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Dynamics of a nonequilibrium
discontinuous quantum phase transition
in a spinor Bose-Einstein condensate
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Symmetry-breaking quantum phase transitions lead to the production of topological defects or
domain walls in a wide range of physical systems. In second-order transitions, these exhibit universal
scaling laws described by the Kibble-Zurek mechanism, but for first-order transitions a similarly
universal approach is still lacking. Here, we propose a spinor Bose-Einstein condensate as a testbed
system where critical scaling behaviour in a first-order quantum phase transition can be understood
from generic properties. We demonstrate the applicability of the Kibble-Zurek mechanism for this
transition to determine the critical exponents for: (1) the onset of the decay of the metastable state on
short times scales, and (2) the number of resulting phase-separated ferromagnetic domains at longer
times, as a one-dimensional spin-1 condensate is ramped across a first-order quantum phase
transition. The predictions are in excellent agreement with mean-field numerical simulations and
provide a paradigm for studying the decay of metastable states in experimentally accessible systems.

Classical and quantum nonequilibrium phase transitions arise in many
areas of physics, ranging from cosmology'”, to condensed matter’™, and to
ultracold atomic gases’ . For a second-order (continuous) phase transition,
a correlation length and time scale can be identified that characterise the
coherence and dynamical response of the system. As the critical point is
approached, both of these exhibit power-law divergences described by cri-
tical exponents'". In non-equilibrium phase transitions, this implies that
close to the critical point, the system is no longer able to adiabatically follow
the ground state''°. Causally disconnected regions then choose the new
broken symmetry state independently, which results in the formation of
topological defects or domain boundaries at a density related to the quench
rate of the control parameter.

The Kibble-Zurek mechanism (KZM) provides a theoretical frame-
work that can predict the density of these defects or domain walls for a finite
quench rate from universal properties of the continuous phase transition.
First introduced by Kibble in the context of cosmology as a mechanism for
the formation of cosmic strings in the early universe"", it was subsequently
extended by Zurek to condensed matter systems'® ™. It has since been
successfully verified in many settings, including thermally driven
transitions’ * and quantum phase transitions (QPTs)****, and has been
demonstrated to apply to quantum-annealing implementations of quantum
computation™.

Recently, there has been increasing interest in studying first-order
QPTs’"*, where metastability plays a crucial role, including in cold-atom

systems™ . A classical example of such metastability is the transition of
supercooled water, which remains liquid below the freezing point. For first-
order QPTs, such “supercooling”like behaviour can lead to a zero-
temperature false vacuum. This state plays an important role in particle
physics and cosmology™*, but an understanding of how the metastable
state decays is hampered by the lack of a general theoretical approach
dealing with first-order QPTs. The KZM has been partially explored for
discontinuous transitions in, e.g., the transverse-field Ising model’**** and
the Bose-Hubbard model™. The recently predicted modification of scaling
behaviour as first-order characteristics are introduced to a non-equilibrium
classical phase transition* further raises the question of when the KZM can
be expected to apply in discontinuous QPTs.

Here, we propose an experimentally accessible nonequilibrium first-
order QPT where the decay of metastable states can be understood through
the KZM. In particular, we study the persistence of the metastable state
following a finite quench of the quadratic Zeeman shift in a spin-1
Bose-Einstein condensate (BEC) with ferromagnetic (FM) interactions. We
demonstrate that the onset of decay of the metastable state representing the
false vacuum agrees with the critical scaling law predicted by a generalisation
of the KZM to our first-order QPT.

A key feature of this phase transition in a FM spinor BEC is the
formation of phase-separated domains at long times past the transition
point. Therefore, in addition to the short-time behaviour characterising the
decay of the metastable state, we also apply the KZM to determine the
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scaling of the number of phase-separated domains at later times. We show
that the KZM accurately predicts the scaling of the number of domains for
fast to intermediate quench rates, whereas for slow quenches, deviations
appear similarly to some second-order QPTs™"*.

Results and discussion

Mean-field theory of the spin-1 BEC

Focusing on an ultracold atomic system has the advantage that the QPT is
easier to control for isolated systems. Atomic BECs in particular are pristine
systems and offer a highly controllable platform where the strength of inter-
atomic interactions and the confining trapping potentials can be tuned.
Consequently, they are already popular example systems for phase-
transition experiments™***, as well as nonequilibrium physics, even in low
dimensions, ranging from relaxation dynamics”* to quantum
quenches””. Unlike scalar BECs, the spin degrees of freedom are not frozen
out in spinor BECs. These additional degrees of freedom give rise to a non-
trivial phase diagram even at zero temperature™* and a correspondingly
rich array of topological defects and textures********. For these reasons,
studying non-equilibrium dynamics and QPTs with spinor BECs has
attracted much attention™*****".

As our example system, we consider a spin-1 BEC described by the

mean-field condensate spinor wave function ¥ = (v, v, v_,)". The
Hamiltonian density then reads™
¢ . A .
H = Hy+ 2 + L |(B) = pn(F.) + gn(F2), (1)

where H, = (#//2M)|V¥|’ 4+ nV(z) for atomic mass M and external trapping
potential V(z). Here, n =" 1//*m Vi is the total atomic density. The con-

densate spin operator F=(F_F,F,) is the vector of spin-1 Pauli-type

X7 y7
=5 Dt Wm(F )mm/ v, for u=x, y, z. Conserva-
tion of angular mornentum in s-wave scattering means that the longitudinal

matrices such that (F

magnetisation M, = [(F,) dz is conserved on experimental time scales. The
spin-independent and -dependent interaction strengths arise from the s-
wave scattering lengths a » in the spin-F channels of colliding spin-1 atoms
as co=4mh(ag + 2a,)/3M and ¢, = 4rh’(a, — ao)/3M, respectively. Linear
and quadratic Zeeman shifts of strengths p and ¢, respectively, may arise
from an applied magnetic field along the z-direction, or in the latter case be
induced by an AC Stark shift®, which gives precise control over both
strength and sign. Due to conservation of M,, a uniform linear Zeeman shift
only causes precession of the spin, under which the Hamiltonian is invariant.
We therefore only consider effects from the quadratic Zeeman shift.

We consider atoms with ¢; < 0, such as “Rb* or "Li****, which provide
an interesting phase diagram arising from the competition between the third
and last term in Eq. (1). A three-component broken-axisymmetry (BA)
phase with zero longitudinal magnetisation occurs for 0<Q=g/
(Je1|no) < 2°° where ny is the background density in a uniform system:

=t w=Yvire @

In addition, an FM state occurs for Q<0: ¥ = (/7,0 0T

= (0,0, /1, )T Since M, is conserved, a BA initial condition with M, = 0
unphes that the FM phase results in the formation of phase-separated
domains with opposite spin projection as Q is ramped across the phase
transition. The associated instability that leads to the emergence of phase-
separated domains when ¢; <0 is not captured in the single-mode
approximation”®.

Theory of Kibble-Zurek scaling

In contrast to previous studies on QPTs, the first-order QPT between the BA
and FM phases in a spin-1 BEC with FM interactions corresponds to a
discontinuous quantum critical point (DQCP)®*, the quantum analogue of
the classical discontinuous critical point™’. As it does not meet the general

criteria of applicability of the standard KZ theory, the KZM has hitherto
been little studied in this context. We consider, in particular, a one-
dimensional (1D) spin-1 BEC with FM interactions in a ring-trap geometry.
By quenching the quadratic Zeeman shift, the system can transition from
the BA phase into a phase-separated FM phase where domains of atoms
with opposite condensate-spin projection form™. Unlike the single-mode
scenario in an anti-FM condensate®, where there is no domain formation,
here phase separation is a consequence of the FM interactions under con-
servation of longitudinal magnetisation in a spatially extended BEC. Its 1D
nature, however, has the advantage that once the domains form, they are
frozen in and cannot undergo any coarsening dynamics**”, which facilitates
the accurate analysis of the scaling behaviour predicted by the KZM for
the DQCP.

Moreover, the transition point between the BA and FM phases at
(g po) = (0,0) is a DQCP. It satisfies five conditions®, which permit scaling
arguments to be applied. A critical point at g=¢. and p=p., where
p functions as a symmetry-breaking field, is a DQCP of this kind if
(1) the energy density e(g, p) across the transition is continuous,
e(qh,p,) — e(q-, p,) = 0,but (2) its derivative is discontinuous, de(q.", p,)
/0q — (g, p,)/9g=0 (establishing its first-order nature). Here, g and
q; correspond to approaching q. from above or below, respectively. Further,
(3) the order parameter m = — de(q, p)/dp must exhibit a discontinuous
jump with respect to g as the critical point is crossed, |m(q.,p,)
[>|m(g}, p,)l = 0, and additionally, (4) the order parameter is also dis-
continuous with respect to p: |m(q,, p;* )|>0, ensuring that the DQCP is not
a triple point in the (p, q) parameter space”. Finally, we require (5) that the
derivative of the energy be bounded as the critical point is approached:
|9e(q; , p.)/9ql<oo. Criteria (1)-(5) permit us to investigate the KZM for
our DQCP.

The energy densities per particle for the BA and FM states are,
respectively™’,

+q+2
eps = (= P 8‘1 qcl“o) 7con0, (3)
ciMoq* 2
1
€pm, = $p+q—|—5n0(co + 1), (4)

where the subscript +(—) denotes the FM phase with spin pointing up
(down). These energies are continuous at the critical point (q., p.) = (0, 0).
The derivatives, however, are discontinuous, but remain bounded. Mean-
while, the relevant order parameter for the BA and FM states is
mpa =p(p° — @ — 2qcino)/8cyngg and mgy = * 1, respectively, which is
precisely the local magnetisation F,=|y,|> — |y_,|* in both phases™. For
P = 0 this order parameter is zero in the BA phase and becomes non-zero in
the FM phase. A non-zero p, however, causes the order parameter to be non-
zero in both phases. This means that the BA to FM transition satisfies all the
conditions for a DQCP.

We now recall the key arguments of the KZM as applied to QPTs". A
continuous second-order phase transition can be characterised by the
divergence of a single instantaneous correlation length  ~ |q(f) — g/ and a
single instantaneous relaxation time 7~ [&(f)]°, where v and z are the
correlation-length and dynamical critical exponents, respectively. In the
standard QPT scenario'*”, the relaxation time is usually set by the inverse of
the energy gap A between the ground state and the first excited state of a
gapped mode™”: 7~ A", A system initially prepared in the ground state
follows this state adiabatically as long as the relaxation time remains small.
However, as the critical point is approached, the energy gap vanishes and the
relaxation time diverges, which leads to the breakdown of the adiabatic
regime. This divides the dynamics into three stages: adiabatic, frozen and
adiabatic again as the system crosses the critical point. Assuming a quench
of the form |q(t) — | ~ |t/7ql, where 7, is the quench rate, the freezing
time is estimated to be | # | = 7(t). This leads to a scaling for the freezing
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time given by
| i | ~ Tg/(zwrl). (5)

It follows from Eq. (5) and the scaling of the correlation length that at the
freezing time, & ~ &(7) ~ T'é/ @+ This provides an estimate for the
N E*d N T(de/(zwrl)'

Note that once scaling behaviour is assumed, Eq. (5) can be derived by
assuming the existence of single length and time scales, which can typically
be justified for second-order transitions. It does not always hold for dis-
continuous phase transitions but can be extended for a DQCP satisfying the
five criteria. These key aspects of the KZM are therefore generic and also do
not depend on the existence of a gapped mode (indeed, Zurek considered a
thermal superfluid phase transition characterised by a gapless dispersion'®).
However, the specific values of the critical exponents are determined by the
form of the dispersion relation near the critical point.

For a first-order transition, one must consider the Bogoliubov modes
corresponding to the phase from which the transition is approached®, here
the BA phase. The three spin-1 Bogoliubov modes’ then correspond to spin
waves Ey  , density waves Ey ., and the so-called theta modes Ej _, (see

“Methods™). Only E ., is gapped in the long-wavelength limit and deter-
mines the KZM scaling for the second-order transition from the polar to the
BA phase” (where modes on either side of the transition may be used). By
contrast, the relevant mode for the BA to FM transition is

Vel +q), (6)

where € =#’k*/2M is the kinetic energy. This spectrum is gapless in the
long-wavelength limit. The imaginary part of E; ;_together with that of Fy
is shown in Fig. 1 and clearly illustrates that an instability can occur at Q =0
only for modes with k # 0. These unstable modes are responsible for the
formation of phase-separated domains in the FM phase. In contrast, the
most unstable mode for the phase transition at Q =2 corresponds to k=0
within the range 1 <Q< 2.

To derive KZ scaling for a QPT with a gapless mode® we consider the
more general spectrum, E} ~ |q(t) — q.|%] %, of which Eq. (6) is a
special case. The correlation length assoc1ated w1th the transition can then
be inferred by equating the two terms. Therefore, to find scaling solutions
consistent with the KZM where E; ~ |q(f) — q.|°, we assume that the two
terms are of equal magnitude and scale similarly by making the ansatz

~1q(®) — q" (corresponding to k~&') to derive the condition a=
v(2z — n). Subsequently, the adiabatic-impulse approximation states that
the impulse regime begins when E? = E,. This yields

number of defects or domains: Ny,

Eyz, (k)=

| Pl ~ | ~ tx/(2+vt k"?/(2+“) xéz/(l+1/z) (7)
for the freezing time upon using the above scaling assumed for k. This
immediately implies the characteristic momentum scale k ~ /@
from which we extract the defect density Ny, ~ k ~ _dV/ @)
is the dimensionality of the system.

We have thus recovered the same general expression for the KZ scaling
as for a continuous phase transition. This should not be surprising since the
order of the transition does not enter into the derivations of Egs. (5) and (7)
once the single length and time scales are established. In addition to these
universally valid expressions, deriving the scaling law from the form of the
dispersion relation also allows us to determine the critical exponents.

Specifically for our 1D system (d =1 and g, = 0), Eq. (6) implies « =1,
n =2and z = 2. This is equivalent to setting z = 2 and v = 1/2 corresponding
to a defect-density scaling

where d

Ndom ~ T(_gl/4' (8)

Therefore, despite originating in the same model Hamiltonian, this scaling is
clearly different from that found for the KZM in continuous phase

—

E(k)

S

-2 0 2
o

Fig. 1| Stability of Bogoliubov modes. Imaginary parts of E; s, and E . are shownas
functions of the wavenumber k and quadratic level shift Q (colour scale). E;, 1. is
unstable (positive imaginary part) for Q < 0, corresponding to the broken axisymmetry
to ferromagnetic discontinuous quantum critical point, while Ej ; instead becomes
unstable at the broken axisymmetry to polar second-order transition at Q = 2.

transitions through a QCP in spinor BECs*>"*>*2, Our results thus indi-
cate a new scaling regime, compared with the polar-to-BA QPT in the same
system. The difference can be attributed to the fact that the most unstable
mode in the latter case corresponds to k = 0, while in our case it acquires a
k-dependence.

Numerical results

To check our prediction, we numerically evolve the time-dependent spin-
1 Gross-Pitaevskii equations (GPEs) obtained from Eq. (1) using a
symplectic algorithm™ (see “Methods”) and interaction strengths
co/c; = —20. This choice reduces the disparity in system timescales and
hence the computational overheads. All results have also been verified for
¥Rb (colc; = —216) "Li (colc, = —2.17) parameters to confirm that the
KZM should be observable in existing experiments. Typical results for
7o = 1000 are shown in Fig. 2. We see the clear formation of FM domains
after crossing the critical point at t=0. Figure 3 shows the normalised
atom number for the y, component as the system is quenched for var-
ious 7. Initially, the system tracks the BA-phase ground state®, Eq. (2).
After passing the critical point, the system is no longer able to adiaba-
tically track the true ground state. Rather, it evolves in a metastable BA
state, even for t/74 > 0, until it emerges from the impulse regime at a time
clearly dependent on the quench rate. At this point, the metastable state
decays with an associated abrupt drop in the density of the y, compo-
nent, signalling a discontinuous phase transition to the FM phase. This
coincides with an increase in the y.; components, where the FM
domains start to form (Fig. 3 inset).

To determine the freezing time as well as the short time scaling
behaviour, we introduce 4, ,, defined as the Fourier transforms of the
¥., components, respectively. Since the transition to the FM phase
results in phase-separated domains, driven by an instability associated
with a Bogoliubov mode related to a;, = (a, — &kﬁl)/ﬁ (see
“Methods”), we extract the critical time ¢t such that
|ak (t)| =0.01% max{|ak (t)| t}. The critical Zeeman value is
deﬁned as Q, = |Q(®)|. The inset in Fig. 4 shows the typical growth of
|ays |, which demonstrates that it remains zero until the system passes
the critical point. Thereafter, it undergoes growth with strong oscilla-
tions. The choice of 0.01 when extracting ¢ is arbitrary, but we find
qualitatively similar results in tests with values up to 0.1.

Figure 4 reveals a clear Q, ~ 7, 12 power law for a large range of 7o,
Despite the discontinuous nature of the phase transition, scaling behaviour
is still observed’**. However, this scaling is different from that observed in
numerical and experimental results concerning the continuous phase
transitions in spin-1 BECs™*”. As illustrated in Fig. 4(b), the temporal
scaling extends to other quantities, recovering the same Q, (see “Methods”).
The observed scaling is consistent with the Kibble-Zurek scaling presented
above for our system. Taking v = 1/2 and z = 2, and using Eq. (5), we obtain
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Fig. 2 | Formation of ferromagnetic domains. Component densities (colour scale)
in a 128¢; subregion of the y; (top), yo (middle) and y_; (bottom) components for a
typical simulation with the quench time 74 = 1000.
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Fig. 3 | Decay of the metastable state. Normalised atom number Ny/L for the yq
component using the analytical prediction (black line) in Eq. (2). Also plotted are
numerically calculated values for quench times 74 = 500, 1000, 5000 (blue, red and
yellow lines, respectively). Inset: Normalised atom number for the y; component
using the same analytical and numerical data as the main figure. We note that N;/L
approaches 0.5 since the longitudinal magnetisation M, = 0 is conserved. The critical
point is marked with a black dashed line.

t~ Tg ?. Combining with the relation Q, = |¢/ 7ql, we also recover the
Q,~ T(Sl/ ? scaling seen in our simulations.

To reinforce our conclusions, we also recover the scaling laws by
directly linearising the GP equations around the critical point. In this case,
the temporal dependence of the quadratic Zeeman terms is treated directly.
Following ref. 70, we begin with a wave function close to the BA ground
state, ¥7 = (v, + Oy, (1), Vo + 0y, (1), w_y + Sy_,(t)) exp(—iut) where
Y1, Yo are defined in Eq. (2) with Q = Qo. Here, p = ¢o + ¢1(2 — Qp)/2 is the
chemical potential, 0<Qy<2 is a constant, and |0y,,,(f)|<1. The noise terms
have to satisfy [, 8y, + 8y dz =0 to ensure the proper normal-
isation of the wave function and [(dy, + 8y} + dy_, + dy* )dz =0to
enforce conservation of magnetisation.

Linearising the spin-1 GPEs about the state corresponding to Q = Qo
(see “Methods”), we obtain

. d n & Q Q.

’haGyZ [—m@—clno(Q—T)}Gy— 5 G,
where G, = 0y, — dy_;. Next, we transform to momentum space and split
G, into real and imaginary parts, where a, = J Re(Gy)e*"kzdz and
b, = [Im(G,)e *dz. We then solve for Q= —t/7q, by deriving the

equation for d’a,/df’ across a DQCP. Rescaling time as t— fA with

A= /T,7,, We arrive at

d’a —1 da 1 342
y y 4
- (x - 2K2t+7)a},,

F Tl (10)

where x> = £k 7o/7,. This scaling ensures that the last term is inde-
pendent of 7. The remaining dependence on 7, is eliminated if we require
that « is constant, which implies k ~ Tél/ ‘ Only under these conditions can
we expect scaling solutions, and they are also consistent with the scaling of

the correlation length and the dynamical exponents derived earlier based on
the KZM. break

Scaling of the number of domains

The KZM not only predicts the growth of the correlation length immedi-
ately following the phase transition, but also the number of phase-separated,
FM domains, whose formation in the long-time dynamics involves dis-
continuous changes in the properties of the system. This is a measurable
quantity and has been investigated in works applying the KZM to con-
tinuous transitions”™". Here, the domain formation occurs following a
sudden change in the occupation-number density of the spinor components
(Fig. 3). It is therefore a central question whether the KZM correctly predicts
the scaling for the number of domains forming at late times. We numerically
determine the total number of FM domains (Fig. 2) at the end of the
simulations for a broad range of 7, as shown in Fig. 5. For sufficiently fast
quenches (7g < 1000), a clear power-law scaling Ny, ~ 161 * emerges,
which agrees well with Eq. (8) as well as the scaling obtained with Eq. (10).
As with £, the scaling for the DQCP is again different from that in analogous
transitions across a continuous critical point®.

Unlike Q,, the number of domains shows a clear deviation from
the predicted KZ scaling for slow quenches (75> 1000). Similar dif-
ferences in the scaling of observables measured at much later times
from the critical point have also been observed in*"”". In general, the
scaling changes from power law to exponential decline in the
limit when Ngom~1, as predicted, e.g., by the Landau-Zener model®”.
Here, we find that a deviation occurs already for intermediate values of
7o and Ngom~100. Based on similar behaviour in spin chains”*** and
exact results for the Ising model”, this could be attributed to effects of
finite-size scaling or the presence of another, undetermined, length
scale that dominates for intermediate 7,

Finally, we confirm the robustness of the scaling by considering a
quench that crosses two phase transitions, starting from the polar state
with Q = 2.5, quenching through the second-order transition into the
BA phase and then continuing across the BA-FM DQCP. This scenario
is of particular importance, since it may be experimentally simpler to
realise. We find that the crossing of the polar-to-BA phase transition
can excite modes associated with the transverse magnetisation (F, ), as
found for sudden quenches™”. These excitations can be seen in Fig. 6,
which depicts the angle (direction) of F, following the phase transition
to the BA phase for two quench rates. Note that these excitations can
give rise to phase jumps in the angle of F that can persist beyond the
transition region. To determine the impact on the KZ scaling beha-
viour, we show the number of domains also for the two-QPT scenario
in the inset of Fig. 5. The results remain qualitatively similar with the
same 751/ * scaling and deviation for slow quenches. We have also
verified that after the polar-to-BA transition, the system emerges from
the impulse regime and tracks the BA phase with the aforementioned
excitations present before entering a second impulse regime associated
with the DQCP. Therefore, our results correspond to two well-
separated impulse regimes and demonstrate the reproducibility of our
scaling law for a range of initial conditions.

Conclusion

In conclusion, we have shown that the KZM can be generalised to this
discontinuous phase transition, leading to scaling laws that differ from
those observed for phase transitions across continuous quantum critical
points for the same spin-1 BEC model. We find excellent agreement with
numerical simulation for both the short-time growth of the unstable
excitations and the subsequent number of domains formed on longer
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Fig. 4| Kibble-Zurek scaling of the freezing time. 109 a b
a Scaling of the critical value Q, = |Q(¢)|, where ¢ is 2 i .. )
the freezing time, versus the quench time 7. \e\o\ T T \9\& )
Overlaid is the power-law scaling ral/ ? (dashed g‘&%es ee%
line). Inset: the quantity \awz | for 7 = 5000 and the S 6X 1073 e 9&\’&
n =1 mode (i.e., k= 2m/L). b Same but with Q, cal- = ‘Q@Q ‘we\e\
culated using the deviation from the analytically = /\/1 e o,
predicted value of y; (see “Methods") reproducing 0 \ QK
the same scaling. For both methods, each point is 10-! 0.0 1/7o 0.2 .
averaged over 50 runs, and the error bars represent 1037 10‘1

Q Q

+1 standard deviation.

x10?
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Fig. 5 | Kibble-Zurek scaling of the number of domains. The number of ferro-
magnetic domains (black dots) as a function of the quench time, 7. Overlaid is the
power-law scaling ral/ 4 (dashed line). The results are verified for both “Li (blue
circles) and Rb (red crosses) interaction parameters. Each point is averaged over 50
runs, and the error bars give + 1 standard deviation. Inset: number of ferromagnetic
domains in a quench that spans two phase transitions for the same quench times as
the main figure.

time scales. Our results hold for experimentally accessible parameter
regimes allowing these extensions of the KZM to be realised in current
experiments on spinor BECs, which therefore emerge as prime candi-
dates for testbed systems for investigating critical scaling in first-order
QPTs, including as laboratory emulators for understanding false-vacuum
36-38,100

decay

Methods

Numerical simulation

We measure length and time in units of the spin healing length
& =h/\/2M|c,|n, and the spin time 7, =//2|c,|no, respectively. Our
simulations are performed on a 1D grid of N, = 16,384 points with a
spacing of A,=0.125¢, considering a ring-shaped geometry by
assuming periodic boundary conditions and V(z) = 0. We start from Eq.
(2), adding small noise terms, dy,,,, to each component, where |5y,,,|<1.
The real and imaginary parts of dy,, are drawn from the probability
distribution p(z) = exp(—2%/20%)/(v/2n0), with 6=10"" to remain
close to the BA ground state. We vary the quadratic Zeeman shift as
Q(t) = — t/1q for a range of quench times 7q, starting at Q=1 and
ending the simulation at Q = —2.5.

Bogoliubov modes for the BA phase

where sin @ = \/1/2 + q/(4nc;). The fluctuation operators for this state
are then defined as™":

. sinf . N
g = N (@ + Gy 1) + cos Oay o, (12)
N | B N
Af, = ﬁ(ak,l - ak,—l)? (13)
R cosf . . P
g =—7=(O; + a4 ;) — sinBay, (14)

V2

where on the right-hand side 4, ,,, is the annihilation operator for a spin-1
boson in magnetic level m (for m = —1,0, +1), determined by expanding the
wave-function field operator as

() = %; b €™, (15)

where V is the volume of the system.

The sub-Hamiltonian for the spin fluctuation mode a;; can be
diagonalized using the transformation

l; _ €k+q/2+Ekfz& + €k+q/2_EkfzaT
kf, = 2Ey k. 2B, —kf.

where ¢, = #’|k|*/2M is the kinetic energy and the Bogoliubov spectrum is
given by

(16)

Exy, = Vel +9). (17)

The sub-Hamiltonians for the density fluctuation mode d ; and the f mode
ay g can be similarly diagonalized using operators by , and by ,, which
yields the remaining two Bogoliubov modes’":

B, = \Jét +nlco — c)e + 2’1 - P £E @), (18)

where § = —q/2¢;n and

E\(1) = 1/ [n(cy + 3ey)ey + 2(e,n (1 — )] — e, (e + 26, )(nze )

The BA phase of a spin-1 BEC exhibits three Bogoliubov modes”. Here, we (19)
rederive each mode explicitly from the relevant Bogoliubov transformations ] ' o
and explain why Ej ; is the relevant mode for the BA-to-FM transition. The final, diagonalized Hamiltonian then reads
The BA phase can be parameterised as :
ABA U BA o 2
H =Eo% +) [Esz by, by,
. . k=0 (20)
BA sin 0 sin 6 A oa AF s
Y=V < V2 ,cos 6, V2 ) ' (1n +E by b+ E b by
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Fig. 6 | Phase jumps induced by quenching across
two quantum phase transitions. Angle of trans-
verse magnetisation (colour scale) following cross-
ing of the polar-to-BA phase transition for a a fast,
and b a slow quench. In the former case, two dis-
cernible phase jumps appear and persist after the
transition (but are absent in the latter).

-1500

/4
=
S
0T
(o))
C
<
: A ; L,
—-1000 -500 —-15000 —10000 -5000
t/TS I/Ts

where E(?A is the ground state energy for the BA phase, which is explicitly
derived in ref. 91.
We now consider our 1D system. In the long-wavelength limit, k — 0,

the only non-zero (gapped) mode is E; , = 1/4(c;n)*(1 — §*) which has

the form E; , ~ /q.* — ¢ with g, = 2¢, n. The relevant mode of the BA
to FM transition is found from the imaginary parts of the Bogoliubov
energies (Fig 1). For |Q| > 2, where Q= g/(|c;|n), Ex . has a positive ima-
ginary part, indicating instability. The critical point Q=2 (g = ¢_.) corre-
sponds to the second-order transition between the polar and BA phases, for
which Ej , therefore is the corresponding Bogoliubov energy.

However, for Q < 0 the imaginary part of E ; mode becomes non-zero
and positive, and thus unstable. This corresponds precisely to the transition
from the BA to the FM phase at Q =0 that we are interested in here, and
therefore E; ; is the relevant mode to study. Note that the E; ; mode does
not give rise to instability at k = 0. Therefore, studies focusing on this mode
at k = 0 only do not capture the phase transition that occurs at Q = 0°****. In
contrast, the k=0 mode corresponds to the most unstable mode for Ej ,,
and thus it suffices to choose this Bogoliubov energy to capture the phase
transition that occurs at Q =2. In practice, the Q= —2 transition is not
realised since the instability of E; ; at any k = 0 will typically arise at Q=0
when Q is quenched from positive to negative values.

Extracting the freezing time

In order to extract the freezing time  of the system, an appropriate
quantity must be chosen. Since the transition to the FM phase causes
the formation of phase-separated domains, a natural choice is to
measure fluctuations in the difference of the populations of y,,”". To do
this, we first construct the Fourier transforms of the y.; components as
a,,(k) = [y, e " dz. After passing through the critical point into
the FM phase, the difference a, /. (k) = [&l(k) - 2171(k)} /~/2 generates
measurable fluctuations as FM domains with opposite spin start to
form [see inset of Fig. 4(a)], while before the transition it remains zero
(due to the absence of domains). To measure the freezing time, we
extract the time at which |4, ; (k)| exceeds some appropriately chosen
value. In our numerical simulations, we take this value to be 1% of the
maximum value of |a; /. (k)| over the entire simulation.

An alternative choice is the population of the y, component. Here,
instead of measuring the growth of a quantity, we now extract the freezing
time as the time required for the y, component to deviate from its analy-
tically calculated value in the (metastable) BA phase y, = /2 + Q/2
(Fig. 3). In particular, we choose the freezing time to be the time at which the
deviation reaches 1% of the analytically predicted value, yielding Fig. 4(b).
We see that, despite using an entirely different quantity to measure the

freezing time, the resulting scaling of Q, is the same as when calculated
from | (k).

Deriving scaling near the critical point
The spin-1 GPEs are given as™:

K2

M (21)

= |-

N ~2 - ~
3 — pF, + qF, + cyn + ¢ n(F) - F}‘P

Recall that we start from a BA phase of the form ¥* = (y, + 8y, (£), y,+
Syo(t), w_, + Sy_,(t)) exp(—iut). Substituting this expression into the
GPEs and keeping leading order terms in 8y, yields the following equations
for 0y, (p=0)

ny(10¢, + 6¢; — (¢ — ¢,)Q)
gt P 18 0% }61//1

[(Co +3¢))8y, + (¢ + 51)5‘/’3]
M= e)dy, + (6 + o]

[(2 — Q)co + 2+ 3Q)c, | oy,

oo\o

(22)

n 1y(10¢y + 6¢; — (cy — 6,)Q) s

ot 2M d22 “ 8

[(CO + 30y, + (¢ + 51)81/’3]

n0(2
8

+2 (2~ Qe + 2+ 3Q)c) 3y

el [(Co =)0y +(cp + Cl)‘W’L]

(23)

Subtracting Eq. (23) from Eq. (22) results in the differential equation for

Gy: (Sl//] - 61//,1:
dG W 42 nyQ
. y 17%0 *
"= | =Sy g T4 ol + ) |G, — PG (29

Additionally, to calculate the chemical potential, we take the ¥, component
of Eq. (21) keeping lead order terms and assuming a stationary state, which
leads to p = cong + c110(2 — Qp)/2 where Qq is a constant. Substituting this
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expression and q(t) = — ¢;1pQ(¢) into Eq. (24) yields

dG n & Q 1Q
. 'y 0 1770 *
ar {_ Mdzz Mo (Q_T)]Gy 2 O (5)

To progress, we split G, into real and imaginary parts and take the
Fourier transform: a, = [ Re(Gy)e_ikZdz and b, = [ Im(Gy)e_’kzdz.
Substituting into Eq. (25) yields the matrix equation

i{“y} :< 0 %‘CEZO(Q—Q0)> {“}l
o] \gpoe-a- 0 )ls
(26)

. . d’a,
To solve the above equation, we construct the equation for Tu{ and take
Qo = 0, which yields

2
day _any (hzkz B cln0Q> db, @)

@ g\ T )
Expressions for b, and db,/dt are found from Eq. (26). Substituting these in
yields the following equation for d’a,/df*:

der e dar
TqQ A/;clno -Q

d’a 1 da, (Kk' KcnQ  3dmQ
Y Y ( 1770 + 170 )ay' (28)

M2 M e

To simplify the above expression, we use the spin healing length & =

11/1/2|c;|n, and the spin time 7, = 7i/|c;|ny:

&a, —1 da, (e gre a2 ) 29)
(fokz‘rQ —t) dt 167275 |

de

412 211,
Rescaling time as t — tA with A = /7,7, leads to the differential equation

d’a -1 da, 1 3¢
y y 4
= (-2t
a2 Q- dt 4 (K 4 )a)”

where 12 = £k, /70/7..
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