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A B S T R A C T  

Nume rous s tatis tical models h av e be en propose d for c onducting met a -analysis of d iagnostic acc uracy stud ies when a gold s ta nda rd is av ail ab le. 
How ev e r, in real -w orld sc en arios, the gold standard test may not be perfect due to several factors such as measure me n t e rror, non-av ail ability, 
inv asivenes s, or high cost. A gener aliz e d linear mixe d model (GLM M) i s curre n tly re c ommende d to ac c oun t for a n impe rfect refe re nce tes t. We 
propos e vine copul a mixed models for met a -a nalysis of diagnos tic tes t a ccura c y studies w ith a n impe rfect refe re nce s ta nda rd. Our ge ne ral models 
include the GLMM as a special case, can h av e arbitrary univ ari ate distribution s for the random effects, and can provide tail depe nde ncies a nd 

asymmetries. Our ge ne ral methodology is de mons trated with a n exte nsive sim ulation s tudy a nd i l lus trated b y insi gh tfully re-a nalyzing the data 
of a met a -a nalysis of the Pa pa nico l aou test that di agnos es c ervical ne op l asi a. Our study su gge sts tha t ther e can be an improvement on GLMM 

and makes the argument for mo vin g to vine copula random effects models. 

KEY W OR DS : imperfect r efer ence test; met a -an alysis; mixe d models; vine c opulas. 
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1 I N T R O D U C T I O N 

he rise of evidenc e-base d me dicine h as res ulte d in increase d fo-
us on met a -a nalytic s tudies of diagnostic test a ccura cy. A met a -
nalysis of diagnostic test a ccura cy studies combines informa-
ion fr om differ ent studies. It provides an int egrat ed analysis with

or e sta t ist ical power to detect an acc urate d iagnos tic tes t tha n
 n a n alysis base d on a single study (Norm and, 1999 ). As diag -
os tic tes t, a ccura cy is c ommonly meas ure d by a pair of indic es
uch as s en sitivity (the pro bability that an actual positive wi l l test
ositiv e) and spe c i fic it y (the probabilit y that an actual ne gativ e
i l l test ne gativ e), synthesis of diagnostic test a ccura cy studies

s the most common med ical appl icat ion of mult iv ari ate me t a -
nalysis ( Jacks on e t al., 2011 ). Mos t exis ting met a -a nalysis mod -
ls and methods h av e m ainly focuse d on a single tes t whe n a
e rfect refe re nce s ta nda rd is av ail ab le (eg, Rutte r a nd Gatsonis,
001 ; Reitsma et al., 2005 ; Ch u a nd Co le, 2006 ; Niko loulopou-

os, 2015 ). 
Neverthe le ss, in practice, the r efer ence test may be imperfect

ue to measure me n t e rror, non-exis te nc e, invasiv eness, or the
i gh cos t of a gold s ta nda rd. Thi s i s the cas e in the me t a -analysis
f 59 studies to evaluate the a ccura cy of the Pa pa nico l aou (Pap)

est that di agnos es cervical neop l asi a (Fahey e t al., 1995 ; Liu
t al., 2015 ). As ackno wledg ed in Liu et al. ( 2015 ), the litera-
ure on met a -a nalytic s tud ies of d iagnos tic tes t a ccura cy, when
 gold s ta nda rd is unavailable, is very limited. Chu et al. ( 2009 )
ropos ed a 5-v ari ate ge ne r aliz e d linear mixe d model (GLMM)

o ac c oun t for hete roge neity in tes t a ccura cies a cross s tudies b y
r ea ting the dis eas e prev alence (the pro bability of thos e with the
e c eiv e d: July 30, 2024; Revised: Ja n ua ry 10, 2025; Accepted: March 12, 2025 
The Author(s) 2025. Published by Oxford University Press on behalf of The In te rn ation a
 re ative Common s A ttribution Licen s e ( https://creativ ec ommons .org/lic ense s/by/4.0/ ), wh

he original work is properly cited. 
is eas e), s en sit ivit ies, and spec i fic ities of the index a nd refe re nce
es ts as ra ndom effe cts . Their model ass ume s inde pe nde n t m ulti -
omi al distribution s for the counts of each c ombin ation of the

ndex and r efer ence test res ults, c ondition al on the 5-v ari ate nor-
 ally distribute d transforme d late n t disease prevale nce, se nsi -

 ivit ies, and spec i fic ities of the index and r efer ence tests in each
 tudy. De ndukuri et al. ( 2012 ) extended the hierarchical sum-
 ary re c eiv er operating ch aracteristic (HS ROC) of Rutte r a nd
atsonis ( 2001 ) to the situation where no gold s ta nda rd tes t is

v ail ab le. Both the GLMM and HS ROC h av e the adva n tage that
hey ac c oun t for hete roge neity across studies and allow for de-
e nde nc e betw e e n the index a nd refe re nce tes t. As shown b y Liu
t al. ( 2015 ), who re-an alyze d the existing met a -dat a on the diag-
osis of cervical neop l asi a, the GLMM a nd HSROC a re closely
 ela ted, and some of their submodels with fewer random effects
 re equivale n t. 
Neverthe le s s, the 5-v ari ate normal distribution of the trans-

ormed late n t pr oportions in the GLMM has r estricted pr op-
rties, that is, a linear corr ela tion structur e and norm al m ar-
ins that mi gh t lead to bi as ed me t a -analytic e stimate s of diag-
os tic tes t a ccura cy. In or der to cr ea te a flexi ble distri bution to
odel the random effe cts, w e exploit the use of regular vine cop-

las (Bedford and Cooke, 2002 ) as other parametric copulas
 uch as Archime dea n, nes te d Archime dea n, a nd elliptical cop-
las h av e limite d depe nde nc e (Nikoloulopoulos, 2013 ). Re g -
lar vine copulas are suitable for hi gh-dime nsional data (Er-
a rdt et al., 2015 ); he nce, give n the low dimension, we use their
ound ary cas e , namely a D- vine copula. D- vine copulas have be-
l Biome tric Socie ty. Thi s i s a n Ope n Ac c ess a rticle dis tributed unde r the te rms of the 
ich permits unre stricted re use, dis tribution, a nd reproduction in any me dium, provide d 
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TABLE 1 Data from an individual study in a 2 × 2 table. 

In dex te st 
Refe re n ce te st Positive Nega tiv e 

Positive y i 11 y i 10 
Ne gativ e y i 01 y i 00 
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come importa n t in ma ny a pplication a reas, s uch as fin anc e (Aas
e t al., 2009 ; Niko loulopoulos e t al., 2012 ) and bio lo gical s ci-
ences (Ki l liches and Cza do, 2018 ; B arthel et al., 2019 ; Hoque
et al., 2022 ; Sahin and Czado, 2024 ), to name just a few, in or-
der to deal with dependence in the joint tails. Another bound-
ary case of regular vine copulas is the canonical vine copula,
but this pa ra metric fa mily of c opulas is s uitable if the re exis ts
a pilot v ari ab le th at driv es the depe nde nce a mong the v ari ab les
(Nikoloulopoulos and Joe, 2015 ; Erhardt and Cza do, 2018 ; Ka d-
he m a nd Nikoloulopoulos, 2021 ), which a ppa re n tly is not the
case in this application area. 

We propose a c opula mixe d model as an extension of the
GLMM by using a D-vine copula r epr ese n tation of the random
effects distribution with both normal and beta margins. We as-
sume indepe nde n t m ultinomial dis tributions for the coun ts of
each c ombin ation of the index and r efer ence test r es ults, c ondi-
tional on the late n t disease prevale nce, se nsit ivit ies, and spec i fic i-
ties of the index and r efer ence tests in each study. The proposed
model (1) includes the 5-v ari ate GLMM (Chu et al., 2009 ) as
a special case, (2) can h av e arbitrary univ ari ate distribution s for
the ra ndom effects, a nd (3) ca n provide t ail de pe nde ncies a nd
asymmetries. 

The re mainde r of the pa pe r proc e e d s as follow s . Se ction 2
s umm a rizes the s ta nda rd 5-va riate GLMM for syn thesis of di -
agnos tic tes t a ccura c y studies w ithout a gold s ta nda rd . Sect ion 3
introduces the 5-v ari ate D-vine copul a mixed model for me t a -
analysis of diagnostic studies without a gold standard, and pro-
vide s comput ational det ails for maximum l ikel ihood (ML) es-
t imat ion. Sect ion 4 insi gh tfully re-a nalyzes the data from the
met a -analysis of the Pap test that di agnos es c ervical ne op l asi a.
Section 5 studies the rel iabil ity of our me thodo lo gy to s elect the
ne c es s ary l atent v ari ab les (random effects) and g aug e the small-
s amp le efficiency and ro bustnes s of the ML est imat ion of the
proposed D-vine copula mixed model. We conclude with some
d isc ussion in Section 6 . 

2 T H E  5 -VA R I AT E  G L M M 

In this se ction, w e s umm a rize the 5-va riate GLMM in Chu et al.
( 2009 ). Befor e tha t, we first introduce the notation we use. The
da ta ar e y i jk , i = 1 , ..., N, j = 0 , 1 , k = 0 , 1 , where i is an in-
dex for the individual studies, j is an index for the index test out-
c ome (0: ne gativ e; 1: positiv e), and k is an index for the imper-
fect r efer ence t est out c ome (0: ne gativ e; 1: positiv e). Each c ell
in Table 1 provides the cell fr equency corr esponding to a com-
bination of the index and refe re nce tes t outcomes in s tudy i . 

The within-study model ass umes th at the counts
(Y i 11 , Y i 10 , Y i 01 , Y i 00 ) of each c ombin ation of te st re sults are
m ultinomially dis tribute d giv e n the tra n sformed l ate n t dis eas e
prevalence X 1 , the tran sformed l atent s en sit ivit ies X 2 and X 3 for
the index and r efer ence test, and the transformed late n t speci -
ficities X 4 and X 5 for the index a nd refe re nce tes t, respe ctiv ely,
viz., 

(Y 11 i , Y 10 i , Y 01 i , Y 00 i ) | (X 1 , X 2 , X 3 , X 4 , X 5 ) = (x 1 , x 2 , x 3 , x 4 , x

∼ M 4 (y i ++ 

, p 11 , p 10 , p 01 , p 00 ) , (
whe re p jk a re the cell late n t probabilities in Table 1 , and M T (n, 

p 1 , . . . , p d ) is shorthand notation for the multinomial distribu- 
tion; d is the n umbe r of cells, n is the n umbe r of o bs erv ation s,
and (p 1 , . . . , p d ) with p 1 + . . . + p d = 1 is the d-dimensional 
v e ctor of s uc c es s pro babilities. Under the as s umption th at the 2
tes ts a re indepe nde n t c ondition al on the true dis eas e status, the
cell late n t probabilities a re the following functions of the disease 
prev alence, s en sit ivit ies, and spec i fic ities for the index a nd refe r-
e nce tes t: 

p 11 = l −1 (x 1 ) l −1 (x 2 ) l −1 (x 3 ) + {
1 − l −1 (x 1 ) 

}{
1 − l −1 (x 4 ) 

}{
1 − l −1 (x 5 ) 

}
p 10 = l −1 (x 1 ) l −1 (x 2 ) 

{
1 − l −1 (x 3 ) 

} + {
1 − l −1 (x 1 ) 

}{
1 − l −1 ( x 4 ) 

}
l −1 ( x 5 ) (2) 

p 01 = l −1 (x 1 ) 
{

1 − l −1 x 2 ) 
}

l −1 (x 3 ) + {
1 − l −1 (x 1 ) 

}
l −1 (x 4 ) 

{
1 − l −1 (x 5 ) 

}
, 

where l(p) is a link function as the c ommonly use d logit (p) = 

log ( p 
1 −p ) . For further exp l anation on the structure of equa- 

tions in ( 2 ), we refer the int erest ed reader t o Ga rt a nd Buck
( 1966 ). 

The betw e e n-s tudie s mode l assume s that X follows a m ul - 
tiv ari ate normal (MVN) distribution with mean v e ctor μ = 

( l( π1 ) , l( π2 ) , l( π3 ) , l( π4 ) , l( π5 )) a nd va ria nc e-c ova ria nce
matrix: 

� = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

σ 2 
1 ρ12 σ1 σ2 ρ13 σ1 σ3 ρ14 σ1 σ4 ρ15 σ1 σ5 

ρ12 σ1 σ2 σ 2 
2 ρ23 σ2 σ3 ρ24 σ2 σ4 ρ25 σ2 σ5 

ρ13 σ1 σ3 ρ23 σ2 σ3 σ 2 
3 ρ34 σ3 σ4 ρ35 σ3 σ5 

ρ14 σ1 σ4 ρ24 σ2 σ4 ρ34 σ3 σ4 σ 2 
4 ρ45 σ4 σ5 

ρ15 σ1 σ5 ρ25 σ2 σ5 ρ35 σ3 σ5 ρ45 σ4 σ5 σ 2 
5 

⎞ 

⎟ ⎟ ⎟ ⎠ 

.

Here, π1 is the met a -analytic parameter for the prevalence, π2 
and π3 are the met a -analytic parameters for the s en sitivity of 
the index and the r efer ence test, r espe ctiv ely, a nd π4 a nd π5 a re 
the met a -a nalytic pa ra mete rs for the spec i fic ity of the index and
the r efer ence test, r espe ctiv ely. In addition, the v ari ance parame- 
ters σ 2 

t , t = 1 , . . . , 5 denote the betw e en-study he tero geneity 
in dis eas e prev alence, s en sit ivit ies, and spec i fic ities for the index
a nd refe re nce tes t, a nd the off-diagonal pa ra mete rs ρt 1 t 2 : 1 ≤
t 1 < t 2 ≤ 5 denote the pairwise corr ela tions among the trans- 
formed late n t prevale nce, se nsit ivit ies, and spec i fic ities (random 

effects). 

3 T H E  1 -T R U N C AT E D  D -V I N E  CO P U L A  

M I  X E D  M O D E L 

In this se ction, w e introduc e the 1-truncate d D-vine c opula 
mixed model for the meta-analysis of d iagnostic acc uracy s tud - 
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es without a gold s ta nda rd a nd d isc uss its r ela tionship with the
LMM in the pre c e ding se ction. Before th at, the first s ubse ction

as some background on vine copula models. We comp le te this
ection with details on ML est imat ion. 

3.1 Ove rview a nd re leva n t b ac kgrou n d for vine copulas 
 copula is a m ultiva riate cum ulative dis tribution function (cdf)
ith uni for m U (0 , 1) marg ins ( Joe, 2014 ). If F i s a T -v ari ate cdf
ith univ ari ate margin s F 1 , . . . , F T , then there is a copula C such

hat 

F (x 1 , . . . , x T ) = C 

(
F 1 ( x 1 ) , . . . , F d ( x T ) 

)
. 

he copula is unique if F 1 , . . . , F T are c ontinuous . If F is contin-
ous and (Y 1 , . . . , Y T ) ∼ F , then the unique copula is the dis-

ribution of (U 1 , . . . , U T ) = ( F 1 ( Y 1 ) , . . . , F T ( Y T ) ) lea din g to

C(u 1 , . . . , u T ) = F 
(

F −1 
1 (u 1 ) , . . . , F −1 

T (u T ) 
)
, 

0 ≤ u t ≤ 1 , t = 1 , . . . , T , 

here F −1 
t are inv erse c dfs (Nikoloulopoulos and Joe, 2015 ). In

a rticula r, if �T (·; R) is the MVN cdf with corr ela tion ma trix 

R = (ρt 1 t 2 : 1 ≤ t 1 < t 2 ≤ T ) 

 nd N (0,1) ma rgins, a nd � is the univ ari ate s ta nda rd norm al c df,
hen the MVN copula is 

C(u 1 , . . . , u T ) = �T 
(
�−1 (u 1 ) , . . . , �−1 (u T ) ; R 

)
. (3) 

opulas h av e be c ome us eful for flexib le modeling of multiv ari-
 te da ta whe n the va riables a re non-normal. In pa rticula r, the re
 re copula fa milies that ca n lead to more depe nde nce in the up-
er or lower joint tail than with the MVN copula and these are

mporta n t for depe nde nce a mong extre me values. 
The T -dimensional D-vine copulas can cover flexible de-

e nde nce s tructures, diffe re n t from assuming simple linear
orr ela tion structur es, tail indepe nde nce a nd normality ( Joe
t al., 2010 ). They are built via s uc c essiv e mixing from
 (T − 1) / 2 biv ari ate linking copul as on lev els . For the T -
imensional D- vine , the biv ari a te pairs a t level 1 ar e X t , X t+1 ,

or t = 1 , . . . , T − 1 , and for level � ( 2 ≤ � < T ), the (con-
itional) biv ari a te pairs ar e X t , X t+ � | X t+1 , . . . , X t+ � −1 for t =
IG URE 1 Grap hical r epr ese n tation of the D-vine copula with 5 v ari ab les
 , . . . , T − � . That is, for the D- vine , c ondition al biv ari ate cop-
las are spec i fied for v ari ab les t and t + � given the v ari ab les in-
exed in between (Nikoloulopoulos et al., 2012 ). In Figure 1 ,

he 5-dimensional D-vine copula with T = 5 variables and 4
re es/lev el s i s depicted. 

Joe et al. ( 2010 ) h av e shown that in order for a vine copula to
 av e (tail) depe nde nce for all biv ari ate margin s, it is only ne c es-
ary for the bivariate copulas in level 1 to have (tail) depe nde nce,
nd it is not ne c es s ary for the c ondition al biv ari ate copul as in
evels 2 , . . . , T − 1 to have (t ail) de pe nde nce. Tha t pr ovides
he theoret ical just ificat ion for the idea to model the depen-
ence in the first level and then just use the indepe nde nc e c op-
las to model c ondition al depe nde nce at hi ghe r levels without
acri fic ing the tail depe nde nce of the vine copula distribution.
n line with our previous contributions in copula mixed models
Nikoloulopoulos, 2015 , 2017 , 2018a , b , 2019 , 2020a , b , 2022 ,
024b ), we use bivariate pa ra metric copulas with diffe re n t tail
epe nde nc e beh avior, n a mely the biva riate normal ( B VN) with

n te rmediate tail depe nde nce, Fra nk with tail indepe nde nce, a nd
layton with positive lower tail depe nde nce. For the la t ter, we

ls o us e its r ota te d v ersions to provide ne gativ e upper-low er tail
epe nde nce (Clayton r ota te d by 90 

◦), positiv e upper tail depen-
ence (Clayton r ota ted b y 180 

◦), a nd ne gativ e low e r-uppe r tail
epe nde nce (Clayton r ota t ed by 270 

◦). Not e in passing that vine
 opulas h av e as a spe ci al cas e the MVN copul a in ( 3 ), if all the
iv ari ate parame tric copul as are BVN (Aas e t al., 2009 ). 

3.2 Th e 1-tru n cated D-vin e copula mixed m odel with 

no rmal a nd beta ma r gins 
ere, we gener aliz e the GLMM in Chu et al. ( 2009 ) by propos-

ng a model that links the random effects using a 1-truncated D-
ine copula rather than the MVN distribution. The within-study
odel is the same as in the standard GLMM; see ( 1 ). 
For the betw e e n-s tudie s mode l, the re a re diffe re n t late n t va ri -

bles (X 1 , X 2 , X 3 , X 4 , X 5 ) , but they a re depe nde n t. To model
he depe nde nce a mong the late n t va riables X t , t = 1 , . . . , 5 , we
 mplo y c opulas . The pow er of c opulas for depe nde nce model -
ng is due to the depe nde nce s tructure being conside red sepa rate
rom the univ ari ate margin s. For t = 1 , . . . , 5 denote the uni-
 ari ate cdf of X t by F 

(·; l(πt ) , δt 
)

, whereas in Section 2 , πt , t =
 , . . . , 5 are the met a -analytic parameters of the proportions of
 and 4 lev els . 

n 09 April 2025
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TABLE 2 The choices of the F 
(·; l(π ) , δ

)
and l in the copula mixed 

model. 

F 
(·; l(π) , δ

)
l π δ

N(μ, σ ) lo git, pro bit, clo glo g l −1 (μ) σ
Beta (π, γ ) ide n tity π γ
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in te res t, but now the univ ari ate pa ra mete rs δt , t = 1 , . . . , 5 de-
note the betw e e n-s tudy hete roge neity in disease prevale nce, se n-
sit ivit ies, and spec i fic ities of the index and r efer ence test. The
choices of the F 

(·; l(π ) , δ
)

a nd l a re give n in Table 2 . If the
Beta (π, γ ) di stribution i s use d for the m argin al modeling of
the late n t proportions, the n one does not h av e to transform the
prev alence, s en sit ivit ies, and spec i fic ities a nd ca n work on the
original scale. 

In m ultiva riate models with c opulas, a c opula or m ultiva riate
uni for m distribution is c ombine d with a s e t of univ ari ate mar-
gins . Th at is, if a 5-dime nsional pa ra metric fa mily of copulas
 5 (·; θ) is c ombine d with the pa ra metric model F 

(·; l(πt ) , δt 
)

,
then 

C 5 

(
F 
(

x 1 ; l(π1 ) , δ1 
)
, F 

(
x 2 ; l(π2 ) , δ2 

)
, F 

(
x 3 ; l(π3 ) , δ3 

)
, 

F 
(

x 4 ; l(π4 ) , δ4 
)
, F 

(
x 5 ; l(π5 ) , δ5 

); θ
)

is a m ultiva riate pa ra metric model with univariate margins
F 
(·; l(πt ) , δt 

)
, t = 1 , . . . , 5 . Thi s i s equivale n t to assuming

tha t the la te n t va riables X t , t = 1 , . . . , 5 h av e be e n tra nsformed
to s ta nda rd uni for m late n t va riables U t = F 

(
X t ; l(πt ) , δt 

)
, t =

1 , . . . , 5 . So we assume that (U 1 , U 2 , U 3 , U 4 , U 5 ) is a 5-
dime nsional ra ndom v e ctor, whe re U t ∼ U (0 , 1) . The join t cdf
is then give n b y C 5 (u 1 , u 2 , u 3 , u 4 , u 5 ; θ) , where C 5 (·; θ) is a 5-
dimension al 1-truncate d D-vine c opula, with c opula pa ra mete r
v e ctor θ = (θ12 , θ23 , θ34 , θ45 ) . The 1-truncated D-vine copula
has 4 pa ra me tric biv ari ate copul as C (·; θ12 ) , C (·; θ23 ) , C (·; θ34 ) ,
and C(·; θ45 ) that link X 1 with X 2 , X 2 with X 3 , X 3 with X 4 , and
X 4 with X 5 , respe ctiv ely, in the first level of the vine and inde-
pe nde nc e c opulas in all the rem aining lev els of the vine (trun-
cat ed aft e r the firs t leve l). If one is re strict ed t o the firs t level, the n
the result is a Markov tree depe nde nce s tructure whe re 2 va ri -
ables not c onne cte d b y a n ed ge a re c ondition ally indepe nde n t
give n the va riables betw e e n the m. Fi gure 2 depicts the gra phi -
cal r epr ese n tation of the 1-truncated D-vine copula model. This
truncation, as per the termino lo gy in B re chm ann et al. ( 2012 ),
offe rs a subs ta n t ial reduct ion of the depe nde nce pa ra mete rs. In
our case, there are 6 (c ondition al) dependenc e parame ters les s,
which is extremely useful for est imat ion purposes given the typi-
cal ly smal l n umbe r of prima ry s tudies inv olv e d in met a -an alysis .
To this end, the stochastic r epr ese n tation of the betw e e n-s tudies
mode l t ake s the form (

F 
(

X 1 ; l(π1 ) , δ1 
)
, . . . , F 

(
X 5 ; l(π5 ) , δ5 

)) ∼ C 5 (·; θ) . (4)
FIG URE 2 Grap hical r epr ese n tation of the 5-dimensional 1-truncated D-v
Let c (u, v ; θ ) = 

∂C(u,v ;θ ) 
∂ u∂ v be a biv ari ate copul a den sity. Then, 

the 5-dimensional 1-truncated D-vine copula density is de c om- 
posed in a simple ma nne r b y m ultiplying the bivariate copulas 
densities in the nodes of the tree in Figure 2 , as indicated below 

c 5 
(

u 1 , u 2 , u 3 , u 4 , u 5 ; θ
)

= c 
(

u 1 , u 2 ; θ12 

)
c 
(

u 2 , u 3 ; θ23 

)
c 
(

u 3 , u 4 ; θ34 

)
c 
(

u 4 , u 5 ; θ45 

)
. (5) 

Note that for a 5-dimensional D-vine copula de nsity, the re a re 
5! 
2 distinct permutations of the variables (Aas et al., 2009 ). To be 

concrete in the exposition of the the ory, w e use the pe rm utation 

in Figure 2 ; the theory though als o app lies to the othe r pe rm ut a -
tions. The models in ( 1 ) and ( 4 ) together spec i fy a 1-truncated 

D-vine copula mixed model with joint l ikel ihood 

L (π1 , π2 , π3 , π4 , π5 , δ1 , δ2 , δ3 , δ4 , δ5 , θ) = 

N ∏ 

i =1 

∫ 

[0 , 1] 5 
g 
(

y i 11 , y i 10 , y i 01 , y i 00 ; y i ++ 

, p 11 , p 10 , p 01 

)

c 5 (u 1 , u 2 , u 3 , u 4 , u 5 ; θ) du 1 du 2 du 3 du 4 du 5 , (6) 

where p jk are as in ( 2 ) with x t = F −1 
(

u t ; l(πt ) , δt 
)
, t = 

1 , . . . , 5 . 
Our ge ne ral s tatis tical model allows for the selection of cop- 

ulas a nd ma rgins indepe nde n tly, that is, the re a re no con- 
s train ts in the choices of pa ra me tric copul as and margins. 
Note in passing that when the univ ari ate distribution of the 
random effects is the N(μ, σ ) distribution and all the bi- 
v ari ate copul as are BVN with c opula (c orrelation) pa ra mete rs 
ρ12 , ρ23 , ρ34 , ρ45 , the resulting random effects distribution is 
the MVN with mean v e ctor μ and v ari anc e-c ov ari anc e m a- 
trix � where ρ13 = ρ12 ρ23 , ρ14 = ρ12 ρ24 , ρ15 = ρ14 ρ45 , ρ24 = 

ρ23 ρ34 , ρ25 = ρ24 ρ45 , ρ35 = ρ34 ρ45 . Henc e, the 1-truncate d D- 
vine c opula mixe d model h as as spe cial the GLMM with a struc- 
ture d c orrelation m atrix. T he a bov e pairwise c orr ela tions ar e de- 
duc e d using the partial corr ela tion vine pa ra metrization ( Joe, 
2014 , page 119) of the MVN copula, which consists of alge- 
braically indepe nde n t pairwis e correl ation s (first level) and par- 
ti al correl ation s (hi ghe r levels). 

3.3 ML est imat io n a nd co mputatio na l deta ils 
Est imat ion of the model pa ra mete rs ca n be a pproached b y the 
s ta nda rd ML method, b y maximizing the logarithm of the joint 
l ikel ihood . The est im ate d pa ra mete rs ca n be obtained b y using a 
quasi-Newton method applied to the logarithm of the joint like- 
lihood. We e mplo y a quasi -Newton method as a n alte rn ativ e to 

Newton’s method in order to achieve fas te r computation without 
having to calculate the Hes si an m atrix ev ery time. Ther efor e, the 
quasi-Newton minimization with an input function of the nega- 
tiv e log -l ikel ihood to be minimized provides the output point of 
minim um a nd the inve rs e Hes si a n at the poin t of minim um. 
ine copula model. 
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For the 1-truncated D-vine copula mixed model, n ume rical
valuation of the jo int probab ility mass function (pmf) can be
chiev e d with the following steps: 

(1) Calcul ate Gaus s-Lege ndre quadrature poin ts { u q : q =
1 , . . . , N q } a nd wei gh ts { w q : q = 1 , . . . , N q } in terms
of s ta nda rd uni for m. 

(2) Conve rt from indepe nde n t uni for m ra ndom va ri -
ables { u q 1 : q 1 = 1 , . . . , N q } , { u q 2 : q 2 = 1 , . . . , N q } ,
{ u q 3 : q 3 = 1 , . . . , N q } , and { u q 4 : q 4 = 1 , . . . , N q } ,
{ u q 5 : q 5 = 1 , . . . , N q } to depe nde n t uni for m random
v ari ab les that have a 1-truncated D-vine distribution
C 5 (·; θ) : 
1: v q 1 = u q 1 
2: v q 2 = C 

−1 (u q 2 | v q 1 ; θ12 ) 
3: v q 3 = C 

−1 (u q 3 | v q 2 ; θ23 ) 
4: v q 4 = C 

−1 (u q 4 | v q 3 ; θ34 ) 
5: v q 5 = C 

−1 (u q 5 | v q 4 ; θ45 ) , 
where C 

−1 (v | u ; θ ) is the inverse c ondition al biv ari ate
c opula c df. The me thod is bas ed on the sim ulation al go-
rithm of a 1-truncated D-vine copula ( Joe, 2014 ), where
as input, instead of independent uni for m v ari ates, it us es
the indepe nde n t quadra tur e points. 

(3) Numerically evaluate the joint pmf ∫ 

[0 , 1] 5 
g 
(

y i 11 , y i 10 , y i 01 , y i 00 ; y i ++ 

, p 11 , p 10 , p 01 

)
c (u 1 , u 2 , u 3 , u 4 , u 5 ; θ) du 1 du 2 du 3 du 4 du 5 

in a quintuple sum: 
N q ∑ 

q 1 =1 

N q ∑ 

q 2 =1 

N q ∑ 

q 3 =1 

N q ∑ 

q 4 =1 

N q ∑ 

q 5 =1 

w q 1 w q 2 w q 3 w q 4 w q 5 

g 
(

y i 11 , y i 10 , y i 01 , y i 00 ; y i ++ 

, p 11 , p 10 , p 01 

)
, 

where p 11 , p 10 , p 01 are calculated as in ( 2 ) with x t =
F −1 (v q t ; πt , δt ) . 

W ith Gaus s-Legendr e quadra tur e, the sa me nodes a nd wei gh ts
re used for different functions; this helps in yielding smooth
 ume rical de rivatives for n ume rical opt imizat ion via quasi-
ewton. 

4 M ETA  - A  N A  LY  S  I S  O F  T H E  P  A P  A N I CO L A O U  

T E ST  

n this section, we i l lustra te the pr opos ed me thodo lo gy by in-
i gh tfully re-a nalyzing the data of a met a -a nalysis of the Pa p tes t
hat di agnos es c ervical ne op l asi a (Fahey e t al., 1995 ). Thes e d ata
re c omprise d of N = 59 studies that were published between
a n ua ry 1984 a nd Ma rch 1992. The diagnos tic a ccura cy of the
a p tes t (ie, index tes t) is evaluated b y compa ring with the his-

o lo gy tes t (ie, refe re nce tes t), which is not a pe rfect tes t (Fa-
ey et al., 1995 ). These data h av e be e n previously a n alyze d by
iu et al. ( 2015 ), who h av e fitte d the GLMM and the HSROC
odel. It was establishe d th at these 2 models lead to equivale n t

ubmodels with fewe r ra ndom effects, a nd he nce ide n tical infe r-
nc es . Note in passing that the GLM M i s a special case of our
odel when all the biv ari ate copul as a re BVN a nd the univa riate

istribution of the random effects is the N(μ, σ 2 ) distribution
s d isc ussed in Section 2 . 
To av oid ov er-fit ting the da t a with an exce ss of random effects

late n t va riables), we use an all possible random effects proce-
ure based on information cr iter ia. We start with the initial as-
 umption, th at all biv ari ate linking copulas are BVN c opulas, th at
s the s ta rting model is the GLMM. We use both Akaike’s infor-

ation cr iter ion (AIC) and the Bayesian information cr iter ion
BIC) to select which random effects provide the mos t pa rsimo-
ious fit as the n umbe r of pa ra mete rs is not the same among

he random effect models. The goal is to find the “best” sub-
 e t of the random effe cts . We refer to models with 1 random ef-
ect X t as submodel A .t, , with 2 random effects (X t 1 , X t 2 : 1 ≤
 1 < t 2 ≤ 5) as submodel B. s, s = 1 , . . . , 10 , with 3 random
ffects (X t 1 , X t 2 , X t 3 : 1 ≤ t 1 < t 2 < t 3 ≤ 5) as submodel C. s ,
ith 4 random effects (X t 1 , X t 2 , X t 3 , X t 4 : 1 ≤ t 1 < t 2 < t 3 <

 4 ≤ 5) as submodel D. t , and with the all 5 random effects
(X 1 , X 2 , X 3 , X 4 , X 5 ) in ( 1 ) and ( 4 ) as model E. The full spec-
fication of the submodels with fewer random effects is provided
n Web A ppendix A . 

For the data on the Pap and histo lo gy tests, both AIC and BIC
n Table 3 su gge st the use of the submodel C.2, which includes
andom effects for the prevalence X 1 , s en sitivity X 2 , and speci-
city X 4 of the Pap test, and fixed effects for the s en sitivity π3 
nd spec i fic ity π5 of the histo lo gy tes t (refe re nce tes t). That is,
he within-s tudy a nd betw e e n-s tudie s mode ls in ( 1 ) and ( 4 ) re-
uce to 

(Y 11 i , Y 10 i , Y 01 i , Y 00 i ) | (X 1 , X 2 , X 4 ) = (x 1 , x 2 , x 4 ) 

∼ M 4 (y i ++ 

, p 11 , p 10 , p 01 , p 00 ) , (7)
here 

p 11 = l −1 (x 1 ) l −1 (x 2 ) π3 + 

{
1 − l −1 (x 1 ) 

}{
1 − l −1 (x 4 ) 

}
(1 − π5 ) 

p 10 = l −1 (x 1 ) l −1 (x 2 )(1 − π3 ) + 

{
1 − l −1 (x 1 ) 

}{
1 − l −1 (x 4 ) 

}
π5 (8)

p 01 = l −1 (x 1 ) 
{

1 − l −1 x 2 ) 
}
π3 + 

{
1 − l −1 ( x 1 ) 

}
l −1 ( x 4 )( 1 − π5 ) , 

nd (
F 
(

X 1 ; l(π1 ) , δ1 
)
, F 

(
X 2 ; l(π2 ) , δ2 

)
, F 

(
X 4 ; l(π4 ) , δ4 

)) ∼ C 3 (·; θ) , (9)

espe ctiv ely, where C 3 (·; θ) is a tr ivar ia te 1-trunca ted D-vine
opula with depe nde nce pa ra mete r vector θ = (θ12 , θ24 ) . It has
 pa ra me tric biv ari ate copul as C (·; θ12 ) and C (·; θ24 ) that link
 1 with X 2 and X 2 with X 4 , respe ctiv ely, in the first level of the
ine a nd indepe nde nc e c opulas in all the remaining levels of the
ine (truncated after the first level). Con s eque n tly, the join t like-

ihood of the models in ( 7 ) and ( 9 ) has the reduced form 

L (π1 , π2 , π3 , π4 , π5 , δ1 , δ2 , δ4 , θ) = 

N ∏ 

i =1 

∫ 

[0 , 1] 3 
g 
(

y i 11 , y i 10 , y i 01 , y i 00 ; y i ++ 

, p 11 , p 10 , p 01 

)

c (u 1 , u 2 ; θ12 ) c (u 2 , u 4 ; θ24 ) du 1 du 2 du 4 , (10)

here p jk are as in ( 8 ) with x t = F −1 
(

u t ; l(πt ) , δt 
)
, t =

 , 2 , 4 . 
Aft er det ermining the random effe cts, w e inc orporate both

ormal and beta margins along with copulas with lower or up-

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujaf037#supplementary-data
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TABLE 3 Akaike’s information cr iter ion (AIC) and the Bayesian information cr iter ion (BIC) from all the 
fitted random effects models. We refer to models with 1 random effect X t as submodel A .t, , with 2 random 

effects (X t 1 , X t 2 : 1 ≤ t 1 < t 2 ≤ 5) as submodel B. s, s = 1 , . . . , 10 , with 3 random effects (X t 1 , X t 2 , X t 3 : 
1 ≤ t 1 < t 2 < t 3 ≤ 5) as submodel C. s , with 4 random effects (X t 1 , X t 2 , X t 3 , X t 4 : 1 ≤ t 1 < t 2 < t 3 < t 4 ≤
5) as submodel D. t , and with the all 5 random effects (X 1 , X 2 , X 3 , X 4 , X 5 ) in ( 1 ) and ( 4 ) as model E. The 
sele cte d model, that is, the model with the smallest information cr iter ia , is boldfac e d. 

Ra ndom effe cts models −� AIC BIC 

A.1 ( X 1 ) 9792 .93 19597 .86 19596 .49 
A.2 ( X 2 ) 10199 .53 20411 .06 20409 .69 
A.3 ( X 3 ) 10388 .13 20788 .27 20786 .89 
A.4 ( X 4 ) 10295 .68 20603 .37 20601 .99 
A.5 ( X 5 ) 10213 .40 20438 .79 20437 .42 
B.1 ( X 1 , X 2 ) 9259 .70 18535 .40 18533 .57 
B.2 ( X 1 , X 3 ) 9539 .64 19095 .27 19093 .44 
B.3 ( X 1 , X 4 ) 9539 .34 19094 .69 19092 .85 
B.4 ( X 1 , X 5 ) 9259 .19 18534 .38 18532 .55 
B.5 ( X 2 , X 3 ) 9430 .84 18877 .68 18875 .85 
B.6 ( X 2 , X 4 ) 10037 .44 20090 .87 20089 .04 
B.7 ( X 2 , X 5 ) 9722 .67 19461 .34 19459 .50 
B.8 ( X 3 , X 4 ) 10072 .07 20160 .13 20158 .30 
B.9 ( X 3 , X 5 ) 10081 .92 20179 .84 20178 .00 
B.10 ( X 4 , X 5 ) 9332 .84 18681 .68 18679 .85 
C.1 ( X 1 , X 2 , X 3 ) 9066 .02 18152 .05 18149 .76 
C.2 ( X 1 , X 2 , X 4 ) 9056 .26 18132 .53 18130 .24 

C.3 (X 1 , X 2 , X 5 ) 9254 .62 18529 .24 18526 .95 
C.4 (X 1 , X 3 , X 4 ) 9538 .83 19097 .66 19095 .37 
C.5 (X 1 , X 3 , X 5 ) 9060 .31 18140 .62 18138 .33 
C.6 (X 1 , X 4 , X 5 ) 9062 .52 18145 .03 18142 .74 

C. 7 (X 2 , X 3 , X 4 ) 9200 .49 18420 .98 18418 .69 
C.8 (X 2 , X 3 , X 5 ) 9340 .18 18700 .36 18698 .07 
C.9 (X 2 , X 4 , X 5 ) 9198 .71 18417 .41 18415 .12 
C.10 (X 3 , X 4 , X 5 ) 9258 .81 18537 .62 18535 .33 

D.1 (X 1 , X 2 , X 3 , X 4 ) 9056 .94 18137 .87 18135 .12 
D.2 (X 1 , X 2 , X 3 , X 5 ) 9090 .45 18204 .91 18202 .16 
D.3 (X 1 , X 2 , X 4 , X 5 ) 9055 .70 18135 .40 18132 .65 

D.4 (X 1 , X 3 , X 4 , X 5 ) 9064 .27 18152 .54 18149 .79 
D.5 (X 2 , X 3 , X 4 , X 5 ) 9076 .88 18177 .76 18175 .01 
E (X 1 , X 2 , X 3 , X 4 , X 5 ) 9053 .22 18134 .44 18131 .23 
X 1 : random effect for the prevalence; X 2 : random effect for the s en sitivity of the Pap test; X 3 : random effect for the s en sitivity of the 
histo lo gy test; X 4 : random effect for the spec i fic ity of the Pap test; X 5 : random effect for the spec i fic ity of the histo lo gy test. 
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per tail depe nde nc e ne c es s ary to ac c ount for more probabil-
ity in one or both joint tails. We fit the tr ivar ia te 1-trunca ted
D-vine copula mixed model for all diffe re n t pair copulas and
univ ari ate m argin al distributions . We use the de c omposition of
the vine copula density in ( 5 ), as diffe re n t de c ompositions lead
to similar results as long as the “best” permutation for D-vines
consists of choosing and c onne cting the most dependent pairs
(Niko loulopoulos e t al., 2012 ). Thi s i s the pair ( X 2 , X 4 ) of the
Pa p tes t. In our ge ne ral s tatis tical model, the re a re no cons train ts
in the choices of the pa ra metric ma rginal or pair-copula dis tri -
butions. Thi s i s one of the limitations of the GLM M where all
the pair copulas are BVN and m argin al distributions are nor-
m al. How ev er, for ease of in te rpr eta tion, we do not mix pair-
copulas or margins. To make it easier to compare strengths of
depe nde nc e, w e c onv e rt the BVN, Fra nk, a nd r ota t ed Clayt on
estim ate d c opula pa ra mete rs to Ke ndall’ s τ ’ s in (−1 , 1) via the
r ela tions in Joe ( 2014 , Cha pte r 4). 

Because the n umbe r of pa ra mete rs is the sa me betw e en the
mode ls a fte r fixing the n umbe r of ra ndom effe cts, w e can use the
log-l ikel ihood at the ML e stimate s as a rough diagnostic mea-
sure for mode l se lection between the models. For vine copulas, 
Dis smann e t al. ( 2013 ) found th at pair-c opul a s election bas ed on 

l ikel ihood s eem s to be be tte r tha n eve n using biva riate goodness- 
of- fit tests. The goodness- of- fit proc e dures inv olv e a global dis- 
tanc e meas ure betw e e n the model -based a nd e mpirical dis tri - 
bution; he nce, they mi gh t not be s en sitive to t ail be haviors and 

a re not diagnos tic in the se nse of su gge stin g impro ved pa ra met-
ric models in the case of small p-values ( Joe, 2014 , page 254). 
A la rge r l ikel ihood value indicates a model that better approxi- 
mates both the depe nde nce s tructure of the data and the s tre ngth 

of depe nde nc e in the tails . 
The r esults fr om fit ting the tr ivar ia te 1-trunca te d D-vine c op- 

ula mixed models with normal and beta margins are given in Ta- 
ble 4 . The log-l ikel ihoods show e d th at a tr ivar ia te 1-trunca ted
D-vine copula mixed model with beta margins and 

Cln { 180 

◦, 270 

◦} = 

{
Clayton r ota ted by 180 

◦ if τ > 0 

Clayton r ota ted by 270 

◦ if τ < 0 

biv ari ate copul as provides the best fit. As a re sult, the e stimate of 
overall dis eas e prev ale nce is 0.588 (95% CI: 0.519-0.653), a nd 
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TAB LE 4 Maximize d log -l ikel ihoods, e stimate s and st andar d err ors (SE) of the tr ivar ia te 1-trunca te d D-vine c opula mixe d models with norm al 
and beta margins which include random effects for the prevalence X 1 , s en sitivity X 2 , and spec i fic ity X 4 of the Pap test, and fixed effects for the 
s en sitivity π3 and spec i fic ity π5 of the histo lo gy test (r efer ence test). 

BVN Frank Cln{0 

◦,90 

◦} Cln{0 

◦,270 

◦} Cln{180 

◦,90 

◦} Cln{180 

◦,270 

◦} 
Est. SE Est. SE Est. SE Est. SE Est. SE Est. SE 

Norm al m argins 
π1 0 .629 0 .055 0 .622 0 .054 0 .618 0 .085 0 .578 0 .046 0 .629 0 .056 0 .631 0 .055 
π2 0 .646 0 .047 0 .640 0 .046 0 .635 0 .050 0 .690 0 .046 0 .644 0 .048 0 .653 0 .054 
π3 0 .904 0 .015 0 .901 0 .014 0 .893 0 .013 0 .906 0 .014 0 .904 0 .015 0 .902 0 .014 
π4 0 .836 0 .034 0 .846 0 .033 0 .856 0 .031 0 .825 0 .033 0 .835 0 .037 0 .843 0 .037 
π5 0 .988 0 .015 0 .985 0 .015 0 .980 0 .012 0 .963 0 .011 0 .989 0 .014 0 .987 0 .015 
σ1 1 .506 0 .158 1 .535 0 .184 1 .540 0 .216 1 .439 0 .152 1 .500 0 .157 1 .513 0 .157 
σ2 1 .359 0 .151 1 .357 0 .151 1 .438 0 .165 1 .435 0 .164 1 .398 0 .159 1 .341 0 .164 
σ4 1 .347 0 .185 1 .372 0 .192 1 .393 0 .200 1 .325 0 .177 1 .353 0 .188 1 .341 0 .185 
τ12 0 .073 0 .103 0 .059 0 .105 0 .000 0 .113 0 .000 0 .115 0 .105 0 .086 0 .099 0 .081 
τ24 − 0 .327 0 .113 − 0 .328 0 .112 − 0 .245 0 .092 − 0 .262 0 .093 − 0 .271 0 .146 − 0 .291 0 .227 
−� 9056.26 9056.27 9058.19 9057.92 9056.96 9055.35 
Be ta margin s 
π1 0 .588 0 .034 0 .588 0 .035 0 .588 0 .034 0 .586 0 .036 0 .588 0 .034 0 .588 0 .034 
π2 0 .607 0 .035 0 .605 0 .034 0 .606 0 .036 0 .616 0 .035 0 .604 0 .035 0 .610 0 .036 
π3 0 .901 0 .015 0 .898 0 .014 0 .900 0 .015 0 .898 0 .014 0 .903 0 .015 0 .901 0 .014 
π4 0 .776 0 .032 0 .785 0 .031 0 .773 0 .034 0 .782 0 .031 0 .771 0 .033 0 .781 0 .031 
π5 0 .987 0 .017 0 .984 0 .016 0 .986 0 .016 0 .976 0 .012 0 .990 0 .015 0 .987 0 .016 
γ1 0 .291 0 .034 0 .294 0 .034 0 .292 0 .034 0 .302 0 .033 0 .287 0 .034 0 .290 0 .033 
γ2 0 .246 0 .036 0 .245 0 .035 0 .255 0 .036 0 .253 0 .037 0 .251 0 .035 0 .244 0 .036 
γ4 0 .197 0 .039 0 .198 0 .040 0 .205 0 .042 0 .195 0 .039 0 .204 0 .041 0 .190 0 .037 
τ12 0 .061 0 .105 0 .054 0 .103 0 .011 0 .102 0 .000 0 .101 0 .105 0 .093 0 .101 0 .092 
τ24 − 0 .312 0 .117 − 0 .309 0 .111 − 0 .277 0 .153 − 0 .275 0 .097 − 0 .288 0 .133 − 0 .293 0 .135 
−� 9056.23 9056.02 9057.33 9055.98 9056.62 9055.25 

The resulting model with normal margins and BVN copulas is the tr ivar iate GLMM; Cln { ω 

◦
1 , ω 

◦
2 } = 

{ Clayton r ota ted by ω 

◦
1 if τ > 0 

Clayton r ota ted by ω 

◦
2 if τ < 0 . 
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he overall s en sitivity and spec i fic ity for the Pap test are esti-
 ate d as 0.61 (95% CI: 0.537-0.678) and 0.781 (95% CI: 0.713-

.836), respe ctiv ely. The ov e rall se nsitivity a nd spec i fic ity for
he histo lo gy tes t a re es tim ate d as 0.901 (95% CI: 0.869-0.925
 and 0.987 (95% CI: 0.869-0.999), respe ctiv ely. Furthermore,
he cov ari ance be tween the l atent s en sitivity and spec i fic ity for
he Pa p tes t is es tim ate d to be ne gativ e, as w ould be expe cte d
ue to the trade-off betw e e n se nsitivity a nd spec i fic ity when the
utoff v alue v aries acros s studies. In con tras t, in the triva riate
LMM, the estimate of overall dis eas e prev alence is 0.629 (95%
I: 0.516-0.730), the estim ate d ov erall s en sitivity and spec i fic ity

or the Pap test are 0.646 (95% CI: 0.550-0.732) and 0.836 (95%
I: 0.758-0.893), and that for the histo lo gy test are 0.904 (95%
I: 0.872-0.929) and 0.988 (95% CI: 0.871-0.999), respe ctiv ely.
ote that the lo git tran sformation and the de lt a method are used

o construct the confidence in te rvals with input the results from
able 4 . 
It is rev eale d th at a 1-truncated D-vine copula mixed model
ith the v e ctor of probabilities of each c ombin ation of tests re-

ults on the original scale pr ovides bet ter fit than the GLMM,
hich models the v e ctor of probabilities of each c ombin ation
f te sts re s ults on a transforme d scale. The improv e me n t ove r

he GLM M i s small in terms of the l ikel ihood principle, but for a
 amp le size such as N = 59 , −9055 . 22 − (−9056 . 26) = 1 . 04
nits log-l ikel ihood d iffe re nc e is s u ffic ie n t. 
The fact that the best-fitting biv ari ate copul a that links the la-
e n t se nsitivity a nd spec i fic ity of the Pa p tes t is Clayton r ota ted
y 270 

◦ reveals that there exists ne gativ e low e r-uppe r t ail de pen-
e nce a mong the late n t se nsitivity a nd spec i fic ity. It i s al so a ppa r-
 n t that the e stimate s of the met a -a nalytic pa ra mete rs of in te res t
rom the 1-truncated D-vine copula mixed models with normal

a rgins diffe re n tia te fr om the one s with bet a m argins . For exam-
le, the re sult a n t met a -analytic e s timate of the se nsitivity of the
a p tes t ra nges from 0.635 to 0.653 (normal ma rgins) a nd from
.604 to 0.610 (be ta margin s). Thi s i s consi s te n t with the sim ula-
ion results and conclusions in the upcoming s ection . The main
a ra mete rs of in te res t, that is, the met a -a nalytic pa ra mete rs of
 en sitivity and spec i fic ity of the Pap test, are bi as ed when the uni-
 ari ate random effects are misspec i fied. Our ge ne ral model ca n
llow both normal and beta m argins, th at i s, it i s not restricted to
orm al m arg ins as the GLM M. 

5 S I M U L AT I O N  ST U D I E S  

n extensive simulation study was c onducte d to (1) examine
he rel iabil ity of using the all pos sib le random effe cts proc e dure
ase d on inform ation cr iter i a to s ele ct the random effe cts, (2)
 aug e the small -sa mple efficie ncy of the propose d estim ation
ethod a nd inves ti gate the misspec i fication of eithe r the pa ra-
etric margin or bivariate copula of the random effects dis tri -
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bution, and (3) examine the rel iabil ity of using the l ikel ihood to
select the correct biv ari ate copul a and margin. 

In our simul ation s, we s e t the s amp le siz e, r andom effects,
and the true univ ari ate and dependence paramet ers t o mimic
the data on N = 59 studies from the met a -analysis of the Pap
test that di agnos es cervical neop l asi a in the preceding s ection .
We use the following simulation process to ge ne rate data from
the sele cte d s ubmodel C.2 in the pre c e ding se ction, th at is, the
tr ivar ia te 1-trunca te d D-vine c opula mixe d model with random
prev alence, s en sitivity, and spec i fic ity of the index tes t a nd fixed
s en sitivity and spec i fic ity of the r efer ence test: 

(1) Simulate (u 1 , u 2 , u 4 ) from a 3-v ari at e 1-truncat ed D-
vine distribution C 3 (·; θ) . 

(2) Conv ert to norm al or beta r ealiza tion s vi a x t =
l −1 

(
F −1 ( u t ; l( πt ) , δt 

)
, t = 1 , 2 , 4 . 

(3) Sim ulate the s tudy size n f rom a shif te d gamm a dis tri -
bution with shape of 1.2, rate of 0.01, and shift of 30 to
o btain he tero geneous study sizes (Paul et al., 2010 ), and
round off n to the nea res t in tege rs. 

(4) Draw (y i 11 , y i 10 , y i 01 , y i 00 ) from
M 4 

(
n, p 11 , p 10 , p 01 , p 00 

)
, where p 11 , p 10 , p 01 are

calculated as in ( 8 ). 

Findings on the reliability of the all pos sib le random effects
proc e dure base d on inform ation cr iter ia a re give n in Web Tab
le 1 . We simulate from a tr ivar ia te 1-trunca te d D-vine c opula
model with Cln{180 

◦,270 

◦} copulas and normal or beta mar-
gins. T he ta ble prese n ts the n umbe r of times each ra ndom effects
model was chosen over 100 simul ation run s and reveals our ap-
proach has a good probability of selecting the “true” submodel
C .2. Not e that the AIC t ends t o choose the submodel D.3 more
ofte n tha n BIC does because AIC is more likely to result in an
ove rpa ra mete rized model. 

Re pre se n tativ e s umm a ries of findings on the pe rforma nce of
the ML method in Section 3.3 are given in Web Tables 2 and
3 for tr ivar ia te 1-trunca ted D-vine copula mixed models with
normal and be ta margin s. The true (simul ated) biv ari ate copu-
las are the Cln{180 

◦,270 

◦}. We h av e estim ate d the 1-truncate d
D-vine copula mixed model with diffe re n t biva riate copulas and
m argins . To m ake it easier to c ompa re s tre ngths of depe nde nce
a mong diffe re n t c opulas, w e c onv e rt from the BVN, Fra nk, a nd
(r ota ted ) Cla yton θ ’s to τ ’s via the r ela tions in Joe ( 2014 , Chap-
ter 4). Web Tables 2 and 3 contain the resulta n t bi as es, root mean
squa re e rrors (RMSEs), a nd s ta nda rd devi ation s (SDs), along
with average standar d err ors (ASEs) for the MLEs under dif-
fe re n t c opula choic es and m argins . The s ta nda rd e rrors of the
MLEs are obtained via the gradie n ts a nd the Hes si an th at w ere
c ompute d n ume r ically dur ing the maximiza tion pr oc ess . 

Conclusions from the values in Web Tables 2 and 3 are the fol-
lowing: 

(1) ML with the true 1-truncated D-vine copula mixed
model is highly efficient ac c ording to the simulated bi-
ases, SDs and RMSEs. 

(2) The MLEs of the random effects are not robust to
marg in mi sspec i fication, for example, in Web Table 2
( Web Table 3 ), where the true univ ari ate margin s are 
normal (beta), the biases for the MLEs of π4 for the var- 
ious c opula mixe d mode ls with bet a (norm al) m argins 
range from −0 . 06 (0.056) to −0 . 052 (0.063). 

(3) The MLEs of the random effects are rather robust to bi- 
v ari ate copul a mis spec i fication, but their bi as es increas e 
when the ass ume d biv ari ate copul as h av e diffe re n t tail 
depe nde nc e beh avior. For example, in Web Table 2 ( We 
b Table 3 ), the bi as es for the MLEs of π2 for the var- 
ious c opula mixe d models with norm al (beta) m argins 
increase to 0.027 (0.017) when rotated Clayton copulas 
with opposite direction tail depe nde nce a re called. 

(4) The MLEs of the v ari abilities of the random effects are 
ra ther r o bust to biv ari ate copul a mis spec i fication, but 
their bi as es increas e when the as s ume d biv ari ate copul a 
has tail depe nde nce of opposite direction from the true 
biv ari ate copul a. For examp le, in Web Table 2 , the bias 
for the MLE of σ4 is −0 . 006 , but it increases to 0.111 

when r ota t ed Clayt on copulas with opposite direction 

t ail de pe nde nce a re called. 
(5) The ML e stimate s of τ ’s ar e r obus t to ma rg in mi sspeci- 

fication, as the copula remains inva ria n t unde r a ny se ries 
of strictly increasing tran sformation s of the compone n ts 
of the random v e ctor, for example, in Web Table 2 , the 
bias of ˆ τ24 is −0 . 001 for the true 1-factor copula mixed 

model and 0.004 for a 1-factor copula mixed model with 

the true biv ari ate copul as but be ta margin s. 

Finally, Web Table 4 prese n ts the n umbe r of times each fitted 

model was chose n ove r the 10 000 simulation runs and reveals 
the true (simulated) model has been chosen for a con siderab le 
la rge n umbe r of times. 

6 D I S  C U S S  I O N 

We h av e propose d a 1-truncate d D-vine c opula mixe d model for 
met a -analysis of the a ccura cy of 2 diagnos tic tes ts without a gold 

s ta nda rd. Our model ge ne r aliz es the GLMM proposed by Chu 

et al. ( 2009 ), which as we have shown, mi gh t lead to bi as ed es ti -
mates of the meta-a nalytic pa ra mete rs of in te res t. The improve- 
me n t ove r the GLM M i s due to the expression of the random 

effects distribution using a vine copula. Thi s allow s for flexible 
depe nde nce modeling, which is diffe re n t from assuming simple 
linear corr ela tion structur es and normality. The strength of mul- 
tiv ari ate me t a -analysis approache s using copulas has been high- 
li gh ted in the litera tur e by Jackson and White ( 2018 ) and Jack- 
s on e t al. ( 2020 ). The 1-truncated D-vine copula mixed model 
enable s inde pendent se lection of pa ra me tric biv ari ate copul as 
a nd univa riate ma rgins from diffe re n t pa ra metric fa milies. Con- 
seque n tly, the late n t probabilities for each c ombin ation of test 
results can be modeled on the original proportions scale and can 

exhibit tail depe nde nce. 
We h av e dev elope d a n efficie n t ML es t imat ion technique 

based on depe nde n t Gauss-Lege ndr e quadra tur e points, using a 
1-truncated D-vine copul a distribution . We utilized the concept 
of a truncated at level 1 D-vine copula, resulting in a si gnifica n t 
reduction of the depe nde nce pa ra mete rs. Thi s i s highly useful for 
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st imat ing purpos es, especi ally con sidering the typically small
 amp le sizes in me ta-analys es of di agnos tic tes t a ccura cy studies.
hu et al. ( 2009 ) and Liu et al. ( 2015 ) estim ate d the GLMM
sing SAS PROC NLMIXED a nd acknowled ge d th at optimiz-

ng the l ikel ihood whe n ra ndom effects a re allow e d for both in-
ex and r efer ence tests is non-trivial because it inv olv es calculat-

ng 5-dime nsional in tegrals n ume rically. Our n ume rical method,
hich is based on depe nde n t Gauss-Lege ndr e quadra tur e points

h at h av e a 1-truncate d D-vine c opula distribution, s uc c essiv ely
omputes the 5-dimensional integrals in quintuple sums over
he depe nde n t quadra tur e poin ts a nd wei gh ts. Neve rthe le ss, in
ractic e, the c omplexity of the models th at should be c onsid-
 red depe nds on the n umbe r of s tudie s in the met a -a nalysis a nd
he de gre e of he tero geneity of the studies. Too ma ny ra ndom
ffe cts with ins u ffic ie n t d ata would typically imp ly near non-
de n tifiability (flat lo g-li keli hood). We h av e not come across data
 e ts with the ne e d for more than 3 random effe cts, th at is, s ub-

ode ls with fe we r ra ndom effects should be c onsidere d, as done
n the data analysis in Section 4 . 

Building on the basic model proposed in this pa pe r, the re
 re seve ral exte n sion s that can be imp le me n ted. Simila rly to

ang et al. ( 2023 ), who proposed a GLMM that can incorpo-
ate study-level cov ari a tes, the 1-trunca ted D-vine copula mixed

odel can also easily incorporate study-level cov ari ates. Further-
ore, as in this a rticle, simila rly to Liu et al. ( 2015 ), we did not

onsider the situation where the 2 tests may be c ondition al de-
e nde n t give n the late n t dis eas e s tatus a nd s tudy-spec i fic ran-
om effe cts . Furthe r resea rch is ne e de d for exten sion s of the pro-
osed model under such conditional depe nde nce. 
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upple me n ta ry mate rial is available at Biometrics online. 
Web a ppe ndices refe re nc e d in Se ctions 4 a nd 5 a re avail -

ble with this pa pe r at the Biometrics website on Oxford Aca-
e mic . R functions to derive e stimate s and simulate from the
roposed models a re pa rt of the R package CopulaREMADA
Nikoloulopoulos, 2024a ). The package is posted online with
his a rticle a nd als o av ail ab le at 10.32614/ CRAN.package.Co
ulaREMA DA . The codes used in Section 4 are given as code
xamples within the package. 

F U N D I N G  

one de clare d. 

CO N F L I C T  O F  I N T E R E ST  
one de clare d. 
DATA  AVA  I L A  B I L I T Y  

he da ta tha t su pport the find ings in this pa pe r a re av ail ab le in
he R package CopulaREMADA (Nikoloulopoulos, 2024a ). 

R E F E R E N C E S  

as , K. , Czado, C., Frigessi, A. and Bakken, H. (2009). Pair-copula con-
s tructions of m ultiple depe nde nc e. Insu ra nce: Ma thema t ics & Eco-
nomics , 44, 182–198. 

arthel , N. , Geerdens, C., Czado, C. a nd Ja n s s e n, P. (2019). Depe nde nce
modeling for r ecurr e n t eve n t times s ubje ct to ri gh t-ce n s oring with D-
vine copulas. Biometrics , 75, 439–451. 

edford , T. and Cooke, R. M. (2002). Vines—a new graphical model for
depe nde n t ra ndom va riables. An n a ls of Sta t is t ics , 30, 1031–1068. 

 re chm ann , E. C. , Czado, C. and Aas, K. (2012). Trunca ted r egular vines
in hi gh dime n sion s with app lication s to financi al d ata. C ana dian Jour-
n a l of Sta t is t ics , 40, 68–85. 

hu , H. , Che n, S. a nd L oui s, T. A. (2009). Random effects models in a
met a -analysis of the a ccura cy of two diagnos tic tes ts without a gold
s ta nda rd. Jo urn a l of the American Sta t is t ic al Associa t io n , 104, 512–523.

h u , H. a nd Cole, S. R. (2006). B iva riate met a -a nalysis of se nsitivity
and spec i fic ity with spars e d ata: a ge ne r aliz e d linear mixe d model ap-
proa ch. Jo urn a l of Clinical E pidemiolo gy , 59, 1331–1332. 

endukuri , N. , Schi l ler, I., Jos ep h, L. and Pai, M. (2012). Bayesian met a -
analysis of the a ccura cy of a test for tuberculous pleuritis in the absence
of a gold s ta nda r d r efer ence. Biometrics , 68, 1285–1293. 

issmann , J. , Brechmann, E., Czado, C. and Kurowicka, D. (2013). Se-
lecting and est imat ing regular vine copulae a nd a pplication to financial
re turn s. Co mpu ta t io nal Sta t is t ics & Data Analysis , 59, 52–69. 

rhardt , T. M. and Czado, C. (2018). Standardized drought indices: a
novel univ ari ate a nd m ultiva riate a pproa ch. Jo urn a l of the Royal Sta-
t is t ic al Society: Ser ie s C (App l ied Sta t is t ics) , 67, 643–664. 

rhardt , T. M. , Czado, C. and Sche ps meier, U. (2015). R-vine mode ls for
spat ial t ime series with an application to daily mea n te mpe ra tur e. Bio-
metrics , 71, 323–332. 

ahey , M. T. , Irwig, L. and Macaski l l, P. (1995). Met a -a nalysis of pa p tes t
a ccura cy. American Jo urn a l of E pidemiolo gy , 142, 680–689. 

a rt , J. a nd Buck, A. (1966). Comparison of a scree ning tes t a nd a ref-
e re nce tes t in epide mio lo gic studies. II. A pro babilistic model for the
comparison of diagnostic tests. America n Jou rn a l of Epi dem iology , 83,
593–602. 

oque , M. E. , Acar, E. F. and Torabi, M. (2022). A time-he tero geneous D-
vine copula model for unbalanc e d and une qually spac e d longitudin al
dat a. B iometrics , 79, 734–746. 

ackson , D. , Riley, R. and White, I. R. (2011). Multiv ari ate me t a -analysis:
pote n tial a nd promis e. S ta t is t ics in Me dici ne , 30, 2481–2498. 

ackson , D. and White, I. R. (2018). When should met a -an alysis av oid
m aking hidden norm ality ass umptions? Bio metric a l Jo urn a l , 60, 1040–
1058. 

ackson , D. , White, I. and Riley, R. (2020). Multivariate met a -analysis. In :
Ha ndb ook of Meta-Anal ysis (e ds Schmid, C. H., Stijnen, T. and White,
I. R.), London: Ch apm an & Hall. 

oe , H. (2014). Depen dence M o deling with Copulas . London: Cha pma n &
Hall. 

oe , H. , Li, H. and Nikoloulopoulos, A. K. (2010). Tail depe nde nce
functions and vine c opulas . Jou rnal of Multiva ri ate An a lysis , 101,
252–270. 

adhem , S. H. and Nikoloulopoulos, A. K. (2021). Factor copula models
for mixed data. British Jo urn a l of Mathem atica l an d St a t is t ic al Psyc ho l-
ogy , 74, 365–403. 

i l l iches , M . and Czado, C. (2018). A D-vine copula - based mode l for re-
pe ated me asure me n ts exte nd ing l ine ar mixed models with homog e-
ne ous c orr ela tion structur e. Biometrics , 74, 997–1005. 

iu , Y. , Chen, Y. a nd Ch u, H. (2015). A unification of models for met a -
a nalysis of diagnos tic a ccura c y studies w ithout a gold s ta nda rd. Bio-
metrics , 71, 538–547. 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujaf037#supplementary-data
https://doi.org/10.32614/CRAN.package.CopulaREMADA


10 � Biometrics , 2025, Vol. 81, No. 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/81/2/ujaf037/8108249 by 93000 user on 09 April 2025
Nikoloulopoulos , A. K. (2013). Copula - based mode ls for m ultiva riate
dis cre te respon s e d at a. In : Copul ae i n Ma thema t ic al and Quant ita t ive
Fina nce , v ol. 213, (e ds Dura n te, F., Härdle, W. a nd Jaworski, P.), 231–
249, Berlin: S pring er. 

Nikoloulopoulos , A. K. (2015). A mixe d effe ct model for biv ari ate me t a -
a nalysis of diagnos tic tes t a ccura cy studies usin g a copula r epr ese n ta-
tion of the random effects distribution. Sta t is t ics in Me dici ne , 34, 3842–
3865. 

Nikoloulopoulos , A. K. (2017). A vine copula mixed effect model for
tr ivar iate met a -analysis of diagnos tic tes t a ccura cy studies a c c ount-
ing for dis eas e prev alence. S ta t is t ic al Methods in Medical Research , 26,
2270–2286. 

Nikoloulopoulos , A. K. (2018a). Hybrid copula mixed models for
comb ining case- con trol a nd cohort studies in met a -analysis
of diagnos tic tes ts. Sta t is t ic al Methods in Medical Research , 27,
2540–2553. 

Nikoloulopoulos , A. K. (2018b). On composite l ikel ihood in biv ari ate
met a -analysis of diagnostic test a ccura cy studies. AS tA Advan ces in S ta-
t is t ic a l An a lysis , 102, 211–227. 

Nikoloulopoulos , A. K. (2019). A D-vine copula mixed model for joint
met a -a nalysis a nd compa ris on of di agnos tic tes ts. Sta t is t ic al Methods
i n Me dical Rese arch , 28, 3286–3300. 

Nikoloulopoulos , A. K. (2020a). An extended tr ivar iate vine copula
mixed model for meta-analysis of diagnostic studies in the presence of
non-e valua ble outc omes . T he Int erna t io nal Journal of Bios ta t is t ics , 16,
20190107. 

Nikoloulopoulos , A. K. (2020b). A m ultinomial quadriva riate D-vine
c opula mixe d model for met a -a nalysis of diagnos tic s tudies in the pres-
ence of non-e valua ble s ubje cts . Sta t is t ic al Methods in Medical Research ,
29, 2988–3005. 

Nikoloulopoulos , A. K. (2022). An one-factor copula mixed model for
j oint me t a -analysis of multiple diagnostic tests. Jo urn a l of the Roya l St a-
t is t ic al Society: Ser ie s A (Sta t is t ics in Society) , 185, 1398–1423. 

Re c eiv e d: July 30, 2024; Revised: Ja n ua ry 10, 2025; Accepted: March 12, 2025 

© The Author(s) 2025. Published by Oxford University Press on behalf of The In te rn ation al Biometr
A ttribution Licen s e ( https://creativ ec ommons .org/lic enses/by/4.0/ ), which permits unr estricted 
cited. 
Nikoloulopoulos , A. K. (2024a). Co pulaREMADA: Co pula m ixed models 
fo r mult iva ri a t e met a-an a lysis of diagno stic test a cc ura cy stu dies , Vie nna,
Austri a: R Found a tion for Sta tistical Computing. R package version 
1.7.3. 10.32614/CRA N.package.CopulaREMA DA . 

Nikoloulopoulos , A. K. (2024b). Joint met a -an alysis of tw o diagnostic 
tests ac c ounting for within and betw e en studie s de pendence. Sta t is- 
t ic a l M etho ds in M edica l Research , 33, 1800–1817. 

Nikoloulopoulos , A. K. and Joe, H. (2015). Factor copula models for item 

respon s e d at a. Psy ch om etrika , 80, 126–150. 
Nikoloulopoulos , A. K. , Joe, H. and Li, H. (2012). Vine copulas with 

asymmetric tail depe nde nce a nd a pp lication s to financi al re turn d ata. 
Co mpu ta t io nal Sta t is t ics & Data Analysis , 56, 3659–3673. 

Normand , S. L. (1999). Met a -analysis: formul ating, ev aluating, combin- 
ing, and reporting. Sta t is t ics in Me dici ne , 18, 321–59. 

Paul , M. , Riebler, A., Bachmann, L. M., Rue, H. and Held, L. (2010). 
Bayesi an biv ari ate me t a -analysis of diagnostic test studies using inte- 
grat ed nest ed l ap l ace appr oxima tion s. S ta t is t ics in Me dici ne , 29, 1325–
1339. 

Reitsma , J. B. , Glas, A. S., Rutjes, A. W. S., Scholten, R. J. P. M., Bossuyt, 
P. M. a nd Zwinde rma n, A. H. (2005). B iva riate a nalysis of sensitivity 
and spec i fic ity produces infor m ativ e s umm ary meas ures in diagnostic 
reviews. Jo urn a l of Clinical E pidemiolo gy , 58, 982–990. 

Rutt er , C . M. and Gatsonis, C. A. (2001). A hierarchical regression ap- 
proach to met a -a nalysis of diagnos tic tes t a ccura cy ev aluation s. S ta t is-
tics in Medicine , 20, 2865–2884. 

Sahin , O. and Czado, C . (2024). H i gh-dime nsional spa rs e vine copul a 
r egr ession with application to genomic prediction. Biometrics , 80, 
ujad042. 

Wang , Z. , Murray, T. A., Xiao, M., Lin, L., Ale mayeh u, D. a nd Ch u, H.
(2023). Bayesia n hie ra rchical models inc orporating study-lev el c o- 
v ari ates for multiv ari ate me t a -analysis of diagnostic tests without a 
gold s ta nda rd with a pplication to COVID-19. Sta t is t ics i n Me dici ne , 42,
5085–5099. 
ic S ociety. T hi s i s a n Ope n Ac c ess a rticle dis tributed unde r the te rms of the C re ative Commons 
r euse, distribution, and r epr oduction in any me dium, provide d the origin al w ork is properly 

https://doi.org/10.32614/CRAN.package.CopulaREMADA
https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 THE 5-VARIATE GLMM
	3 THE 1-TRUNCATED D-VINE COPULA MIXED MODEL
	4 META-ANALYSIS OF THE PAPANICOLAOU TEST
	5 SIMULATION STUDIES
	6 DISCUSSION
	ACKNOWLEDGMENTS
	SUPPLEMENTARY MATERIALS
	FUNDING
	CONFLICT OF INTEREST
	DATA AVAILABILITY
	REFERENCES

