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1. Introduction

Let H = H,,(q, Q) denote an Ariki-Koike algebra over a field IF of characteristic p with quantum char-
acteristice € {2,3,...} U {oo}. Each of these algebras decomposes into a direct sum of indecomposable
two-sided ideals, its blocks, and so in order to try to understand the algebras one may study certain types
of block in the hope that they are more manageable.

There is an important class of 7{-modules which are indexed by the r-multipartitions of n and which
are known as Specht modules. The composition factors of each Specht module all lie in the same block
and so we may think of partitioning the Specht modules into blocks. One may consider the block
decomposition matrix, which records the composition factors of the Specht modules belonging to a given
block. In general, computing block decomposition matrices is hard. There exist recursive algorithms
which compute the transition coefficients for a highest weight module of the Fock space representation
of Uy (sl,); by Ariki’s theorem [1], these coefficients coincide with the decomposition numbers for the
Ariki-Koike algebras when p = 0. When p > 0, the transition coefficients give a lower bound for the
decomposition numbers, and may be considered as a first approximation to them. It is reasonable to
ask when this approximation is precise, or when the block decomposition matrix is independent of the
characteristic of the field.

In this paper, we look at the core blocks for the Hecke algebras of type B, that is, the Ariki-Koike
algebras H = H,,(g, Q). These core blocks, which were initially introduced and studied by Fayers [11],
are blocks in which none of the bipartitions indexing the Specht modules have any removable e-rim
hooks. If e = co or e > #, all blocks are core blocks. To each core block B, we associate two non-negative
integers np and pp. We show that these two integers determine the indexing of the Specht modules and
simple modules in the block, the weight of the block, the multicharge of # (up to a shift) and the block
decomposition matrix. We present a result of George Witty [27] that shows that in some situations they
also determine the homomorphism space between pairs of Specht modules in the block. All these results
are independent of the characteristic of the field.

When e = oo or e > n, decomposition numbers for the Hecke algebras of type B, or the
corresponding cyclotomic g-Schur algbras, are not new. When e = oo and the parameters of the
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multicharge are weakly increasing, Leclerc and Miyachi [19, Theorem 3] give a closed formula for the
canonical basis elements of the irreducible highest weight representation V(A); by Ariki’s theorem [1],
this gives the graded decomposition numbers for the Hecke algebras when e = oo and p = 0. When
e = oo and p = 0, Brundan and Stroppel [7, Section 9] apply the theory they have developed earlier
in their paper to construct a basis for the radical of their cell module S(1), thus determining the graded
dimension of the simple modules. When e = oo or e > n, Hu and Mathas [14, Appendix B] give a
formula for the graded decomposition numbers of the quiver Schur algebras of level two in terms of
tableaux combinatorics; this is independent of the characteristic of the field. In current work [2, 3], the
authors determine full submodule structures for the Specht modules of the core blocks of the Hecke
algebras and the Weyl modules for their Schur algebras.

Each paper above uses a different notation. In this paper, we index the (bipartitions corresponding to)
Specht modules in a core block by sign sequences, sequences containing elements from {0, —, +} with a
fixed number of entries of each type, where the 0 entries are essentially redundant. The integers np and
pB above count the numbers of —s and +s respectively. The structure of the core blocks means that our
combinatorics feels extremely natural. When e = o0, it is straightforward to pass from our notation to
that of [19] or [2].

The structure of this paper is as follows. In Section 2 we introduce the background material:
Section 2.1 defines the relevant combinatorics and Section 2.2 introduces the Ariki-Koike algebras. For
more information on the Ariki-Koike algebras and their combinatorics, we refer the reader to the survey
paper of Mathas [23] and for more information on their connections with the cyclotomic KLR algebras
of type A, we refer them to the survey paper of Kleshchev [17].

In Section 3, we move on to considering the core blocks, as introduced by Fayers [11], when r =
2. In Section 3.1 we define the sign sequences and in Section 3.2 we show how they index the block
decomposition matrices for core blocks. In Section 3.3 we briefly introduce the Fock space representation
of U, (sl,) and describe its connection with the Ariki-Koike algebras; more details can be found in the
papers of Lascoux, Leclerc and Thibon [18] and Ariki [1]. In Section 3.4, we find the decomposition
numbers for the core blocks. We start with the special case that the base tuple is flat, which includes the
case that e = 00, and then use what is essentially a focused version of Scopes equivalence [8, 25] to
generalize it to arbitrary core blocks. Finally, in Section 3.5 we summarize our results, present Witty’s
theorem and give some examples.

2. Background

Throughout this paper, we will use a parameter e € {2,3,...} U {00}. If e is finite, we define I =
{0,1,...,e — 1} which we may identify with Z/eZ; otherwise we define I = Z. In both cases we take <
to be the usual total order on I.

2.1. Multipartitions and abacus configurations

Suppose that n > 0. A partition of # is a sequence A = (A1, A2, ...) of non-negative integers such that
A > Ay > ---and ) ;o A = n. We write [A| = n. We let A, denote the set of partitions of n
and A = |J,-o An denote the set of all partitions. Now suppose that r > 1. An r-multipartition, or
multipartition, of # is an r-tuple of partitions A = (A(l), A@ ,)\(r)) such that erc:l |A(k)| = n. We
write |A| = n. We let A}, denote the set of r-multipartitions of n and A" = |J,,.., A}, denote the set of
all r-multipartitions. -

Suppose that A € A”. The Young diagram of A is the set

Al = {60, k) € Zog X Zng x {1,2,...,7} | y < AW},

We say that a node n € [A] is removable if [A] \ {n} is the Young diagram of a multipartition and we say
that n ¢ [A] is addable if [A] U {n} is the Young diagram of a multipartition. The rim of [A] is the set of
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nodes {(x,y,k) € [A] | (x+1,y+1,k) ¢ [A]}. For h > 1, aremovable h-rim hook is a set of  connected

nodes in the rim such that removing those nodes gives the Young diagram of a multipartition.

Now fixe € {2,3,...}U{oc}. Suppose thata € Z". Toeachnoden = (x,y,k) € Z-oxZ=ox{1,2...r}
we associate its residue resq(n) € I. If e is finite (resp. e = 00) we set resq(x,3,k) = ax +y — x
mod e (resp. resq (X, y,k) = ax + y — x). For A € A" we define the residue set of A to be the multiset
Resq(A) = {res(n) | n € [A]}. We define an equivalence relation ~4 on A" by saying that A ~, p if
and only if Resq (L) = Resq(p) and we refer to the ~-equivalence classes of A" as blocks. Clearly if e
is finite and s € Z" with sy = gy mod efor1 < k < rthenA ~, pifand onlyif A ~4 pu.

Given a € 7', we define a subset A® C A’. For i € I, we call an addable (resp. removable) node of
residue i an addable (resp. removable) i-node. Given st € A" and i € I, we define a total order < on the
set of addable and removable nodes of [i] by saying that (x1, y1, k1) < (x2, 2, k2) if k1 < ky orifk; =k
and x; < x3. We may then define the i-signature of u by looking at all the addable and removable i-nodes
of [p] ordered according to <1 and writing a for an addable i-node and r for a removable i-node. We
then construct the reduced i-signature of p by repeatedly removing all adjacent (ra)-pairs until there
are no such pairs left. If there are any r terms in the reduced i-signature of u, the first r term corresponds
to a removable i-node of [u] which is called a good i-node.

It is usual to write + instead of a and — instead of r, however we want use those symbols for other
purposes in this paper. The set A® is defined recursively. Suppose that u € A"

o Ifju] =0then p € A°.

» Otherwise, if u does not contain a good i-node for any i € I then u ¢ A“.

« Otherwise, suppose that n is a good i-node of p for some i € I. Let i be the multipartition whose
Young diagram is obtained from [f] by removing the node n. Then p € A% ifand only if 1 € A“.
The multipartitions in A® are known as Kleshchev multipartitions; they have the property that if

i € A% then 1™ is e-restricted forall 1 < k < r. Weset A = A% N A’

Given an r-multipartition, it is convenient to represent it as a r-tuple of abacus configurations. If e is
finite, an e-abacus is an abacus with e vertical runners which are infinite in both directions and which are
indexed from left to right by the elements of I. The possible bead positions are indexed by the elements of
Z such that bead position b on the abacus is in row [ of runner i where b = le+iand i € I.If e = 00, the
abacus has runners and bead positions indexed by the elements of I = Z, so that runner i € Z contains
either one bead or no beads.

For A € A and a € Z, define the B-set

B.A) ={Ay—x+al|x>1}.

We define the abacus configuration of A with respect to a to be the abacus where we put a bead at position
bforeach b € B;(A). For A € A" and a € Z" we define the abacus configuration of A with respect to a
to be an r-tuple of abacus configurations, the kth one of which is the abacus configuration of A% with
respect to ag.

Operations on the Young diagram of A can be translated into operations on the abacus configuration
of A.

Lemma 2.1. Let A € A" and a € Z'. All residues below are with repect to a as are all abacus

configurations.

o Removing an i-node from component k of [A] corresponds to moving a bead on runner i of the abacus
of . back by one position.

o Adding an i-node to component k of [L] corresponds to moving a bead on runner i — 1 of the abacus of
28 forward by one position.

o Ife # 0o then adding (resp. removing) an e-rim hook to (resp. from) component k of [A] corresponds to
pushing a bead on the abacus of A®) down one position (resp. up one position,).

Example. Take e = 3. Let A = ((6,5,2,1%),(6,1)) and take a = (8, 6). Then the abacus configuration
of A with respect to a is given by
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and [A] has three removable e-rim hooks. For example, [((42,2,11), (6, 1))] is formed by [A] by removing
an e-rim hook from [A(1] and has abacus configuration (with respect to a)

When drawing abacuses we truncate the runners and assume that the positions above the drawn portion
all contain beads while the positions below are empty.

We say that A € A" is a multicore if e = co or if e < 0o and no component of A has any removable
e-rim hooks; equivalently, A is a multicore if no bead in the abacus of any component has an empty space
above it. (This is independent of the choice of a used to draw the abacus configurations.) We say that a
~q-equivalence class B is a core block if every A € B is a multicore. If A is a multicore and a € Z” then
for1 < k <randi € I we define I§ (1) as follows. If ¢ is finite, set

B0 =max{l € Z | le+i e By AP}

in other words, I3 (1) is the lowest row of the abacus configuration for 15 with respect to ax which
contains a bead on runner i. If e = 00, set I3 (A) to be 1if i € By, (A®) and 0 otherwise.

Lemma 2.2. [11, Theorem 3.1] Let s € Z" and suppose that B is a ~s-equivalence class.

(1) Suppose e is finite. If B is a core block then there exists a = (a1, az, . ..,a,) € Z', withay = s mod e
foralll <k <r,andb = (by,by,...,b.—1) € Z° such that foreachi € I,1 < k < rand A € B,
I5.(X) is equal to either b; or b; + 1.

(2) Suppose e = oo. Then every block is a core block and if we setb = (...,0,0,0,...) and take a = s
then foreachieI,1 <k <rand) € B, lf}c(k) is equal to either b; or b; + 1.

Conversely, suppose that e is finite and that A € A’. If there exists a = (a1, a2, . . .,a,) € Z', with ay = sk
mod eforalll <k <r, andb = (bo,b1,...,be—1) € Z° such that for eachi € I and1 < k < r, [ (A) is
equal to either b; or b; + 1, then the ~ s-equivalence class of A is a core block.

2.2. The Ariki-Koike algebra

Letr > 1l and n > 0 and let F be a field of characteristic p > 0. Choose g € F \ {0} and Q =
(Q1,...,Qy) € F". The Ariki-Koike algebra H = H,,(q, Q) is the unital associative F-algebra with
generators T, . .., Ty—1 and relations

(Ti+q)(Ti—1) = 0, forl<i<n-—1,
TT, = T,T, forO0<ij<n—1li—jl >1,
TiTiniTi = TiyaTiTiyr, forl<i<n-—2,
(To—Q1)...(To—Q) = 0
ToT1ToT; = T1ToTh7Ty.

Define e > 2 to be minimal such that 1 + q + --- + ¢°~! = 0, or set e = 00 if no such value exists.
Two parameters Qi and Q; are g-connected if Qx = ¢q*Q; for some a € I. Each Ariki-Koike algebra
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is Morita equivalent to a direct sum of tensor products of smaller algebras whose parameters are all -
connected [9] and so we will assume that all our parameters are g-connected, in fact, that they are all
powers of g where g # 1. If a = (ay, a2, ...,a,) € Z" satisfies Qx = q% forall 1 < k < rthenwecalla
a multicharge for . If e is finite then g° = 1 so there are infinitely many possible multicharges for #.

The algebra H is a cellular algebra [10, 13] with the cell modules indexed by the r-multipartitions of
n. The cell module S* indexed by the multipartition A is called a Specht module. Due to the properties
of cellular algebras, all the composition factors of S* lie in the same block, and so we can think of the
Specht modules as being partitioned into blocks.

Proposition 2.3. [21, Theorem 2.11] Suppose that a is a multicharge for H and that A, u € A’,. Then S*
and S lie in the same block of H if and only if Resq(A) = Resq ().

This result explains why we called the ~4-equivalence classes blocks: two multipartitions of # are in
the same class if and only if the corresponding Specht modules lie in the same block.

From the properties of cellular algebras, we know that there is a bilinear form on each cell module. If
we define rad(S*) to be the radical of the Specht module S* with respect to this bilinear form then if a
is a multicharge for # then rad(S*) # S* if and only if u € A} and so

{D* = $*/rad(S*) | p € A%}

is a complete set of non-isomorphic irreducible H-modules. Given A € A} and u € A} we define
[S* : D*] to be the multiplicity of the simple module D* as a composition factor of the Specht module S*.

Brundan and Kleshchev [4] have shown that the Ariki-Koike algebras are isomorphic to certain
graded algebras defined by Khovanov and Lauda [15, 16] and by Rouquier [24]: the cyclotomic KLR
algebras of type A. Through this isomorphism, we may think of H as being graded. There is a grading
on the Specht modules [6], thus we can define [S* : D*], € N[v,v 1] to be the graded multiplicity
of the simple module D as a composition factor of the Specht module S*; we recover the original
decomposition number by setting v = 1. For more details, we refer the reader to the survey paper [17].

We define the (graded) decomposition matrix of H to be the matrix whose rows are indexed by the
elements of A}, and whose columns are indexed by the elements of A} with entries equal to [S* : D*],,
for A € A}, and p € A§. If Bis a ~q-equivalence class, where A € B is such that |A| = n, we define the
block decomposition matrix of B to be the submatrix of the decomposition matrix of  whose rows and
columns are indexed only by elements of B.

3. Core blocks whenr =2

For the rest of this paper, we assume r = 2 so that our Specht modules are indexed by bipartitions and
we shall refer to multicores as bicores. We fix e € {2,3,...} U {00} and s = (s1,5;) € I*>. We shall take
a block to mean an s-equivalence class of A2 and a core block to be a block B in which each A € Bisa
bicore.

Let I be a field of characteristic p > 0. Fix g € I where g is a primitive eth root of unity if e is finite
and ¢! # 0,1 for any I € Z otherwise. Let Q = (¢, ¢*2). If B is a block then there exists #n > 0 such
that [\| = n for all L € B and so we associate to B the block of the Hecke algebra H,, = H3,(q, Q)
containing the Specht modules S* for A € B. We denote this corresponding block of ,, by B so that we
have a correspondence B <> B between s-equivalence classes and 2-sided indecomposable ideals of the
Hecke algebras 7 ,,; we refer to both as blocks.

3.1. Sign sequences
Set

A ={8=(8)ier | 8 € {—,0,+}and ife = co then §; = §_; = 0 for all i > 0}.
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We say that §,8’ € A are essentially the same if the two sequences obtained by removing all the 0s from

each of them are the same.
For § € A, we define sets R(8) € A and S(8) C I? as follows.

(1) Take R(8) = 8 and S(8) = @.

(2) If there do not exist i,j € I withi < jand §; = — and §; = +, end the process. Return R(§) and
S(6).
(3) Otherwise, choose i,j € I withi < jand §; = — and §; = + with the property that §,, = 0 for all

i <m <j.Add (i, ) to S(8) and set R(8); = R(8); = 0. Go back to step (2).

Example. Suppose thate =19and$ = (—,0,—,0,4+,—,0,0,+, —,+,+,0,+, —,0,+,0,+). We find it
helpful to draw a diagram for § as below.

N AN TN

- 0 - 0 + — 0 0 4+ - 4+ + 0 + - 0 4+ 0 +
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Then
S(8) = {(2,4), (5,8), (9,10), (0, 11), (14, 16)},
R(8) = (0,0,0,0,0,0,0,0,0,0,0,0,0,+,0,0,0,0, +).

Set
Ao=1{5€A|—¢ RS or+ ¢ REG)).
Suppose § € Ag. For each S = {(i1, /1), ..., (it jr)} S S(8), define 8SeA by setting
+, m=iforsomel <I[<t
8,Sn =1—, m=jforsomel <I[<t,
S8m, otherwise.
If ' = 85 for some S C S(8), we write 8’68 and set £(8',8) = |S|. We write 8" =8 if 8’ = §°

for some S € S(8) where S has the property that if (i1,/1), (i2,/2) € S(8) withi; < iy < jo < j; then
(i,j1) € S = (2, o) €S.

Example. Lete =8andd§ = (—, —, +,—, —, +,+, —) € Ay. We write § as
A~
- - 4+ - - 4+ + -
0 1 2 3 4 5 6 7
so that S(8) = {(1,2), (4,5), (3,6)}. Then we have
S 58 2(8%,8) | 856
@ (——=+——++-) 0 N
{(1,2)} -+—-——++-) 1 v
{(4,5)} (—=—+—=+—+-) 1 v
{(3,6)} (=—=++—-+—--) 1
{(1,2), (4,5)} (—+——+—+-) 2 v
{(1)2))(3)6)} (_7"1_)_) +,_> +)_)_) 2
{(4) 5):(3’6)} (_’_) +) +, +)_)_)_) 2 \/
{(1,2),4,5),3,60)} | (—+, —++ —— —) 3 v
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Informally, we can see that each element of the set {85 | S € S(8)} is obtained by swapping some
pairs —+ that lie at either end of an arc in the diagram of 4.

3.2. Indexing the block decomposition matrices corresponding to core blocks

Let B be a core block. Suppose e is finite. By Lemma 2.2, we can find ¢ = (aj,a;) € Z* and b =
(bo, b1, ..., be—1) € Z° with the property that ax = s mod e for k = 1,2 and for any A € B we have
) = biorlz(X) = b; + 1,fori € I and k = 1,2.If a, b satisfy these conditions we call r = (a,b) a
reduced pair for B. We define a total order < (which depends on the choice of b) on I by saying that i < j
ifb; < b] orifb; = b] andi < J. If I = {ig,i1,...,0c_1} Withig < i1 < ... < i,_1 we take m = 7, (B)
be the permutation that sends j to i; for j € I. If e = 00, we define r = (s, 5) where 5= (...,0,0,0,...)
to be the unique reduced pair for B. We then take < to be the usual total order < on Z and 7 to be the
identity permutation on Z.
For A € Band r = (a,b) a reduced pair for B, define §; = ((8}):)ies by setting

(3i)i = lg(i)z()v) - lzcrl(i)l()‘)
for all i € I. Our choice of r ensures that §; € A, where we abuse notation by identifying 1 with + and
—1 with —.
If e is finite, the reduced pair r is not uniquely determined by the conditions above. However we shall
see that unless |B| = 1, §; and 8{ are essentially the same for any reduced pairs r and r'.

Example. Take e = 7 and s = (1,6). Let B be the core block containing the bipartition

A = ((13,10,8,7,6,4,3,2,1%), ((13,12,10,9, 8,6, 5°, 3,23, 1%)).
If r = (a,b) is a reduced pair for B then there exists | € Z such that a is of the form a = (8 + 71,6 + 7I).

Taking a = (29,27) we have two choices for b, each of which gives a different ordering <:

b=3,1,6,3,52,5) — 1<5<0<3<4<6<2 = & =(-——++—,0),
b=(3,1,5,3,5,2,5) = 1<5<0<3<2<4<6 = & =(———+,0,+,-).

However, the only choice comes when we look at the third runner on the abacus configurations, that is,
when [$, (1) =I5, (1) = 6, and we note that the two choices for 85 are essentially the same.

Lemma 3.1. [11, Propn. 3.7] Suppose B is a core block and r = (a,b) is a reduced pair for B. Let . € B

and suppose i,j € I with (85); = — and (8}); = +. Define s;;(L) to be the bicore p with
8 =1, w(m)=iandk=1orm(m)=jandk =2,
) = 180 +1, w(m)=jandk=1orm(m) =iandk =2,
12 ), otherwise.
Then u € B and
+, m =i,
Gm=1-  m=j
(65)m> otherwise.
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Moreover, if v € B then we may form v from A by repeatedly applying operations of the form s;; for some
i, j as above.

Corollary 3.2. Suppose that B is a core block and r is a reduced pair for B. Let A, p € B. Then 8, can be
formed from 85 by permuting the entries equal to £. Conversely, any sequence € € A formed by permuting
the entries equal to £ in &} is equal to &} for some v € B.

Consequently, |B| = 1 ifand only if — ¢ 83 or + ¢ &5.

Lemma 3.3. Suppose e is finite and that B is a core block with |B| > 1. Suppose that r = (a,b) and
r' = (', V) are reduced pairs for B with a = (a1, az) and o’ = (a}, d). Let A € B.

(1) There exists d € 7 with a}( =ai+defork=1,2.
(2) The sequences 85 and 8{/ are essentially the same.

Proof.

(1) Sincerandr’ are both reduced pairs for B, there exist d1, d, € Z such thata) = ay+dgefork = 1,2.
As |B| > 1, there exist i,j € I such that

BA) —B(A) =—1 — S -1 M) =dy—dy — 1,
B~ 150 =1 — B =I5 =dy—dy +1.

so since |lf,‘1/2(l) - lfn/l (A\)| < 1forall m € I, we must have d| = d,.
(2) Using part (1) we may assume that a; = ax-+defork = 1,2.If wesetc = (bo+d, b1+d, ..., be_1+d)
then t = (¢, ¢) is a reduced pair for B and 85 = 65. Let

FE={ecl|IEM) £50),

so that ((Si),- # 0 ifand only if i € IT. If i € I then we must have b, = min{lle()»), lf‘ll()»)} = ¢.
So restricting the order < to the set I we see that changing (a/, ¢) to (a/,b’) permutes the elements
of 85 while keeping the non-zero entries in the same order. Hence 8; and 8;, are essentially the
same. O

If |B] = 1, Lemma 3.3 does not hold. If e is finite and B = {A}, assume that we choose the reduced
pair r such that 0 € §} and 1 ¢ &} . This choice is arbitrarys; it is simply made so that for every element of
a core block we have an expression 85 which is essentially independent of the choice of the reduced pair
r. Recall that if e = 00, there is a unique reduced pair for B. Unless we need to emphasize the reduced
pair, we will henceforth write 8y instead of ;.

Suppose that B is a core block. Take A € B and hence define

np=#iecl|()i=—} pp=#{icl|(8)i=+} mp = min{np, pp}.

Given Corollary 3.2 and the discussion above, these parameters are well-defined and independent of the
choice of A.

Lemma 3.4. There exists d € 7 such that if e is finite (resp. e = 00) then s1 = ng + d mod e and
s =pp+d mod e (resp.s; = ng+dands, = pg+ d).

Proof. Suppose that r = (a,b) is a reduced pair for B and let A € B. Suppose e is finite. Then by [20,
Lemma 2.2], sy = ap = ) _;; I5.(A) mod e for k = 1,2. Hence

iel

s2—s=Y 30 —IiA) =) (Gn)i=ps—ns mode.

iel iel
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Suppose e = 00. Choose t < 0. Thensy = ay =t+#{ieI|i> tandIj(X) = 1} for k = 1,2. Hence

s —si= Y (5M) =) =) ()i = ps — ns

i>t i>t U

In [12, Section 2.1], Fayers introduced the weight of a multipartition. Two multipartitions in the same
block have the same weight and so for a block B we define wt(B) to be the weight of any multipartition
belonging to B. We define the weight of the corresponding block B as wt(B) = wt(B). We do not give
Fayers’ definition here, but we note that, roughly speaking, the blocks B of small weight tend to be easier
to understand. We have |B| = 1 if and only if wt(B) = 0 which holds if and only if Bis simple.

Lemma 3.5. [12, Propn. 3.8] Suppose that B is a core block. Then wt(B) = mp.

Corollary 3.6. Let B be a core block. If e is finite then

0 < wt(B) < EJ

For a core block B, we have seen that the Specht modules in B can be indexed by a subset of A. The
next problem is to decide which x4 € B index simple modules. We will see that this can be determined by
looking at 8. Let B = (8);es be the sequence where 8, = 0 for all i € I. We first show that it is sufficient
to consider the case where r = (a, ) is a reduced pair for B. Note that in this case, we have < equal to
the usual total order < on I.

Lemma 3.7. [22, Proposition 2.10] Suppose that B is a core block with (a,b) a reduced pair for B. Let
w € B. Then fori € I and k = 1,2 we have I () = b; + xjx where xjx € {0, 1}. We define ju € A? and
a € 72 so that

1% () = xik

ori € I and k = 1,2; note that this abacus configuration does uniquely define both a and i and that
_ & 4 quely 1
8, = 84 so that if B is the a-equivalence class containing i then (,B) is a reduced pair for B. Then

e ASifandonly if i € A°.

Lemma 3.8. Suppose that B is a core block and r = (a,b) is a reduced pair for B. Let p € B. Suppose that
i—1,i € Iwithi— 1 < iand let v be the bipartition whose Young diagram is formed by removing all

removable i-nodes from [p]. Then unless (8)i—1 = + and (8y); = — we have that p € A® if and only if
v e A°
Proof. Since r = (a,B), each component of [] has at most one removable i-node. If [u] has no

removable i-nodes, the lemma is trivial. So suppose that [p] has one removable i-node. Then the i-
residue sequence of  is either r, ar or ra. In the first two cases, this removable node is good, and so
the lemma holds. In the third case, the first component of [¢] has a removable i-node and the second
has an addable i-node. Given r = (a,B), this is only possible if (§,,);—1 = + and (8,.); = —

Now suppose that [p] has two removable i-nodes so the i-residue sequence of u is rr and the
removable i-node in the first component is good. Removing this node gives a bipartition, o say, with
i € A® ifand only if 6 € A®. By the last paragraph, the one removable i-node in [o'] is good, so that
o € A®ifandonlyifv € A®. O

Lemma 3.9. Suppose that B is a core block with |B| > 1 and (a,B) is a reduced pair for B. Let p € B.
There is a bipartition v which satisfies the following conditions.

o v lies in a core block B' and (a, V) is a reduced pair for B'.

o 8y is essentially the same as 5.
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o There exist i1, 1, € I with i1 < i, such that
- Fork=1,213,(v) =1forallm < iy andl} (v) = 0 forallm > i.
- (B)m e {—+}foriy <m < iy

Then p € A® ifand only if v € A®.

Before proving this result, we give an example of bipartitions s and v which satisfy the lemma.

Example. Below, we have §, = (+,0,+,0,—, —,+,0,+,0, —) and 8, = (0,0, +,+, —, —, +, +, —,0,0).

SISttt R IIIest i a0t
St tiatiaas adh 110k 1 200t

Proof of Lemma 3.9. Suppose there exist i,j € I with j < iand [ (u) = 1 for k = 1,2 while l].c;c(u) =0
for k = 1 or k = 2. Choose i minimal with this condition. Then following Lemma 3.8, we may remove
all the removable i-nodes of [pt] to obtain the Young diagram of a bipartition ¢ with 6 € A® if and only
if u € A®. Then the abacus configuration of ¢ is formed from that of p by swapping runners i — 1 and
i, so that 85 is formed from &, by swapping the entries in the positions indexed by i — 1 and i; note that
(8x)i = 0o that §,, and §5 are essentially the same. We continue in this way until we reach a bipartition
o where there do not exist i, j as above.

Now consider a. Suppose there exist /', j € I withi’ < j'and I§, (6) = 0 for k = 1,2 while lJf}k(a) =1
for k = 1 or k = 2. Choose i’ maximal with this property. Again following Lemma 3.8, we may remove
all the removable (i 4 1)-nodes of [¢] to obtain the Young diagram of a bipartition ¥ with » € A® if and
onlyife € A®. Similarly to the case above, 85 is formed from 8, by swapping the entries in the positions
indexed by i/ and i 4 1, and (85)7 = 0 so that 3, and §; are essentially the same. We continue in this
way until we reach a bipartition v where there do not exist i, j as above. Then v satisfies the conditions
of thelemma and u € A® ifand only ifv € A®. O

Proposition 3.10. Suppose that B is a core block and pu € B. Then p € A® if and only if §,, € Ao.

Proof. Suppose that (a,b) is a reduced pair for . By Lemma 3.7, we may assume that b = B. If |B| = 1
then the block B is simple and so g € A®. So assume that [B| > 1. By Lemma 3.9, we may assume that
there exist i1, i € I with i1 < i, such that

o Fork=1,2,10 (u) =1forallm <ijand [} (n) = 0forallm > i.

o Bume{—+}forip <m <i.

We prove Proposition 3.10 by induction on |S(8,,)|. First suppose that |S(§,)| = 0.If §, € Ap then
|B| = 1, which we have assumed is not true. So suppose that §,, ¢ Ag so that there are entries equal to
both — and + in §,, with the 4 terms occurring before the — terms. The abacus configuration of p with
respect to a looks like:

1380112000k 111 A00RRas

Then p has only one removable node which is not good, hence . ¢ A*.

Now suppose that |S(8,)| > 0 and Proposition 3.10 holds for any ¢ in a core block with |S(84)| <
|S(8,)|. Then there exist i,i + 1 € I withi < i+ 1 and (§,); = — and (§4)iy1 = +. By Lemma 3.8,
we can remove the removable i + 1-node from [p] to obtain the Young diagram of a bipartition o with
o € A®ifand onlyif g € A®. Furthermore, we have (85)i = (8¢)i+1 = 0 and (86)m = (8u)m for
m # i,i+ 1so that 65 € Ag if and only if §,, € Ag. Hence

REAN &< 0N’ & §; €Ay < €A
where the middle step follows from the inductive hypothesis. O
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In this section, we have shown that if B is a core block then we can index the Specht modules
corresponding to bipartitions in B by a subset of the set of sequences § € A with np entries equal to
— and pp entries equal to 4, with the simple modules indexed by sequences § € Ag. The next step is to
determine the entries in the block decomposition matrix. To do this, we begin by introducing the Fock
space representation of U, (sl,).

3.3. The Fock space representation

Let U denote the quantized enveloping algebralf = U, (g\[e). This is a Q(v)-algebra with generators e;, f;
for i € I and v/ for h € PV; the relations may be found in [18]. Let F* be the Q(v)-vector space with
basis {s» | A € A2}. This becomes a Z/-module under the action described in [18]; we call F* the Fock
space representation of . The U-submodule M® generated by s> (where @? is the unique bipartition
of 0) is isomorphic to the irreducible highest weight module V(7' for some dominant integral weight
Y of U. This module has a canonical basis (in the sense of Lusztig and Kashiwara) which is indexed
by the elements of A%; we write P* for the canonical basis element indexed by p € A®. We define the
transition coefficients dy , (v) so that they satisfy the equation

Pt = Z dp(V)s;
reA?

then dy, (v) = 0 unless A ~; p. Ariki’s Theorem and its graded analogue, below, relate the transition
coefficients to the graded decomposition numbers.

Theorem 3.11. [1, 5] Suppose that H, = H2,,(q, Q) is defined over a field of characteristic 0. Suppose
that A\, i € A, with p € A®. Then

[$* : D], = dyu(v).

The transition coefficients give us the decomposition numbers when p = 0 and can be considered as a
first approximation to the decomposition numbers when the field is arbitrary; as we shall see below, there
are situations when this first approximation is correct. In order to compute the transition coefficients,
we now consider the action of f; € U on a basis element s, € F°.

Ifd > 0and v,A € A% write v Ay if [A] is formed from [v] by adding d nodes all of residue i € I.
Ifv & A set
Nw,\) = Z #{m an addable i-node of v with n<im}—#{m a removable i-node of A with n<im}.
nelA\[v]

Ford > 0and i € I, define fi(d) = £ /1d]! € U, the quantum divided power of f?. Then if v € AZ,
fDs, = 3 NOD,
1

dii
v—>A

Lemma 3.12. [22, Proposition 2.3] Suppose v € A® is such that ifa ~4 v then [S® : D”], = dgy(v). Let
it,...,it € land dy,...,d; > 0. Suppose
d d
if 0 fl(1 Vpy — su + Z ap(Msy
r#ER
where ey (v) € VN[v] for all . # p. Then p € A® and if L % p then [S*: D", = an).

The statement of Lemma 3.12 given in [22] is only for the case when P’ = s,, but the proof for the
slightly more general situation above is identical. Suppose i,j € I. If i < j, define

fij = fifi-1- - fir1.
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If e is finite and i > j, define

fij = fifi-1 -+ Jofe=1 .. firafit1.

Suppose that B is a core block and that (a, b) is a reduced pair for B. We say that b is flat if e = oo or
if e is finite and there exists m’ € I and b € Z such that b,, = bif m > m’ and b,, = b + 1 otherwise.
Note that if e is finite then in this case,

m<m+1<---<e—1<0=<1<---<m—1.
Lemma 3.13. Suppose that B is a core block and that ¥ = (a,b) is a reduced pair for B with b flat. Let
v € B. Suppose that i < j with
I5(v) =bi+ 1, l;,‘c(v) =bj, I, =15,(v), fork=12andi<m<j.

Leth ={i<m=<j|I} () =13,v) = by + 1} = {i1,i2,..., i}, where iy < ... < iy Set it = jand
define
f =ﬁ1)i2 i 'fit—l»it.ﬁt»iﬂrl EU.
Then
fv = Sxy T VS,
where
B =1, m=iandk =1, Bew) =1, m=iandk =2,
19 (A1) = B.m+1, m=jandk=1, 19, (A2) = 8.w+1, m=jandk =2,
), otherwise, ), otherwise,
so that
=+, m =i, - m=i,
Or)dm =1 —» m=j, Gr)m = {+, m=j,
(8y)m> otherwise, (8y)m> otherwise.

Proof. For 1 <s < tand k = 1,2, define o} by

lsrlk/(v) -1, m=i and k = k/,
e @) =118, +1, m=jandk =K,
I8 (), otherwise,

so that Ay = 6}( for k = 1,2. We claim that if 1 < s < ¢t then

Jiiger -+ Jivien Sv = Sg5 Tt Vsgs .

Since b is flat, [v] has exactly two addable (i; + 1)-nodes, one in the first component and one in the
second, and no removable (i; + 1)-nodes. If we add an (i; 4+ 1)-node to component k, for k = 1,2, then
the subsequent bipartition has exactly one addable (i; 4+ 2)-node, in component k, and no removable
(ir + 2)-nodes. Continuing in this way, we see that
fit,i¢+15v = sog + Vsatl'

Now suppose 1 < s < t — 1 and considerﬁs,is+lsai+1, where k = 1,2. If is + 1 = isq1 then [oi‘H]
has exactly one addable i1 ;-node, which is in component k, and no removable i;;j-nodes, and so
fi, 1551 = S Otherwise, as above,

ﬁS)ierl_lSO';:rl = 572 + VSTI’
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where [Ty] is obtained by successively adding nodes to component k" of [ai“], for k¥ = 1,2. However,

if ' # k, [Tx] does not have any addable is;1-nodes so fi, sz, = 0.If k = k' = 1 (resp. k = k' = 2)
then [74] has an addable isy;-node on component 1 (resp. on component 2) and a removable isy;-node
on component 2 (resp. on component 1) and so f;, sz, = v‘lsak, (resp. fi,1Sz, = So,,)- So in both
cases we have

ﬁs;ierlSq;:rl = so’i'

The lemma follows. O

3.4. Decomposition matrices

Theorem 3.14. Let B be a core block and suppose that ¥ = (a,b) is a reduced pair for B with b flat. Let
A, € Bwithp € A% Then
Pt @au) 8 8y,

St :DF, =d =
[ I () 0, otherwise.

Proof. We work by induction on |S(p)| = mp. If |S(n)| = 0 then B is simple and the result holds. So
suppose |S(i)| > 0 and the theorem holds for all core blocks B’ with mp < mp. Choose (i,j) € S(u)
such that there does not exist (i',j) € S(u) with i < i’ < j/ < j. Let v be the bipartition defined by

2.(w)+1, m=iandk=2,
Lk (0) = IB(w)—1, m=jandk=2,
I, otherwise.

Then v € B’ for some core block B’ such that (a,b) is a reduced pair for B'. Also S(v) = S(u) \ {(i, )}
so v € A®. Hence v satisfies the conditions of the inductive hypothesis, so by Theorem 3.11,

P’ = Z ptewg
8(1 \/-\av

The bipartition v with reduced pair (a,b), together with the pair (i,j) described above, satisfies the
conditions of Lemma 3.13. We define f as in that lemma and compute each term fs, that appears in
the sum above, so that

P’ = Z g,

85,

Since £(A, p) > Oforall A # p which appear in the sum, we have satisfied the conditions of Lemma 3.12
and so the theorem holds. O

Since there is always a reduced pair (s, b) with b flat when e = oo or # < e, this describes the block
decomposition matrices for core blocks in these cases, recovering previous results; we note in particular
the similarity between Theorem 3.14 and [19, Theorem 3]. For the rest of this section, we assume that
e is finite. Suppose that B and B’ are any two core blocks with ng = np and pg = pp. Then we have
a bijection @ : B — B’ such that §) and 8¢ (y) are essentially the same for all A € B. If u € B then by
Lemma 3.10, we have that u € A® ifand only if ®(p) € A°®.

Given two core blocks B and B', we say that B and B’ are §-equivalent if ng = np and pp = pp
and if the map ® defined above preserves the block decomposition matrix of B, that is, if A, u € B with
€ A% then [S* : D], = [S®M . D®W], . In fact, we will show that any two core blocks B and B’ with
npg = ny and pp = pp are §-equivalent. Theorem 3.14 shows that this also holds when e = oo.
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Lemma 3.15. Let B be a core block and suppose that ¥ = (a,b) is a reduced pair for B. Suppose that i € I
and
1, i=e—1,

bir1 > b; + x; where x; =
al ' ' ' 0, otherwise.

Define a map ®; : B — A? which sends A € B to the bipartition whose Young diagram is obtained by
removing all possible (i + 1)-nodes from [L]. Then ®; gives a bijection between B and a core block B' such
that if L € B then &) = 8a,(0).

Proof. Suppose A € B. From our assumptions on b, [A] has no addable (i 4+ 1)-nodes. If v € B then
by Lemma 3.1, I; ,(A) + I ,(A) = I, (v) + >, (v) for all m € I so that the number of removable
(i + 1)-nodes on both [A] and [v] is

lz‘5+11()‘) — ) —xi+ lz+12()‘) — ) —xi = z’5+11(") — ) —xi+ lz+12(") — I (v) — x;
Hence ®;(X) and ®;(v) lie in the same block, B’ say. If i # e — 1, ®; acts on the abacus configurations
by swapping the runners i and i 4+ 1 on each component, so that 6, = 84,) and so by Corollary 3.2, ®;
is a bijection between Band B'. If i = e — 1, then (a,b’) is a reduced pair for B, where

be—l +1, m=0,
b,=3by—1, m=e—1,
b, otherwise.
It is straightforward to check that if m # 0,e — 1 then
b < be—1 = by, < by, be1 <bm <by = by < by, <b,_, by <bu & b_; <,

so that again 8, = 8¢,) and ®; is a bijection between B and B'. O

Lemma 3.16. Suppose that we have the conditions of Lemma 3.15. Keep the notation of that lemma so that
B = ®;(B). Suppose B’ is such thatifa,7 € B witht € A® then [S° : D], = dy¢(v). Then B’ and B
are 8-equivalent.

Proof. Suppose that if A € B then A has ¢ removable (i 4+ 1)-nodes; equivalently if 0 € B’ then o has ¢
addable (i + 1)-nodes and no removable (i + 1)-nodes. Let ¥; = dDi_l. If 6 € B then

®
fir15¢ = Sw(o)-

Let T € B' be such that T € A®. Then
(t) PT ,S,t_)l Z Aoz (V)sg = Z doz (Msw;(0)-

Hence by repeated application of Lemma 3.12, [SYi@) . p¥iD], = dy.(v) = [S° : D7), foro € B.
Since 85 = dw,(g) for all o € B/, the lemma follows. O]

Lemma 3.17. Suppose that B is a core block with reduced pair (a,b). Then there exists a core block B with
reduced pair (a,b") such that B and B’ are §-equivalent and b is flat.

Proof. Following Lemma 3.15, if there exists i € I \ {e — 1} with b; < b;;; then we may apply the
map ®; to B. If by — be—; > 1 then we may apply the map ®._; to B. By repeatedly applying these
maps, we obtain a core block B’ = @, ®@;, ... ®; B where (a,b’) is a reduced pair for B’ and b’ is flat. By
Theorem 3.14, [S? : D*], = d(v) forall o, 7 € B’ with 7 € A®. Hence by Lemma 3.16, we have that
Band B’ are §-equivalent. O
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Corollary 3.18. Suppose that B and B’ are core blocks. If ng = np and pp = pp then B and B are
8-equivalent.

Theorem 3.19. Let B be a core block and suppose A, u € Bwith p € A®. Then

Y VORI, 8y By
[$*: D*], ,
0, otherwise.

Proof. Following Lemma 3.17, we know that B is §-equivalent to a core block B’ with reduced pair (a, b’)
where b’ is flat. The theorem then follows from Theorem 3.14. O

3.5. Summary and examples

We collect together the main results of this paper.

Theorem 3.20. Let B be a core block and let By = BN A®. Let n = np, p = pp and m = min{n, p}.

1. We can identify a bipartition A € B with a sequence 8 € A which contains n entries equal to — and p
entries equal to +. If v € B then 8, is formed by permuting these n + p entries. Hence

a-(2)

2. Suppose pu € B. Then p € By if and only if §,, € Ag. Hence

\Bo| = (n +p) 3 (n +p>.
m m—1
3. We have wt(B) = m.

4. There exists d € Z such that if s = (s1,s,) then if e is finite (resp. e = 00) then s; = n+d mod e and
s2=p+d model(resp.s; =n+dands, = p+d).

5. Suppose that X, i € Bwith p € By. Then

Pt @udu) 8 S

[$*: D], = {

0, otherwise.

Proof. All these results appear in the previous section, apart from the formula for |By|. To see that this
holds, first suppose that n > p. Identify each sequence with n entries equal to — and p entries equal
to + with a (n, p)-tableau by putting the entries corresponding to — in the top row and to + in the
bottom row. The tableau is standard if and only if the sequence lies in Ay. Since the number of standard
(n, p)-tableaux is given by the formula above, we are done. The case that n < p follows by symmetry. [

For A, v in a core block B, let dim(Hom(S*, §*)), denote the graded dimension of the homomorphism
space between S* and S”. The next result appears in George Witty’s 2020 thesis [27]. Although Witty
only proves the case where (a,B) is a reduced pair for B, he conjectures that the result holds for an
arbitrary reduced pair [27, Conjecture 4.32]. It is possible that one could prove this conjecture using
Scopes equivalence [26].

Theorem 3.21. [27, Theorem 4.27] Suppose that B is a core block and that (a,b) is a reduced pair for B.
Suppose that e # 2 or that ng # pp. Let A,v € B. Then
X A

dim(Hom(S, $")), =
( ( Dy 0, otherwise.

Ife = 2 or ng = pg then the formula above gives a lower bound for dim(Hom(S%, §")),.
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Witty’s theorem is an application of results proved in his thesis about homomorphisms between
Specht modules. His proofs involve very intricate calculations within the cyclotomic KLR algebras.

It is likely that a formula similar to that of Theorem 3.20 (5) holds for the graded decomposition
numbers for the type B Schur algebras when u ¢ By and it seems to us that an argument via induction
on |S(8,)|, using the techniques developed in this paper, would prove the result. We thank the referee
for asking this question, since our assumption when writing the paper was that our methods would not
work for the Schur algebras.

We end this paper with some examples.

Example. Suppose thate = 5ands = (3,1). Let A = ((7,5,4, 3%,2,1%), (14, 10,6, 4, 3,22,1)) and let
B be the core block containing A. Then ((18,16), (2,4,3,1,5)) is a reduced pair for B. By drawing the
abacus configurations, we can see that ng = 3 and pp = 1. The four bipartitions in the block are given
by the abacus configurations below.

Al Ay

2
(_)0)_)_1 +) (—,0,—, +>_)
A3 Ay
(=0,+,—,—) (+,0,—, —,—)
Then the decomposition matrix for B is
A'1 (_)0) R +) 1

Ay | (=0, —+,—) | v
Az | (—0,+,—,—) v 1
14 (+: 0) BEREE] _) v

Example. Suppose that B is a core block with ng = 2 and pgp = 3. Then |B| = 10 and by removing the
0s from the sequences {8y | A € B} we get Specht modules indexed by the 10 elements below. The block
decomposition matrix for B is equal to

(-—+++ |1
(—+—-++) | v 1
+—-—-++) v 1
(—++—+) y

(+, =+ —+) | v
(++——+) | V? v
(—+++ )
+—++-) Voo
(+,+,—+,—) v V2
(+,+,+,— =) V2

Y
<
< =
—

<=

Note that this is the matrix that appears in [19, Example 6].
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