from
a geometric point of view it is better to consider the variety as patched from its
affine pieces.

In characteristic zero, we can define a semiabelian variety S to be a con-
nected, commutative algebraic group, with no algebraic subgroup isomorphic to
the additive group G,. By Chevalley’s theorem [Ser88, p40], every algebraic group
G can be given as an extension

0—-L—-G—A—0
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in a unique way, where A is an abelian variety (a connected projective algebraic
group) and L is a linear group. If G is connected and commutative and the char-
acteristic is zero then L is of the form Gal X Gmk for some natural numbers [
and k [Ser88, p40, pl71]. So G is a semiabelian variety when, in addition, [ = 0.
Special cases include the multiplicative group G, its powers which are called
algebraic tori, and elliptic curves which are one-dimensional abelian varieties. Al-
gebraic groups isomorphic to G," for some natural number n are called vector
groups.

We need the notions of tangent bundles and the logarithmic derivative map.
A good exposition is given in [Mar00], so we just summarize the essential properties
we need. Given any connected commutative algebraic group G, its tangent bundle
TG is also a connected commutative algebraic group. We write LG for the tangent
space at the identity of G. (The L here stands for Lie algebra, but since the group
is commutative, the Lie bracket is trivial.) LG is a vector group with dim LG =
dim G, and TG is canonically isomorphic to LG x G as an algebraic group.

For any differential field (F';+,-, D) and any commutative algebraic group
G defined over the subfield of constants C, there is a logarithmic derivative map,
which is a group homomorphism {D¢ : G(F') — LG(F).

If G is a vector group then LG is canonically isomorphic to G. In partic-
ular, for any G, LLG is canonically isomorphic to LG. We have [Dg,_ () = Dz
and, identifying LGy, with G, we have [Dg_(y) = %, so the usual exponential
differential equation can be written as

IDpg, (z) = 1Dg,, (y)-

For a general semiabelian variety .S, defined over the field of constants C, we
define the exponential differential equation of S to be

lDLS (x) = lDS (y)

under the canonical identification of LLS and LS. The equation defines a differ-
ential algebraic subgroup of T'S, which we denote by I's. That is,

I's = {(l‘,y) e LS xS ‘lDLs(J?) = le(y)}

As mentioned earlier, the usual exponential map satisfies the exponential
differential equation of Gy,. If S is a complex semiabelian variety, we may consider
S(C) as a complex Lie group, and LS(C) can be identified with its universal
covering space. The analytic covering map

LS(C) 225 s(C)

is called the ezponential map of S(C), and it can be shown via a Lie theory
argument that this map satisfies the exponential differential equation for S. This
is one motivation for considering these equations.

Having explained the equations under consideration, we now explain the con-
text in which we study them. Let (F';+,-,C, D) be a differential field of charac-
teristic 0, with C being the constant subfield. Let Cyy be a countable subfield of C,
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and let S be a collection of semiabelian varieties, each defined over Cy. Expand F
by adding a symbol for I's for each S € S (of appropriate arity to be interpreted
as a subset of T'S) and by adding constant symbols for each element of Cpy. Then
forget the deriviation — consider the reduct (F;+,-,C, (I's)ses, (¢)cec,). We call
this language Ls.

We will give the complete first-order theory of this reduct, in the case where
(F;+,-, D) is a differentially closed field.

1.3. Outline of the paper

In section 2 of the paper we take the analogues for semiabelian varieties of Ax’s
theorem (see below) as a starting point. We observe that they can be seen as stat-
ing the positivity of a predimension function, as used by Hrushovski [Hru93] to
construct his new strongly minimal theories — theories where there is a particu-
larly simple and powerful dimension theory. This is easiest to see in the original
multiplicative group setting. Write x,y for the tuples z1,...,z, and y1,...,y, in
theorem 1.1, and define

5(a,y) = td(z,y/C) — ldimg(/C)

where the second term is the Q-linear dimension of the span of the images of
the x; in the quotient Q-vector space F/C. Then Ax’s theorem is equivalent to
the statement that for all tuples z,y € F™ satisfying the exponential differential
equation, either 6(x,y) > 1 or all the x; and y; lie in C.

Using this predimension function, and its generalisations, we construct ab-
stract Lg-theories Ts via a category-theoretic version of Hrushovski’s amalgama-
tion with predimension technique. In particular, we obtain a pregeometry with its
associated notion of dimension, and the definition (see 2.26) of the rotund sub-
varieties of the tangent bundles T'S, which are those occuring in the existential
closedness statements. However, we cannot at this stage of the paper show that
Ts is first-order axiomatizable.

Section 3 starts by connecting the logarithmic derivatives with differential
forms, and goes on to prove that the analogues of Ax’s theorem (which we call
Schanuel properties) do indeed hold in all differential fields. As in Ax’s paper, we
prove a statement for many commuting derivations. The simpler statement for just
one derivation is as follows.

Theorem (3.8, the Schanuel Property, one derivation version). Let F' be a differ-
ential field of characteristic zero, with constant subfield C. Let S be a semiabelian
variety defined over C, of dimension n.

Suppose that (z,y) € T's and td(z,y/C) < n + 1. Then there is a proper
algebraic subgroup H of S and a constant point v of T'S such that (x,y) lies in the
coset v-TH.

We also prove that the existential closedness axioms hold in differentially
closed fields.
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Theorem (3.10, Existential Closedness). Let F' be a differentially closed field of
characteristic zero, and S a semiabelian variety defined over C. Then for each
irreducible rotund subvariety V. of T'S, and each parametric family (We)ecq(c)
of proper subvarieties of V', with Q) a constructible set defined over C, there is
gelsNV N UeeQ(C) We.

This theorem extends work of Crampin [Cra06], who considered a case where
the variety V' is defined over the constant subfield, just for the multiplicative group.

In section 4 we apply the compactness theorem of first-order logic to the
Schanuel properties proved in section 3 to show that they are first-order express-
ible, and to deduce a result in diophantine geometry, concerning the intersections
of algebraic subgroups of semiabelian varieties with algebraic varieties.

Theorem (4.6, “Weak CIT” for semiabelian varieties). Let S be a semiabelian va-
riety defined over an algebraically closed field C of characteristic zero. Let (Up)pep
be a parametric family of algebraic subvarieties of S. There is a finite family Jy of
proper algebraic subgroups of S such that, for any coset kK = a- H of any algebraic
subgroup H of S and any p € P(C), if X is an irreducible component of U, Nk
and

dim X = (dimU, + dimk — dim S) + ¢

with t > 0, an atypical component of the intersection, then there is J € Jy of
codimension at least t and s € S(C) such that X Cs-J.

This is a weak version of the Conjecture on the intersection of algebraic sub-
groups with subvarieties stated by Zilber in [Zil02], and is the natural generaliza-
tion to semiabelian varieties of the version proved there for algebraic tori. (“CIT”
stands for the Conjecture on Intersections with Tori.) For a discussion of results
and conjectures of this form, see [Zil02] and [BMZ07].

We then use this weak CIT result to show that the notion of rotundity of a
subvariety is definable, and hence that the existential closedness property is first-
order expressible. Thus the theories Ts are first-order, and we then show they are
complete. Finally, we give two simple model-theoretic properties of the Ts.

I believe the results of this paper can be generalised to arbitrary commuta-
tive algebraic groups, although vector groups must be treated separately because
their exponential maps are just the identity maps. Indeed, Bertrand [Ber08] has
proved the Schanuel property for commutative algebraic groups with no vectorial
quotients, a generalization of semiabelian varieties. He makes use of another paper
of Ax [AxT72], and considers only the case where the differential field is a field of
meromorphic functions. The method of [Kir05] and of §5.5 of [Kir06] generalizes
Bertrand’s result to any differential field. In these cases, the groups are still defined
over the constant field C' (or, essentially equivalently, are isoconstant). Bertrand
and Pillay have also considered Schanuel properties in the non-isoconstant case
[BPO0S].
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Much of the work of this paper was done as part of my DPhil thesis [Kir06]
under the supervision of Boris Zilber, and his great influence will be clear to anyone
who knows his work.

2. Amalgamation

In this section we put aside differential fields and construct an abstract Lgs-
structure and its theory Ts. In section 3 we show that the reducts of differentially
closed fields are models of Ts. It is not immediate that Ts is first-order axioma-
tizable, but this is proven in section 4. We start by giving the universal part of
Ts.

2.1. The universal theory

Fix a countable field Cy of characteristic zero, and a collection S of semiabelian
varieties, each defined over Cy. We assume also that Cj is large enough that ev-
ery algebraic homomorphism between any members of S is defined over Cj. For
example, if S is the collection {G,," |n € N} of algebraic tori, then we can just
take Cy = Q. In any case it suffices to take Cy to be algebraically closed. Recall
that the language Ls is (+,-,C, (I's)ses, (€)cec, ), the field language augmented
by relation symbols for the constant field and for each solution set I'g, and by
constant symbols for the elements of Cy. The theory T¥ is given as follows.

Ul F is an algebraically closed field, C is a (relatively) algebraically closed sub-
field, and the subfield Cy of C' is named by parameters.

U2 For each S € S, I'g is a subgroup of T'S.

U3 For each S € S, TS(C) CT'g

U4 (0,y) eTg < y€S(C) and (z,1) e g < z € LS(C), where 0 is the
identity of LS and 1 is the identity of S.

Us If Sy N Sy is an algebraic group homomorphism then (7f)(I's,) C T's,,
and if f is an isogeny then also I's, = (T'f)"1(I's,).

U6 For each 57,5 € S,if S; C Sy thenI's, =T'g, NT'5;.

U7 For each 51,5 € S, 'g,xs, =T's; xT's,.

SP For each S € S, if g € T'g and td(g/C) < dim S + 1 then there is a proper
algebraic subgroup H of S and v € T'S(C) such that g lies in the coset v-TH.

Lemma 2.1. The azioms Ul — U7 can all be expressed as first order axiom schemes
in the language Lgs.

Proof. This is almost immediate. For U5, recall that by assumption on Cy, every
algebraic homomorphism S; 7, S5 is defined over Cp, and hence is ()-definable in

Ls. O

The last axiom, SP, is the Schanuel property. Since each S € S has only
countably many proper algebraic subgroups and there are only countably many
polynomials, it follows that SP can be expressed as a sentence in the infinitary
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language Ly, .. We show later (corollary 4.4) that SP can also be expressed as a
first order axiom scheme.

The superscript “U” in Tg stands for universal. The theory is universal, that
is, if M is a model and N is a substructure of M then N is also a model, with
the exception of the part of Ul that says that the field F' is algebraically closed.
It will be convenient to work in a setting in which we only consider substructures
whose underlying field is algebraically closed. In this non-elementary setting, the
theory Tg is precisely the “theory of substructures”.

If S is not closed under products, then for Sy,5, € S we can use axiom U7
to define I'g, xs,. Thus we may assume that S is closed under products. Similarly,
using U6 we may assume that S is closed under taking (connected) subgroups,
and using U5 we may assume that S is closed under quotients. An isogeny is
a surjective homomorphism with finite kernel. Groups S; and S5 are said to be
isogenous iff there is S5 and isogenies S35 — S7 and S3 — S3. By U5 we can
also assume that S is closed under the equivalence relation of isogeny.

2.2. The category K

We now use Hrushovski’s amalgamation-with-predimension technique to produce
a “countable universal domain”, U, for Tg . From the construction of U we will
obtain an axiomatization of its complete theory, Ts. Again, it will be clear that
the axiomatization is expressible in L, .. We will later extract the first order part
of the theory.

We apply the amalgamation construction not to the category of all countable
models of T, but to a subcategory. Fix a countable algebraically closed field C
of characteristic zero, containing Cjy. Unless otherwise noted, we take C' to have a
transcendence degree R over Cj.

Take K to be the category of models of the theory T§ which have this given
field C, with arrows being embeddings of Ls-structures which fix C. Because we
are working in a more abstract setting than usual, the following lemma actually
requires a proof.

Lemma 2.2. The category K has intersections, that is, for each B € K, and each
family (A; — B)icr of substructures of B, there is a limit (),c; A; — B of the
obvious diagram this defines. Furthermore the underlying field of this intersection
is simply the intersection of the underlying fields of the substructures.

Proof. The axiomatization of TSU is universal, apart from the axiom scheme which
says that the field is algebraically closed. The intersection of algebraically closed
subfields of a field is algebraically closed, and any substructure of a model of a
universal theory is also a model of that theory, so the category of models of TY
has intersections. The intersection of extensions of C'is also an extension of C. [

Using this lemma, if B € K and X is a subset of B, we can define the
substructure of B generated by X as (X) =(1{A— B |X C A}, where A — B
means that A is a subobject of B in K. Note that (X) depends on B.
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We say that B is finitely generated iff there is a finite subset X of B such that
B = (X). In fact, for any A € K and subset X of A, (X) is simply the algebraic
closure of C U X in A, so an object A of K is finitely generated iff td(A/C) is
finite. Thus being a finitely generated object of K is not the same as being finitely
generated as an Lg-structure. Indeed no objects of I are finitely generated as
Ls-structures since they are all algebraically closed fields.

We write A C¢4 B to mean that A is a finitely generated substructure of
B. From the above characterization it follows that any substructure of a finitely
generated structure in K is also finitely generated.

2.3. The predimension function

The Schanuel property allows us to define a predimension function, §, on the
finitely generated objects of KC. It is defined in terms of transcendence degree and
a group rank, which we define using the next series of lemmas.

Lemma 2.3. If S; and S are isogenous then I's, determines I'g, .

Proof. By the definition of isogeny, there are an S3 and isogenies f; : S3 — 51
and fo : S3 — S2. By axiom U5, I's, = (T'f2)(T'f1) ' (s, ). O

Lemma 2.4. For any extension A — B in K with B finitely generated, there is
S € S of mazimal dimension such that there is g € Ts(B), not lying in an A-coset
of TH for any proper algebraic subgroup H of S. Furthermore, this mazximal S is
uniquely defined up to isogeny, and determines I' on B as follows.

If ¢ € T/ (B) for any S’ € S, then there is S” isogenous to S, ¢" € T'gn(B),
a homomorphism S" - S', and ~ € s/ (A), such that ¢ = (Tq)(g") - v, where -
is the group operation in S’.

Proof. If g € T's(B) and does not lie in an A-coset of TH for any proper algebraic
subgroup H of S, then it does not lie in a C-coset and by the Schanuel property
SP, dim S < td(g/C) or dim S = 0. Also td(g/C) < td(B/C), so the dimension of
S is bounded. At least one such S exists (the zero-dimensional group), and hence
a maximal such S exists.

Now let S be of maximal dimension and g € I'g(B) as described. Suppose ¢’ €
I's/(B) for some S’ € S. Then (g,¢') € T'sxs/(B) C T(S x S’)(B). By maximality
of dim S, there is an algebraic subgroup S” of S x S’, with dim S” < dim S, such
that (g,¢’) lies in an A-coset of T'S”. Let (a, ) € T'sxs/(A) and ¢"” € T'gn(B)
such that (g,¢') = ¢” - (o, 8). The projection maps

S xS S”
SN VX
S ? restrict to

S S’ S S’

and we also have the maps Tp, Tq on the tangent bundles. Then (Tp)(¢"”) =
g+ (Tp)(a), which lies in T'(p(S")), where p(S”) is an algebraic subgroup of S. Now
g does not lie in TH for any proper algebraic subgroup H of S, so p(S”) = S. Hence
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dim S” = dim S and p is an isogeny. Let v = (T pry)(8). Then ¢’ = (Tq)(¢"”) - v,
where ¢” € T'si(B) and v € I's/(A) as required.

If dim S’ = dim S then the same argument shows that ¢ is an isogeny. Hence
S is unique up to isogeny. O

Definition 2.5. For an extension A — B in K, with B finitely generated, define
Smax(B/A) to be a maximal S € S such that there is g € I's(B), not lying in an
A-coset of TH for any proper algebraic subgroup H of S. A point g € I'gmax(p/4)
which witnesses the maximality is said to be a basis for I'(B/A). For a finitely
generated A € K, define S™**(A) = S™**(A/C).

Note that S™**(B/A) is defined only up to isogeny.

Proposition 2.6. Let A, B € K be finitely generated, with B an extension of A, that
is, A C B. Then S™®*(B) is an extension of S™**(A) in the group theory sense,
that is, S™*(A) is a quotient of S™**(B). Furthermore, S™*(B/A) is the kernel
of the quotient map.

Proof. Let b € I'gmax(py and a € I'gmax(4) be bases, and write Sp for S™**(B)
and Sy for S™**(A). Then, replacing Sp by an isogenous group if necessary, there
is a quotient map Sp —— S, and v € S4(C) such that a = (Tq)(b) - 7. Thus
(T'q)(b) € Sa(A), so b lies in an A-coset of TH, where H is the kernel of q. Say
b=-e-«, with e € H(B) and a € Sg(A).

We will show that e is a basis for I'(B/A). Firstly, e does not lie in an A-coset
of T'J for any proper algebraic subgroup J of H, since then S/J would be S™2*(A).
If g € T's(B) then, by the properties of S™*(B), up to isogeny there is S —- S
such that g = (T'p)(b) - B, for some 5 € S(A). But then g = (T'p)(e) - (Tp)() - 5,
and (T'p)(«) - € S(A). Hence e is a basis for I'(B/A), and H = S™*(B/A). O

Definition 2.7. For an extension A — B in K, with B finitely generated, define
the group rank and predimension to be

grk(B/A) = dim S™*(B/A) d(B/A) =td(B/A) — grk(B/A)
respectively. For any subset X C B, define grk(X/A) = grk((X, A)/A) and define
§(X/A) =6((X,A)/A). Also define grk(A) = grk(A/C) and §(A) = §(A/C).

The Schanuel property says precisely that 6(A) > 0 for each finitely generated
structure A, with equality iff A = C.

Lemma 2.8. For an extension A — B in K, with B finitely generated, grk(B) =
grk(B/A) + grk(A) and 6(B) = 6(B/A) + §(A).

Proof. The statement for group rank is immediate from proposition 2.6. The same
property holds for transcendence degree, that is, td(B/C) = td(B/A) + td(A4/C),
and the result for the predimension follows. O

An essential property of § is that it is submodular.
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Lemma 2.9. The predimension § is submodular on K. That is, for any finitely
generated B € IC and any Ay, As C B, such that Ay, As € IC,

(A1 U Ag) + 6(A1 N Ag) < 8(A1) + 6(As).

Proof. Let Ag = A1 N Az, and Az = (A1 U Ag). We first show that grk(Az/Ag) >
grk(Ay1/Ag) + grk(As/Ap). For i = 1,23, let S; = S™*(A;/Ap) and let g; € T'S;
be a basis for T'(4;/Ap). By lemma 2.4, there are (up to isogeny) homomorphisms
S3 248, for i = 1,2 such that g; = (T'¢;)(gs)-

Suppose grk(A4s/Ag) < grk(A;/Ag)+grk(Aa/Ap). Then dim S5 < dim S X Sa,
and by definition of S™?* there is a proper algebraic subgroup H of S; x S such
that (g1,¢92) lies in an Ag-coset of TH. Now H is normal in S; x S since the
groups are commutative, so it is the kernel of some algebraic group homomorphism
S x Sy 25 J, and (Tp)(g1,92) = a € TJ(Ap). Since the product S; x Sy is
also the direct sum S7 @& Sy in the category of commutative algebraic groups,
we can write (Tp)(g1,92) as (Tp1)(g1) - (Tp2)(g2), where S; % J is given by
pi(z) = p(z,1), and symmetrically po. Then (Tp1)(g1) = a-(Tp2)(g2) ' € TJ(Az),
so Tp1(g1) € TJ(A1 N Ag) = TJ(Ap). Thus g; lies in an Ag-coset of T'(ker p1),
but dim J > 0, so kerp; is a proper algebraic subgroup of Sy, which contradicts
g1 being a basis of T'(A1/Ap). So grk(As/Ag) > grk(A;/Ag) + grk(Aa/Ap). Thus

grk(A; U Aa/Ag) + 2grk(Ag) > grk(A:1/Ap) + grk(Az/Ao) + 2 grk(Ao)

and hence, by lemma 2.8,

grk(A; U Ag) + grk(A; N Ag) > grk(A;) + grk(Az). (1)

Now
td(Al U AQ/C) + td(Al n AQ/C) < td(Al/C> + td(AQ/C) (2)
and so, subtracting (1) from (2), we see that § is submodular. O

2.4. Self-sufficient embeddings

The intuition behind the predimension function ¢ is that is measures the number of
“degrees of freedom”, which could be thought of as the number of variables minus
the number of constraints. We cannot amalgamate over all embeddings because
an amalgam of arbitrary embeddings will not always have the Schanuel property.
That is, I does not have the amalgamation property. The problem is that for some
embeddings A <— B there will be extra constraints on A which are not apparent
in A but are witnessed only in the extension B. We will amalgamate only over
those embeddings where this does not occur. Informally, an embedding A — B
is self-sufficient if any dependency (constraint) between members of A in B is
already witnessed in A. The formal definition does not require the structures to
be finitely generated.

Definition 2.10. We say that an embedding of structures A <— B is self-sufficient
iff for every X Cj, B we have 6(X N A) < 6(X). In this case, we write the
embedding as A < B or A < B and we say that A is self-sufficient in B.
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Lemma 2.11. Taking all the objects of K with just the self-sufficient embeddings
gives a subcategory K< of K.

Proof. Tt is immediate that identity embeddings are self-sufficient and the com-
posite of self-sufficient embeddings is self-sufficient. O

It is customary to write self-sufficient embeddings as A < B, but this seems
to me to be an unnecessary duplication of a common symbol and potentially
confusing, so I prefer to avoid it. This is a simplification of the original definition
of a self-sufficient embedding (see for example [Hru93]), and it is equivalent to the
original definition for any ¢ which is submodular, as predimension functions for
Hrushovski-type constructions are.

Lemma 2.12. If A; << B for each i in some index set I and A = ﬂiel A; is the
intersection in K, then A < B. In particular, the category K< has intersections.

Proof. First we show that it holds for binary intersections. Suppose A, A <1 B.
Let X Cyq Ay Then §(X N (A1 N Ag)) = 0(X NAy) < §(X) since Ay < B and
X Cygq B.So A1 N Az < Ayq, but also A; < B and so A; N As < B. By induction,
any finite intersection of self-sufficient substructures of B is also self-sufficient in
B.

The case of an arbitrary intersection of self-sufficient subsets follows by a finite
character argument. Let X C¢, B. Then X N ﬂie ; A; is an algebraically closed
subfield of X, which has finite transcendence degree. The lattice of algebraically
closed subfields of X has no infinite chains, hence there is a finite subset Iy of
I such that X N(;c; A = X N (e, Ai- By the above, (., A; < B, and so
(X N(N;er Ai) < O(X). So;e; Ai < B as required. O

As with I, the existence of intersections allows one to define the subobject
generated by some set, and consequently the notion of a finitely generated object
in K9. This greatly simplifies the presentation, and is one reason for working in
the category IC rather than the category of all Lgs-substructures of models. To
distinguish this notion of generation from that in IC, we give it a different name.

Definition 2.13. If B is a structure and X is a subset of B then the hull of X in
Bisgiven by [X]=N{A<B|X C A}.

Note that as for (X), the hull [X| depends on B, although we do not write
the dependence explicitly. Hulls give another way of showing that an embedding
is self-sufficient.

Lemma 2.14. A < B iff for every Y C; 4 A, [Y] C A.

Proof. Suppose Y Cy, A and [Y] € A. Let X = [Y']. Then §(X) < 6(X N A),
so A #4 B. Conversely, suppose A 4 B, so there is X C;, B such that 6(X) <
(X N A). Then X N A is finitely generated so take Y = X N A. d
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2.5. The amalgamation property

Lemma 2.15. A structure is finitely generated in the sense of K< iff it is finitely
generated in the sense of IC.

Proof. The right to left direction is immediate, since for any set X, (X) C [X].

We show that if B € K and X C B is a finite subset then [X] is finitely
generated in K. Consider {6(A4) | X C A Cy 4 B}, a nonempty subset of N. Let A
be such that §(A) is least. Then for any Y Cy, B,

0<S(AUY) —6(A) <6(Y)—5(ANY)

with the first comparison holding by the minimality of §(A) and the second by
submodularity of §. Thus A < B. In particular, [X] C A, and so [X] is finitely
generated in K. (|

We define the category ICZ]NO to be the subcategory of K< consisting of the
finitely generated structures, together with all self-sufficient embeddings. In order
to apply the amalgamation theorem, we need to show that ICjNO has the amal-
gamation property. In fact, we show more than this, which is necessary when it
comes to axiomatizing the amalgam.

Proposition 2.16 (Free asymmetric amalgamation). If we have embeddings A <1 By
and A — By in K then there is E € K (the free amalgam of By and By over A)
and embeddings By — E and By <\ E such that the square

/\
\/

commutes, and E = (B1, B). Furthermore, if A<t By then B; < E.

Proof. Let (1,82 be transcendence bases of By, By over A. As a field, take E to
be the algebraic closure of the extension of A with transcendence base the disjoint
union (7 Ll B2. This defines the field F and the embeddings By — E and By — E
uniquely up to isomorphism, because B; and By are algebraically disjoint over A
in E. For each S € S, define I's(F) to be the subgroup of T'S(E) generated by
I's(B1) UT'g(Bsz). Axioms Ul—U7 then hold by the construction.

Let X be a finitely generated algebraically closed substructure of E. Note
that § and grk were originally defined only for structures satisfying the Schanuel
property, and we do not yet know that it holds for E. However, the definitions of
0 and grk make sense for X because the conclusion of lemma 2.4 holds, and so
grk(X) is well-defined and finite.

Let S = S™(X/X N By), and let g € I's(X) be a basis for I'(X/X N By).
Then by the construction of I's(E), there are h € I'g(B;1) and b € I'g(Bs) such
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that g = h - b. The group operation of S is defined over C, so certainly over Bs,
and so

td(g/X N By) > td(g/Bs) = td(h/By) = td(h/A) > grk(h/A)

with the second equation because B is algebraically independent of By over A
and the final comparison because A < Bj.

We now show that grk(h/A) = dim S. If not, then there is a € T'S(A) and
a proper algebraic subgroup H of S such that h-a~! € TH(B;). Now h-a~! =
g-(a-b)7! and a-b € TS(By), so g lies in a By-coset of TH. This contradicts the
fact that g is a basis for I'(X/X N By). So grk(h/A) = dim S, and thus

5(X/X N By) > td(g/X N By) —dim S > 0.

Thus By < E. The symmetric argument shows that if A <t By then By < F.
Now §(X N By) > 0 because By satisfies SP, so

§(X)=8(X/XNB)+6(XNDBy) = 0.
Suppose 6(X) = 0. Let e € T'gs be a basis for I'(X N By/C). Then
0=46(X)=td(g/C(e)) +td(e/C) — dim S — dim S’

but, since B satisfies SP, either td(e/C) > dimS” or X N By C C. By the cal-
culation above, td(g/C(e)) = td(g/X N Bz) > dim S, so td(e/C) < dim S’, and
hence X N By C C. Thus g is independent from By over C, so g € B;. But then
td(g/C) = dim S, so X C C using SP for B;. Hence E has SP. O

2.6. The amalgamation theorem

The category K< is not the category of all finitely generated models of a universal
first order theory, because its objects are all algebraically closed field extensions of
a fixed C. Thus we must use a more abstract version of the Fraissé amalgamation
theorem than that given, for example, in [Hod93]. We use a variant of the category-
theoretic version given in [DG92]. We must explain how some standard notions
are translated into this setting.

Fix an ordinal A\, and consider a category C. A chain of length A in C is a
collection (Z;);< of objects of C together with arrows Z; 2, Zj foreachi < j < A,
such that for each i, A\j; = 1z,, and if ¢ < j < k < A then v;; 0 vij; = ik The
union or direct limit of a A-chain is an object Z = Z, with arrows Z; —> Z for
each i < A, satisfying the usual universal property of a direct limit.

For A an infinite regular cardinal, identified with its initial ordinal, an object
A of C is said to be A-small iff for every A-chain (Z;,~;;) in C with direct limit Z,

any arrow A ., 7 factors through the chain, that is, there is ¢ < A and A EAR Z;
such that f = ~;\ o f*. For example, in the category of sets a set is Ng-small iff it is
finite. Write C. for the full subcategory of C consisting of all the A-small objects
of C, and C¢y for the full subcategory of C consisting of all unions of A-chains of
A-small objects.

Definition 2.17. We say that C is a A-amalgamation category iff the following hold.
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Every arrow in C is a monomorphism.

C has direct limits (unions) of chains of every ordinal length up to .

C< has at most X\ objects up to isomorphism.

For each object A € C.) there are at most A extensions of A in C.y, up to
isomorphism.

e C.y has the amalgamation property (AP), that is, any diagram of the form

B\A/&

can be completed to a commuting square
C
By By
A

e C_) has the joint embedding property (JEP), that is, for every By, Bs € C<y
there is C' € C. and arrows

Bl/C\Bg

An extension of A is simply an arrow with domain A. To say that two exten-

in C<)\.

sions A 15 B and A £, B’ are isomorphic means that there is an isomorphism
B -5 B’ such that f' = gf. In [DGI2], Droste and Gébel consider a stronger con-
dition than bounding the number of extensions of each A, namely that for any pair
of objects A and B there are only A arrows from A to B. This allows them to use
the pre-existing definition of a A-algebroidal category, but it is not strong enough
for our purposes. For example, if A is a pure algebraically closed field extension of
C of transcendence degree one then there are 28 embeddings of A into itself over
C, but they are all isomorphisms, and hence isomorphic extensions. The condition
bounding only the number of extensions is model-theoretically much more natural.

To say that an object U of C is C¢y-universal means that for every object
A € C¢ there is an arrow A — U in C. To say that U is C<y-saturated means

that for any A, B € C. and any arrows A LU and A % B there is an arrow
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B - U such that ho g = f. These are just the translations into category-theoretic
language of the usual model-theoretic notions.

Theorem 2.18 (Amalgamation theorem). If C is a A-amalgamation category then
there is an object U € Cgy, the “Fraissé limit”, which is C<y-universal and Cc -
saturated. Furthermore, U is unique up to isomorphism.

Proof. The proof in [DG92] goes through, even with the slightly weaker hypothesis
bounding the number of extensions rather than the number of arrows. O

The notion of Ng-small is the same as finitely generated in our example.

Lemma 2.19. An object A of K is Rg-small in KC or in K< iff it is finitely generated
(that is, iff td(A/C) is finite).

Proof. If A is finitely generated by x1,...,z, and A <— Z where Z is the union of
an w-chain (Z;);<. then each x; lies in some Z;;), so taking i greater than each
i(j) the embedding factors through Z;. This argument works for both categories
K and K.

Conversely, if td(A/C) is infinite, let X U {z,} <, be an transcendence base
for A over C, and let Z; = (X U{z; |j <i}). Then A is the union of the chain
(Z;) in K, but is not equal to any of the Z;. Hence it is not Rg-small in K.

Now let W; = [X U{z; |j < i}]. By lemma 2.15 together with the existence
of free amalgams, td([B]/B) is finite for any B. Thus W; is an w-chain in K9,
with a strictly increasing cofinal subchain and union A, and so A is not Ngp-small
in 9. O

Lemma 2.20. Let A € K and let B be a self-sufficient extension of A which is
finitely generated over A. Then B is determined up to isomorphism by S™**(B/A),

the algebraic locus Loca(g) of a basis g for T'(B/A), and the natural number
td(B/A(g))-

Proof. As a field extension, B is determined by its transcendence degree over A.
By lemma 2.4, the points of I's(B) for each S € S are determined by S™**(B/A)
and the basis g. O

Proposition 2.21. K< is an Ng-amalgamation category.

Proof. Every embedding in K< is certainly a monomorphism, because K< is a
concrete category and the underlying function is injective. It is also easy to see
that < has unions of chains of any ordinal length, and in particular unions of
w-chains.

There are only countably many S € S, and only countably many algebraic
varieties defined over A, so by lemma 2.20 there are only countably many self-
sufficient extensions of A. The structure C' embeds self-sufficiently into every B €
K9, so taking A = C it follows in particular that ICZ‘NO has only countably many
objects. The amalgamation property for ICE’NO is given by proposition 2.16, and
the joint embedding property follows from the amalgamation property, again since
C embeds self-sufficiently into each B € K. O
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Putting proposition 2.21 and theorem 2.18 together, we get the universal
structure we want.

Theorem 2.22. There is a countable model U of TSU which is universal and sat-
urated with respect to self-sufficient embeddings. Furthermore, U is unique up to
isomorphism. O

Note that this Fraissé limit U is a union of an w-chain of countable structures,
hence is countable. Every countable model of Tg can be self-sufficiently embedded
in some A € K¢y, , by extending the constant field and taking the algebraic closure.
Thus the IC<N -universality of U implies that every countable model of T¥ can
be self- bufﬁaently embedded into U. Similarly, U is saturated with respect to self-
sufficient embeddings for any self-sufficient substructures of finite transcendence
degree.

2.7. Pregeometry and dimension

The geometry of the Fraissé limit U is controlled by a pregeometry, which we now
describe. For any model M of T¥, in particular U, the predimension function §
gives rise to a dimension notion on M. The dimension function is conventially
denoted d and is defined as follows.

Definition 2.23. For X Cg, M (or even X C M with td(X/C) finite), define
d(X) =0(]X]) or, equivalently, d(X) = min {§(XY) |Y Cg, M }.
For X as above and any A C M, the dimension of X over A is defined to be

d(X/A) =min{d(XY) —d(Y) |Y Can A}.
Note that d(X) = d(X/0), so the two definitions agree.

Lemma 2.24 (Properties of d). Let X,Y Cgq, M and A, B C M.
IFX CY then d(X/A) < d(Y/A).

IfAC B then d(X/A) > d(X/B).

d is submodular: d(XY)+d(X NY) <d(X)+d(Y).
d(X/Y)=d(XY)—d(Y).

d(X) = 0, with equality iff X C C.

6. For any v € M, d(z/A) =0 or 1.

CU @ =

Proof. The first two parts are immediate from the definition. For submodularity:
AXY)+d(XNY) [XY])+6([XNYT)

[(XTYT) +o([XTN[YT)

[XT) +6([YT)

d(X) +d(Y)

NN

o
uJ
o

For part 4, let Z C Y. Then
dXY)—d(Y)<d(XZ)—-d(XZNY)<dXZ)—-d(Z)

by submodularity and monotonicity of d. Thus the minimum value of d(X Z)—d(Z)
occurs when Z =Y.
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Part 5 follows from the Schanuel property.

For part 6, take Ag Cgn A such that d(z/A) = d(x/Ap). Then
d(z/Ag) = d(Aoz) — d(Ap)

5([Aox]) — ([ Ao])

5([TAolz]) — ([ Ao])

6([Aolz) — 6([Aol)

td(z/[Ao]) <1

so d(z/Ap) =0 or 1. O

NN

Proposition 2.25. The operator PM L pM given by x € clA < d(z/A) =0
is a pregeometry on M. If X C M is such that d(X) is defined (that is, td(X/C)
is finite) then d(X) is equal to the dimension of X in the sense of the pregeometry.

Proof. Tt is straightforward to check that cl is a closure operator with finite char-
acter. It remains to check the exchange property. Let A C M,a,b € M, and
a € cl(Ab) \ cl(A). By finite character, there is a finite A9 C A such that
a € cl(Agb). Then d(a/Ap) = 1. Using part 4 of lemma 2.24, we have
d(b/Aoa) = d Aoab) — d(Aoa)
d Aob) — d(AOCL)
[d(Ao) + d(b/Ao)] — [d(Ao) + d(a/Ay)
= [d(Ao) +1] = [d(A0) + 1] =0

(
(

and so b € cl(Aa).
Finally, = is independent from A iff d(x/A) = 1, and so d agrees with the
dimension coming from the pregeometry. t

From now on, by the dimension of a structure A € K we mean the dimension
in the sense of this pregeometry on A. Note that self-sufficient embeddings are
precisely those embeddings which preserve the dimension.

2.8. Freeness and Rotundity

To explain what the theory of the structure U is, we must translate ICjNo—saturation
into a more tractable form. We will show that it is equivalent to saying that certain
algebraic subvarieties of T'S have a nonempty intersection with I'g.

Definition 2.26. An irreducible subvariety V' of T'S is free iff V is not contained
in a coset of TH for any proper algebraic subgroup H of S. It is absolutely free iff
prg V is not contained in a coset of any such H and pr; gV is not contained in a
coset of LH for any such H.

A point g € T'S is (absolutely) free over a field A iff Loca(g) is (absolutely)
free.
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An irreducible subvariety V of TS is rotund iff for every quotient map
S o H,
dim(Tf)(V) > dim H
and strongly rotund iff for every such f with H # 1,
dim(Tf)(W) > dim H + 1.

A point g € T'S is (strongly) rotund over a field A iff Loca(g) is (strongly)
rotund. A reducible variety is (strongly) rotund iff at least one of its irreducible
components is.

Lemma 2.27. Let A < B be a self-sufficient extension in K<, with B finitely gen-
erated over A. Let S = S™**(B/A) and let g € T's be a basis for B over A.

Then g is free over A, absolutely free over C, rotund over A, and strongly
rotund over C'.

Proof. If S = 1 then the result is trivial. Assume S # 1. By the definition of a
basis, g does not lie in an A-coset of TH for any proper algebraic subgroup H
of S, and hence Locy(g) is not contained in such a coset. By axioms U4 and U5,
pry¢ Loce(g) lies in a coset of LH iff prg Loce(g) lies in a coset of H, since g € I'g.
If both held then g would lie in a C-coset of T H, but it does not, so g is absolutely
free over C.

For each quotient map S RS H,

dim((Tf)(Loca g)) — dim H = dim(Loc((Tf)(g)) — dim H = 5((Tf)(g)/A) > 0

as g is free over A and A < B, so g is rotund over A.
Similarly, if H # 1 then

dim((Tf)(Loce g)) — dim H = dim(Locc(Tf)(g)) — dim H = 5(Tf)(9)/C) > 1
as B satisfies the Schanuel property, so g is strongly rotund over C. U

It is useful to isolate the subvarieties which occur as the locus of a basis
of T'(B/A) for an extension B/A which cannot be split into a tower of smaller
extensions. We call these perfectly rotund subvarieties.

Definition 2.28. A subvariety V of T'S is perfectly rotund iff it is rotund, dim V =

dim S, and for every proper, nontrivial quotient map S N} ,
dim(Tf)(V) > dim H.

2.9. Existential closedness

Definition 2.29. Let X be a variety. Any constructible set P and Zariski-closed
V C X x P defines a parametric family (V,)pep of subvarieties of X, where V,, is
the fibre above p of the natural projection X x P — P, restricted to V. We write
(Vp)pep(c) to be the fibres over the C-points of P, and also call this a parametric
family.



Exponential differential equations 19

Definition 2.30. We consider three forms of Existential Closedness, and two notions
relating to dimension: Non-Triviality and Infinite Dimensionality, for a model M
of Tg .

EC: For each S € S, each irreducible rotund subvariety V of T'S, and each para-
metric family (We)ccq(c) of proper subvarieties of V', with @ a constructible
set defined over Cpy, thereis g e Tg NV ~ UeEQ(C) We.

EC’: The same as EC except only for perfectly rotund V.

SEC (Strong existential closedness): For each S € S, each rotund subvariety V'
of T'S, and each finitely generated field of definition A of V', the intersection
I's NV contains a point which is generic in V over AU C.

NT: There is € M such that « ¢ C.

ID: The structure M is infinite dimensional.

NT is equivalent to saying that the dimension of M is nonzero, so it is implied
by ID. Clearly SEC implies EC and EC implies EC’. We prove that EC’ implies
EC using the technique of intersecting a variety with generic hyperplanes. For
p = (p1,...,pn) € AN ~ {0}, let the hyperplane II, in the affine space AN be
given by

N
xell, iff Zpﬂ?i =1.
i=1

Consider the family of hyperplanes (II,),ca~ {0}, Which is the family of all affine
hyperplanes which do not pass through the origin. From the equation defining the
hyperplanes it follows that there is a duality: a € II,, iff p € Il,.

The lemma we use is in the style of model-theoretic geometry, and is adapted
from part of a proof in [Zil04]. Here and later, € acl X means that z is a point
in some variety which is algebraic over X. By elimination of imaginaries for the
theory ACF, this is the same as z being a tuple from affine space.

Lemma 2.31. Let A be a field, let g € AN and let p be generic in 11, over A. Suppose
that h is any tuple (a point in any algebraic variety) such that h € acl(Ag). Then
either g € acl(Ah) or td(h/Ap) = td(h/A) (that is, h is independent of p over A).

Proof. If g is algebraic over A then the result is trivial, so we assume not.

Let U = Loc(p/ acl(Ah)). Suppose td(h/Ap) < td(h/A). Then, by count-
ing transcendence bases, dimU = td(p/Ah) < td(p/A) = N, the last equation
holding because g ¢ acl(A) and so p is generic in AN over A. But td(p/Ah) >
td(p/Ag) = N — 1 as p is generic in II;, an (N — 1)-dimensional variety defined
over Ag. Hence dimU = N — 1. Now acl(Ah) C acl(Ag), so U = Loc(p/ acl(Ah) D
Loc(p/ acl(Ag)) = II,. But dimU = dimII, and both U and II, are irreducible
and Zariski-closed in AV, so U = I1,.

Hence II, is defined over acl(Ah), and so is the set

{z e AV [(wyelly)z € 1L,]} = {g}.
Thus g € acl(Ah). O
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To have generic hyperplanes definable in the structure, we need to know that
it has large enough transcendence degree.

Lemma 2.32. Suppose S # {1} and M = T§ + NT + EC'. Then td(M/C) is
infinite.

Proof. We build a tower of algebraically closed field extensions C C K1 C Ko C ---
inside M. By NT, we can find a proper extension K; of C.

Now suppose inductively that we have built the tower up to K; for some i > 1.
Let S € S be nontrivial, and let z; € LS(K;)\ LS(K;_1). Let V; be the subvariety
of TS given by V; = {(x,y) € LS x S |z = z; }. Then V; is perfectly rotund, so,
by EC’, there is y; € S(M) such that (z;,v;) € I's. Let K;41 = K;(y;)#. By SP,
td(K;+1/C) > idim S + 1 for each . Thus td(M/C) is infinite. O

Proposition 2.33. EC' = EC.

Proof. The proof is a sequence of reductions. Suppose M = T¥ + EC'. If M = C
or § = {1} then trivially M = EC, so we assume M = NT and S # {1}.

Let S € S, and let V C T'S be rotund. We may assume that V is irreducible.
Step 1: dim V = dim S. We first show that if dim V' > dim S, we can find a sub-
variety V'’ of V which is still rotund and irreducible, with dim V’/ = dimV — 1. By
induction, we can assume that dim V = dim S.

Let A be a subfield of M which is a field of definition of V, with finite
transcendence degree over C. Let g € V(M), generic over A. (Such a g exists
because M is algebraically closed and has infinite transcendence degree over C,
but we don’t assume g € I'g.)

Although T'S will not in general be an affine variety, we can embed it in
some affine space AV as a constructible set in a way which preserves the notion
of algebraic dependence. (This follows from the model-theoretic definition of a
variety.) Now we consider g as a point in AV, and choose p in II;(M) such that
P1,...,pN—1 are algebraically independent over A(g).

Let A’ = A(p)*# and let V' = Loc(g/A’), the locus being meant as a subva-
riety of V, not of AN. Then dim V' = dim V' — 1. We show that V' is rotund.

Let S -5 H be an algebraic quotient map, and consider the image h =
(Tq)(g) in TH. Then h € acl(Ag), and dim(T'q)(V') = td(h/A"). If g € acl(Ah)
then

td(h/A") = td(g/A’) = dimV — 1 > dim S > dim H.

Otherwise, by lemma 2.31, td(h/A’") = td(h/A), so dim(Tq)(V') = dim(Tq)(V)

which is at least dim H by rotundity of V. Thus V' is rotund.

Step 2: Perfect Rotundity. Now we have V rotund, irreducible, and of dimension

equal to dim S. Again, let A be a subfield of M which is a field of definition of V',

of finite transcendence degree over C', and now assume A is algebraically closed.
Consider the extension B of A where B = A(g)*#, and g € [s NV, with g

generic in V over A. The extension A — B is self-sufficient, since V is rotund.
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Also §(B/A) =0, as dim V' = dim S. Split the extension up into a maximal chain
of self-sufficient extensions

A:Bo<]Bl<]BQ<I"'<]Bl:B

with each B; algebraically closed and each inclusion proper. We show inductively
that B; is realised in M over B;_1.

Let b; be a basis for I'(B; /B;—1). We have §(B;/B;_1) = 0, because B;_1<1B;
and B; < B, so Loc(b;/B;_1) is free and rotund, and its dimension is equal to
dim S™*(B;/B;_1). If S™*(B;/B;_,) —— H were a proper nontrivial quotient
and dim(7T'q)(Loc(b;/B;—1) = dim H then B;_1((Tq)(b;)) would be a self-sufficient
extension intermediate between B; 1 and B;. By assumption, no intermediate
extensions exist, and so Loc(b;/B;_1) is perfectly rotund.

Let (We)ecq(c) be a parametric family of proper subvarieties of V, the family

defined over Cj, and S L. SmaX(By/A). Then T f(We)eeq(cy is a parametric
family of proper subvarieties of T'f (V). Since f is defined over Cy, so is this fam-

ily. Hence, by EC’, there is b} € T'f (V ~ UeEQ(C) We). Replacing A by B;, we
inductively construct b" € V-~ U,.eq(cy We. Thus M |= EC. O

Proposition 2.34. The Fraissé limit U satisfies SEC and ID.

Proof. Let V' be a rotund subvariety of T'S, defined over a finitely generated sub-
field A of U. Let g be a generic point of V over A. Let B be the extension of A
defined by taking g as a basis for I'(B/A). Since V is rotund, the extension A <— B
is self-sufficient.

The hull [A] of A has finite transcendence degree over A, so by theorem 2.16
there is a free amalgam F of [A] and B over A such that [A] < E. Hence, by
the leNo—saturation of U, there is an embedding 6 of F into U over [A]. Then
0(g) e Ts NV, so U satisfies SEC.

For n € N, let A,, be an algebraically closed field extension of transcendence
degree n over C, and for each S € S, let I's = T'S(C). So there are no points of T’
outside C'. Then each A,, € K, so it embeds self-sufficiently into U. The dimension
of A,, is n, and self-sufficient embeddings preserve the dimension, so the dimension
of U is at least n for every n € N. Hence it is infinite. O

Theorem 2.35. The Fraissé limit U is the unique countable model of T§ which
satisfies SEC and ID and has td(C/Cp) = V.

Proof. The case where S = {1} is trivial, so we assume S # {1}. Let M be
any such model. We will show that M is ICjNO—saturated. The result follows by
theorem 2.22. Let A be a self-sufficient finitely generated substructure of M and
let A < B be a self-sufficient extension with B finitely generated. We must show
that B can be embedded self-sufficiently in M over A.

By lemma 2.20, the extension B of A is determined by the group S =
Smax(B/A), the locus Loca(g) € S™**(B/A) of a basis g for I'(B/A), and the nat-
ural number ¢ = td(B/A(g)). Suppose that b is a transcendence base for B/A(g).
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Take S’ € S of dimension at least ¢ and extend b to an algebraically independent
tuple ' € G,4™". Take s € S generic over B(V). Then there is a self-sufficient
extension B << B’ generated by (b, s) such that (V/,s) € I's,. By replacing B
by B’, and S by S x S’, we may assume that ¢ = 0, that is, that B is generated
by g over A.

Let V' = Loca(g). Then V is rotund and irreducible. We use the method
of step 1 of the proof of 2.33 above to reduce to replace V by a subvariety V’
with dim V'’ = dim S™**(B/A), with V' also rotund and irreducible. However, for
each generic hyperplane II,,, by ID we may choose the p;,...,py—_1 not just to be
algebraically independent, but in fact cl-independent. Let A’ be the extension of
A generated by all the p;, for each hyperplane used. Then A’ is generated over A
by cl-independent elements, and hence A <t A’ and A’ <« M.

By SEC, there is h € T's NV’ in M, generic in V' over A’. Thus h is also
generic in V over A. Let B” = (A’h). Then §(B"”/A’) = 0, and so B” <« M. Also
B’ := (Ah) is isomorphic to B over A, and B’ < M as td(B"”/B’) = d(B"/B’).
Hence M is ICZ'NU—saturated, and M = U, as required. (]

Definition 2.36. Let T's be the theory Tg + EC + NT, that is, Ul — U7 4+ SP +
EC + NT.

We have already seen (2.1) that Ul — U7 are expressible as first order axiom
schemes, and NT is a first order axiom. In section 4 we will show that SP and EC
are also expressible as first order schemes, so Ts is axiomatizable as a first order
theory. We will also show that Ts is complete.

3. Reducts of differential fields

3.1. Differential forms in differential algebra

Given a field C' and a C-algebra A, we form the A-module Q(A/C) of Kéhler
differentials as in [Sha94] or [Eis95, p386]. If A is a field, F', we can identify the
F-vector space Der(F/C) of derivations on F' which are constant on C with the
dual space of Q(F/C), by means of the universal property of Q. If w € Q(F/C')
and D € Der(F/C) we write D* for the associated element of Q(F/C)*.

Let V be an irreducible affine variety defined over a field C, and let A be the
coordinate ring of V', a C-algebra. If F' is a field extension of C, an F-point x of
V is associated with a C-algebra homomorphism A —— F, and by functoriality of
Q) this defines a map

QA/C) I Q(F/C)
w — w(x)

More generally, if V' is not affine (for example, V' is an abelian variety) we
replace A by the sheaf of coordinate rings on V', and consider the module of global
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differentials which we write Q[V]. Again, an F-point of V defines a map
QV] I QF/0)
w — wx)
Allowing z to vary over V(F') gives a map
V(F)xQV] — Q(F/C)
(z,w) — w(z)
and fixing w gives a map which we write V(F) -2 Q(F/C).
If V' is a commutative algebraic group G then Q[G] is spanned by a basis of

invariant differential forms. These forms are related to the logarithmic derivative.

Lemma 3.1. If ¢ € Q[G] is an invariant differential form then the map
G(F) - Q(F/C)

. — ()
is a group homomorphism.

If C1,...,Cn is a basis of invariant forms of Q[G], then the logarithmic deriv-
ative IDg(x) = (D*¢(2), ..., D*((x)).

Proof. This is a restatement of the last result from §3 of [Mar00]. The first part
is due to Rosenlicht [Ros57]. O

In [Ax71], Ax used the Lie derivative without naming or defining it explicitly,
and we will use it for the same purpose. Many differential geometry books give an
account of the Lie derivative in that context, but for clarity we include a description
for this algebraic context.

Rewriting Q(F/C) as Q' (F/C), the map F 4, QY(F/C) can be thought of
as the coboundary map in the de Rham complex

0 F=Q%F/C) 4 QY (F/0) 4 Q*(F/C) 4

We write Q*(F/C) for the union of the complex.
For any derivation D € Der(F/C), the map Q(F/C) L F defined previ-

ously extends to a map Q°*(F/C) 2N Q*(F/C) which is defined for w € Q" (F/C)
by

(D*w)(Dl, [N 7Dn71) = w(D, Dl; ey Dn71)~
This map D* has degree —1, that is if w € Q"(F/C) then D*w € Q"~1(F/C).
By definition, d has degree +1. These operations can be combined into an operation
of degree 0
Lp=D*od+doD*
called the Lie derivative of D on Q°*(F/C).

Lemma 3.2. The Lie derivative Lp has the following properties. Let w € QY (F/C),
D,D' € Der(F/C), and a € F.
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1. Lp is C-linear.
2. (Lpw)D' = D(wD') — w[D, D]
3. Lp(aw) = (Da)w + a(Lpw)

Proof. 1. is immediate, since d and D* are C-linear. For 2,

(Low)D' = (D*dw)D’ + (d(wD))D'
= (dw)(D,D’) + D'(wD)
= D(wD') - D'(wD) —w[D,D']| + D'(wD)
= D(wD'") —w[D, D]
and for 3,
Lp(aw)D" = D(awD") - aw|[D, D’]

(Da)wD' + aD(wD'") — aw[D, D]
(Da)wD' + a(Lpw)D'.
(]

A standard fact which we need is that invariant differential forms are closed
in the sense of de Rham cohomology.

Lemma 3.3. Let G be a commutative algebraic group defined over C. Let w € Q[G]|
be an invariant differential form on G, and let x € G(F'). Then w(x) is a closed
Kdhler differential in Q(F/C), that is, dw(z) = 0 in Q*(F/C).

We give a proof for completeness. See for example [Mar00] for notation.

Proof. The Lie algebra L of G(C) is canonically isomorphic to the space of invari-
ant vector fields on G(C), and is a C-vector space of dimension n = dim G. Let
X1,...,X, be a basis of L. The vector space Der(F/C') is canonically isomorphic
to the space of all F-valued invariant vector fields on G(C), which is L ®¢ F,
so X1,...,X, also forms an F-basis of Der(F/C). Let Dy, Dy € Der(F/C), say
D, = Z?:l a;X; and Dy = Z?:l b; X; with the a;,b; € F. Then

dw(Dy,Dy) = dw (ZaiXi,ZbiXZ)
=1 i=1

Z a;bjdw(X;, X;) by bilinearity of dw

= Db (Xi(wXj) = X;(wXi) - w[Xi, X))
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Now w and X, are both invariant, so for any z,y € G(C),

(WXj)ay = way(Xj)ay
= @@ Y(X)a)
= wy(dX] YN (X))
= wy(Xj)y
= (wXj)y
and so wX; is a constant scalar field on G(C'). Thus X;(wX;) = 0, and similarly
X;(wX;)=0. So

dw(Dl, Dg) = — Zaibjw[Xi, Xj]

i,
but [, | is the bracket on the Lie algebra of G, and G is commutative so the
bracket is identically zero. So dw(D;,D3) = 0 for all Dy, Dy € Der(F/C), and
hence dw = 0. (]

3.2. The algebraic axioms

The vector space Q]G] is associated with the cotangent space of G at the identity,
that is, with the dual of LG. Thus the canonical isomorphism between LG and
LLG gives rise to a canonical isomorphism between Q[G] and Q[LG].

Let (¢1,...,(n) be a basis of the space of invariant differential forms on S
and let (&1,...,&,) be the corresponding basis of the space of invariant differential
forms on LS. Write w;(x,y) = (;(y) — &(x), for each i =1,...,n.

Recall that the tangent bundle TS is identified with LS x S, and I'g is defined
by

(z,y) €eTs <= [Drg(x) =1Dg(y).

Translating the definition of the logarithmic derivatives into coordinates using
lemma 3.1 gives us an alternative characterization of I'g in terms of the differential
forms w;.

Lemma 3.4. Let x € LS(F) and y € S(F), and let the differentials w; be defined
as above. Then (x,y) € T's iff for each i = 1,...,n, the equation D*w;(x,y) =0
holds. (]

Consider a differential field of characteristic zero (F';+,-, D), and let C' be
the constant field. As described in the introduction, we consider the reduct of F
to the language (F;+,-,C,(I's)ses, (¢)eec,). We also consider a slight general-
ization. Suppose now that F' is a field with a family A of derivations, such that
C = \pea ker D. For each D € A, we can consider the solution set I's p of the
exponential differential equation for S with respect to D. Write I's = [ I's,p-
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Given a finite set of derivations A = {Dy,...,D,} on F, and a tuple a =

(a1, ...,an) from F| define the Jacobian matrix of a with respect to A to be
Diay -+ Diay
Jaca(a) =
Dyay -+ Dray

and write rk Jaca (a) to be the rank of this matrix.
If A is an infinite set of derivations, the rank of the Jacobian matrix is then
defined to be

rk Jaca (a) = max {rk Jaca/(a) | A’ is a finite subset of A}.

The rank of the matrix is bounded by the number n of columns, so this maximum
is well defined. We will not usually write the dependence on A explicitly, so will
write this simply as rk Jac(a).

Proposition 3.5. Let (F;+,-, D) be a differential field, let Cy be a subfield of the
field of constants C, and let S be a collection of semiabelian varieties, each defined
over Cy. Then the reduct (F;+,-,C,{¢}cecy, {T's}ses) satisfies the axioms U2—
U7 and UY', the universal part of Ul.

Proof. Axiom Ul’ says that F is a field, C' is a relatively algebraically closed
subfield, and the constants ¢ have the correct algebraic type, all of which holds in
the reduct.

For U2, I'g is the kernel of the group homomorphism

TS(F) — LS(F)
(z,y) = [Ds(y) —1Drs(z)

and so is a subgroup of T'S.

The logarithmic derivatives [Dg and [Dyg vanish on the C-points of S and
LS respectively, so T'S(C) C I'g, which is U3.

The fibre of © = 0 is {y € S(F) |IDs(y) = 0} which is S(C'). Similarly, the
fibre of y = 0 is LS(C). This is axiom U4.

Suppose that Sy 4, Ss is an algebraic group homomorphism, and let (x,y) €
I's,. Let ¢ be an invariant differential form on S, let & be the corresponding
invariant form on LSy, and let w = ¢ — &. To show T'f(x,y) € I's,, it suffices to
show that D*w(T f(x,y)) = 0. But

D*w(Tf(z,y)) = D*¢(f(x)) — D*E(dfe(y)) = D*(fQ)(y) — D (dfe.(€))(x)
where f, and df., denote the images of f and df, under the contravariant cotangent
bundle functor. The image of an invariant form is an invariant form, and so f.(
and df,,(£) are corresponding invariant differential forms on S; and LS;. Hence
D*w(T f(z,y)) =0, since (z,y) € T'g,.

Now suppose that f is an isogeny. Let (v,w) € I'g, and let (x,y) € T'S; such
that T f(z,y) = (v,w). Let ¢ be an invariant form on Sy, let £ be the corresponding
invariant form on LS, and let w = ( — £ on T'S;. Since f is an isogeny, the map
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T f, is an isomorphism between the spaces of invariant forms on TS5 and T'S;. Let
n=(Tf) '(w). Now

D*(w(z,y)) = D*(T'fun)(z,y) = D*n((Tf)(x,y)) = D*n(v,w) =0
so (z,y) € I's,. This proves axiom Ub5.

If S1 C s, let (q,...,(n be a basis of invariant differential forms on S; and
extend to a basis (3, ..., (, of invariant differential forms on Ss. Let &;,...,&, be
the corresponding basis of invariant differential forms on LSs, and let w;(z,y) =
Ci(y)—&i(x). If g € T'g, then D*w;(g) =0 for i =1,...,m by definition of I'g, and
fori =m+1,...,n because g € T'S;. So g € I's,. Conversely, if g € I's, NT'5;
then D*w;(g) =0fori=1,...,m and so g € I'g,. So U6 holds.

The logarithmic derivative of a product is given componentwise, that is,
IDG,xc,(91,92) = (IDg, (¢1),1Dg,(g2)). Axiom UT follows. O

3.3. The Schanuel property

Next we prove the Schanuel property, in a slightly stronger form for differential
fields with a family of derivations. The following lemma on algebraic subgroups of
TS is central to the proof.

Lemma 3.6. Let S be a semiabelian variety, and let G be an algebraic subgroup of
TS = LS x S. Then G is of the form G1 X Gy for some subgroup G1 of LS and
some subgroup G of S.

Proof. Let G = pry¢(G) and Ga = prg(G). Write 0 for the identity element of LS
and 1 for the identity element of S. Define subgroups Hy = {z € G; | (z,1) € G}

and Hy = {y € G2 |(0,y) € G} and define a quotient map Gs 2, G1/H; by
O(y) = {x € Gy | (x,y) € G}. Tt is easy to check that 6 is a regular group homo-
morphism with kernel Ho.

G1/H, is a vector group, since algebraic subgroups and quotients of vector
groups are vector groups. G is an algebraic subgroup of a semiabelian variety, so
is semiabelian-by-finite. But the only regular homomorphism from a semiabelian-
by-finite group to a vector group is the zero homomorphism, so Hy = G4, and thus
also H; = G1. Hence G = G1 x Gs. O

We separate out the following intermediate step from the proof of the Schanuel
property, as it will also be used later to prove EC. Recall the definition of the w;
from before lemma 3.4.

Proposition 3.7. Suppose (z,y) € T's and the differentials wi(x,y),...,ws(x,y)
are F-linearly dependent in Q(F/C). Then there is a proper algebraic subgroup H
of S and a point v € TS(C) such that (x,y) lies in the coset v-TH.

Proof. Step 1: C-linear dependence

Take o; € F such that > ", oyw;(z,y) = 0 is a minimal F-linear dependence on
the w;, that is, if I = {i |a; # 0} then the F-linear dimension of {w; |i € I'} is
|I|—1. Dividing by some non-zero «;, we may assume that for some ¢ = ig, a;, = 1.
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Applying the Lie derivative Lp for D € A we get

n

> l(Day)wi(x,y) + i Lpwi(, y)]
1

0=Lp Y awi(z,y)

=1 i=

= D _l(Dai)wi(z,y) + ai(dD"wi(z,y) + D dw;(z,y))]
1

(Da)wi(z,y)

I

Il
-

(2

using the properties of the Lie derivative given in lemma 3.2. The last equality
uses the fact that (z,y) € I's, and so D*w;(z, y) = 0 for each 4. It also uses the fact
that each differential w;(x,y) is a difference of invariant differentials, and hence is
closed by lemma 3.3, so dw;(z,y) = 0 for each i.

Now a;, = 1, so Da;, = 0 but then, by the minimality of set I, we have
that Da; = 0 for every i and each D € A, so each a; € C. Hence the w;(x,y) are
C-linearly dependent.

Step 2:' A subgroup of T'S
Let n = Z:‘L:l a;w;. Then 7 is an invariant differential form on T'S, defined over
C.

By lemma 3.1, 5 defines a group homomorphism 7'S — Q(F/C), so kery is
a subgroup of T'S. The w; are linearly independent, so 1 # 0 and hence kern is a
proper subgroup of T'S. By construction, (z,y) € ker.

Let V = Loce(z,y), the algebraic locus of (x,y) over C, and an algebraic
subvariety of T'S. The field C is algebraically closed, so V has a C-point, say
v = (11,72), with 71 € LS and 72 € S. Let V' = {vy~! [v € V }. Then V' is
an irreducible algebraic variety defined over C, containing the identity of T'S, and
having (2/,y') = (zv;, 975 ') as a generic point over C.

Let O be the orbit of (2, y') in the algebraic closure F of F, under Aut(F/C),
that is, automorphisms of the pure field.

For n € N, let nV' = {vy- -+ v, |v; € V'}, and similarly nO. By the
indecomposability theorem due to Chevalley [Che51, Chapter II, section 7] (see
also [Mar02, p261]), there is n € N such that nV’ = G, an algebraic subgroup of
TS. Now nO C nV’ (where now we identify nV'’ with its F-points) and O contains
all realizations of the generic type of V', that is, of tp(z/C), hence nO contains
all the realizations of the generic types of nV’. Every element of G is the product
of two generic elements, so 2nO = G.

The differential form 7 vanishes on T'S(C'), so

n(z',y') =n(z,y) —n(y,72) =0

IThanks to Piotr Kowalski for an improved argument in step 2.
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but then 7 vanishes on O, because 7 is defined over C' and hence its kernel is
Aut(F/C)-invariant. Since 7 is a group homomorphism, it vanishes on the sub-
group G generated by O, that is G C kern. Since ker 7 is a proper subgroup of T'S,
G is a proper algebraic subgroup of 7'S. By lemma 3.6, G is of the form J x H,
with J a subgroup of LS and H a subgroup of S.

Step 3: A subgroup of S
Recall that w;(z,y) = ¢;i(y) — &(x), with the ¢; being invariant forms on S and
the ¢ being invariant forms on LS. Let v = Y7 | ;¢ and p =Y i aé;.

For any h € H,

v(h) = v(h) — u(0) = n(0,h) =0

because (0,h) € G C kern. Thus H C kerv. Now v is a nonzero invariant form on
S, since the (; are linearly independent. Hence H is a proper algebraic subgroup
of S.

Step 4: Constant cosets
Consider the quotient group I's /T'S(C). By axiom U4, it is the graph of a bijection

prrsls 6, Prs I's
LS(C) S(0)

where pr; ¢ is the projection 7'S — LS and prg is the projection 7'S — S. By
the choice of corresponding bases of invariant forms (y,...,(, on S and &1,...,&,
on LS, and lemma 3.4,

0= ((pr, Ts N H) - S(C)) = (pr, T's N LH) - LS(C)

By construction of H, y lies in a constant coset of H, and (x,y) € I's, so 6~ (y -
S(C)) = x - LS(C), hence x lies in a constant coset of LH. Thus (z,y) lies in a
constant coset of TH, as required. O

Theorem 3.8 (The Schanuel property). Let F' be a field of characteristic zero,
let A be a collection of derivations on F', and let C' be the intersection of their
constant fields. Let S be a semiabelian variety defined over C, of dimension n, and
let Ts C LS x S be the solution set of the exponential differential equation of S
(that is, the intersection of the solution sets for each D € A).

Suppose that (z,y) € T's and td(z,y/C) — rkJac(z,y) < n. Then there is a
proper algebraic subgroup H of S and a constant point v € TS(C) such that (x,y)
lies in the coset v-TH.

Proof. To prove the theorem, it suffices by proposition 3.7 to show that the differ-
ential forms wq(x,y),...,w,(x,y) are F-linearly dependent in Q(F/C).

Let E = C(x,y), the subfield (not differential subfield) of F' generated over
C by x and y. Choose a finite tuple Dy, ..., D, of derivations from A such that the
rank of the Jacobian matrix rk Jaca (z,y) is equal to rk Jacp, ... p, (z,y). Write D
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for the tuple (Dy,...,D,), a map F L, Fr. Consider the diagram below, where
D* is the F-linear map which comes from the universal property of d.

d
F - Q(F/C)
> D
FT
Write Ann(D) for the kernel of the linear map D*. The diagram restricts to
d
E > Q(E / C ) Qg F
> D
FT'

where again D* is F-linear, with kernel (Q(E/C) ® g F) N Ann(D).

The E-vector space Q(E/C) has E-linear dimension equal to td(z,y/C), and
so Q(E/C) ®g F has F-linear dimension also equal to td(z,y/C).

The image of D* is the image of D, which is spanned by the columns of
the matrix Jac(x,y). Thus rkJac(x,y) is equal to the rank of the linear map
D*, which by the rank-nullity theorem is equal to the codimension of its kernel.
Thus Q(E/C) @ F N Ann(D) has dimension td(z,y/C) — rk Jac(z,y), which by
assumption is strictly less than n.

The differential forms w; are defined over C, so each of the n differentials
w;(z,y) lies in Q(E/C). Since (z,y) € I'g, each w;(z,y) also lies in Ann(D). Hence
they are E-linearly dependent, and in particular they are F-linearly dependent. [J

Corollary 3.9. The reduct of a differential field to the language Ls satisfies the SP
aziom.

Proof. The axiom SP is just the special case of theorem 3.8 for the semiabelian
varieties which lie in S, with A being the singleton {D}. O

3.4. Existential closedness

Theorem 3.10. Let F' be a differentially closed field (of characteristic zero, with
one derivation). Then the reduct of F' to the language Ls has the EC property.

Proof. Let S € S, let n = dim S, and let V be a perfectly rotund subvariety of
TS, defined over F. Let (We)ceq(cy be a parametric family of proper subvari-
eties of V, defined over Cy. We show there is (z,y) € I's NV N\ U.cq(c) We- By
proposition 2.33, this suffices to prove the EC property.

Let Dy be the derivation on F. Let (z,y) be a generic point of V over F', and
let K = F(x,y)#, the algebraic closure of F(x,y).
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We wish to consider the derivations in Der(K/C') which extend Dy on F.
These form a coset of the subspace Der(K/F') of Der(K/C). In order to work with
subspaces rather than cosets, we follow [Pie03] in defining

Der(K/Dy) ={D € Der(K/C) |3X € K,D[p= ADy }

which can be considered as the dual space of a quotient Q(K/Dg) of Q(K/C).
This gives a sequence of inclusions

Der(K/F) —— Der(K/Dy) ——— Der(K/C)
and dually surjections

QK/C)

> Q(K/Do)

- UK/F)

of K-vector spaces.

We can consider the differentials w;(z,y) in Q(K/C), and also in Q(K/Dy)
and Q(K/F) via the canonical surjections above. By the rotundity of V' and the
genericity of (z,y) in V over F, (z,y) does not lie in an F-coset of TH for any
proper algebraic subgroup H of S. Hence, by the contrapositive of proposition 3.7,
the differentials wq (x,y), . ..,wn(x,y) are K-linearly independent in Q(K/F), and
hence also in Q(K/Dg) and Q(K/C).

The K-linear dimension of (K /Dy) is equal to that of Der(K/Dy), which
is dimDer(K/F) + 1, the “+1” because F' # C. As V is perfectly rotund it has
dimension n and, because (z,y) is a generic point of V over F and K = F(z,y),
we have dim Der(K/F) = n.

Let A = (w1(z,y),...,wn(z,y)) be the span of the w;(z,y) in Q(K/C), with
annihilator Ann(A) C Der(K/C). The image of A has codimension 1 in Q(K/Dy),
so Der(K/Dy) N Ann(A) has dimension 1. Let D € Der(K/Dp) N Ann(A) be
nonzero. The image of A spans Q(K/F), so Der(K/F) N Ann(A) = {0}. Hence
D [p= ADy for some non-zero \. Replacing D by A\™1D, we may assume that
A =1, that is, D extends Dg. Indeed, we have shown that this D is the unique
derivation on K extending Dy such that (z,y) € I's with respect to D.

Let K’ be the differential closure of (K; D), and let Ck be the field of con-
stants in K’. Since K is algebraically closed, Cx € K. We must show that Cx = C.
Let F' be the algebraic closure in K’ of Cx U F. Now F' C K’ is an inclusion of
differentially closed fields, and the theory DCFy has quantifier elimination, so the
inclusion is an elementary inclusion. Thus it preserves all formulas in the differen-
tial field language, and in particular all existential formulas in the language Lg.
It follows that it is a strong embedding when considered as an embedding of the
reducts to the language Ls. So F' < K, and hence F' < K. Furthermore, F/ < K
since F” is obtained from F just by adding new constants. Thus §(z,y/F’) > 0.
Let H be the smallest algebraic subgroup such that (z,y) lies in a Ckx-coset of
TH,say v-TH. Then

dim H < td(z,y/F') < dim(V N~ -TH)
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because F' < K, and because (x,y) € VN~-TH which is defined over F’'. But V is
perfectly rotund, so dim H > dim(V N~ -TH) unless H = S. Thus td(z,y/F’) =
n=td(z,y/F),so FF = F" and Cx = C.

Now (z,y) is generic in V over C, which means that it does not lie in any
proper subvariety of V' defined over C. Thus we have

K= (@(z,y) € TS)(Ve € Q(O))[(2,y) € Ts NV A (x,y) ¢ We]

and this sentence remains true in K’ because there are no new constants. Since F'
is an elementary substructure of K’, it also satisfies the same sentence. Thus F
satisfies the EC property. O

We can now give criteria for a system of exponential differential equations to
have a solution in some differential field. The Schanuel property can be viewed as
a necessary condition for a system of differential equations to have a solution, and
the EC property gives a matching sufficient condition.

Let F be a differentially closed field, let S be a semiabelian variety defined
over the constant subfield C', and let V' be a subvariety of T'S. Firstly, we replace
V C TS by a homomorphic image V' C T'S” which is free, with Locc V’ absolutely
free. If V' is defined over C then a necessary and sufficient condition for there to
be a nonconstant point in I'ss NV in F' is for V' to be strongly rotund.

If V' is not defined over C then a sufficient condition for a point to exist is
for V' to be rotund. If in addition Loce V' is strongly rotund then a nonconstant
point exists. Any such point gives rise to a point in I'g NV by taking an inverse
image under the quotient map.

The reduct of a differentially closed field does not have quantifier elimination
in the language Lg, so there is no general necessary and sufficient condition when
V' is defined with non-constant parameters. The theory DCF( does have quantifier
elimination, so there must be a condition which depends on what other differential
equations the parameters satisfy.

4. The first order theory
4.1. The uniform Schanuel property

The compactness theorem of first order model theory can be combined with the
Schanuel property to give a uniform Schanuel property.

The algebraic subgroups of G, are uniformly definable by formulas of the
form Mx = 0, where M ranges over the definable set of matrices Mat, x,. In
other words, the algebraic subgroups form a parametric family in the sense of
definition 2.29. However, for all other commutative algebraic groups the set of
all algebraic subgroups is not uniformly definable, and for semiabelian varieties
there are no infinite parametric families of algebraic subgroups at all. This lack of
uniform definability in fact works in our favour.

We use the fibre condition of algebraic geometry, from [Sha94, page 77].
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Lemma 4.1 (Fibre Condition). Let (V,)pcp be a family of algebraic varieties,
parametrized over a constructible set P. Then for each k € N, the set of fibres
{p € P |dimV, > k} is a subvariety of P and the set{p € P |dimV,, =k} is con-
structible. (|

A similar result holds for the rank of the Jacobian matrix in a differential
field with finitely many commuting derivations. Indeed, upon close examination
the main part of the proof of the fibre condition is more or less this result.

Lemma 4.2. For each algebraic variety V and for each natural number k, the set
{z € V |rkJac(x) < k} is positively definable in the language of differential fields,
and the set {x € V |rkJac(z) =k} is definable.

Proof. V' is made up of finitely many affine charts, so it is enough to consider
V' to be affine. For each x the Jacobian Jac(z) is an r x n matrix. Its rank is
the largest k£ such that there is a k x & minor matrix with non-zero determinant.
Thus rkJac(z) < k iff det M = 0 for every minor matrix M of size k + 1. The
determinant is a polynomial and there are only finitely many minors, so this finite
conjunction of equations is a positive first order condition on a matrix in the field
language. The entries in the Jacobian are terms in the differential field language,
and so we have positive definability of rk Jac(z) < k. The second part follows. O

Theorem 4.3 (Uniform Schanuel property). Let F' be a differential field of char-
acteristic zero, with finitely many commuting derivations. Let S be a semiabelian
variety of dimension n, defined over the constant subfield C' of F'. For each para-
metric family (Ve)cep(o) of subvarieties of T'S, with V. defined over Q(c), there
is a finite set Hy of proper algebraic subgroups of S such that for each ¢ € P(C)
and each (z,y) € Ts NV, if dimV, —rk Jac(x,y) = n —t with t > 0, then there is
v €TS(C) and H € Hy of codimension at least t in S such that (x,y) lies in the
coset v-TH.

Proof. The set
Oy ={((z,y),c) e'g x P(C) | (x,y) € V,dim V. —rkJac(z,y) =n —t}
is definable using lemmas 4.1 and 4.2. The set of formulas
(2,1),¢) € By A (Fy € TS(C))[(2,y) € 7 TH]

where H ranges over all proper algebraic subgroups of S of codimension at least ¢
is countable (as there are only countably many proper algebraic subgroups of S);
in particular it is of bounded size. It is unsatisfiable by the Schanuel property, so
by the compactness theorem some finite subset of it is unsatisfiable. This gives the
finite set Hy . O

For definiteness, we choose Hy to be a particular minimal finite set of sub-
groups for each variety V. The compactness method gives no information about
the nature of Hy, beyond it being finite.
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Corollary 4.4. The SP azxiom can be written as a first order axiom scheme in the
language Ls.

Proof. For each variety P and each parametric family (V,),ep of algebraic subva-
rieties of TS, defined over QQ, take the axiom

(vp € P(C))(Vg € Ts N V,) |dimV, < dimS — \/ qu(g) € T(S/H)(C)

HeHy
where Hy is the finite set of algebraic subgroups of S given by theorem 4.3 and
qm is the quotient map T'S 5 T(S/H). O

4.2. The Weak CIT

We next give a purely algebraic result about the intersection of subvarieties and
algebraic subgroups of a semiabelian variety. The proof here is in essence the same
as the proof of Zilber, but simplified by using the full Schanuel property for partial
differential fields rather than just ordinary differential fields, and by separating off
the statement and proof of the uniform Schanuel property.

Definition 4.5. Let U be a smooth irreducible algebraic variety, and let V, W be
subvarieties of U, with V' N W # (). The intersection V N W is said to be typical
(in U) iff

dim(VNW)=dimV 4+ dim W — dimU
and atypical iff

dim(V N W) >dimV + dim W — dim U.
Even if V and W are irreducible, the intersection V N W may be reducible, and its
components may have different dimensions. We say that a component X of VW
is atypical iff

dim X > dimV 4+ dim W — dim U.

We also say that the degree of atypicality is the difference

dim X — (dimV + dim W — dimU).

Note that the intersection is typical iff codim(V NW) = codim V + codim W,
and since U is smooth the dimension of the intersection cannot be less than the
typical size (assuming the intersection is nonempty).

Theorem 4.6 (“Weak CIT” for semiabelian varieties). Let S be a semiabelian va-
riety defined over an algebraically closed field C of characteristic zero. Let (Up)pep
be a parametric family of algebraic subvarieties of S. There is a finite family Jy of
proper algebraic subgroups of S such that, for any coset k = a- H of any algebraic
subgroup H of S and any p € P(C), if X is an atypical component of U, N K with
degree of atypicality t, then there is J € Jy of codimension at least t and s € S(C)
such that X Cs-J.

Furthermore, we may assume that X is a typical component of the intersec-
tion (UpNs-J)N(kNs-J)ins-J.
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The weak CIT is a simple corollary of the uniform Schanuel property, but as
well as the fact that there are no parametric families of subgroups of a semiabelian
variety, we use the fact that the subgroups of a vector group do form a parametric
family.

Proof. Let n = dim S and define Ay = {x € LS | Mz =a} where M is an
n X n matrix and a € LS. So A is the parametric family of all cosets of algebraic
subgroups of LS.

Suppose that X is an atypical component of U, N k with

r=dimX = (dimU, + dimx — dim S) + ¢.

Let y be generic in X over C and let Dy, ..., D, be a basis of Der(C(y)/C).
Then rk Jac(y) = r. Take x € LS(F) with F some differential field extension such
that (z,y) € I's. Then rk Jac(z,y) = rkJac(y). Now y € &, a constant coset of
the algebraic subgroup H of S, so, by axiom U4 (see also step 4 of the proof
of proposition 3.7), z lies in a constant coset of LH. Thus z lies in Ay, for a
suitable choice of M € Mat,x,(C) and a € LS(C), with dim Ay, = dim k. Let
Va,p = Aria X Up. Then (z,y) € T's N Vg, and

dim Vizq,p — rkJac(z,y) = dimk + dim U, — dim X = dim S — ¢

and so by theorem 4.3, there is s € S(C) and an algebraic subgroup J of S of
codimension at least ¢ from the finite set Hy such that y € s-J. Since y is generic
in X over C' and s - J is defined over C, we have X C s-.J. Thus, in the notation
of theorem 4.3, we may take the finite set Jy to be Haxu-

Now X C s-.J,s0 s -X C J. Thus X is an atypical component of the
intersection (U, N's-J)N(kNs-J)ins-Jiff s71- X is an atypical component
of the intersection (s™!-U, N J)N (s7'-xNJ) in J. If so, we may inductively
find a smaller subgroup J’ C J from a finite set and a point s’ € J(C) such that
X C s - J'. Thus, inductively, we may assume that X is a typical component of
Upns-J)Nn(kNs-J)ins-J. O

The special case of the theorem where S is an algebraic torus can be restated
in more elementary, less geometric terms.

Corollary 4.7. For each n,d,r € N, there is N € N with the following property.
Suppose that © = (x1,...,x,) € (C*)" lies in an algebraic variety U defined by r
polynomials of degree at most d, with coefficients in a subfield K of C. Suppose
also that x satisfies | multiplicative dependencies of the form []}_, Tt = a; with
the m;; € Z and a; € K, and that td(K(z1,...,2,)/K) = dimU — [ + ¢, with
t>0.

Then x satisfies t multiplicative dependencies with the powers m;; having
modulus at most N and the a; lying in K.

Proof. The subvarieties U of G," defined by r polynomials of degree at most d
can be put into a single parametric family. Take C' = K in 4.6. O
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This statement for tori has independently been reproved by Bombieri, Masser,
and Zannier in [BMZ07]. They also use Ax’s theorem (the Schanuel property for
the exponential equation) but use a heights argument rather than the compactness
theorem to get the natural number N. This gives them an explicit bound which
cannot be obtained directly from the compactness theorem. Masser has noted
in a private communication to me that their method should also extend to the
semiabelian case.

4.3. Definability of rotundity

We generalize and adapt the proof in section 3 of [Zil05] to show that rotundity is
a definable property of a variety. As well as the notion of an atypical intersection,
we also need the notion of an atypical image of a variety under a map, in the
context of subvarieties of groups.

Definition 4.8. Let G be an algebraic group, H an algebraic subgroup and V an
algebraic subvariety of G. Let G —— G/H be the quotient map onto the coset
space and write V/H for the image of V under ¢. This image V/H is said to be
typical iff

dim V/H = min{dim G/H,dim V'}
and atypical iff

dimV/H < min{dim G/H,dim V'}.

We use the fact that in the conclusion of theorem 4.6, X is a typical com-
ponent of the intersection (U, Ns-H)N(kNs-H) in s- H. For convenience we
also choose the finite set Jy of subgroups of S given in the conclusion of that
theorem to contain the trivial subgroup. The additive formula for fibres is used
several times:

(AF) For an irreducible variety A and a surjective map A N B,

dim A = dim B + min dim f~*(b).
beB

Theorem 4.9. Let S be a semiabelian variety and V- C T'S an irreducible subvariety.
If V is not rotund then there is J € Jw where W = prg V' such that dim V/TJ <
dim S/J. That is, failure of rotundity is witnessed by a member of the finite set

Jw.

Proof. Suppose that dim V/TH < dim S/H for some algebraic subgroup H of S.
If H =1 is the trivial subgroup then we are done since 1 € Jy, so we assume
that dimV > dim S, and H # 1.
Step 1. The image W/H is atypical.

W/H is a projection of V/TH, so

dimW/H < dimV/TH < dim S/H.

Thus if W/H were typical we would have dim W/H = dim W, so the fibres of the
map W — W/H would be finite. The fibres of V. — V/TH could then have
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dimension at most dim H, so
dimV/TH > dimV —dim H > dim S — dim H = dim S/H

which contradicts the assumption. Thus W/H is atypical.
Step 2. There is J € Jw such that

dimW/J =dimW/H — dim J/(J N H) (3)
and
dim W/H = dimW/(J N H). (4)

Let © € W be generic over a field of definition of S, H and W, and let «
be the coset x - H. Then W Nk is a generic fibre of the quotient map so, by the
addition formula for fibres (AF),

dmW Nk =dimW — dim W/H

which is strictly positive as the image is atypical. Let X be the component of WN«
containing x, which must be of maximal dimension by genericity of x. Thus

dim X = dim(WNk) =dimW —dim W/H (5)
and by atypicality of the image
dimW/H < dimS/H = dim S — dim H
SO
dim X > dim W + dim H — dim S.

Now dim H = dim  so X is an atypical component of the intersection W Nk in S.
By theorem 4.6 there is J € Jy such that X is contained in the coset v’ = x - J.
Thus the quotient of X by J N H is isomorphic to the quotient by H, so since X
is a component of maximal dimension this implies (4).

By the remark above, X is a typical component of (W N«x') N (kN k') in &/,
that is

dim X = dim(W N «’) + dim(k N ") — dim &’ (6)
Let Y be the connected component of (W N k') containing X. Then (6) becomes
dim X =dimY +dim(J N H) — dim J. (7)

Y is a generic fibre of W — W/J, so by (AF) again,
dimY = dim W — dim J. (8)

Substituting (5) and (8) into (7) gives (3) as required.
Let H =JNH.
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Step 3. dimV/TH' < dim S/H'.

For b €¢ W write V, C LS for the fibre of the projection V. — W. The
projection LS/LH' — LS/LH has fibres of dimension k¥ = dim S/H' —dim S/H,
so for any b the fibres of the map V,/LH’ — V},/LH have dimension at most k.
Thus

dim Vy/LH' < dim Vy/LH + k. (9)
By (AF),
dimV/TH' = dim W/H' + min dim V,/LH' (10)
and substituting in (10) using (4) and (9) gives
dim V/TH' < dim W/H + min dim Vy/LH + k

which by (AF) again implies
dim V/TH' < dim V/TH + k < dim S/H’
as required.
Step 4. dimV/TJ < dim S/J.
This is very similar to step 3. Since H' C J, the quotient factors as
V — V/TH — V/TJ
so for any b€ W,
dimV,/LJ < dimV,/LH'. (11)
By (AF),
dimV/TJ = dimW/JJriniVI‘}dim Vo/LJ (12)
€
and using (3) and (11) this becomes
dimV/TJ < dimW/H' + lfnimr}dim‘/},/LH' + (dim S/J — dim S/H").
€

Applying (AF) a final time with the conclusion of Step 3 gives
dimV/TJ < dim S/J
as required. O

Corollary 4.10. The EC axiom can be written as a first order axiom scheme in the
language Ls.

Proof. For a parametric family (V,,),ep of subvarieties of T'S, let Roty (p) be given
by

Vp is irreducible & dimV, =dim S & /\ dimV,/TJ > dim S/ J.
JETprg v
By theorem 4.9, this says that V}, is rotund, irreducible, and of dimension n =
dim S. By [Hru92, lemma 3], for any parametric family of varieties (V},),ep there
is a first order formula in p expressing that V), is irreducible. Hence by lemma 4.1
and the finiteness of J,r, v, there is a first-order formula in the language of fields
expressing Roty (p).
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By proposition 2.33, EC and EC’ are equivalent, so in the statement of EC it
is enough to consider perfectly rotund subvarieties. In fact perfect rotundity is not
definable, but every perfectly rotund subvariety is irreducible and of dimension n,
so it is enough to consider just these subvarieties.

For each S € S and each pair of parametric families (V;)pep, (We)eco(cy of
subvarieties of T'S, the families defined over Cy, take the following axiom.

(Vp € P)(3g € TS)(Ve € Q(C))[Roty (p) —
[gelsNVyA(g ¢ WeVdimW, NV, =dimV,)]]

For the V,, which are irreducible, the last clause says that g does not lie in any of
the W, whose intersection with V), is a proper subvariety of V},. Hence this scheme
of first-order sentences captures the EC property. O

4.4. The first order theory

Recall that Ts is the Lg-theory axiomatized by the algebraic axioms Ul — U7 and
the Schanuel property SP, which are given on page 6, together with the existential
closedness axiom EC and non-triviality NT, which are given on page 19.

Theorem 4.11. For each set S of semiabelian varieties, the theory Ts is the com-
plete first order theory of the reduct to the language Ls of a differentially closed
field.

Proof. We have shown that axioms Ul — U7 are first order in lemma 2.1, that the
Schanuel property is first order in corollary 4.4, and that existential closedness is
first order in corollary 4.10. It is immediate that NT is a first order axiom. Hence
Ts is a first order theory. Proposition 3.5 shows that the reduct satisfies Ul —
U7, corollary 3.9 says that it satisfies SP, and theorem 3.10 says that it satisfies
EC. NT is immediate.

Since T is a first order theory, the part of proposition 2.21 which states that
leNO has only countably many objects and countably many extensions of each
object shows that every completion of Ts is Ng-stable, and so (since it has no
finite models) has a countable saturated model. Let M be a countable saturated
model of Ts. By saturation, td(C/Cy) = Rg. For each n € N, there is a unique
n-type of a cl-independent n-tuple. All of these types are realised in M, and hence
M satisfies ID. We claim that M satisfies SEC.

Let S € §,let V C TS be arotund subvariety, and A C F a finitely generated
field of definition of V. For each proper subvariety W of V defined over A, we
may use the Rabinovich trick to replace V ~. W by a some V' C TS’ for some
larger S’ € S as follows. Let T be the coordinates (homogeneous coordinates if
necessary) of the variety TS, and say that W is given by the equations f;(z) = 0 for
i=1,...,m.Let S1,...,S,, €S be nontrivial, and for each 7 let z; be a coordinate
of the Lie algebra LS;. Let S’ = S x [[~, S; and let V' be the subvariety of T'S’
given by Z € V and the equations f;(Z)z; = 1 fori =1,...,m. Then V' is a rotund
subvariety of T'S".
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If necessary, we may now intersect V' with generic hyperplanes as in the
proof of proposition 2.33 to ensure that dim V' = dim S’. We can regard a family
(We)eeq(c) of proper subvarieties of V', defined over C', as a family of subvarieties of
V' via the obvious co-ordinate maps. Now by EC thereis h € I'ssN\V'\U,.cqc) We-
By the definition of V', the projection g of h to T'S lies in FSO(V\W\UeeQ(C) We.
Hence, by the Rg-saturation of M, there is ¢ € I's NV, generic in V over AU C.
That is, SEC holds in M.

Thus, by theorem 2.35, M is isomorphic to the Fraissé limit U. So Ts has
exactly one countable saturated model, so only one completion, and hence it is
complete. O

We end with two simple observations about the theories Ts.
Proposition 4.12. For each set S, the theory Ts has Morley rank w.

Proof. Ts is a reduct of DCFy, hence it has Morley rank at most w. It has the
theory of pairs of algebraically closed fields as a reduct (which in fact is Ts for
S = {1}), which has Morley rank w, so T's has Morley rank w. O

Proposition 4.13. If S and S’ are distinct collections of semiabelian varieties, each
closed under products, subgroups, quotients, and under isogeny, then Ts # Ts/.
(They are theories in different languages, so we mean they have no common defi-
nitional expansion.) Furthermore, all the theories Ts are proper reducts of (expan-
sions by constant symbols of ) DFCy.

Proof. Let F be an Ry-saturated differentially closed field. Without loss of gener-
ality S € &', so take S € § \ &’. Choose an absolutely free and strongly rotund
subvariety V of T'S, of dimension dim S + 1. Then F contains a point g € Ts NV
with grk(g) = dim S, by SEC for the reduct of F to Ls.

By the Schanuel property, g cannot be algebraically dependent on any point
h € T'gs for any S’ € §’. Hence g has dimension dim S + 1 in the sense of the
pregeometry of the reduct to Ls/, but only dimension 1 in the sense of the prege-
ometry of the reduct to Ls. Thus the theories Ts and Ts: are distinct reducts of
DCFy. Since every set S can be extended to a larger set of semiabelian varieties,
if necessary by extending the constant field C, Ts is a proper reduct of DCFy. O

References
[Ax71]  James Ax. On Schanuel’s conjectures. Ann. of Math. (2), 93:252-268, 1971.

[Ax72] James Ax. Some topics in differential algebraic geometry. I. Analytic subgroups
of algebraic groups. Amer. J. Math., 94:1195-1204, 1972.

[Ber08] Daniel Bertrand. Schanuel’s conjecture for non-isoconstant elliptic curves over
function fields. In Model theory with applications to algebra and analysis. Vol.
1, volume 349 of London Math. Soc. Lecture Note Ser., pages 41-62. Cambridge
Univ. Press, Cambridge, 2008.



Exponential differential equations 41

[BMZ07] E. Bombieri, D. Masser, and U. Zannier. Anomalous subvarieties—structure

[BPOS]
[Cheb1]
[Cra06]

[DGY2]

[Eis95]
[Hod93]
[Hru92]
[Hru93]
[Kir05]
[Kir06]

[Mar00]

[Mar02]
[Pic03]

[Pilog]

[Ros57]
[Ser88]

[Sha94]
[Zi102]

[Zi104]

theorems and applications. Int. Math. Res. Not. IMRN, (19):Art. ID rnm057,
33, 2007.

Daniel Bertrand and Anand Pillay. A Lindemann-Weierstrass theorem for semi-
abelian varieties over function fields. preprint, October 2008.

Claude Chevalley. Théorie des groupes de Lie. Tome II. Groupes algébriques.
Actualités Sci. Ind. no. 1152. Hermann & Cie., Paris, 1951.

Cecily Crampin. Reducts of differentially closed fields to fields with a relation
for exponentiation. DPhil thesis, University of Oxford, 2006.

Manfred Droste and Riidiger Gobel. A categorical theorem on universal objects
and its application in abelian group theory and computer science. Contemporary
Mathematics, 131 (Part 3):49-74, 1992.

David Eisenbud. Commutative algebra, volume 150 of Graduate Texts in Math-
ematics. Springer-Verlag, New York, 1995.

Wilfrid Hodges. Model theory, volume 42 of Encyclopedia of Mathematics and
its Applications. Cambridge University Press, Cambridge, 1993.

Ehud Hrushovski. Strongly minimal expansions of algebraically closed fields.
Israel J. Math., 79(2-3):129-151, 1992.

Ehud Hrushovski. A new strongly minimal set. Ann. Pure Appl. Logic,
62(2):147-166, 1993.

Jonathan Kirby. A Schanuel condition for Weierstrass equations. J. Symbolic
Logic, 70(2):631-638 & 1023, 2005.

Jonathan Kirby. The theory of exponential differential equations. DPhil thesis,
University of Oxford, 2006.

David Marker. Manin kernels. In Connections between model theory and alge-
braic and analytic geometry, volume 6 of Quad. Mat., pages 1-21. Dept. Math.,
Seconda Univ. Napoli, Caserta, 2000.

David Marker. Model theory: An Introduction, volume 217 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 2002.

David Pierce. Differential forms in the model theory of differential fields. Jour-
nal of Symbolic Logic, 68(3):923-945, 2003.

Anand Pillay. Model theory of algebraically closed fields. In Model theory and al-

gebraic geometry, volume 1696 of Lecture Notes in Math., pages 61-84. Springer,
Berlin, 1998.

Maxwell Rosenlicht. A note on derivations and differentials on algebraic vari-
eties. Portugal. Math., 16:43-55, 1957.

Jean-Pierre Serre. Algebraic groups and class fields, volume 117 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1988.

Igor R. Shafarevich. Basic algebraic geometry. 1. Springer-Verlag, Berlin, 1994.

Boris Zilber. Exponential sums equations and the Schanuel conjecture. J. Lon-
don Math. Soc. (2), 65(1):27-44, 2002.

Boris Zilber. Bi-coloured fields on the complex numbers. J. Symbolic Logic,
69(4):1171-1186, 2004.



42 Jonathan Kirby

[Zil05]  Boris Zilber. Pseudo-exponentiation on algebraically closed fields of character-
istic zero. Ann. Pure Appl. Logic, 132(1):67-95, 2005.

Jonathan Kirby

Mathematical Institute
University of Oxford

24-29 St Giles’

Oxford, OX1 3LB

UK

e-mail: kirby@maths.ox.ac.uk



