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Abstract

We present a family of selfinjective algebras of type D, which arise from the 3-preprojective
algebras of type A by taking a Z3-quotient. We show that a subset of these are themselves 3-
preprojective algebras, and that the associated 2-representation-finite algebras are fractional
Calabi-Yau. In addition, we show our work is connected to modular invariants for SU(3).
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1 Introduction
Overview

Many mathematical objects admit a classification in terms of Dynkin diagrams, perhaps the
most famous example being complex semisimple Lie algebras. A theorem of Gabriel says
that the path algebra of a quiver has finite representation type if and only if its underlying
graph is an ADE Dynkin diagram. The group Z; acts on the type A diagrams by rotating them
through 7. One obtains the type D diagrams through quotienting by this action, duplicating
the fixed vertex whenever one exists (see Table 1).

A related classification appears in [7, 8], where Evans and Pugh study Jacobian algebras
of so-called ADE graphs, introduced by Di Francesco and Zuber in work on SU(3) modular
invariants [4]. The group Z3 acts on the type A graphs by rotating them through 27 /3. The
type D graphs arise from type A by taking Z3-orbifolds, which amounts to quotienting by
the action and triplicating the fixed vertex, whenever one exists. The type A algebras are
well-studied. Indeed, in §4 we show they are isomorphic to the 3-preprojective algebras of
type A. This article can be seen as an exploration of the type D algebras from the perspective
of higher homological algebra.

In [20], Iyama introduced d-representation-finite algebras: algebras which have global
dimension at most d, and whose module category has a d-cluster tilting subcategory. One can
define higher analogues of the Auslander-Reiten translates which restrict to this subcategory,
and hence gain some understanding of the representation theory of the algebra, even if it has
wild representation type.
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Table 1 Type D Dynkin diagrams (and tadpole diagrams) arising as Z,-quotients of type A diagrams

Type A Dynkin diagram Z;-quotient
Ay: e —— o T : e :)

o
A3: e — o . D3: o /

Ag: o —— o

. T,: e

As: o —— o

D
./o
\O

Herschend and Iyama showed that d-representation-finiteness is closely linked to the
fractional Calabi-Yau property [16]. If an algebra A has finite global dimension, the bounded
derived category of its module category has a Serre functor, an autoequivalence satisfying a
certain duality. If a power of the Serre functor is given by a shift, A is said to be fractional
Calabi-Yau. This property was introduced by Kontsevich to generalise properties of Calabi-
Yau manifolds, which are important in theoretical physics.

Given a d-representation-finite algebra A, one can construct its (d + 1)-preprojective
algebra IT. Note that IT is always selfinjective, and if A is basic then I is Frobenius, meaning
it is isomorphic to its dual as a I[1-IT-bimodule, provided one twists by some automorphism
0. We call o the Nakayama automorphism of I1. Grant showed that a d-representation-finite
algebra is fractional Calabi-Yau if and only if the Nakayama automorphism of its (d + 1)-
preprojective algebra has finite order [13].

In this article we present a family of selfinjective algebras we call type D, which are
Morita equivalent to skew group algebras of the 3-preprojective algebras of type A. Our
definition is standalone, in the sense that it makes no reference to type A, and we prove the
Morita equivalence by showing that our definition agrees with a construction of Giovannini
and Pasquali [10]. In §4 we construct isomorphisms between our algebras and the type D
algebras of Evans and Pugh.

We show that one in three of the selfinjective algebras of type D are 3-preprojective.
By considering their Nakayama automorphisms, we show that the corresponding 2-
representation-finite algebras are fractional Calabi-Yau. Finally, in §7 we give recipes to
construct 2-Auslander-Reiten quivers for these algebras, on which one can see the fractional
Calabi-Yau property quite explicitly.

Notation 1.1 Following the convention in [7, 8], we denote by D* the quiver which arises
from A* (and label the corresponding algebras accordingly). However, only every third quiver
is the quiver of a 3-preprojective algebra. We could have chosen to only label those with a
D. However, it is not obvious how one should index in this case (see Table 2).
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Table 2 Two options for notation. See Figure 1 for the missing quivers

Quiver Our notation 3-preprojective algebra? Alternative notation
. Q D? X T’
° ﬁ . Q D3 X 7!

- D4 v D?

- D> X T?

- DO X T?

- D’ v D’

Main results

By algebra we mean associative, unital, finite-dimensional algebra over k = C. Modules are
taken to be right modules unless otherwise stated. If p, g are paths in some quiver, pg means
“first p then ¢". We take N to contain 0.

Denote by > the strict lexicographic order on N3. Let w: N° — N3, w(xg, x1,x2) =
(x1, x2, X0)-

Definition 1.2 Lets € Z, s > 2. Define
Qo={x e N3 |[xo+x14+x2=5—1, x > wx), x > wz(x)},
2
01 = (JHaij:x — o)+ fi | x,0/ (¥) + fi € Qo},
i,j=0

where fo = (—1,1,0), fi =(0,—1,1)and > = (1,0, —1).
If s # 1 (mod 3), let D* be the quiver with vertices D = Qg and arrows D] = Q1.
If s = 3¢t + 1 for some ¢ € ZT, write X = (¢, ¢, t), and let D° be the quiver with vertices

Dy = Qo U {Xo, X1, X2}
(i.e. take three copies of X indexed by {0, 1, 2}) and arrows

Di:QlU{ﬂk:X—f0—>Xk, Vi Xk — X+ fo | k=0,1,2}.

Notation 1.3 An arrow «; j: x — w’ (x) + f; in D* is uniquely determined by its source
and indices, so we often denote it exc; ;. If j = 0 we simplify notation further and just write
exa;. Our convention when drawing D* is to label the “«" arrows using their indices alone.

Some examples of D are presented in Fig. 1.

Let (Q, W) be a quiver with potential (QP) - a quiver together with a linear combination
of cycles. By formally differentiating W with respect to the arrows of Q, one obtains the
Jacobian algebra J(Q, W) = kQ/(0,W | @ € Q1). See e.g. [3, §2.1] for a full exposition.
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(111),

(222)2

Fig.1 Top to bottom: D4, DS, D6, il

Definition 1.4 Foreach s > 2, we define a Jacobian algebra I1}, = 7 (D*, W) over C. The
potential is

Wi = Z Ap(c)c,
C

where the sum is taken over all 3-cycles in D*, and Ap is defined as follows.
Forx,y € N3, write x ~ yifx = y, w(x) = y or @*(x) = y. Take expressions involving
indices of arrows mod 3.
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1. Suppose ¢ = ey, jo @i, j; ®i,, j, 15 a product of three distinct arrows. If jo + ji + j> =0
then
1 if Go+ jo. it — j2,i2) ~ (0, 1,2),

A =
P {—1 if (o + jou i1 — ja. i2) ~ (0.2, 1).

Otherwise, Ap(c) = 0.
2. Ifc = exa?’/. for a loop exc;, j then

3 G+ j,i—jD)~(0,1,2),
—3 ifG+j,i—j,D)~(021).
3. If s = 1 (mod 3) then for each k € {0, 1, 2},

Ap(c) = {

Ap(a1Biye) = —1, Ap(aa1 i) = ¢F,

where ¢ = ¢¥7i/3.

Example 1.5 The potential on D* is
2

Wi = aoai0 + Octper 70 + (Ckolz,lﬂk)/k - alﬂka) :

k=0
Hence H% is the algebra CD* modulo the relations

o1, Koo,

2 2
D B, w0 =) Bk,
k=0 k=0

(Fyrans —mar 1k =0,1,2), {cFaa 1B —a1Bi | k=0,1,2}.

The potential on D is given by

1
5 3
W5 =eqpotoa ap+e3100001 02 —e301 X2 1+e301 02 2000 1 — €211002, 102,201 + gezlla; 1

In §2 we recall the 3-preprojective algebras of type A, which we denote IT°,. The group
Z3 acts on these by automorphisms, so we can consider the skew group algebras IT%,#Z3. In
§3 we apply a construction of [10] to prove the following.

Theorem 1 (3.8) For eachs > 2, 1%, is Morita equivalent to T’ #Z3.

In type A, one can always take cuts of I1% to obtain 2-representation-finite algebras
1%, /{C), which are fractional Calabi-Yau. In §5 we show that the situation is different in
type D: it is possible to take cuts of I3, to obtain 2-representation-finite algebras if and only
if s = 1 (mod 3).

Theorem 2 (5.5) Ifs = 1 (mod 3) and C C Dj is a cut, then IT3, /(C) is 2-representation-
finite, and its 3-preprojective algebra is I1%,.

In §6 we prove that the resulting 2-representation-finite algebras are fractional Calabi-Yau.
Theorem 3 (6.6) Lets = 3t + 1, where t € Z*. For any cut C C D}, TT}, /(C) is fractional
Calabi-Yau of dimension 2t /(t 4 1).

@ Springer



2300 J.Haden

2 3-preprojective algebras of type A

We recall some background on d-representation-finite algebras and their (d+1)-preprojective
algebras, before presenting an important example.

Definition 2.1 [18, Def 2.1-2] Let A be an algebra, d € Z*. We call M € mod A a d-cluster
tilting object if

add M = {N € mod A | Ext’A(M, N)=0Vie{l,...,d—1}}and

add M = {N € mod A | Exti\(N, M)y=0Vief{l,...,d—1}}.
We call A d-representation-finite if gl.dim A < d and mod A contains a d-cluster tilting

object.

Let A be a d-representation-finite algebra. The d-Auslander-Reiten translates are [19,
Thm 1.4.1]
T = Qi1 modA — modA,
t; =1 Q"7 modA — modA,
where 7, T~ are the classical Auslander-Reiten translates and 2, Q™ are the syzygy and

cosyzygy functors, respectively (see e.g. [1, §1V.2]). These translates allow us to define a
generalisation of the classical preprojective algebra of a quiver.

Definition 2.2 [16, §2] Let A be a d-representation-finite algebra. The (d + 1)-preprojective
algebra of A is

M(A) = @ Homa (A, 7,7 A).

i>0
Iff: A— Tli_iA andg: A — rgl_‘iA, their product is
gf = tJi(g) of: A— rd_(iﬂ)A.

There is a natural Z-grading on I1(A), called the tensor grading, where the degree i part is
Homu (A, T, A).

2-representation-finite algebras are particularly well-understood, thanks to a result of
Herschend and Iyama. We need the following notion.

Definition 2.3 [17, Def 3.1] If (Q, W) is a QP, then to each subset C C Q| we associate a
grading gc on kQ, given on arrows by

1 ifa eC,
0 else.

gcla) = {

A subset C C Q) is called a cut if W is homogeneous of degree 1 with respect to gc. If C
is a cut then g¢ induces a grading on J(Q, W), and we call the degree 0 part 7(Q, W)c a
truncated Jacobian algebra.

Note that 7(Q, W)c = J(Q, W)/(C).
Asin[17,Def3.6], wecalla QP (Q, W) selfinjective if 7(Q, W) is a selfinjective algebra.
For general background on selfinjective, Frobenius and symmetric algebras see e.g. [9].
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Theorem 2.4 [17, Thm 3.11]

1. If (Q, W) is a selfinjective QP and C < Q1 is a cut, then J(Q, W) is 2-representation-
finite, and its 3-preprojective algebra is J(Q, W).
2. Every basic 2-representation-finite algebra arises this way.

It J(Q, W)c is basic 2-representation-finite, then the grading gc on J(Q, W) corre-
sponds to the tensor grading.
We now recall the 3-preprojective algebras of type A.

Definition 2.5 [18, Def 5.1] Let s € Z, s > 2. Let .A® be the quiver with vertices
b= eN | x+x+x=s—1)

and arrows
2

Aj :U{ai:x—>x+ﬁ | x,x + fi € Ay},
i=0
where fo = (=1,1,0), fi = (0, —1, 1) and f> = (1,0, —1).

For example, A* is the following quiver.

003
/ \
102 ———F—— 012
2 1
1 2
201 o 111 o 021
2 2 1 1
1 2
300 o 210 5 120 o 030

Definition 2.6 For each s > 2, we define a Jacobian algebra [T}y = J(A°*, W¥)) over C. The
potential is

Wi‘ = Z ra(o)c,
c
where the sum is taken over all 3-cycles ¢ = ey, o, in A%, and

1 if (io, i1, i2) ~ (0, 1,2),

hale)r = {—1 if (ig. i1, i2) ~ (0,2, 1).

Informally, this is the sum of all anti-clockwise 3-cycles minus the sum of all clockwise
3-cycles.

Remark 2.7 If a;e, lies on an edge of A° then 8y,., W3 = exa 101, while if a;ey is an
internal arrow then dy,e, W3 = ex(@it10i—1 — @j—10;11). Hence IT%, is the path algebra of
A® modulo the relations
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1. each length two path which starts and ends on the same edge of .A* and whose midpoint
is not on that edge is zero,
2. each rhombus in A’ commutes.

Thus IT’; is precisely the algebra called A@9 in [18, Def 5.1].

Notation 2.8 Lets > 2. Recall w: N3 — N3, w(xo, x1, x2) = (x1, x2, x0). It is clear that @
permutes A3, inducing an automorphism of .A* such that

x -5 x+ f) > (@) 25 w) + fion).

This is well-defined since w (x + fi) = w(x) 4+ fi—1. We abuse notation and write w for the
induced automorphism of C.A*.

Proposition 2.9 [16, Thm 3.5]. For any s > 2, the algebra l'[‘j4 is Frobenius, and its
Nakayama automorphism is w.

Theorem 2.4 then implies that, forany s > 2andcutC C AJ, Hf4 /(C) is 2-representation-
finite, and its 3-preprojective algebra is I1%; [18, Prop 5.48].

Closely related to d-representation-finiteness is the fractional Calabi-Yau property. For
an algebra A with gl.dim A < oo, let D = DP(mod A) be its bounded derived category.
Denote by X : D — D the shift functor, and by

v:—®I;\DA:D—>D

the derived Nakayama functor, where D = Homc(—, C). Note that v is a Serre functor,
meaning Homp (X, Y) = DHomp (Y, vX) naturally in X and Y [14, §4.6]. By [2, Prop
3.3], there exists a natural isomorphism n: v¥ — X v making (v, n) a triangle functor - for
a definition see [21, §2.5].

Definition 2.10 [21, §2.6] Let A be an algebra with gl.dim A < oco. Then A is fractional
Calabi-Yau of dimension N /m if there exists an isomorphism of triangle functors

v, m)" = (2, —ids2)"
in D for some N, m € Z, m # 0.
Remark 2.11 One should treat N /m as a pair of integers, not as a rational number.

Example 2.12 [5] For any cut C C Aj, IT%;/(C) is fractional Calabi-Yau of dimension
2(s — 1)/ (s +2).

3 Morita equivalence of IN7, and %, #73

Let A be an algebra and G be a finite group acting on A. Recall the skew group algebra A#G
is the algebra with underlying vector space A ®; kG, and multiplication defined by

(a®g)b®h) =agb)®gh

fora,be Aand g, h € G.

In [10], the authors consider the case A = J(Q, W) is a Jacobian algebra and G is a
finite cyclic group. If certain assumptions are satisfied, they construct a QP (0, W) such
that 7 (é , VT/) is Morita equivalent to A#G. These assumptions are satisfied when (Q, W)
is strongly planar and G acts by rotations [10, Lem 6.5].
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Definition 3.1 [17, Def 8.1] Let (Q, W) be a QP. Its canvas X g, w) is the 2-dimensional
CW complex defined as follows.

L. X{p.w) = Qo.

2. The 1-cells are indexed by Q1, and the attaching maps qbé 20,1} —> Q° satisfy qb(}l 0 =
s(a) and d)&(l) =t(a). Let sgl : [0, 11 — X(o,w) be a characteristic map extending d)g[.

3. The 2-cells are indexed by cycles ¢ = «g - --oy—; appearing in W, and the attaching
maps ¢7: S' — X/, , satisfy

d)? <cos <2Tn(i + t)) , sin (277[(1' + t)>> = agll_ (1)

for integers 0 < i < s and real numbers 0 <t < 1.

Informally, the 1-skeleton is the underlying graph of Q, and to obtain the canvas we glue a
2-cell to each cycle appearing in W. For general background on CW complexes see e.g. [15,

§0].

Definition 3.2 [10, Def 6.3] We call a QP (Q, W) strongly planar if there is an embedding
e: X(o.w) — R? such that Im ¢ is homeomorphic to a disk.

Lemma3.3 Forall s > 2, (A*, W5) is strongly planar.

Proof Identify R? with the plane P = {x € R3 | xo +x1 +x2 = s — 1}. Embed the 0-cells
(vertices of A*) in the obvious way, and embed each 1-cell Dc}xa’, as the line segment in P
joining x and x + f;. The induced embedding ¢: X(A.\-VW;‘) — P satisfiesIme ={x € P |
X0, X1, X2 > 0}, which is a closed triangle lying in the plane and therefore homeomorphic to
a disk. O

Definition 3.4 [10, Def 6.4] Let (Q, W) be a strongly planar QP, and let G be a finite cyclic
group acting on kQ. Then G is said to act on (Q, W) by rotations if

1. there is an embedding X (. w) — R? such that the action of a generator of G is induced
by a rotation of the plane;

2. the action of G is faithful;

3. every cycle c appearing in W is one of the following types:

(i) ¢ goes through no vertices fixed by G;

(ii) ¢ goes through precisely one vertex fixed by G (counted with multiplicity);
(iii) ¢ goes through precisely one vertex not fixed by G (counted with multiplicity);
(iv) c goes through only vertices fixed by G.

Lemma3.5 Forall s > 2, Z3 acts on (A*, W¥,) by rotations.

Proof Recall the automorphism « of C.A* from Notation 2.8. Clearly w® = id, so there is a
group action
T3 — Aut((C.AS),
j o’
L. Lete: X, A W) = P be the embedding of Lemma 3.3. Then w is induced by rotating
the plane P clockwise through 27 about the point ( %, S%, %).
2. Since s > 2, (s — 1,0, 0) is a vertex of .4° not fixed by w or w?, so the action of Z3 is
faithful.
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3. A vertex x = (xo,x1,x2) € A} is fixed by Zj3 if and only if xo = x; = x3. Since
X0 +x1 +x2 = s — 1, this occurs if and only if s = 3¢+ 1 for some ¢ € Z™, in which case
there is a unique fixed vertex (¢, t, t). Let ¢ be a cycle appearing in W¥,. Then ¢ passes
through any given vertex of .A* at most once. Since there is at most one vertex fixed by
73, c is either type (i) or type (ii). O

Theorem 3.6 [10, Thm 3.20] Let (Q, W) be a strongly planar QP and G be a finite cyclic
group acting by rotations. Then G acts on J(Q, W), and there is an explicit construction of

a QP (é, W) and an idempotent n € J(Q, W)#G such thatj(é, W) = n(JQ, W#G)n.

In particular, there exists a QP (.ZS‘, W2 such that J (]4\3', W?) is Morita equivalent
to Hf4#23. We will describe the construction in this case, under the headings ‘Vertices’,

‘Arrows’ and ‘Potential’, and conclude that in fact (% ,/W\:S;) = (D%, Wp).

Vertices

Let Vi = {x € A | x > 0(x), x > 0?(x)}. Writing X = (331, 551, 551y let v, = {X} if
s = 1 (mod 3), and V, = @ otherwise. Now V| L V5 is a complete set of representatives of
the Z3-orbits of vertices of .A°, and V, contains precisely the vertices fixed by Z3. By [10,
Notation 3.9-11], Ay = Vi if s # 1 (mod 3), and A) = Vi U{Xy | k =0,1,2}if s = 1

(mod 3).

Arrows

For each arrow in A3, we fix a representative of its Z3-orbit, and define arrows(s) in Aj
corresponding to the representatives [10, Notation 3.13]. There are three cases.

1. Consider an arrow in .Aj between two vertices not fixed by Z3. There is a unique arrow in
its orbit whose target is in .Zf), and it must be of the form «; : @/ (x) — w’/ (x) + fi for
some x € ZIS, i, j €10, 1,2}. We define a corresponding arrow o; j: x —> ol (xX)+ fi
in Z/SI

2. Suppose s = 1 (mod 3). There are three arrows in A] whose target is X, all in the same
Z3-orbit. Only one of them has its source in ZE, namely ag: X — fo —> X. We define
three corresponding arrows {Bx: X — fo — Xix | k=0, 1,2} in Z/Sl

3. Suppose s = 1 (mod 3). There are three arrows in A] whose source is X, all in the same
Z3-orbit. Only one of them has its target in ,Zs, namely o : X — X + f». We define
three corresponding arrows {yx: Xy — X + fo | k=0, 1,2} in ZSI

Potential

We fix a complete set C LI C, of representatives of the Z3-orbits of 3-cycles in A%, where C;
contains cycles that do not pass through the fixed vertex X, and C» contains cycles that do.
To each ¢ € C| we associate a cycle ¢ in A , and to each ¢ € C, we associate three cycles
¢, €1, 6 in A% [10, Notation 3.17].

1. Consider a 3-cycle in A* that does not pass through X. Choose a representative ¢ of its
Z3-orbit that passes through at least one vertex in .Aj. Then c is of the form

lo ;b ;b
X —y — 27 — X
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where x € :47), {lo,l1,b} =1{0,1,2},y =x -|- fipand 2/ = x — f[z There exist unique
jo, j2 € {0, 1,2} such that y := w/0(y’) € AS and 7 := 0w 2(7) € AS
To simplify notation moving forward, write iop = lop — jo, i1 = [ —|— j2, i = I and
Jj1 = —(jo + Jj2). Define ¢ to be the cycle
(o, jo)  G1,j1) _ (i2,)2)
X — y —> 7 — X

in A5. For a proof ¢ that exists as claimed, see Remark 3.7.
2. Suppose s = 1 (mod 3). There are six cycles in W passing through X, in two disjoint
Z3-orbits. As representatives of these orbits we choose
—_ 1 0 2
¢ X+ fhr—X—fo—X—X+ /o,
x4+ h x-S x B x1ph
For each k € {0, 1, 2}, we define the cycles

~ i
[ X+f2—>X—foﬂ>in>X+f2,
~ 2,1

a: X+ x-p b xBxtp

in A°. We also define p(c™) =0, p(ct) = —1. Informally, this will adjust for the fact
X — fi¢g Aybutw(X — fi) € A).

By [10, Notation 3.18], the potential on A is given by

2
Dot 3 ha Y orong,

ceC ceCy k=0

W —
Wy =

Remark 3.7 We show the cycle ¢ defined above exists. Recall ¢ is the cycle
x % w0 (y) N ok (2) by

in A%, where x, y, z eAO, {lo, 11, b} = {0, 1,2} and jo, j» € {0, 1, 2}.
We find the arrows in .A° induced by each arrow in c¢. Note that Wl (eca;) = €pi (x) i
foralli, j € {0, 1,2} and x € Aj. Recall we write ig = lo — jo, i1 = I1 + j2,i2 = [ and

= —(jo + j2)-

Iy
1. Consider x —> a)_f(’ (y). Applying a)fo we see that the arrow in its Z3-orbit with target
0,J0)

in Af is (w0 (x) —> y) = (@ (x) BN y). Hence, there is an arrow x (—> yin A5
2. Consider 0™/ (y) LN w2 (z). Applying w72, we see that the arrow in its Z3-orbit

1+J2

with target in AS is (a)‘(’0+/2)( ) —5 2) = (/' (y) N z). Hence, there is an arrow

y O 2 in 7.

/ .= . . .
3. Note that w/2(z) 25 x already has target in A} so, using i» = D, there is an arrow
z “2) ¢ in .Zé.

Hence the cycle ¢ given by x (M) y (M) z (ﬂi) x exists in A as claimed.

We now prove Theorem 1. The reader may wish to recall Definitions 1.2 and 1.4.
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2306 J.Haden

Theorem 3.8 Forall s > 2, (,Z‘J‘,/Vi/\j:) = (D, Wp). Hence, T, = n(IT#Z3)n for some
idempotent n € T\ #7Z3.

Proof By inspection, we have that As D; and .Z} C Dj. To see that D} C Z‘/i, let
exa; j € Dj. Then x, ol (xX)+ fi € AS, so certainly w’ (x) € AS Thus e, ,)o; is an arrow
in Aj between two vertices not fixed by Z3, whose target is in AO Hence e;a; ; € AS by
construction, and .AS DS,

Note that both W?, %y and W, are linear combinations of 3-cycles in D*. So to show W3 =
W, it is enough to check, for every 3-cycle c in D*, that its coefficient )::‘(c) in W¥, is equal
to Ap(c).

1. Suppose c = ey, Qig, joiy. ji %in. j2 is the product of three distinct arrows. If jo+ j1+j2 # 0,
then c is not in W 4 by construction, so A A(c) = 0 = Ap(c). Otherwise, ¢ = d where
d is the cycle eyay j o, — j,@i, in A*. Hence

IZs d|

ha(e) = ra(d)
=2a(d)
1 if (o + jo, i1 — jo.i2) ~ (0, 1,2),
=1 if (o + jo, i1 — j2,i2) ~ (0,2, 1)
= )\D(C).

2. Suppose ¢ = exa; ; for aloop exa; ;. If 3j # O then ¢ is not in WS, 4 by construction,

SO )»_A(C) =0= )vD(c). Otherwise, ¢ = d, where d is the cycle exo;q jo;—jo; in A°.
Hence
IZx d|

() = ha(d)
_ @
3
_ 3 ia+gi—i~ 012,
|- G+ i — ) ~(0,1,2)
= Ap(c).
3. Suppose s = 1 (mod 3) and let ¢ be a 3-cycle in D passing through Xj for some

k € {0, 1, 2}. Then either ¢ = o1 Bryx = ¢; or ¢ = a1 By = c,j. Now
a1 Beye) = 2ale e Pk = —1 = dp(aiBw),

alan 1 Biyk) = 2alet)e PR = ok = hp (a1 Bii)

and we are done. O

4 Connection with operator algebras

In [7, 8], Evans and Pugh study Jacobian algebras of the quivers .A* and D° (considered as
the SU(3) ADE graphs of Di Francesco and Zuber [4]) with respect to different potentials.
We show that their algebras are isomorphic to those considered in this article. Note that the
quiver we call A* they call A+ and likewise D* corresponds to DE+2),
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TypeA

In the following we write g = ¢7/¢%2) where s > 2 is the index of the quiver .4°. For each
n € Z*, we define the quantum number [n] = (¢" — g~ /(g — g~ ).

Definition 4.1 [7, Thm 5.1] For each s > 2, define a potential on A° by
Vi = pra@e,
C

where the sum runs over all 3-cycles in .A° and, for x = (xo, x1, x2) € A},

palexaoaian) = v/Ix1 + Hlxy + 210x2 + 1lx2 4 21[x1 + x2 + 210x1 + x2 + 31/12],
palexapanar) = v/[x1 + 1[x1 + 210x2][x2 + Llx1 4+ x2 + 2][x1 + x2 + 31/[2].

Remark 4.2 We believe there is a small typo in [7, Thm 5.1]. Namely, the formula (14) should
have [k +m + 3][k +m + 4] in place of [k + m + 2][k + m + 3]. Translating into our notation
gives the above definition.

The following lemma will be the key tool in proving IT}; = J (A%, V).

Lemma4.3 [6, Prop 3.7] Let (Q, W) be a QP and let Q' be a quiver. Any algebra isomor-
phism f: kQ — kQ’ induces an algebra isomorphism J(Q, W) = J(Q', f(W)).

We first show that one can replace the commutativity relations in IT%; with anti-
commutativity relations, inspired by work in [11, §3.3].

Lemma4.4 Lets > 2. Denote by |W¥| the potential on A° given by the sum of all 3-cycles,
each with coefficient 1. Then T}y = J(A°, |[W5|).

Proof Let par;(x) = (—1)""%+! for all x = (x0,x1,x2) € Aj and i € {0,1,2}. Let
¢: CA® — CA be the algebra automorphism induced by e,«; +— par;(x)e ;. Consider a
cycle cin W¥. If ¢ = exapajan then A 4(c) = 150

@A a(c)c) = pary(x) pary (x + fo) pary(x — f2)c
— (_1)3s+1*(x0+x1+x2)c

— (_ 1)2S+2C
= C7

where we used that xg + x1 + x» = s — 1. Similarly if ¢ = eyapa201 then one can check
¢(ha(c)c) = c. Hence (W) = W], so TS = T (A°, W3 ) by Lemma 4.3, o

‘We can now make our conclusion.
Proposition 4.5 Forall s > 2, TIS, = J (A%, V).

Proof We show J(A°, [W¥|) = J(A*, V), at which point the statement follows by Lemma
4.4, Let

coefo(x) = v/Ix1 + Hlx1 + 210x1 + x2 + 21[x1 4 x2 + 31/Y12],
coef (x) = Ix11lx1 + 12 + 1[xa + 21/ 121,
coef(x) = ¥/[xallxz + 1lx1 + x2 + 1Hlx1 + x2 + 21/7/12]
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for all x = (xq, x1, x2) € Aj). Let y: CA* — C.A’ be the algebra automorphism induced
by exa; > coef;(x)eya;. In view of Lemma 4.3, it is enough to show that ¢ (|W5 |) = V.
Indeed, it is straightforward to calculate

Y (exapaiar) = coefo(x) coef| (x + fo) coefz (x — f2)exapaar = a(exapaion)exapaiaz,

V¥ (exapazar) =coefo(x) coefz (x + fo) coef 1 (x — f1)exaparar = 4 (exaponan)exaparar,

so we are done. O

TypeD

To get from (A*, W¥)) to (A%, V), the only change we make is to multiply the coefficient
of each cycle in the potential by a non-zero constant. The canvas does not change, i.e.
X A W) = X A5 V) In particular, (A*, V3) is strongly planar and Z3 acts by rotations.
Thus we can apply the construction of [10, §3.2-3] to (A*, V). The specific coefficients
in the potential do not play a role in the construction of the quiver, nor of the idempotent.
Hence we obtain a potential V¥ such that J7(D*, V) = n(J(A’, V)#Z3)n, where 7 is as
in Theorem 3.8. Furthermore, a cycle appears in W? if and only if it appears in V', so the

same cycles appear in W and \’/Z That is to say,

2
= |Z3 - cl . (e~
V=Y nal) 3 T+ Y male)y | ¢PORE
k=0

ceC ceCy

Definition 4.6 [7, Thm 6.1, 6.2] For each s > 2, define a potential on D° by

Vi = unloe,
c

where the sum runs over all 3-cycles in D¥, and up is defined as follows.
Ifs = 3¢ + 1 for some ¢t € Z™T, then

LT+ 1P+ 2]
V3121 ’
[t 4+ 21y/[e1[r + 113
V312 '

For all other cycles c, including when s # 1 (mod 3), up(c) = jta(c).

mp (o Beyvk) = ¢

e Beye) = ¢ *

Remark 4.7 In [7, Thm 6.2], the authors explicitly give the coefficients of six cycles, and say
the rest are given by the “corresponding” cycles in .A*. Hence, we set up(c) = wA(c) for
all other cycles c. Once we make this assumption, we already get the correct coefficients for
four of the distinguished cycles, so we omit them in the above definition.

Proposition 4.8 Let s > 2. Then T}, = J (D%, V).

Proof First, we show that 7 (D*, \75‘) = J(D*, V5). To this end, let x : CD¥ — CD? be
the algebra automorphism such that x (8;) = %,Bk and y is the identity on all other arrows.
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We check that x (x4 (c)c) = up(c)c for all 3-cycles ¢ in D*, whence x (@) = V3 and the
claim follows by Lemma 4.3.
If ¢ is not one of the distinguished cycles in Definition 4.6, x (t4(c)c) = wa(c)c =
up(c)c by definition. .
If ¢ = o1 B vk then ¢ = ¢, where ¢ = e(r41,1—1,n @02 (see the construction of the
potential in §3). So
;—k
x(wale)e) = —=palc)e
/3
= ﬁMA(C_){_”(Cf)kC
V3
o+ VI + 2002 + 1][28 + 2]C
V312
I+ 113[t + 2]
V3I2]
= up(cc,
where we used that p(c™) = 0 and that [n] = [3t +3 —n]foralll <n <2t +2[7, Lem
4.3].

=

Similarly, if ¢ = o2 1Bkyk then ¢ = ¢, where ¢ = eq1,,—1 20102 Recall-
ing p(ci) = —1, one calculates as above to show x(ita(c)c) = up(c)c. Therefore

J(D%, V) = J(D, Vp).

By Proposition 4.5, we have an isomorphism v : 1%, — J(A*, V), which induces
an isomorphism ¥ ® id: IT%#Z3 — J(A®, V))#Z3. Note that n = > d;i ® e; for some
idempotents d; € I'If4 (which are length zero) and e; € CZs3 [10, Notation 3.11]. Since
acts trivially on the d;, (¢ ® id)(n) = 7, and we have a chain of isomorphisms

~ ®id ~ iord
M, = (S #Za)n L8 (T (A, Vi#Za)n = T(D*, V3) X 7(D°, V).

5 Cuts of I'I;D

We would like to emulate type A, and take cuts of T}, to obtain some 2-representation-finite
algebras of type D. This turns out to be impossible if s # 1 (mod 3).

Lemma5.1 Lets > 2, s # 1 (mod 3). There are zero cuts of (D, W3,).

Proof 1f s = 3t forsome t € Z™, there is a loop a2 x —> xinDj,wherex = (¢t,t,t—1).
By Definition 1.4, the 3-cycle e xa%z appears in W3, with non-zero coefficient. For any subset
C C Dy, either gc(exagyz) =0or gc(exoe%yz) = 3,50 C is not a cut of (D*, WJ,).

If s =3t +2forsomer € N, thereisaloopaz ;: y —> yinDj, wherey = (r + 1, ¢, 7).
As before, eya% | appears in W3, with non-zero coefficient, and the same argument shows
there are no cuts of (D*, W5,). ]

Thus, it is impossible for I}, to be a 3-preprojective algebra if s # 1 (mod 3). We will
see that if s = 1 (mod 3), then IT%, is indeed a 3-preprojective algebra.
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Definition 5.2 [10, Def 7.5] Let (Q, W) be a Q P, and let G be a group acting on 7(Q, W).
Wecallacut C € Q G-invariantif g-o € C foralla € C. Wesay aQP (Q, W) has enough
(G-invariant) cuts if, for every o € Q1, there exists a (G-invariant) cut C with @ € C.

Lemma5.3 Lets = 3t + 1 for somet € Z*. Then (D°, W},) has enough cuts.

Proof Consider an arrow § € Dj. There are three possibilities.

1. 8§ = exa; j for some x € DY, i, j € {0, 1, 2}. In this case let §' = i) € Aj.
2. 8 = By for some k € {0, 1, 2}. In this case let 8’ = agex € Aj, where X = (¢, 1, 1).
3. 8§ = y; for some k € {0, 1, 2}. In this case let 8’ = exay € Aj.

By [10, Prop 8.2], (A*, W;‘) has enough Zs3-invariant cuts, so there exists a Zz-invariant cut
C’ C Aj containing §". By the recipe in [10, Prop 7.3],

C ={exaij | x € Qo, e,im@ € CYU{Bo, B1, B2 | avex € C'YU{yo, y1, vz | exan € C')
D
is a cut of (D*, Wi,). Since 8’ € C’, we have § € C, so (D°, Wi,) has enough cuts. O

Lemma5.4 []10, Cor2.6] Let A be a Frobenius algebra, whose Nakayama automorphism o
generates Im(G) C Aut(A). Then A#G is symmetric.

We now prove Theorem 2.

Theorem 5.5 For all s > 2, TT%, is symmetric. If s = 1 (mod 3) and C C DY is a cut, then
T3, /(C) is 2-representation-finite, and its 3-preprojective algebra is I1%,.

Proof Proposition 2.9 says that I1°, is Frobenius. Its Nakayama automorphism @ generates
Im(Z3) C Aut(l'[f4), so we can apply Lemma 5.4 to conclude that Hf4#23 is symmetric.
Being symmetric is Morita invariant, so I}, is also symmetric. In particular, (D°, W) is a
selfinjective QP, so if s = 1 (mod 3) and C C Dj is a cut, then IT5, /(C) is 2-representation-
finite by Theorem 2.4.

We can say more.

Proposition 5.6 [10, Thm 7.9] Let (Q, W) be a strongly planar selfinjective QP, with a group
G acting by rotations and enough G-invariant cuts. Then all truncated Jacobian algebras
J(Q, W) are derived equivalent.

Corollary 5.7 Let s = 1 (mod 3). All truncations I1%, /{C) are derived equivalent.

6 N5, /(C) is fractional Calabi-Yau

We use a theorem of Grant, which relates the Nakayama automorphism of a (d + 1)-
preprojective algebra to the fractional Calabi- Yau property of the associated d-representation-
finite algebras.

Throughout, let A = J(Q, W) be a basic 2-representation-finite algebra, and let o be
the Nakayama automorphism of [T = J7(Q, W).

Lemma 6.1 [20, Prop 1.3], [12, Prop 3.2].

(a) There exists a functionl: Qo — Z such that D(Ae;) = r{l(i)(a (ei)A) foralli € Q.
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(b) Foralli € Qo, e;TI1 = D(Ilo (¢;)){—1(i)} as graded T1-modules.

Here {—} denotes a grading shift, i.e. (M{n}), = My4n.
Our main tool will be the following theorem.

Theorem 6.2 If there exists k € Z such that ok =id, then

(a) there exists N € 7 such that Z(;:l [(c7(i)) = N foralli € Qo;
(b) A is fractional Calabi-Yau of dimension 2N /(k + N).

Proof In [12, §3.4], it is demonstrated that if f € Homp (e; A, tz_r(ejA)) then o (f) €
Hom (o (e) A, 757" (0 (¢;) A)). In other words, if f € TI, (the degree r part of IT) and
i,j € Qo,thene; fe; € I, yi)—i(j). This means (o, 1) is a degree adjusted automorphism
of TI, so [13, Lem 6.15] gives us (a). By Lemma 6.1(b), (o,/) is a tr-graded Nakayama
automorphism of T1, so [13, Thm 6.14] yields (b). For definitions of the italicised terms see

[13]. O

To apply this to IT3,, we need a technical lemma. In view of Corollary 5.7, we can restrict
our attention to a particular cut.

Definition 6.3 Let s = 3¢ + 1. Define a Zs-invariant cut K’ C A} using the following
diagram.

(0,0,3t)
/ \
(t,0,2t) 0 (0,1, 2t)
(2t,0,1) (t,t,t) (0,2¢,1)
(3t,0,0) (2t,1,0) (t,2t,0) (0,3t,0)

Here, the label i indicates that all arrows «; in that region (including those on the edge)
should be cut. We denote by K the induced cut of (D*, W), and by gk the induced grading
on IT,.

See Figure 2 for K and K’ in the case t = 2.

Remark 6.4 Note that all arrows in K’ appear in the leftmost set of (1) - see the proof of
Lemma 5.3. Hence, we have that

eyt j € K i € K'.

In the following, Soc(M) denotes the socle (maximal semisimple submodule) of a module
M.
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(222),

600 510 420

Fig.2 The Zj3-invariant cut K’ of A7 and the induced cut K of D7, indicated by the dashed arrows

Lemma6.5 Lets = 3t + 1, I1 = [T, and x = (3t,0,0) € D). Then Soc(exIT) = (p),
where
3i-1 31
exay” a0y’ iftisodd,
p= 3t 32
exaoz 10, 2 if t is even.

In particular, gx (p) = t.

Proof Supposet > 3 is odd (the even case is analogous, and ¢ = 1 can be seen from Example
8.1). The proof proceeds by recursively computing e, [1[#n], the space of paths starting at x
with length n. Clearly e, IT1[0] = (e,) and e, I1[1] = (exp). There are two ways to extend
exa to a path of length 2:

(3t —1,0,1) 0 (3t —2,1,1)

(3t,0,0) (3t — 1,1,0) ~mmmmmm e » (3t —2,2,0)
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We have dy,¢, W, = exapay, so exapa; = 0. There is no relation reducing exag, since
the two arrows lie in 3-cycles which do not share a common edge. So certainly exaé #0
and e, I1[2] = (exag)

Nowlet2 < N < 3=3 and assume e II[N] = (exao ). There are two ways to extend
exao to a path of length N + 1:
0

y+fi y—f
K\
RN
1 2 AN
y=(3t—N+1,N~1,0) . Y+ fo g y+ 2o
We have dg,e, W3y = ey (a1 — ajo). Now exTI[N] = (exer), so exar) "'y = 0.
Hence exa(l)val = exozév lomxo = 0. As before there is no relation reducing e, «, N+1 , so this
path generates e, I[N + 1]. Therefore e, I1[n] = (exag) foralln < 3’2—71
3i-1
There are two ways to extend excr, °  to a path of length %:
3t+1 () 3t—1
(54,0, %54)
N
< (2,1)
. - 0 o "
(3t2+37 3t25’1) (Z‘st;Ll7 3t23’1) \
Ko, N
\\\\\ 1 \\\
1 2 \\\\ \
SN
3t4+3 3t—3 3t41 3t—1
= (33 33 () 5 (354, 251,0)

3t71 31‘73
We have 0y,e, W3, = ey (o) — ajap), so exoz0 o] = €x050 ajag = 0. There is no
t—l
relation reducing exao a2.1 so this path generates exl'[[3’T+l].
3[
There are two ways to extend e xao a2.1 to a path of length 3’+3

(3757+170 St;l)

(Bt;rS , 0 3t;3 )

(31&;—17 3t2—3’1) 0 (3t—1 3t—1’1)

2 7 2

_ (3t+1 3t—1
Z = ( PR 70)
31—1 3t—1
We have 0y, ., W% = e (a2, 10012 —a1Qp), SO exao w2101, = exao ajog = 0. There
3t—1
is no relation reducing e, > w10 so this path generates ey H[#].
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31—1
There are two ways to extend exozo a3,10 to a path of length 3’T+5:

= (2,0,.95)
/ \
(B30, BE28) oo > (31, 38) (5 20

(1,2)

- (2,1)

(“”2*5,0, 352—5)
3t—1 3t—1
2 2
We have 9y, ¢, Wlsj = ey (@200 — a1 2002,1), S0 €xQy © Q2 10200 = €x0y - Q2102000 ] =

3t—1
0. There is no relation reducing ety > s, 10{% so this path generates e, H[—3’ 37,
3t 1
Nowlet2 < N < 3’2—_3 and assume exl'l[—3’;rl + N1 = (exey > a2104). There are two
3i-1
ways to extend eyory 2 o2 1) to a path of length % +N:

v= (31 4+ N,0, 3L — N) 0 v+ fo

v+ 2f2
31 3t—1

We have 0y, W3, = ey (anag — apr2), 50 eXaOTozz 1aévozo = exqy 2 a2,1a5_1a0a2 =
3t 1

0 by assumption. There is no relation reducing exao 2,10 N+ 5o this path generates
3[
e, 11 [3’+3 + N1]. Therefore e, IT [3’Jrl +n] = (exay® az1af) foralln < —3’2’1
31 1 31 1
Notice that 7 (e “0 ar, 1052 ) = x. There is only one arrow with source x, namely e, o

(see the first figure in the proof). But since 80,166,_170’1) WL = e@i—1,0,1) (020 — aporz), we
3—1 3/ 1 21 1 31 3
have exa 2 052,1052 oy = exao oo, 1a2 apar = 0, s0 e, I1[n] =0 forall n > 3t.

Using Remark 6.4,
31 3l
gk (p) = g (exao : ) + gk (a2 : ex) .

By definition of K’,

a1 t—1 R t+1
8K’ (exao ) = 5 8K’ <Ol2 ex) = >

so gk (p) = 1.

We now prove Theorem 3.
Theorem 6.6 Let s = 3t + 1. For any cut C C Dj, I}, /(C) is fractional Calabi-Yau of
dimension 2t /(t + 1).
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Proof We prove the statement for C = K. This is enough, since all truncations of IT%, are
derived equivalent by Corollary 5.7. Theorem 6.2(a) with o = id and k = 1 implies the
function [ : Dg — Z from Lemma 6.1 takes a constant value N. Letx = (37,0, 0) € Dé. By
Lemma 6.1(b), e, IT = D(ITe,){—N} as graded IT-modules. In Lemma 6.5 we demonstrated
that Soc(e, IT) is generated by a path p of degree 7, so e, I exists in degrees O through 7.
Since we also have p € Iley, we deduce that D(Ile,) exists in degrees —¢ through 0, and
that N = t. Therefore I13,/(C) is fractional Calabi-Yau of dimension 2¢ /(¢ 4 1) by Theorem
6.2(b). O

Definition 6.7 [16, Def 1.2] If the function /: Q¢ — Z from Lemma 6.1 takes a constant
value N € Z, we say A is (N + 1)-homogeneous.

The following is immediate from the proof of Theorem 6.6.

Corollary 6.8 Let s = 3t + 1. For any cut C C Dj, [T, /(C) is (t + 1)-homogeneous.

7 2-Auslander-Reiten quivers

The general theory in this section is from [20, §1].

Let A be a d-representation-finite algebra with a d-cluster tilting object M € mod A.
Then add M is equal to the subcategory M := add{rJiA | i >0} C mod A [20, Thm 1.6].
We call M the d-cluster tilting subcategory of mod A.

The functors 74, 7; play the role of Auslander-Reiten translates on this subcategory: they
induce mutually quasi-inverse equivalences 74: M — M and 7; : M — M between the
stable and costable categories.

Thus, it makes sense to consider a d-Auslander-Reiten quiver of mod A, whose vertices
are indecomposable objects of M, and the number of arrows from X to Y is equal to the
dimension of rad p( (X, Y)/ radf\,1 (X, Y), where rad denotes the Jacobson radical [20, Def
6.1].

Example 7.1 Let IT = %, C = {a, az,1} and A = IT/(C). To simplify notation relabel as
follows.

Using the definition 7, = 7~ Q7, one computes the radical series

A

3
el = %, ey =12, e3A = 14414, e A = 5
22

33
- — — — 3
7 (e1A) =3, 15 (e2A) = ) (e3h) =3, 7, (ea) = 4, -
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The 2-Auslander-Reiten quiver of M C mod A is as follows. The dashed lines indicate the
action of 7, .

Given a d-representation-finite algebra A, there is also a notion of higher Auslander-Reiten
theory on its bounded derived category D = DP(mod A). Here the role of Auslander-Reiten
translate is played by the autoequivalence vy := v o £~¢: D — D, and the d-cluster tilting

subcategory is U = add{v;i | i € Z} C D. This definition is justified by the fact that for
any X € M with no injective summands, 7; X = v, X.

Example 7.2 The 2-Auslander-Reiten quiver of & C D is as follows.

On U, the Serre functor v has orbits

33
2 1403142 — 2[2],
e it
Fladt Aadu bt
22
aligning with the fact A is 2/2-fractional Calabi-Yau.

By homogeneity (Corollary 6.8), if A = H%’Ll /{(C), the Serre functor on ¢/ has disjoint
orbits

3 3
1490414 = 3 = ldod1 4 [2]’
22

exA—> 1 (e A - > rzlft(exA) = D(Aey) — ey A[2¢]
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for each x € D'*!. The orbits are disjoint since 7, (exA) = 7, ”(eyA) implies
12’7’ (exA) = eyA. Since ey A is projective, we must have i = j, whence x = y since
A is basic.

We give a recipe to construct the 2-Auslander-Reiten quiver of a 2-representation-finite
algebra of type D.

Proposition 7.3 Lets = 3t + 1, C be a cut of T1 = I, and A = T1/(C). The 2-Auslander-
Reiten quiver of U C DP(mod A) is isomorphic to the quiver T with vertices

To ={(x,1) | x € Dy, i € Z},
where there is an arrow (x,i) —> (v, j) in 'y if and only if

1. i = j and there is an arrow y — x in Di\C, or
2. j =i+ 1andthereisanarrowy — x in C.

The 2-Auslander-Reiten quiver of M C mod A is isomorphic to the full subquiver T of T
on the vertices
Io={(x,i)|xeDj 0<i <t}

Proof The vertices of the 2AR quiver of U/ are the isoclasses of its indecomposable objects.
Now

U =add{v;'A | i € Z)

=add v, [P enr|liez

S
x€Dy

=add{ P vi'(exA) i€ Z

S
x€Dy

= add{v; " (exA) | x € D}, i € Z}.

Since A is basic, {vz_i (exA) | x € D}, i € Z} is the set of isoclasses of indecomposable
objects, which is clearly in bijection with the set I'g defined above.
Note [16, §2] that IT = €, ., Homys (A, v;"A),soforall x, y € D} and i, j € Z,

Homy(v3 " (exA), v3 7/ (eyA)) = Homy(ex A, v5 7 (eyA)) = ey T e,

as vector spaces, where IT;_; is the degree j — i part of IT.
We now show statements 1 and 2 of the proposition.

1. Suppose i = j. Then Homu(v{i (exA), v;i (eyA)) has a basis consisting of paths from
y to x in A (since the degree zero part of I1is A). In particular, the irreducible morphisms
from vz_i(exA) to vz_i(e},A) inU (i.e. arrows (x,i) —> (y, i) in I'1) are in bijection
with arrows y — x in D}\C.

2. Suppose j = i + 1. Then Homz,{(vz_i (exN), vz_(’+1)(eyA)) has a basis consisting of

degree one paths from y to x in I1. In particular, the irreducible morphisms from v, HexN)

to vz_(’H)(eyA) inU (i.e. arrows (x, i) —> (y, i+ 1) in I'1) are in bijection with arrows

y — xinC.
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These are all the arrows in I'{. Indeed, if j < i then Homu(vz_i (ex ), ‘)2_] (eyA) =0
since IT is non-negatively graded. Conversely if j > i 4+ 1, then no morphism in
Homu(vz_ieXA, v;J (eyA)) is irreducible, since it corresponds to a path in IT from y to
x of degree j —i > 1, which can be factorised into two paths of lower degree since IT is
generated in degree 1.

To see I'’ is as claimed, note that its set of vertices is {1)2_" (exN) | x € D(s), 0<ic<t}
which is clearly in bijection with the set '}y above. This is because A is (¢ + 1)-homogeneous,

5075 (exA) Z vy (ex A) for 0 < i < t,and 7, "V (e, A) = 0. D

8 Further questions

We present some possible directions for further research in this area.
1. Basis and dimension: Finding a basis for 1'[‘;) can be difficult, even for small s.

Example 8.1 Let IT = 1'[4D (see Figure 1 and Example 1.5). Then

e300IT = (e300, a0, apaz, 1, o2, 102),
{e210, a1, a2, 1, a1 Bo, a1 B1, a1 B2, oz 102, €2, 10200),
e201IT = {e201, a2, Bo, B1, B2, c2ag, Boyo, c20pa 1),
=

€11y Vks Yko1, ko1 B} forall k € {0, 1, 2},

e21oll =

e(lll)k

so we obtain a basis for IT. In particular, dim¢ IT = 32.

One calculates as in Lemma 6.5, recursively computing the space of paths starting at each
vertex with a given length. To make these calculations we had to derive some additional
relations:

@) a1Boyo = L2a1fiyi = Ca1Bayz and a2 1 foyo = a2,1B1y1 = a2,18272;
() Boyoar = 2 Biyien = ¢Payacn and Poyoant = Biyiaa, = Bayaaa s
(c) ifi # j then ;o B; = yia2,18; = 0.

To see (a), note that

@112 = —Ca1Bovo — CPaa 1 fiyi = —cai foyo — i By, butalso
@12y = Carpayr = — a1 fovo — a1 i,

so Ca1Boyo + a1y = {2011,80)/0 + a1 B1y1, which rearranges to give o1 foy0 =
;“2011,31)/1. One similarly shows a1 80y0 = {12y, and the fact oy Bryi = ;kaz,lﬂkyk
for all k € {0, 1, 2} implies the second statement.

Part (b) is demonstrated analogously. To see (c), assume i # j. Then y;a18; =
;"yiazylﬂj, but also y;o18; = {jyiozz,lﬂj. This is a contradiction unless y;a18;
viaz1B; = 0.

2. d > 2: The (d + 1)-preprojective algebras of type A are defined foralld € Z* (d = 1
recovers the classical preprojective algebra of a type A quiver). Furthermore, quotienting
by the ideal generated by a cut gives a d-representation-finite algebra [18, §5]. Let IT 4
be a (d + 1)-preprojective algebra of type A, for d > 2. Some questions are:

(a) Can we find a group G - maybe Zg41 - acting on IT 4 by automorphisms?
(b) Can we generalise Definitions 1.2 and 1.4 to give an algebra Ilp that is Morita
equivalent to IT4#G?
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(c) Is I1p the (d + 1)-preprojective algebra of some d-representation-finite algebra A -
maybe only when its index is 1 (mod d + 1)?
(d) Is A fractional Calabi-Yau?

The methods used would likely have to be different to those used in this article. Perhaps
most significantly, when d > 2 one no longer has the Herschend-Iyama classification
(Theorem 2.4).

3. Auslander algebras: In [20], Iyama studied iterated Auslander algebras of Dynkin quiv-
ers. If one takes the Auslander algebra of a linearly oriented type A quiver, one obtains
a 2-representation-finite algebra of type A. For s = 3¢ + 1 and a cut C of IT%,, is there a
type D quiver whose Auslander algebrais A = I3, /(C)?

If C contains one element of {e(;41,7,1—1)X1, €(+1,1,r—1)2,1}, then it also contains the
other. This is because there must be precisely one cut arrow in each of the cycles o1 Boyo
and ez, 1 Boyo. Hence, either A or C contains two parallel arrows between a pair of vertices.
As such, the 2-Auslander-Reiten quiver of M C mod A contains parallel arrows (see
Proposition 7.3).

In contrast, if Q is atype D quiver and I is its Auslander algebra, the 2-Auslander-Reiten
quiver of M C mod T contains no parallel arrows - use the recipe of [20, Def 6.11].
This means I' and A are not even Morita equivalent, since the module category of a
2-representation-finite algebra has a unique 2-cluster-tilting subcategory [20, Thm 1.6].
We cannot argue similarly with 2/ C D°(mod A). Indeed, 2-representation-finiteness is
not preserved under derived equivalence (see [16, Rem 1.6] for a nice example). So, the
question becomes: is there a type D quiver whose Auslander algebra is derived equivalent
to A?
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