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ABSTRACT
Recent developments in the understanding of optical angular momentum have resulted in many demonstrations of unusual optical phenom-
ena, such as optical beams with orbital angular momentum and transverse spinning light. Here, we detail novel contributions to spin and
orbital angular momentum generated by the wavefront curvature that becomes relevant in strongly focused beams of light. While circularly
polarized beams are shown to develop helicity-dependent transverse spin, a linearly polarized Gaussian beam produces longitudinal spin
and orbital angular momentum in the focal region, even if lacking both of these before focusing. An analytical treatment of a nonparaxial
electromagnetic field, validated with vectorial diffraction modeling, shows that the terms related to higher orders of a paraxial parameter
are responsible for the appearance of non-trivial angular momenta. The obtained dependences relate these quantities to the wavefront cur-
vature, showing how it can be used as a novel degree of freedom for applications in optical manipulation and light–matter interactions at
subwavelength scales, enabling angular momentum transfer even from a simple Gaussian beam with linear polarization.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0249700

I. INTRODUCTION

Light with a wave vector k has a linear momentum along the
direction of propagation of hk per photon and an angular momen-
tum of σh̵k̂ if elliptically polarized with helicity σ.1 Light beams with
an azimuthal phase dependence (eiℓϕ

), which are characterized by a
topological charge ℓ ∈ Z, are often called vortex beams.2 The realiza-
tion that optical vortices could carry a well-defined orbital angular
momentum of ℓh per photon, which is aligned along the propaga-
tion direction, resulted in many important ideas in optics3,4 and the
emergence of the field of structured light.5–8

Some of the most remarkable properties of structured light
manifest themselves at subwavelength scales, where strong spatial
confinement of the electromagnetic field can lead to the trans-
verse spin angular momentum,9–11 the longitudinal spin angular
momentum of a linearly polarized optical vortex beam,12–15 and
the polarization-independent optical helicity of vortex beams.13,16–19

Under confinement, whether it be evanescent surface waves or

tightly focused laser beams, electromagnetic fields in nano-optics are
non-paraxial, possessing components in all three dimensions.20,21 It
is the component along the direction of propagation—longitudinal
field—that is predominantly responsible for such an extraordinary
departure from the paraxial behavior of light.

In this work, we demonstrate counter-intuitive properties of
nonparaxial light in a strong focusing regime: longitudinal spin and
orbital angular momentum of a linearly polarized Gaussian beam
and a helicity-dependent transverse spin momentum of circularly
polarized beams. We show the origin of these novel contributions
to optical angular momenta is the gradient of the phase related to
wavefront curvature present in focused Gaussian laser beam modes.
The results highlight that focusing an input beam with zero angu-
lar momentum would enable the transfer of both optical spin and
orbital angular momenta to particles surrounding the focal plane for
applications in tweezing and manipulation. This concept is shown
schematically in Fig. 1, where a paraxial input linearly polarized fun-
damental Gaussian beam with zero angular momentum is tightly
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FIG. 1. Illustrative representation of the effect. A paraxial, linearly polarized Gaus-
sian beam propagates from left to right and is tightly focused by a lens. The
densities of spin angular momentum (a) before, (b) in, and (c) after the focal plane.
The focusing produces non-zero densities of spin angular momentum in the focal
region but not in the focal plane. A cylindrical probe particle is shown at the same
planes to represent the local rotations corresponding to the non-zero spin density.

focused, and regions of non-zero longitudinal spin angular momen-
tum are generated in the focal region, enabling the spinning of a
probe particle. Moreover, one may foresee in particular the gener-
ation of spin from “spinless” beams to have important implications
for spectroscopic applications in atomic and magneto-optics.

II. ANALYTICAL DESCRIPTION OF A FOCUSED BEAM
A paraxial beam is defined as one whose electromagnetic field is

fully transverse to the propagation direction. This condition is typ-
ically realized for beams with the waist much bigger than the wave-
length (w0 ≫ λ). The electric field of a paraxial monochromatic
Laguerre–Gaussian (LG) beam propagating along z is

ET0
LG = (αx̂ + βŷ)uℓ,p

LG, (1)

where uℓ,p
LG is3

uℓ,p
LG =

√
2p!

πw2
0(p + ∣ℓ∣)!

w0

w[z]
(

√
2r

w[z]
)

∣ℓ∣

× L∣ℓ∣p [
2r2

w2
[z]
] exp (−r2

/w2
[z])

× exp i(kz + ℓϕ + kr2
/2R[z] − ωt

− (2p + ∣ℓ∣ + 1)ζ[z]). (2)

In the above equations, α and β are the (generally complex) Jones
vector coefficients: ∣α∣2 + ∣β∣2 = 1, ℓ ∈ Z and p ∈ Z+ are the topolog-
ical charge and radial index of the LG beam, respectively, R[z] is
the wavefront curvature, ζ[z] is the Gouy phase, L∣ℓ∣p [

2r2

w2
[z] ]is the

generalized Laguerre polynomial, square brackets are reserved for
functional dependencies, all other symbols have their usual mean-
ing, and the notation “T0” in Eq. (1) will be explained below. The
fundamental Gaussian mode can be constructed from the LG modes
by setting ℓ = 0, p = 0 in all derived expressions.

It is known that paraxial beams fail to satisfy Maxwell’s equa-
tions.22 For example, Eq. (1) is clearly not divergence-free as
required by Gauss’s law: ∇ ⋅ ET0

LG ≠ 0. Nonetheless, under paraxial
conditions, Eq. (1) provides a good description. Beams that are
strongly focused become nonparaxial, acquiring significant longitu-
dinal electromagnetic field components. Under such circumstances,
paraxial descriptions of the electromagnetic fields [Eq. (1)] clearly
become unsatisfactory, and alternative methods, either analytical or
numerical, should be employed.23

Under focusing, higher-order corrections to paraxial electro-
magnetic fields should be taken into account, which are generated
proportionally to the so-called paraxial parameter. For Gaussian-
type beams, it is 1/kw. The paraxial field, e.g., that of Eq. (1),
is hence termed the zeroth-order transverse field T0 with respect
to 1/kw.

The first non-paraxial correction is the first-order longitudinal
field “L1,” followed by the second-order transverse field “T2,” and
so on. Longitudinal (transverse) components are always odd (even)-
order in the paraxial parameter. The analytical method of describing
a non-paraxial beam involves taking the zeroth-order description of
the electromagnetic field of Eq. (1), which has a nonzero divergence,
and using Maxwell’s equations in an iterative process to generate
the higher-order terms. The unknown term “L1” is obtained by
imposing Gauss’s law on ET0

+ EL1,

∇ ⋅ ET0+ L1
= ∇� ⋅ ET0

+
∂

∂z
EL1

z = 0, (3)

therefore,

EL1
z = −∫ ∇� ⋅ E

T0∂z. (4)

In order to secure an analytical result for Ez , it is at this point
that the approximation is made that the variation in z is dominated
by the eikz phase factor, which leads to Ref. 24,

EL1
z ≈

i
k
∇� ⋅ ET0. (5)

This shows that the first-order longitudinal electric field compo-
nent EL1

z is directly proportional to the transverse gradient of the
zeroth-order transverse field. Applying Gauss’s law to the obtained
field obviously results in a zero divergence (∇ ⋅ (ET0

LG + ẑEL1
LG)

= 0), as required by the Maxwell’s equations. Continuing the itera-
tion, the field ET0

LG + EL1
LG is inserted into Faraday’s Law to generate

the magnetic field, up to the second order in 1/kw (BT0
LG + BL1

LG
+ BT2

LG). Finally, BT0+ L1
LG is plugged into the Maxwell–Ampere law,

yielding the second-order transverse electric field ET0
LG + EL1

LG + ET2
LG.

With a single application of the iteration, both fields are obtained
up to their second-order term in 1/kw. To ensure the correct
description, it is essential that the electric and magnetic fields are
derived in the same order. The resulting expression for the electric
field is
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ET0+L1+T2
LG = uℓ,p

LG

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

T0
³¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹µ
αx̂ + βy +

L1
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ

ẑ
i
k
[α(γ cos ϕ −

iℓ
r

sin ϕ) + β(γ sin ϕ +
iℓ
r

cos ϕ)]

+
1
k2 x̂[2α sin ϕ cos ϕ(

iℓ
r2 −

iℓγ
r
) + α cos2 ϕ(

ℓ2

r2 −
γ
r
) − α sin2 ϕ{γ′ + γ2

}

+ β sin ϕ cos ϕ(γ′ + γ2
−

γ
r
+
ℓ2

r2 ) + β cos2 ϕ(
iℓγ
r
−

iℓ
r2 ) + β sin2 ϕ(

iℓ
r2 −

iℓγ
r
)]

+
1
k2 ŷ[α sin ϕ cos ϕ(γ′ + γ2

−
γ
r
+
ℓ2

r2 ) + α cos2 ϕ(
iℓγ
r
−

iℓ
r2 ) + α sin2 ϕ(

iℓ
r2 −

iℓγ
r
) ,

+ 2β sin ϕ cos ϕ(
iℓγ
r
−

iℓ
r2 ) − β cos2 ϕ(γ′ + γ2

) + β sin2 ϕ(
ℓ2

r2 −
γ
r
)]

⎫⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎭

,

(6)

where

γ(r) =
∣ℓ∣

r
−

2r
w2 +

ikr
R[z]

−
4r
w2

L∣ℓ∣+1
p−1

L∣ℓ∣p
, (7)

which comes from the derivative of the field over the radial coor-
dinate r: ∂

∂r uℓ,p
LG = γuℓ,p

LG. Note that γ′ = ∂
∂r γ and for p = 0, L∣ℓ∣+1

p−1
= 0.

The longitudinal and the higher-order transverse components
of the field in Eq. (6) are of order one and two in the paraxial para-
meter, respectively, so that in a paraxial beam they are negligible
compared to the zeroth order term T0. In tightly focused beams,
as w0 becomes comparable in size with λ, the paraxial parameter
1/kw → 1, meaning that the paraxial approximation is broken and
the higher-order fields thus become appreciable with respect to the
T0 term. By fixing the beam waist to wavelength ratio, Eq. (6) can
model both a paraxial and non-paraxial LG mode of any order (ℓ, p).

In the paraxial case [Eq. (1)], the LG modes can have arbi-
trary two-dimensional (2D) states of polarization, defined by the
Jones vector (α, β). Beyond the paraxial approximation, approach-
ing the focal plane, the polarization of the beam will be non-trivial
and three-dimensional (3D).21 Throughout this work, we refer to the
state of polarization in the (x, y)-plane of the input z-propagating
paraxial beam described by the Jones vector before focusing, i.e., the
T0 field components, as the 2D state of polarization. The full 3D
polarization state of a focused, nonparaxial beam can be obtained
from Eq. (6) by substituting the values of (α, β) that describe the
2D polarization state of the input paraxial beam. For example,

with (1, 0) or (0, 1) for a 2D x-polarized or y-polarized LG beam,
respectively, or with (1,±i)/

√
2 for a 2D circularly polarized one.

The imaginary part of Eq. (7) Im γ(r) = ikr/R[z] corresponds
to the gradient of the phase term related to the wavefront curvature
R[z], eikr2

/2R[z]in (2), and provides the counter-intuitive contribu-
tions to the angular momentum of focused beams we concentrate on
in this work. Since all the quantities used in the following are propor-
tional to (1/kw)2, a truncation of the nonparaxial electromagnetic
field to the second order in the paraxial parameter is justified.

III. SPIN ANGULAR MOMENTUM
The cycle-averaged electric spin angular momentum density

for a monochromatic beam is given by25

sE =
ϵ0

2
Im(E∗ × E), (8)

which can be understood as the degree to which orthogonal compo-
nents of the electric field are π/2 out of phase with one another. In
other words, Eq. (8) quantifies the ellipticity of the polarization in a
given plane. By inserting Eq. (6) into Eq. (8), it is possible to obtain
the spin density up to the second order in the paraxial parameter and
to analyze the contribution of each order to it separately. Assuming
that the electric field is written as ET0

+ EL1
+ ET2, the cross product

in Eq. (8) will contain a term of order zero coming from T0 × T0,
terms of order one from T0 × L1 and L1 × T0, and terms of order
two from T0 × T2 and T2 × T0. The other possible combinations
would all be a O[(1/kw)2

], so that Eq. (8) can be written as a sum of
the following contributions:

sT0×T0
E =

ϵ0

2
Im(E∗T0

LG × ET0
LG) = ẑ

ϵ0

2
∣uℓ,p

LG ∣
2 Im(α∗ β − αβ∗), (9)

sT0×L1
E =

ϵ0

2
Im(E∗T0

LG × EL1
LG + E∗L1

LG × ET0
LG)

= ∣uℓ,p
LG ∣

2 Im{
iϵ0

2k
[ x̂(αβ∗(γ cos ϕ −

iℓ
r

sin ϕ)

+ ∣β∣2(γ sin ϕ +
iℓ
r

cos ϕ) + c.c.) − ŷ(α∗β(γ sin ϕ +
iℓ
r

cos ϕ)

+ ∣α∣2(γ cos ϕ −
iℓ
r

sin ϕ) + c.c.)]}, (10)

APL Photon. 10, 020801 (2025); doi: 10.1063/5.0249700 10, 020801-3

© Author(s) 2025

 03 February 2025 19:25:07

https://pubs.aip.org/aip/app


APL Photonics ARTICLE pubs.aip.org/aip/app

sT0×T2
E =

ϵ0

2
Im(E∗T0

LG × ET2
LG + E∗T2

LG × ET0
LG) = ẑ∣uℓ,p

LG∣
2 Im{

ϵ0

2k2 [(∣α
2
∣ sin ϕ cos ϕ(γ′ + γ2

−
γ
r
+
ℓ2

r2 ) + 2α∗β sin ϕ cos ϕ(
iℓγ
r
−

iℓ
r2 ) + ∣α

2
∣cos2 ϕ(

iℓγ
r
−

iℓ
r2 )

+ ∣α2
∣sin2 ϕ(

iℓ
r2 −

iℓγ
r
) − α∗ β cos2 ϕ{γ′ + γ2

} + α∗ β sin2 ϕ(
ℓ2

r2 −
γ
r
) − c.c.) − (2αβ∗ sin ϕ cos ϕ(

iℓ
r2 −

iℓγ
r
) + αβ∗ cos2 ϕ(

ℓ2

r2 −
γ
r
)

− αβ∗ sin2 ϕ{γ′ + γ2
} + ∣β2

∣ sin ϕ cos ϕ(γ′ + γ2
−

γ
r
+
ℓ2

r2 ) + ∣β
2
∣cos2 ϕ(

iℓγ
r
−

iℓ
r2 ) + ∣β

2
∣sin2 ϕ(

iℓ
r2 −

iℓγ
r
) − c.c.)]}. (11)

A. Longitudinal spin
The longitudinal component of the spin angular momentum

density (sz
E) comes from the terms T0 × T0 and T0 × T2 [Eqs. (9)

and (11)]. In particular, the zeroth order contribution is always
zero unless the input polarization state (α, β) is complex, mean-
ing that the beam has a nonzero ellipticity. This is the standard,
well-known origin of spin angular momentum for plane waves and
paraxial beams of light. The second-order term is instead present
regardless of the input polarization. A linearly polarized LG beam
hence becomes an interesting case study as the only nonzero term in
the longitudinal spin density is the one coming from nonparaxiality
[Eq. (11)].

The spatial distribution of the longitudinal spin angular
momentum [Eq. (11)] for a focused Gaussian beam has a counter-
intuitive property: around the focal plane, but not at z = 0, a nonzero
spin angular momentum density is generated even for linearly polar-
ized beams that do not carry helicity in the paraxial case [Figs. 2(a)
and 2(b)]. The spatial distribution is acutely sensitive to the ori-
entation (the azimuth on the Poincaré sphere) of the 2D state of
linear polarization and rotates accordingly [Figs. S2(a) and S2(b) of
the supplementary material]. Each lobe of spin changes signs upon

crossing the focal plane. In addition, beams carrying orbital angu-
lar momentum ℓ ≠ 0 show a nonzero longitudinal spin momentum
density even in the focal plane z = 0 [Figs. 2(c) and 2(d)]. Its spa-
tial distribution is somewhat twisted around the focal plane and
depends on the polarization orientation as per the non-vortex beam,
but also on the sign of ℓ [Figs. S2(c) and S2(d) of the supplementary
material].

The underlying physics of this behavior can be ascertained from
the analytical formula Eq. (11) when specific beam parameters are
given as input. For x-polarized beams (α = 1, β = 0), the spin angular
momentum density is given by

sα=1
E = ẑ

ϵ0

k2 ∣u
ℓ,p
LG∣

2
⎧⎪⎪
⎨
⎪⎪⎩

k sin 2 ϕ
R[z]

⎛

⎝
∣ℓ∣ −

2r2

w2 −
4r2L∣ℓ∣+1

p−1

w2L∣ℓ∣p

⎞

⎠

+ cos 2 ϕ
⎡
⎢
⎢
⎢
⎢
⎣

ℓ

r
⎛

⎝

∣ℓ∣

r
−

2r
w2 −

4rL∣ℓ∣+1
p−1

w2L∣ℓ∣p

⎞

⎠
−

ℓ

r2

⎤
⎥
⎥
⎥
⎥
⎦

⎫⎪⎪
⎬
⎪⎪⎭

. (12)

Here, the first term in curly brackets proportional to sin 2ϕ depends
on the wavefront curvature R[z] and is thus responsible for the twist-
ing effect observed for z ≠ 0 in Figs. 2(c) and 2(d). The terms with

FIG. 2. Dependence of longitudinal spin angular momentum density of 2D linearly polarized LG beams on the propagation distance z, simulated from Eq. (11) for the beam
with w0/λ = 1. The beam quantum numbers are (a) and (b) ℓ = 0, p = 0, and (c) and (d) ℓ = 1, p = 0, and their polarization is chosen along the (a) and (c) x-axis, with
α = 1 and β = 0, and the (b) and (d) y-axis, with α = 0 and β = 1. In the focal plane z = 0, the spin angular momentum density [Eq. (13)] is zero for a fundamental Gaussian
beam (a) and (b); however, around the focal plane, it is non-zero. The color scale26 is common to all the plots, each normalized to the peak value of the set.
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cos 2ϕ generate spin angular momentum density at all z distances
and bring the dependence on the sign of ℓ. In the simplest case
of a linearly polarized fundamental Gaussian beam (ℓ = 0, p = 0),
Eq. (12) further simplifies to

sE
α=1
ℓ=p=0 = −ẑ

2ϵ0r2

kw2 R[z]
sin 2 ϕ ∣u0,0

LG∣
2, (13)

where the explicit definition of the wavefront curvature is R[z]
= (z2

+ z2
R)/z. Although the simplicity, this unexpected observa-

tion shows that a 2D linearly polarized Gaussian beam produces
a nonzero spin angular momentum density at all z but the focal
plane. The origin of such a peculiar effect can be traced back to
the behavior of the wavefront curvature as a function of z, which
diverges to +∞ at both the focal plane and infinity, hence bringing
the longitudinal spin density to zero. The strongest sz

E is found at
the edges of the Rayleigh range (±zR), where the wavefront curva-
ture drops to its minimum. The azimuthal-dependence of the spin
densities in Eqs. (12) and (13) clearly shows that the total spin is
zero, S = ∫ sdr = 0. It is important to clarify that this is not an obsta-
cle to experimental observation; while particles larger than the beam
waist will experience the zero (total) spin angular momentum, par-
ticles smaller than the beam waist will experience the non-zero spin
angular momentum corresponding to the local density.9,15

Similar results can be obtained for a y-polarized Gaussian beam
(α = 0, β = 1), showing that sβ=1

E = −sα=1
E for any value of the quan-

tum numbers ℓ and p [cf. Figs 2(a) and 2(b)]. Although the key
Eqs. (9)–(11) are completely general with respect to the state of 2D
polarization, linearly polarized beams attract particular interest as
their behavior in the near field of the focal plane is substantially dif-
ferent from their far field, where they have zero spin, i.e., spin can be
generated from “spinless” beams by focusing.

For 2D polarization states with a nonzero ellipticity, this ana-
lytical model can be used to calculate the second-order longitudinal
spin density that, although nonzero, is shown to be proportional
to 1/R[z]2, which is much smaller than what is obtained for lin-
early polarized beams [cf. Eq. (13)]. Moreover, its identification in an
experiment would be seemingly impossible when the leading-order
longitudinal spin for a beam with ellipticity [Eq. (9)] would dom-
inate other effects. This is different from linearly polarized beams,
for which there is no first-order spin density.

B. Transverse spin
The first nonzero order of the transverse component of the spin

angular momentum density in Eq. (8) comes from the T0 × L1 term
in Eq. (10), appearing at order one in 1/kw. The wavefront curva-
ture contribution to the transverse spin in Eq. (10) comes from the
imaginary part of γ (Im γ = kr/R[z]), so that given the factor of i
at the front of Eq. (10), it can only contribute for input beams with
complex parameters α, β. Hence, for beams with linear 2D polariza-
tion (α, β ∈ R), the wavefront curvature does not contribute to the
transverse spin, as the terms dependent on the wavefront curvature
are real. On the contrary, a transverse spin density is generated by
the wavefront curvature for beams with a nonzero ellipticity in their
2D input polarization state (i.e., β is imaginary). In particular, for
circular polarization (α = 1/

√
2, β = iσ/

√
2) of helicity σ = ±1, the

transverse spin density of Eq. (10) can be written as

sσ,�
E =

ϵ0

2k
∣uℓ,p

LG∣
2
[r̂

σkr
R[z]

− ϕ̂
⎛

⎝

∣ℓ∣

r
−

2r
w2 −

4r
w2

L∣ℓ∣+1
p−1

L∣ℓ∣p
−
ℓσ
r
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

, (14)

where only the r̂ component depends on the wavefront curvature. In
the case of a circularly polarized Gaussian beam, this component of
transverse spin is helicity-dependent [Figs. 3(a) and 3(b)].This is in

FIG. 3. Components of the transverse spin momentum (a) and (b) s r
E and (c) and (d) s x

E [Eq. (14)] for a 2D-circularly polarized fundamental Gaussian beam of (a) and (c)
left (σ = 1) and (b) and (d) right (σ = −1). The y component is shown in Figs. S1(a) and S1(b) of the supplementary material. The helicity-dependence is clearly visible
with the spin taking the same sign as the helicity as it propagates away from the focal point. Each plot is normalized to the peak value of the set. The beam parameters are
as in Fig. 1.
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stark contrast to the helicity-independent transverse spin of evanes-
cent waves9 and has gone unnoticed in the focused beams explored
to date.27,28 The spin takes on the opposite sign to the helicity as the
beam propagates toward the focal point, where the wavefront is con-
verging, and the same sign as the helicity past the focal point, where
the wavefront is diverging. It is worth noting that the dependence on
the quantum numbers ℓ and p is only encoded in the amplitude term
∣uℓ,p

LG∣
2, so that the observations made above for a Gaussian beam can

be generalized to any LG beam.
For the previously examined case of longitudinal spin, the

introduction of a nonzero topological charge causes a twist in the
spin density along the z direction. A similar result is obtained for the
transverse spin density for beams of nonzero helicity, even if with
a zero topological charge. This is best highlighted by presenting the
transverse spin density Eq. (14) in Cartesian coordinates,

sσ,x
E =

ϵ0

2k
∣uℓ,p

LG∣
2
[cos ϕ

σkr
R[z]

+ sin ϕ
⎛

⎝

∣ℓ∣

r
−

2r
w2 −

4r
w2

L∣ℓ∣+1
p−1

L∣ℓ∣p
−
ℓσ
r
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

, (15)

sσ,y
E =

ϵ0

2k
∣uℓ,p

LG∣
2
[ sin ϕ

σkr
R[z]

− cos ϕ
⎛

⎝

∣ℓ∣

r
−

2r
w2 −

4r
w2

L∣ℓ∣+1
p−1

L∣ℓ∣p
−
ℓσ
r
⎞

⎠

⎤
⎥
⎥
⎥
⎥
⎦

. (16)

Starting from the case of null topological charge [Figs. 3(c) and 3(d)],
the results show that the x component of the spin density does not
depend on the sign of the helicity in the focal plane, while it is
strongly influenced by σ beyond this point. In particular, looking
at the beam propagating along z > 0, the spatial distribution rotates
anticlockwise if σ and R[z] have the same sign and clockwise oth-
erwise. Opposite behavior for the same component of the beams
with opposite helicity (y components) is observed (Fig. S1 of the
supplementary material).

More interesting is the case of circularly polarized LG beams
with nonzero topological charge (Fig. 4). The tight focusing is shown
to enable a spin–orbit coupling interaction, illustrated by the evident
difference between the cases of ℓ and σ having the same (paral-
lel configuration) or opposite (antiparallel configuration) sign. In
the former case—“parallel” spin-orbit—the x component of the
spin density acquires a two-lobed shape featuring the same twist-
ing mechanism highlighted for circular beams with no topological
charge, although with a different spatial distribution [Fig. 4(a)]. In
the “anti-parallel” configuration, the transverse spin density shows
a 4-lobed distribution in the focal plane and a double branch spi-
ral one beyond it [Fig. 4(b)]. It is worth noting that the spin density
spatial distribution undergoes a twisting along z only in the parallel
configuration.

Finally, while both the longitudinal spin densities of
Laguerre–Gaussian and Gaussian beams [Eqs. (12) and (13),
respectively] show the rotation in their spatial distribution due
to the wavefront curvature for any value of p, the transverse spin
momentum density [Eq. (14)] only rotates for p = 0. The reason
for this can be found in the azimuthal contribution of the Laguerre
polynomials to the spin density, which is only zero for p = 0, while

FIG. 4. Dependence of the transverse spin density component s x
E on a propagation

distance z for an LG beam of parameters ℓ = 1 and p = 0 and circular polarization
of (a) left- and (b) right-handedness. These result in the (a) “parallel” and (b) “anti-
parallel” configurations of the spin–orbit interaction. The plot for s y

E is shown in
Figs. S1(c) and S1(d) of the supplementary material.

for p > 0, the second term in square brackets of Eqs. (15) and
(16) quickly overcomes the helicity-dependent terms responsible
for the rotation (Fig. S3 of the supplementary material). For the
longitudinal spin densities [Eqs. (12) and (14)], this does not occur
because the terms responsible for the rotational behavior are equally
dependent on the gradient of the Laguerre polynomial.

IV. ORBITAL ANGULAR MOMENTUM
The (electric) orbital angular momentum density lE can be

obtained as25

lE =
ϵ0

2
Imr × (E∗ ⋅ ∇E), (17)

where it is understood that (E∗ ⋅ ∇E) j = ∑
3
i=1 E∗i ∇ jEi and the

quantity Im(E∗ ⋅ ∇E) is known as the electric canonical (orbital)
momentum density pE

o. Choosing a cylindrical coordinate frame,
the z component of the orbital angular momentum density in
Eq. (17) is

lzE =
ε0

2
Impo,ϕ

E , (18)

so that the wavefront curvature can also generate a longitudinal
orbital angular momentum density, as long as the canonical momen-
tum has a nonzero azimuthal component. Using Eq. (6) in Eqs. (17)
and (18), an expression for the general case can be obtained, but it
is greatly simplified for a linearly polarized Gaussian beam (α = 1,
β = 0, ℓ = 0, p = 0). It is useful to split this calculation into the
individual components with respect to the paraxial parameter,

lℓ=p=0,α=1
E,z =

ϵ0

2
Im[(E∗T0

+ E∗L1
+ E∗T2

)

⋅
∂

∂ϕ
(ET0

+ EL1
+ ET2

)]. (19)
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Calculations for ℓ = p = 0 reveal that ∂
∂ϕ ET0

= 0 and Im(E∗L1
⋅

∂
∂ϕ EL1

) = 0, as well as Im(E∗T2
⋅ ∂
∂ϕ ET0

) = 0, leaving the following
non-zero contribution:

lℓ=p=0,α=1
E,z =

ϵ0

2
Im[E∗T0

⋅
∂

∂ϕ
ET2
] =

4ϵ0r2

kw2 R[z]
sin ϕ cos ϕ∣u0,0

LG∣
2.

(20)

The resulting longitudinal orbital angular momentum density has
the same magnitude but opposite sign of the spin angular momen-
tum density in Eq. (13), so that they cancel each other out, yielding
a null total angular momentum,

jℓ=p=0,α=1
E,z = sℓ=p=0,α=1

E,z + lℓ=p=0,α=1
E,z = 0. (21)

Note that for beams with a nonzero degree of ellipticity in their
2D state of polarization (α, β ∈ C), Im(E∗L1

⋅ ∂
∂ϕ EL1

) ≠ 0 and is
responsible for the spin-to-orbit angular momentum conversion29

in focused, circularly polarized Gaussian beams. As a final, intrigu-
ing point, the total angular momentum density in a more general
case for ℓ ≠ 0, jℓ,p,α,β

E,z ≠ sℓ,p,α,β
E,z + lℓ,p,α,β

E,z . This is to be expected given
the fact that, for non-paraxial fields, separating the total angu-
lar momentum density into spin and orbital parts is problematic,
although it can be achieved.30

V. OPTICAL HELICITY
It is generally assumed that optical helicity (h) and longitudi-

nal spin angular momentum are associated with one another. It has
recently been highlighted how such an assumption is, in general,
not correct.14 In particular, the longitudinal spin angular momen-
tum density of focused, linearly polarized vortex beams [i.e., Eq. (12)
and Figs. 2(c) and 2(d)] has zero optical helicity density associated
with it.14 It is relatively straightforward to also confirm that the spin
angular momentum of a linearly polarized Gaussian beam gener-
ated by the wavefront curvature [i.e., Eq. (13) and Figs. 2(a) and
2(b)] likewise has zero optical helicity associated with it. The opti-
cal helicity density for a monochromatic beam is h∝ −Im E∗ ⋅ B.
Using the electric field [Eq. (6)] and the magnetic field [see S1
of the supplementary material], one can find E∗T0

⋅ BT2
= −E∗T2

⋅

BT0 for 2D linearly polarized beams13,14 and, thus, h = 0. Physi-
cally this means that while a focused, linearly polarized Gaussian
beam can produce torques τ on absorbing particles with polarizabil-
ity α, via τ∝ Im(α)sE,31 it cannot produce differential absorption
Ach in chiral particles due to having zero optical helicity density,
as Ach

∝ Im(αch
)h.31 Moreover, the dual-symmetric longitudinal

spin angular momentum density, or longitudinal chiral spin angu-
lar momentum density,31 of a focused, linearly polarized LG beam
(any optical vortex, in fact14) cannot exert a chiral radiation pressure
force on chiral particles (see S1 of the supplementary material).

VI. SEMI-ANALYTICAL MODELING
All the above properties can be confirmed numerically fol-

lowing the vectorial diffraction theory.20,32,33 The chosen beam is
decomposed in an infinite series of plane waves (the angular spec-
trum of the beam), which individually undergo refraction through
a focusing element of a given numerical aperture (NA) and size

(D). Such an approach has been recently implemented for a gen-
eral vector vortex beam propagating through multilayered media.34

Exploiting the open-source package therein proposed,35 the focus-
ing of a general scalar vortex described by Eq. (1) can be modeled
for free space propagation. The resulting electric field can be written
as

Eℓp(r) = Cℓp∫

θmax

0
dθ f (θ)

√
cos θ sin θ

⎛
⎜
⎜
⎝

Ẽx[θ; r]
Ẽy[θ; r]
Ẽz[θ; r]

⎞
⎟
⎟
⎠

eikz cos θ (22)

with

Cℓp = −ik f e−ik f

¿
Á
ÁÀ π2∣ℓ∣ p!

2(∣ℓ∣ + p)!
, (23)

f (θ) = L∣ℓ∣p [
2 f 2 sin2 θ

w2
0
](

f sin θ
w0

)

∣ℓ∣

e
−

f2 sin2 θ
w2

0 , (24)

where the integration limits are given by the angular aperture of the
focusing element (NA = sin θmax). The components of the integrand
vector Ẽi are obtained after an analytical integration over the in-
plane angle ϕ, resulting in combinations of several orders of Bessel
functions of the first kind (Jℓ[Ψ]). In the simpler case of a Gaussian
beam, obtained for ℓ = p = 0 of a generic state of polarization given
by Eq. (1), the Ẽi components are

Ẽx = αJ0[Ψ](1 + cos θ) + 2J2[Ψ]sin2 θ
2
(α cos 2 ϕ + β sin 2 ϕ),

(25a)

Ẽy = βJ0[Ψ](1 + cos θ) + 2J2[Ψ]sin2 θ
2
(α sin 2 ϕ − β cos 2 ϕ),

(25b)

Ẽz = −2iJ1[Ψ] sin θ(α cos ϕ + β sin ϕ), (25c)

where the argument of each Bessel function is given by Ψ(θ)
= kr sin θ. Substituting the electric field obtained with Eq. (22) into
Eq. (8), the same longitudinal and transversal spin densities calcu-
lated with the fully analytical approach can be obtained (cf. Figs. 2
and 5 and Figs. S4 and S5 of the supplementary material).

VII. DISCUSSION AND CONCLUSION
The transverse spin momentum of focused beams is a well-

known phenomenon,9 in part because it is proportional to the
paraxial parameter to the first-order and also because its compo-
nents generally act in directions that have no competing optical
angular momenta produced by the dominant zeroth-order fields.
In contrast, the longitudinal spin angular momentum [Eq. (11)]
is proportional to the paraxial parameter to the second-order, so
its generation requires a strongly focused beam. While for ellipti-
cally polarized beams the contribution of the wavefront curvature
to the longitudinal spin is overshadowed by a conventional longi-
tudinal spin of the zeroth order, for 2D linearly polarized beams,
a conventional longitudinal spin is absent, and we have shown a
linearly polarized Gaussian beam possesses a nonzero longitudinal
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FIG. 5. The same as shown in Fig. 2, calculated using the vectorial diffraction theory from the electric field defined in Eq. (22).

spin solely due to the wavefront curvature. Other momenta at the
sub-wavelength scale and the subsequent torques and forces they
subject material probes to have benefited from such unique char-
acteristics in their experimental observation, e.g., the Belinfante spin
momentum.36

It is interesting and important to reflect upon the approxi-
mations made in the analytical theory developed above. Namely,
neglecting the z-variations in the amplitude distribution, which
leads to Eq. (5), and using the paraxial expression for LG beams as
a starting point to describe strongly non-paraxial scenarios. Com-
paring the analytical results with the vectorial diffraction theory, the
correctness of the presented analytical approach has been validated.
The analytical analysis has allowed us to determine the important
and unique contributions of wavefront curvature to the generation
of angular momenta—insight that is hidden in the numerical analy-
sis. Moreover, it is important to also make the point that in order to
unearth the novel contributions to the longitudinal spin and orbital
angular momentum, we had to derive the analytical electromagnetic
fields up to second-order in the paraxial parameter, i.e., the phenom-
ena stem from the second-order transverse field components. While
the first-order longitudinal fields are often incorporated in analytical
theories of focused beams,24 the second-order transverse compo-
nents are not. By including them in this work, we have unearthed
novel contributions to longitudinal optical angular momenta and
highlighted their necessity in studies of angular momenta of focused
beams.

While inherently interesting phenomena, the optical angular
momentum of focused beams discussed above also offers new meth-
ods for the development of optical manipulation and light–matter
interactions. The results show that beams with zero angular
momentum (both spin and orbital) in the far field, once strongly
focused, have non-zero spin and orbital angular momentum in the
focal region. In particular, they can, therefore, generate torques τ
∝ Im(α)sE, where α is the electric polarizability, in probe particles
from light that in the far field has zero spin angular momentum.
In principle, it thus allows for spinning particles with just a high-NA

lens. Moreover, sE is responsible for magnetic circular dichroism,
with a similar interaction occurring in light–atom transitions in an
external static magnetic field.9 The fact that sE can be non-zero
for 2D linearly polarized light immediately, therefore, suggests the
ability to probe matter through “magnetic linear dichroism.”

Another interesting avenue for future exploration would be to
study the polarization topology that produces the novel spin angu-
lar momenta described above. As mentioned in Sec. III, Eq. (8) is
simply a measure of the phase difference between two orthogonal
electric field components, which yield a maximum value of π/2 for
circularly polarized light. Simple inspection of Eq. (6) clearly shows
that, for α = 1 and ℓ = p = 0, for example, the T0 field polarized in
x̂ is π/2 out-of-phase with the T2 ŷ component sin 2ϕ Im γ2

/2k2

= −2 sin 2ϕr2
/R[z]kw2. Therefore, in the x, y plane, the electric field

vector traces out an elliptical (in general) path, generating the local
electric spin angular momentum density (Fig. 2). Under paraxial
conditions, the T2 field is essentially non-existent because 1/kw
≪ 1. The paraxial beam is thus essentially just x-polarized in the x, y
plane due to the dominant T0 field and has no spin angular momen-
tum density; as the beam becomes more focused, the ratio of λ/w
grows, and the polarization vector becomes elliptical (with spatial
variation, of course) in the x, y-plane due to the π/2 out-of-phase
(imaginary) T2 y-component, which originates from the gradient of
the wavefront curvature phase. Analogous analysis with recourse to
the polarization properties of the electric field applies to the other
spin angular momentum densities studied here.

In summary, we have highlighted how counter-intuitive angu-
lar momentum properties of light manifest at the subwavelength
scales: focused, linearly polarized Gaussian beams can possess spin
and orbital angular momentum around the focal plane (but not
at z = 0), and focused circularly polarized beams have a helicity-
dependent transverse spin angular momentum. Taking advantage
of the full analytical approach, the physical origin of both of these
effects has been found to be the wavefront curvature. Numerical
calculations based on the commonly used vectorial diffraction the-
ory have also been performed, showing an extremely good match
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with analytical results. This work has highlighted the strong poten-
tial for the wavefront curvature to be utilized as a degree of freedom
of light for applications in nano-optics.

SUPPLEMENTARY MATERIAL

The supplementary material provides the magnetic field of a
Laguerre–Gaussian mode to second-order in the paraxial parameter
and the magnetic spin densities analogous to the electric coun-
terparts of the main paper [Eqs. (9)–(11)] and additional plots of
the spatial distributions of spin densities using both analytical and
vector diffraction theory.
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