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Abstract

This thesis is concerned with the representation theory of the symmetric groups
and related algebras, in particular the combinatorics underlying the
representations of Ariki-Koike algebras. The Ariki-Koike algebras generalise
Iwahori-Hecke algebras of the symmetric group, and so in turn generalise the
symmetric groups themselves.

The representation theory of these algebras is the subject of a great deal of
research, with the most important outstanding problem being the determination
of the decomposition numbers, i.e. the composition multiplicities of the simple
modules D in the Specht modules S*. The aim of this thesis is to contribute
and make progress on the decomposition number problem.

We shall first develop some combinatorial lemmas related to the abacus
display of multipartitions. Then, we will use these to examine blocks of the
Ariki-Koike algebras. In particular, we prove a sufficient condition such that
restriction of modules leads to a natural correspondence between the
multipartitions of n whose Specht modules belong to a block B and those of
n — §;(B) whose Specht modules belong to the block B’, obtained from B
applying a Scopes’ equivalence. This bijection gives us an equivalence for the
decomposition numbers of the corresponding Ariki-Koike algebras.

We will then define the addition of a runner full of beads for the abacus
display of a multipartition and investigate some combinatorial properties of this
operation. We focus our attention on the g-decomposition numbers, i.e. the
polynomials arising from the Fock space representation of the quantun group
U, (.f:\[e) that coincide with the decomposition numbers for ¢ = 1. Using an LLT-
type algorithm for Ariki-Koike algebras, we relate g-decomposition numbers for
different values of e for the class of e-multiregular multipartitions, by adding a
full runner of beads to each component of the abacus displays for the labelling

multipartitions.
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Introduction

0.1 Background

The representation theory of the symmetric group is a fascinating study in its own
right, as well as being intrinsically linked to that of other fundamental objects,
including a wealth of diagram algebras and semigroups.

Representations of the symmetric group &, on n letters over the complex
field are well understood since the algebra CS,, is semisimple. Their study can
be traced back to the work of Young | ], Frobenius [ ] and Specht
[ |, whose ideas are still present today. On the other hand, representations
of the symmetric group over fields of positive characteristic are more difficult.

A constructive approach to the topic over an arbitrary field, not just over
the complex numbers, was given by James | | who developed the use of
combinatorial tools, such as diagrams, tableaux and abacuses. James’s
approach generalises in a straightforward way to give techniques for studying
representations of algebras which include the symmetric group algebra as
special case. Some examples of these related algebras are the Iwahori-Hecke
algebras Hp ,(&,) of the symmetric group and the Ariki-Koike algebras
Hrq.Q(Z)r7) 1 Sy,).

The Iwahori-Hecke algebra Hp ,(&,) was introduced by Dipper and James
in | | as deformation of the symmetric group algebra. Hence, results in the
representation theory of &,, can be recovered from the corresponding results in the
representation theory of H 4(S,). Subsequently, a new approach for studying
the representations of the Iwahori-Hecke algebra took hold thanks to Murphy
[ , | that discovered a basis for Hp 4(&,). The Murphy basis is an
example of a cellular basis, as defined later by Graham and Lehrer | ] and
so cellular theory can be used to study the representations of these algebras.

The Ariki-Koike algebra Hr ,q((Z/rZ) ! &) was introduced by Ariki and
Koike in | |. Its representation theory has many similarities with the one of
Iwahori-Hecke algebras, and in many aspects it can be seen as a generalisation
of it. For example, a cellular basis for Ariki-Koike algebras was constructed by
Dipper, James and Mathas in | ] and thus cellular theory can be used for

such algebras as well. Furthermore, the indexing of Hp 4(&,)-modules by
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partitions generalises to an indexing of Hr,Q((Z/rZ) ! &,)-modules by
multipartitions, i.e. tuples of partitions.

Similarly to Iwahori-Hecke algebras, the main problem of interest in the
representation theory of Ariki-Koike algebras is the decomposition number
problem, which asks for the composition multiplicities of simple modules in the
so called Specht modules. The Specht modules arise as cell modules of the
cellular algebra. The decomposition matriz records these multiplicities.

It is known that computing the decomposition numbers in the case F = C
is an important first step in working out the decomposition numbers over any
field (see | , ]). In fact, the following result holds. Let D, be the
decomposition matrix of Hr, qq((Z/rZ) 1 &,) with I, a field of characteristic
p > 0 and D be the decomposition matrix of Hc ¢,Q((Z/rZ) 1 Sy,). Then there

exists a square unitriangular matrix A, called adjustment matriz, such that
D, =DA.

Fortunately, the decomposition numbers dy,, can be computed when F = C;
they are the values at ¢ = 1 of certain polynomials dx,(q), which have
accordingly become known as ‘g-decomposition numbers’. This result has first
been conjectured for Iwahori-Hecke algebras by Lascoux, Leclerc and Thibon
[ ] and proved for the wider class of Ariki-Koike algebras by Ariki [ ].
It is by far the most significant theorem in this regard. The ¢-decomposition
numbers arise from the Fock space representation of the quantum group Uq(sAle).
This has a natural basis indexed by the set of partitions for Hp ,(Sy,)
(respectively, of multipartitions for Hr 4 q((Z/rZ)16,,)), and a ‘canonical basis’
which is invariant under the bar involution. The g-decomposition numbers are
the entries of the transition matrix between these two bases.

For Iwahori-Hecke algebras of &,,, there is a fast algorithm due to Lascoux,
Leclerc and Thibon [ | for computing the canonical basis and so the ¢-
decomposition numbers.

For Ariki-Koike algebras, there are different generalisations of this algorithm
due to Jacon | |, Yvonne | | and Fayers | |. We will use the one
presented in [ ] because it adapts better to our purposes.

So, since the decomposition numbers in characteristic 0 can be computed by
the LLT algorithm and its generalisations, in effect the problem of determining
the decomposition matrices in arbitrary characteristic is equivalent to
computing adjustment matrices. However, not a great deal is known about
adjustment matrices; the most general statement we have about adjustment

matrices is James’s Conjecture.

Conjecture 0.1.1 (James’s Conjecture). Let F be a field of characteristic p > 0
and suppose that D, = DA. If n < pe, then the adjustment matrix A is the
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identity matrix.

For Iwahori-Hecke algebras, this conjecture has been verified for blocks of
weight at most four, thanks to the work of Richards | | and Fayers [ ,
|. However, after being a central focus of research in representation theory

for thirty years, this conjecture was finally shown to be false by Williamson in

[ J

0.2 Overview

In Chapter 1, we define the algebras that we will work with, along with giving
an overview of any background material that we will need in order to study their
representation theory. This will include both the algebraic setup we require and
some combinatorial definitions such as partitions, tableaux and abacuses together
with their generalisations for Ariki-Koike algebras. We also consider some recent
work by Fayers | , | concerning the weight of a multipartition and the
core blocks of Ariki-Koike algebras.

Once the necessary background is set, in Chapter 2 we generalise what
Scopes proved in | ] about the blocks of symmetric groups to the blocks of
Ariki-Koike algebras. Scopes gives a combinatorial description of two blocks of
symmetric groups that are Morita equivalent, using the abacus display of a
partition. In particular, Scopes establishes a natural correspondence between
Specht modules and simple modules in the blocks B and ¢;(B) of the
symmetric groups, where ¢; is the map swapping the runners ¢ — 1 and i of the
abacus display of each partition in the block B. This leads to the blocks B and
¢i(B) having the same decomposition matrices. This result was generalised to
Iwahori-Hecke algebras by Jost [ ]. So, taking inspiration from | ] and
[ |, we find an analogous combinatorial way to establish in which cases two
blocks B and ®;(B) of Ariki-Koike algebras have the same decomposition
matrices. Here, ®; is the map ¢; acting componentwise, i.e., it swaps the
runners ¢ — 1 and ¢ in each component of the abacus display of a multipartition.

In particular, we find a sufficient condition such that the following result holds

for Ariki-Koike algebras.

Theorem 0.2.1 (Proposition 2.2.8). Fix ¢ € {0,1,...,e — 1}. Suppose that in
each component of every r-multipartition that belongs to the block B of
HrqQ((Z/rZ) 1 &,) there is no abacus configuration of the type @ 1} in
runners ¢ — 1 and ¢. If A\, u € B then,

dap = d%(k)@i(u)'

In order to prove this, we consider the multicore m obtained from the abacus

display of A € B by sliding all its beads as high as possible. Then, we give a
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lower bound for the minimal difference between the positions of the lowest beads
of two consecutive runners of m. To get this lower bound, we show the existence
of a particular sequence of multicores with non-increasing weights from m to a
multicore in its core block. Thus, we use this lower bound to get a condition on

the weight of the block B so that no configuration Z:l i appears in the abacus

display of any multipartition in B. Finally, we show that there is a natural
correspondence between Specht modules and simple modules in the blocks B and
®,(B) of Ariki-Koike algebras.

In Chapter 3, we introduce the Fock space representation of the quantum
group Uq(;[e) and present the LLT-type algorithm for Ariki-Koike algebras
given in | |. This algorithm allows us to generalise the ‘full’ runner removal
theorem of Iwahori-Hecke algebras in | | to Ariki-Koike algebras.

In the attempt of tackling the decomposition number problem, in | ]
James and Mathas proved the so called ‘empty’ runner removal theorem in
which they relate g-decomposition numbers of Iwahori-Hecke algebras for
different values of e, by adding empty runners to the abacus displays for the
labelling partitions. After that, in [ | Fayers proves a similar theorem,
which involves adding full runners to these abacus displays. For a class of
multipartitions, called e-multiregular, we generalise Fayers’ theorem to the
Ariki-Koike algebras showing that the g-decomposition numbers dx,(q) and
A+t (q) coincide, where AT and p' are the multipartitions obtained from the
e-abacus display of A and p by adding a runner full of beads in each of their

components.

Theorem 0.2.2 (Theorem 3.2.32). Let A, p be r-multipartitions in a block B of
Hr.q.Q((Z/rZ) 1 &y,) with p e-multiregular. If the new inserted runners defining
AT and put are ‘long enough’, then

dau(q) = dx+p+(q)-

We first present this result for = 2 and then we generalise it for any r >
2. Thus, we define the addition of a runner full of beads in each component
of an abacus display of a multipartition. We show that adding a runner full
of beads to an abacus display of the empty partition corresponds to a precise
sequence of induction operators. We then prove some results that describe how
the addition of a full runner interacts with the induction operators. Finally,
we use all these properties together with the Fayers’ LLT-type algorithm for
Ariki-Koike algebras | | to show that the coefficients of the canonical basis
element corresponding to the multipartition g coincide with the coefficients of
the canonical basis element corresponding to the multipartition p*.

Recent work has given us a new line of attack. The cyclotomic quiver Hecke

algebras of type A, known as KLR algebras (defined independently by Khovanov
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and Lauda and by Rouquier | , ]), have been shown to be isomorphic to
Ariki-Koike algebras by Brundan and Kleshchev in | |. Via this isomorphism,
the Z-grading of the KLR algebras can be used in the setting of Ariki-Koike
algebras, and thus graded Specht modules | | and graded decomposition
numbers can be studied. However, this is beyond the scope of what we are going

to consider in this thesis.



1

Preliminaries

In this chapter we will state the necessary background information related to the
algebras that we will work with, and the relevant combinatorial ideas that we
will need. In particular, we will detail the definition of decomposition numbers

for an Ariki-Koike algebra and describe the combinatorics involved.

1.1 Combinatorics

1.1.1 Partitions and tableaux

Let n be a positive integer.

Definition 1.1.1. A composition of n is a sequence A = (A1, Ag,...) of non-
negative integers such that |A| := > ,~; Ay = n. The integers A, for b > 1, are
called the parts of . B

A composition A of n is a partition if A\, > A\p1 for all b > 1.

Since n < oo, there is a k such that Ay = 0 for b > k and we write A =
(M,..., A). We write @ for the empty partition (0,0,...,0). If a partition
has repeated parts, for convenience we group them together with an index. For
example,

(4,4,2,1,0,0,...) = (4,4,2,1) = (42,2,1)

Definition 1.1.2. If ) is a partition, we define the conjugate partition )\ of
A to be the partition with b'® part A, = #{c > 1| A, > b}.

Definition 1.1.3. The Young diagram of a partition A is the subset
[A] = {(b,c) € Nsg x N5g | ¢ < Ay}

The elements of [A] are called nodes of A\. The k" row (resp. column) of a

diagram consists of those nodes whose first (resp. second) coordinate is k.

It is useful to represent the Young diagram of a partition A as an array of

boxes in the plane. For example, the partition A = (42,2,1) can be represented



Chapter 1: Preliminaries 7

as follows.

The set of partitions of n is partially ordered by the so-called dominance order

defined in the following way.

Definition 1.1.4. If A\ and p are partitions of n, we say that A\ dominates p,
and write A B> p, if

Z)\bZZMb
b=1 b=1
forall 1 <i<mn.If A> puand A # pu, we write A > p.

Example 1.1.5. The dominance relation on the set of partitions of 6 is shown
by the tree:

(2,1

|
(1%

Definition 1.1.6. Let A be a partition of n. A A-tableau is a bijection t: [A\] —
{1,2,...,n}. We say that t has shape A\ and write shape(t) = A.
Equivalently, a A-tableau is one of the n! arrays of integers obtained by replacing

each node in [A] by one of the integer 1,2, ..., n allowing no repeats.

Example 1.1.7. Consider A = (4, 3,1) a partition of 8. Then

2[4]5]
6|7 and

5/7]3]
18

‘OOC.O}—‘

‘c»w»n

are \-tableaux.
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We distinguish two particular types of A-tableaux.

Definition 1.1.8. We say a A-tableau t is row standard if its entries increase
from left to right in each row of the Young diagram, and we say t is standard if,
in addition to being row standard, its entries increase down the columns of the
Young diagram. We write Std()) for the set of standard A-tableaux.

Example 1.1.9. In the same notation of Example 1.1.7, we have that the first

tableau is standard, while the second one is neither row standard nor standard.
Definition 1.1.10. Suppose A is a partition of n and (b, ¢) is a node of [)].

1. The (b, c)-hook of A is defined to be the set Hy.(A) of nodes in [A] directly
to the right of or below (b,¢), including the node (b, ¢) itself. The (b, c)-
hook length hy.(A) is the total number of nodes in Hp.(\). Then if an
(b, ¢)-hook has length e, we call it an e-hook.

2. The rim of [)\] is defined to be the set of nodes

{(0,c) e A [ (b+1,c+1) ¢ [A]}.
3. Define an e-rim hook to be a connected subset R of the rim containing
exactly e nodes such that [A] \ R is the Young diagram of a partition.

Note that there is a one-to-one correspondence between hooks and rim hooks.
Let e € {2,3,...} U{oo} and set I = Z/eZ (which we identify with

{0,1,...,e—1}) unless e = oo, in which case set I = Z.
Definition 1.1.11. Let A\ be a partition of n.

1. Define the e-residue of a node (b, ¢) to be

c—b mod e ife={2,3,...},
res(b,c) =

c—b if e = oco.

Define the residue diagram of A to be the diagram formed by filling in
the box of [A] at node (b, ¢) with res(b, ¢).
2. Let i € I, let ¢;(\) be the number of nodes in [A] of residue i. We define

the residue content of \ to be

(Co(/\),cl()\),...,Ce_l()\>) ife= {2,3,...},
(..ycc1(N),c0(N),e1(A),...) if e=oc.

cont(\) =

3. If X has no e-rim hooks, or e = 0o, then we say that X\ is an e-core.
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4. We say that p is the e-core of \ if p is the e-core obtained from [A] removing

all the possible e-rim hooks.

5. If we can remove w e-rim hooks from [A] to produce an e-core, then we
say that A\ has e-weight w and we write weight(\) = w. In particular, an

e-core has weight 0.

Example 1.1.12. Let e = 4. Consider the partition A = (3,2). Then the residue

diagram is

o[1]2]
310

We can remove a 4-rim hook, that is the shaded one in the diagram. So,
A has 4-weight 1 and its 4-core is (1).

Let e < oo. For each [ > 1, we define the [*! ladder in N2 to be the set
L={(byc) eNZy | b+ (e—1)(c—1)=1}.

All the nodes in £; have the same residue (namely, 1 —1 mod e), and we define
the residue of £; to be this residue. If X is a partition, we define the I*' ladder
L;(A) of X to be the intersection of £; with the Young diagram of .

Example 1.1.13. Suppose e = 3, and A\ = (4, 3,1). Consider the Young diagram
of A. Then in first diagram we label each node of [A\] with the number of the ladder

in which it lies, while in the second one we filled the nodes with their residues:

3[5]7]
416 and

1[2]0]
0]1

‘ww)—-

‘r—tl\DO

1.1.2 [S-numbers and abacus

Here we introduce a new way for representing partitions. It is clear that a
diagram [A] is uniquely determined by its first column hook lengths
hii(A)y ...y ha1(A), h11(A). It is useful to extend this idea to the case where A
has some zero parts at the end. Therefore, we define the set of S-numbers as

follows.

Definition 1.1.14. Let e € {2,3,...} U{oco}. Let A be a partition of n and let

a be an integer. For every ¢ > 1, we define the S-number (3; to be
ﬁi = >\z +a — )
and we call the set of S-numbers associated to A with respect to a to be

Bo(A) ={Bi | i=1}.
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Given a set of S-numbers for a partition A, we can create an abacus display.
We take an abacus with e infinite vertical runners, which we label 0,1,...,e —1
from left to right (or ..., —1,0,1,... from left to right, if e = 00), and we mark
positions on runner [ and label them with the integers congruent to [ modulo
e, so that (if e < 0o) then position (z + 1)e + [ lies immediately below position
xe+1, for each x. Then the e-abacus display, or the e-abacus configuration,
associated to A with respect to a is the abacus display with a bead placed at
position f; for each i > 1 and it is denoted by Abe(A). If it is clear which e
we are referring to, we simply say abacus configuration. When we draw abacus
configurations we will draw only a finite part of the runners and we will assume
that above the drawn part the runners are full of beads and below the drawn

part there are no beads.

Example 1.1.15. Suppose A = (3,12), and a = 0. Then we have
Bo(\) = {2,—1,-2,—4,-5,—6,...}.

So the abacus display with e = 5 is

while the abacus display with e = oo is

-4 -3 -2 -1 0 1 2 3

-0l 00 | | e -

If e < 0o, an abacus display for a partition is useful for visualising the removal
of e-rim hooks. If we are given an abacus display for A with S-numbers in a set
B, then [A] has a e-rim hook if and only if there is a S-number ; € B such
that §; — e ¢ B. Furthermore, removing a e-rim hook corresponds to reducing
such a S-number by e. On the e-abacus, this corresponds to sliding a bead up
one position on its runner. So, A is an e-core if and only if every bead in the

abacus display has a bead immediately above it. Using this, we can see that the
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definition of e-weight and e-core of A\ are well defined.

Lemma 1.1.16. Let A be a partition. Then the e-core and e-weight of A depend
only on A (and e).

Moreover, if e < co and a € Z we say that the bead corresponding to the
B-number ze + [ with 0 <[ < e is at level (*(\) = z for z € Z.

Example 1.1.17. Consider A = (4,2) and a = 6. Then we have
Bg(\) ={9,6,3,2,1,0,—1,—-2,-3,...}.
So, an abacus display for A when e = 3 is

0 1 2 level

w N = O

Finally, we can also notice that each bead corresponds to the end of a row of

the diagram of A (or to a row of length 0).

1.1.3 Multipartitions

Let » and r be positive integers.

Definition 1.1.18. A multicomposition of n with r components is an ordered
r-tuple XA = ()\(1), .. ,)\(T)) of compositions such that

Al =AY+ 4+ A =

If, in addition, each A1) is a partition, then we say that A is a r-multipartition

of n. We write the unique multipartition of 0 as &.

If r is understood, we shall just call this a multipartition of n. Note that a
partition of n is essentially a multipartition of n with one component, that is,
r=1.

Also the set of r-multipartitions of n, as the set of partitions, is partially

ordered by the so-called dominance order defined in the following way.
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Definition 1.1.19. Given two r-multipartitions A and p of n, we say that A

dominates u, and write A &> u, if

j—1 i j—1 i
PR DR MR ED DL
a=1 b=1 a=1 b=1

for j =1,2,...,r and for all ¢ > 1.

The dominance order is certainly the ‘correct’ order to use for multipartitions,
but it is sometimes useful to have a total order, >, on the set of multipartitions.

The one we use is given as follows.

Definition 1.1.20. Given two r-multipartitions A and p of n, we write A > p
if and only if the minimal j € {1,...,r} for which A # ;) and the minimal
7 > 1 such that )\Z(] ) #* ugj ) satisfy )\Z(-j ) > ,u,l(.j ). This is called the lexicographic
order on multipartitions.

It is simple to verify that A > p implies A > p. But the reverse implication
is false in general. For instance, A = ((6,3,13),(22,13)) > ((3%,23),(5,2)) = u,
but A and p are not comparable with the dominance order.
Definition 1.1.21. Given a multipartition A = (A, ..., X)) of n, we define

its Young diagram to be the subset
Al := {(b, ¢, §) € Nug x Nog x {1,...,7} | e < AP},

The elements of [A] are called nodes.

Definition 1.1.22. We say that a node n € [A] is removable if [A]\{n} is also the
Young diagram of a multipartition. We say that an element n € N2>0 x{1,...,r}is

an addable node if n ¢ [A] and [A]U{n} is the Young diagram of a multipartition.

As for partitions, we can draw the Young diagram of an r-multipartition as
an r-tuple of the Young diagrams of its component partitions. For example, the
diagram of ((22,1),(12),(3,1)) is drawn as

gujyuan

Define a bijection / from N2 x {1,...,r} to itself by
(b,C,j)/ = (C,b,T+ 1 _j)

Definition 1.1.23. Given a multipartition A = ()\(1),...,)\(’")), define the

conjugate multipartition to have Young diagram

N]={n"|nex}
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that is, A = (/\(”)/, o ,)\(1),), where A0 is the usual conjugate partition to A7),

Example 1.1.24. Consider A = ((22,1),(1%),(3,1)) as above. = Then
N =((2,1%),(2),(3,2)) and its Young diagram is

|
. [, |

From the definition of conjugate multipartition, we have the following.

Lemma 1.1.25. | , Lemma 1.2] If A and p are multipartitions, then A > p
if and only if X' < ',

Again, as for partitions, we can give the following definitions.
Definition 1.1.26. Let A be an r-multipartition of n.

e A A-tableau is a bijection t: [A] — {1,...,n}. We can represent a A-
tableau t by drawing [A] and then filling in the box at position (b, ¢, j) with

its image under t.

e We say a A-tableau t is (row) standard if each of its components
t @ ) are (row) standard. We write Std(M\) for the set of
standard A-tableaux.

Example 1.1.27. Let A = ((3,1),(2%,1)). Then

7
9],

6
9>

1]3[4]

1]/2]3]

43]1]

‘OOOJU!

‘\IOOOT

‘OOOJC)‘!
Ne)

are A-tableaux. The first one is standard, the second one is row standard, but

not standard and the last one is neither.

Finally, we may also generalise to multipartitions the definition of S-numbers

and the construction of an abacus display as follows.

Definition 1.1.28. Let A = ()\(1), . ,)\(’")) be a r-multipartition of n and let
a=(ay,...,ay) € Z". For every i > 1 and for every j € {1,...,r}, we define the
S-number ﬁij to be

B =29 ya; i

We refer to any r-tuple of integers a = (ai,...,a,) € Z" as a multicharge.
The set ng = {B{ , 6% ,...} is the set of S-numbers (deﬁned psing the integer
a;) of partition \U). Tt is easy to see that any set B, = {B{.5},...} is a set
containing exactly a; + IV integers greater than or equal to —N, for sufficiently

large N.
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For each set Bg]. we have a corresponding abacus display. Hence, we can
define Ab.(A) the e-abacus display, or e-abacus configuration, for an r-
multipartition A with respect to a to be the r-tuple of e-abacus displays associated
to each component A9 with respect to a;. Again, as for partitions, we can say
that the bead corresponding to the S-number ze 4+ ¢ with 0 < ¢ < e in the S-set
BZJ. is at level £(X) = x for x € Z.

Example 1.1.29. Suppose that 7 = 3, @ = (=1,0,1) and XA = ((1), 2, (12)).

Then we have

B, ={-1,-3,-4,-5,...};
BO == {_1 , 3, },
B} ={1,0,-2,-3,—4,...}.

So, the abacus display with respect to the multicharge a for A when e = 4 is

1 2 3 0

1

2

3

.
.

0

.
.

level

1.2 The Symmetric Group

Let n be a positive integer. A permutation of the set {1,2,...,n} is a bijection

m:{1,2,...,n} = {1,2,...,n}.

A permutation 7 that interchanges a and b with a # b and fixes all the other
elements is called a transposition and it is written as 7 = (a,b). Following
[ |, any permutation can be written as a product of transpositions. Hence

there is a well-defined function
sgn : 6, — {£1}

such that sgnm = (—1)7 if 7 is a product of j transpositions.

Definition 1.2.1. For n > 1, the set of all permutations of {1,2,...

with the product operation given by composition is called the symmetric group

,n} together

of degree n and it is denoted by &,.
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Remark 1.2.2. For 1 <i < n, let s; be the transposition (i, + 1). Then &,, is

generated by the elements s1,...,s,_1 subject to the relations:
s?zl, for1<i<n-—1,
8i8j = 5;5i, for1<i<j—1<n-2,
S8iSi4+151 = Si+15iSi+1, for 1 < ) <n-— 2.

The second and the third relations are called braid relations of &,,.

Definition 1.2.3. Let w € &,, such that w = s;, - ... s;,. If k£ is minimal then

we say that s;, -...-s;, is a reduced expression for w and we say that w has

length %k and write /(w) = k. The identity element 1 has length 0.

The representation theory of the symmetric group algebra FS,, for any field F
was studied by James in | ], and this is where we take most of our definitions
and results from. The approach is largely combinatorial, and although we will
be interested in more complicated algebras later on, many of the definitions and
ideas here will be important.

Let A be a partition of n and let t be a A-tableau. The symmetric group &,

acts naturally on A-tableaux on the right by permuting the entries.

Example 1.2.4. Let A\ = (3,2) be a partition of 5 and o = (1,2,4)(3,5) € Gs.

Then o acts on the A-tableau i g 3‘&5 follows.
1]2]3] [2]4]5]
45 7713 -

Definition 1.2.5. Let A be a partition of n. The initial tableau t* is defined
to be the tableau obtained by writing the numbers 1,2,...,n in order from left
to right, going down the rows of each successive part of \. Given a A-tableau t
we define the permutation d(t) € &, by t = t\d(t).

Example 1.2.6. In the same notation of Example 1.2.4, let t = % ;l 2 ‘ Then
e =t 3] and d(t) = (1,2,4)(3,5).

Definition 1.2.7. Define the row stabilizer of t by
Ri={re &, |forallie{l,...,n}, i and iw are in the same row of t},
and similiarly define the column stabilizer of t by

Ci={mre 6, |forallie{l,...,n}, iand im are in the same column of t}.
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Definition 1.2.8. For each partition A = (A1,..., Ax) of n, we associate a Young

subgroup &) of G,, defined by

Gr =622 XS a1 ) X XS 1)
Remark 1.2.9. Note that:
1. for any partition )\, the row stabilizer of t} is R = Gy;
2. Ry = n 'Ry and Cyr = 7~ 'Cyrr. Indeed, for any permutation o:
oE 7r_1Rt7r — qorte Ry

— {tror ! = {8}

— {t}mo = {t}n
— {tr}o = {tr}
<~

0 € Ry.

—_

2[4]5]
6|7 be a A-tableau, then

w

Example 1.2.10. Let A = (4,3,1) and let t =

oo

Rt = 6{1’2’4’5} X 6{3,6,7} X 6{8} and C{ = 6{173’g>< 6{276} X 6{4,7} X 6{5}

We define an equivalence relation ~ on the set of A-tableaux by t ~ s if and

only if tm = s for some 7 € Ry.

Definition 1.2.11. We call an equivalence class under ~ a A-tabloid and denote

it by {t}, where t is one of the tableaux contained in the equivalence class.

We draw a diagram for {t} by writing out the entries of t in the layout of

their diagram and then adding lines between the rows.

113]5]

)
214 ’ '

Example 1.2.12. If t = Z ;

Definition 1.2.13. &,, acts on the set of A-tabloids by {t}7 = {tr} for 7 € &,,.

Remark 1.2.14. This action is well-defined, since {t;} = {t2} implies to = t10
for some o € Ry,. Then 7~ low € n 1Ry m = Ry» by Remark 1.2.9, so {t;7} =
{yrrlon} = {tion} = {ta7}.

Definition 1.2.15. Let F be an arbitrary field and let A be a partition of n.

Define M () to be the vector space over F whose basis elements are the A-tabloids.

The action of &,, on tabloids has just been defined, by {t}7 = {tr} for 7 € &,,.
Extending this action linearly on M (), this turns M () into an FS,,-module.
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Definition 1.2.16. Let t be a tableau. Then the signed column sum &y is the
element of F&,, obtained by summing the elements of the column stabilizer of t,

attaching the signature of each permutation. That is,

Ky = Z (sgnm)m.

weCy

The polytabloid e associated with the tableau t is given by

et:{t}m.
2[5]1]
Example 1.2.17. If t = slal then ki =1—(2,3) — (4,5) + (2,3)(4,5) and
251 351 241 341
“="374 2 4 35 25

Now, we may define the main modules of interest that are the so-called Specht

modules.

Definition 1.2.18. Given a partition A of n, the Specht module S()) is the
submodule of M () spanned by the polytabloids e.

Examples 1.2.19.

o If A = (n), there is a unique A-tabloid that is 1 2 ---n . So M(A) and
S(A) are equal and, since 1 2---n7= 1 2---n forall m € &,, we get
that M (X) = S(A) is the trivial F&,-module.

o If A\ = (1"), each equivalence class {t} consists of a single A-tableau, and
this tableau can be identified with a permutation. Since the action of &,,

is preserved,

M(\) 2 F6,,

that is, M()) is isomorphic to the regular FS,-module. Note that e is
the signed sum of all n! permutations regarded as tabloids and, for any
permutation m, we have ey, = eqm = (sgnm)eq. Thus, S(N) is the alternating
F&,,-module.

Moreover, we can find a basis for these fundamental modules, as stated in the

following result.

Theorem 1.2.20. | , Theorem 8.4] {e¢ | tis a standard A-tableau} is a
basis for S(A).

Now, in order to determine all the irreducible modules of F&,,, we define a
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bilinear form ( , ) on M(\) by

1 if {1} = {t},
0 if {t:} # {t2}.

() {te}) =

This bilinear form together with the next two results will be crucial for

classifying all the irreducible F&,,-modules, up to isomorphism.

Theorem 1.2.21 (Submodule Theorem). | | If U is a submodule of M(\),
then U D S(\) or U C S(A)*.

Theorem 1.2.22. | , Theorem 4.9] The quotient module S(\)/(S(A) N
S(A)1) is zero or absolutely irreducible. Furthermore, if this is non-zero, then
S(A)NS(A)* is the unique maximal submodule of S(\) and S(A)/(S(A\)NS(A)*)

is self-dual.

Using Maschke’s Theorem, we see that if char F = 0 we obtain S(\)NS(\)* =
0 and so M(\) = S(\) @ S(A)*. This leads to the following theorems.

Theorem 1.2.23. | , Theorem 4.12] Let F be a field with char F = 0. The
Specht modules over F are self-dual and absolutely irreducible, and give all the

ordinary irreducible FG,,-modules, up to isomorphism.

Theorem 1.2.24. | , Theorem 4.13] If char F = 0, the composition factors
of M(X) are S(X) (once) and some of {S(u) : > A} (possibly with repeats).

Theorem 1.2.23 gives us the irreducible modules of &,, over a field F with
characteristic 0. However, if our field F has characteristic p > 0, then we cannot
use Maschke’s Theorem as above since the characteristic of F may divide |&,].
So, the next definition is needed in order to fully determine the irreducible F&,,-

modules over a field of characteristic p.

Definition 1.2.25. A partition X is p-singular if ;1 = ijo=... = Xijp >0

for some i. Otherwise, A is p-regular.

Theorem 1.2.26. | , Theorem 11.1] Suppose that S()) is a Specht module
defined over a field of characteristic p. Then the quotient module S(A)/(S(A\) N

S(A\)1) is non-zero if and only if \ is p-regular.

Suppose that F has characteristic p and that A is p-regular. We define
D(A) = S(N)/(S(A\) N SA)).

We have a counterpart to Theorem 1.2.23 for F with characteristic p > 0.

Theorem 1.2.27. | , Theorem 6] {D(\) | A is p-regular} is a complete set

of non-isomorphic irreducible F&,-modules over a field F of characteristic p.
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Theorem 1.2.28. | , Corollary 12.2]

1. If X is p-regular, then S(A) has a unique top composition factor D(\) =
S(AN)/(S(A)NS(A\)L). If D is a composition factor of S(A\) N S(\)*, then D

is isomorphic to D(u) for some p> A.

2. If X is p-singular, then all the composition factors of S(A) have the form
D(p) with p> A.

It is useful to record the composition multiplicities of the irreducible F&,-

modules in the following way.

Definition 1.2.29. Let A and p be partitions of n with u p-regular. Define the

decomposition numbers of F&,,

to be the composition multiplicity of D(u) in S(A). We call the matrix D = (dy,)

the decomposition matrix of G,,.
By Theorem 1.2.28 we have that
e dy) = 1 for every p-regular partition A.
e dy, # 0 only if o A

So, we can conclude the following.

Corollary 1.2.30. D becomes lower unitriangular when the p-regular partitions

are placed in lexicographic order before all the p-singular partitions.

1.3 The Iwahori-Hecke algebra of G,

This section introduces the Iwahori-Hecke algebras of the symmetric group and

deals with their representation theory.

1.3.1 The Iwahori-Hecke algebra

Definition 1.3.1. Let F be a field and let ¢ be an arbitrary non-zero element
of F. The Iwahori-Hecke algebra Hp ,(S,) of &, is the unital associative

F-algebra with generators 71,75, ...,7T,—1 and relations:
(T; — ¢)(T; + 1) = 0, for1<i<n-—1,
T;T; =TT, for1<i<j—1<n-2,

LT T; =TT T4, for1 <i<n-—2.
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For brevity, we may write H,, for Hr 4(&,). Note that when ¢ = 1, the first
relation becomes Tf =1, and so in this case Hp 4(Sy,) is isomorphic to the group
algebra FG,,.

Definition 1.3.2. Define e to be the quantum characteristic of Hr 4(5,),
that is, the minimal integer e such that 1 4+ q +¢?> +... +¢*! = 0. If no such

integer exists, let e = co.

Note that if ¢ = 1 (as in the case of &,,) then e = char F.
Suppose w € &, and let w = s;, ...s;, be a reduced expression for w. We
define
Ty=T; ...7T;

P

By Matsumoto’s Theorem (| ], Theorem 1.8) for reduced expressions, we
have that T, is independent of the choice of reduced expression for w and hence
is well defined. If w is the identity element of &,,, then we identify T, with
the identity element of F. The following result tells us how we perform right

multiplication in Hp 4(Sy,).

Proposition 1.3.3. | , Lemma 1.12] Let w € &,,. Then

Tws, if l(ws;) > L(w),
T, T, =
qTws, + (¢ — DT if L(ws;) < l(w).

Example 1.3.4. Let w = (1,3,2) = (1,2)(2,3) and consider sy = (2,3). Then
wsy = (1,2), so l(wsz) =1 < 2={(w). Hence

TuspTey =alnz + (@ = DTz
If, instead, we consider s; = (1,2), then ws; = (1,2)(2,3)(1,2) = (1,3), so

l(ws1) =3 > 2=/{(w). Hence

Taz2T2) = T(1,3)

By Proposition 1.3.3, the elements {T,, | w € &,,} certainly span H,. In fact,
it can also be shown that they are linearly independent to obtain the following

theorem.

Theorem 1.3.5. | , Thoerem 1.13] The Iwahori-Hecke algebra Hp 4(Sy,) is
free as an F-module with basis {T}, | w € &, }.

1.3.2 Representation theory of Hy,(S,)

There are different approches to study the representation theory of the Iwahori-

Hecke algebra of &,,. The one we chose uses the theory of cellular algebras (due to
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Graham and Lehrer | ]). The basic strategy is to construct a cellular basis for
Hr,4(S,) and then apply the theory of cellular algebras to produce the irreducible
Hp-modules. There are different cellular bases for Hp 4(S,). The one we use is
a very natural basis indexed by pairs of standard tableaux; it was discovered by
Murphy | , ]. We decided to adopt this strategy because it allows
us to use only a small amount of work to obtain many useful properties of the
representation theory of Hr 4(S,,), and moreover will set us up with a method to
use when considering the Ariki-Koike algebras later on.

We shall describe the main points which demonstrate how we apply the
cellular theory to the Iwahori-Hecke algebra, but many of the details will be
omitted. We take our definitions and results from | | and as such the

missing details can be found there. We begin by defining a cellular basis.

Definition 1.3.6. Let R be a commutative domain with 1 and let A be an
associative unital R-algebra that is free as an R-module. Suppose that (A,>) is
a (finite) poset and that for each A € A there is a finite indexing set 7(\) and
elements ¢, € A for every s,t € T()\) such that

€ ={c\ | AeAands,te T(\)}

is a (free) basis of A. For each A € A, let A* be the R-submodule of A with basis
{co | €A p>Xand u,0 € T(u)}. Then the pair (¢,A) is a cellular basis
of A if

(i) the R-linear map *: A — A determined by ()" = ¢f}, for all A € A and

all s and t in 7()\), is an algebra anti-isomorphism of A; and,

(ii) for any A € A, t € T(\) and a € A there exist elements r, € R such that
for each s € T(\)
a = Z rpc, mod A*,
veT(N)

If A has a cellular basis then we say that A is a cellular algebra.

Note that each 7, depends on v, t and a, but not on 5. By applying * to part
(ii), we get a similar formula for multiplying on the left: for s € T(X), a € A, we
have that for every t € T(\)

* A
@ Cgt

Z rycly  mod A (1.3.1)
ueT(N)

where the r, are the same as those determined in part (ii) above. Note that
(1.3.1) and (1.3.6)(ii) show that A* is a two-sided ideal.

Example 1.3.7. Let A = R[z] be the polynomial ring in an indeterminate z

over R. Let A be the set of non-negative integers with their natural order. For
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each n € A set T(n) = {n} and set ¢!, = 2". Then {z" | n € N} is a cellular

basis of A, because
e x: A — A is just the identity on A; and,

e forany n € Nand a = Zi>0 a;x* € A we can take 1, = ag so that

n _oon_, _ et n __ n o __ n An
Chnd =2 a= E a;x = a0Tr = TpCh, = E TvCryp HIOdA,

>0 ve{n}
since here A" is the R-submodule of A with basis {2 | k > n}.

So A = R[] is a cellular algebra.

Let A be an arbitrary cellular algebra and fix A\ € A. Let A* be the R-
submodule of A with basis {cl, | x € A, p > X and u,v € T(n)}. Thus, A* ¢ A
and A/ A has basis ¢} + A* where 5,t € T()\).

If s € T(\) define C} to be the R-submodule of A*/A* with basis
{cd + A |t € T(N)}. Then C is a right A-module by Definition 1.3.6(ii) that
determines the action of A on ¢y. However, this action is independent of s; that
is, C} = C for any s, t € T()\). This motivates us to define the following

modules.

Definition 1.3.8. Define the (right) cell module C* to be the right A-module
with basis {c; | t € T(\)} and action determined by

cra = Z ToCp (1.3.2)
veT (N)

where 7, is the element of R determined by Definition 1.3.6(ii).

Then, C* = C for any s € T(A) via the canonical R-linear map which sends
cp to ¢+ A for all t € T(N).
Note that, by Definition 1.3.6 and by (1.3.1), for any u,0 € T(\) we have

that there exists an element r5 € R such that
e = reech, mod AN

Thanks to this result, we get that there is a unique symmetric, associative,

bilinear map (, ): C* x C* — R given by
<C§\7 Cf‘> = Tst-

Let radC* = {z € C* | (x,y) = 0 for all y € C*}. This is an A-submodule
of C?, so we define D = C* /radC?.
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Define Ag = {pr € A | D" % 0}. Then we have the following results that allow

us to classify all the simple A-modules for A cellular algebra.

Proposition 1.3.9. | , Proposition 2.11(i)] Suppose that R is a field and
let A € Ag. Then the right A-module D? is absolutely irreducible.

Theorem 1.3.10. | , Theorem 2.16] Suppose that R is a field and that A is
finite. Then {D* | u € Ap} is a complete set of pairwise inequivalent irreducible

A-modules.
Now, we can define and describe the decomposition matrix of A.

Definition 1.3.11. Let y € Ag and A € A. Define dy, = [C* : DH] to be
the composition multiplicity of the irreducible module D* in C*. The matrix

D = (dy,) is the so called decomposition matrix of A.
The next results follows from the proof of Theorem 1.3.10.

Corollary 1.3.12. Suppose that R is a field. Then the decomposition matrix D

of A is unitriangular, that is
° d)\)\:1if/\€A0;
e dy, # 0 only if A > p.

Another interesting fact is how cell modules and blocks of a cellular algebra
are related. So, now, we give some definitions for a finite dimensional algebra in

order to explain the next results.

Definition 1.3.13. Let A be a finite dimensional algebra over a field F. Suppose
A=B1&...®B.

is a decomposition of A into a direct sum of indecomposable two-sided ideals
Bi,..., B, called the blocks of A. An A-module is said to belong to the

block B; if all of its composition factors lie in B;.

Definition 1.3.14. Let A be a cellular algebra with cellular basis (¢,A). We

say that A\, u € A are cell-linked if there exists a sequence
)\:)\0,)\1,...,>\k = U

of elements of A such that the cell modules C*-1 and C* have a common

irreducible composition factor for alli =1, ..., k.

Remark 1.3.15. This defines an equivalence relation on A and, if 4 € Ag with
dy, # 0, then X and p are cell-linked.
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Hence we have the following results.

Proposition 1.3.16. | , Corollary 2.22] Suppose that F is a field and A is
finite. Let A and u be elements of A. Then A and p are cell-linked if and only if
C* and C* are in the same block. In particular, all the irreducible constituents

of a cell module belong to the same block.

Now we can show how the cellular theory can be applied to the
Iwahori-Hecke algebra. We aim to construct a cellular basis for Hp4(&y), so
that we can exhibit cell modules and irreducible modules for it. We will
consider the results above when R = F that is a field, because we are working

with an F-algebra.

Let A be a partition of n and H,, = Hr4(S,). Let my := > T.
weG)

Define M* to be the right H,,-module generated by m,.

Example 1.3.17. Let A = (2,2). Then t* = ; i and &) = ((1,2), (3,4)) =
Sy x G3. So

mx =14+Tq9)+T(34) + T(1,2)L(3,0)-
Proposition 1.3.18. | , Proposition 3.3] Suppose that X is a composition

of n and let
P\ ={d € &, | t\d is row standard}

Then Z) is a complete set of right coset representatives of Gy in &,. Moreover,
if we &, and d € Z), then {(wd) = (w) + £(d) and Tyq = TwTy.

Thus, each row standard A-tableau corresponds to a right coset of &y in
S,,. By Proposition 1.3.18, d(t) is the unique element of minimal length in
the coset G,d(t). Such coset representatives are called distinguished coset

representatives.

Corollary 1.3.19. | , Corollary 3.4] Let A be a composition of n. Then

M? is a free F-module with basis
{maTyq | tis a row standard A-tableau}.

We call this basis the row standard basis of M*.

Hence, we know that H,, = M(") has a basis indexed by row standard (17)-
tableaux. Now, we want to transform this basis of H,, into a cellular basis indexed
by pairs of standard tableaux of the same shape.

First of all, we need to introduce an involution on H,. Let * be the anti-
automorphism of H,, determined by 7" =T} for i = 1,2,...,n — 1. Then T}; =
T,

w—1 for all w € &,,. Now we define what will become the basis elements in our

cellular basis.
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Let A be a partition of n and suppose that s and t are standard A-tableaux.
Define
met = T;(s)m)\Td(t)'

Remark 1.3.20. Note, in particular, that

*

i = (TigmTuo) = TigmTus = me

Proposition 1.3.21. | , Proposition 3.16] The Iwahori-Hecke algebra

Hr q(Sy) is free as an F-module with basis
M = {mg | 5,t € Std()\) for some partition A of n}.

We call M the Murphy basis of Hr 4(S,,).
Let AT be the partially ordered set of partitions with the dominance order .
Define ﬁnA to be the F-module with basis

{myy | u,v € Std(p) for some partition p of n such that p A} .

We can now state the most important result of this section.

Theorem 1.3.22. | , | The Iwahori-Hecke algebra Hr 4(S,,) is free

as an F-module with basis
M = {mg | s,t € Std()\) for some partition A of n}.

Moreover, the following hold.

(i) The R-linear map determined by ms — myg, for all meg € M, is an anti-

isomorphism of H,,.

(ii) Suppose that h € H,, and t € Std(\). Then there exist elements r, € R
such that for all s € Std())

MDY
mgth = Z roMgy mod H,, .
veStd(N)

Consequently, (M, A1) is a cellular basis of H,,.

Looking at the definition of cellular algebra, in our case we have taken (A, >)
to be AT, i.e., the set of partitions with the dominance order I>, and for each
A € A we have chosen T (\) = Std()).

Example 1.3.23. Consider Hp 4(S3). Let AT = {(3),(2,1), (13)} be the ordered
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set of partitions of 3 and let

527{:3 7u:2

be the corresponding standard tableaux. Set T((3)) = {s}, T((2,1)) = {t,u},
T((13)) = {v} and d(s) = d(t) = d(v) = 1, d(u) = (2,3). Then, by Theorem
1.3.22, {mgs, Mg, Moy, My, Mang, Moy § 18 & cellular basis of Hs, where

Mes = T;(E)T)’L(g,)Td(s) = 1m(3)1 =141+ To +TV15 + 1517 + T 15T,

my = TygmenTaw = 1menl =1+,

mu = TyymenTiw = 1me )Tz = (1+T1)13,

mue = TygmenTaw = Tomenl = T2(1 +Th),

mu = Tjyme,n Taw = Tome)Te = To(1 + Th)13,

Mypy = T;(u)m(lli)Td(n) == 1m(13)1 =1.
To exhibit part (ii) of Theorem 1.3.22, we note that:

myTy = (1 4+ T1)Th = my,
myTs = To(1 + 11)To = myy,

and more interestingly,

muTy = (1 +T1)12Ts
=1 +T)(q+ (¢ —1)T3)
=q1+T1)+(¢— 1) +T1)T5
= gqmy + (¢ — 1)mu

and,

Mo = To(1 + T 1T
=T +T1)(qg+ (¢—1)T7)
=qh(1+T)) + (g — D)1+ T)Ts
= gy + (¢ — 1)myy

As an example of when we require the definition of 7—Zn/\, observe that
_ 7.(1%)
mnnTl — Tl — (1 + Tl) - ]. = Myt — Mypy = —Myy IIlOd 7'[3 .

Now that we have a cellular basis for Hp 4(S,), we can use the theory of
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cellular algebras to construct all its irreducible modules. The cell modules of H,,

are called Specht modules.

Definition 1.3.24. Let A\ be a partition of n. We define the Specht module
S to be the right H,,-module generated by 7-Zn/\ + my.

Given a standard A-tableau t, let m¢ := 7—Zn)\ + mp. Then Theorem 1.3.22
gives us the following basis of S* and shows that S* is isomorphic to the cell
module of H,, indexed by A.

Proposition 1.3.25. | , Proposition 3.22] Let A be a partition of n. Then
the Specht module S? is free as an F-module with basis {my | t € Std()\)}.

An important note is that the Specht module S* defined above is isomorphic
to the dual of the Dipper and James Specht module S(\) (see | ]) defined in
Section 1.2; that is S* 22 S()\)® where © denote the dual of an H,-module (see
[ , Exercise 2.7(i1)]). One can check that S(\)® = S(\), so it is necessary
to replace A with \' when comparing the previous results with those of Dipper
and James. In particular, this must be done when comparing the results here for
Hr,¢(Sy) with those for &, given in Section 1.2. We will go into more details
about this in the case of the Ariki-Koike algebras.

Now translating the notation of the general cellular case, we have a unique
symmetric, associative bilinear form (, ) on S* which allows us to define radS*

and so the right H,-module
D* := §*/radS™.
By Theorem 1.3.10 we obtain the following result.

Theorem 1.3.26. {D* | ) is a partition of n such that D* # 0} is a complete

set of non-isomorphic irreducible Hp 4(&,)-modules over F.

We want to classify those partitions A for which D # 0. For clarity, we
will provide the two equivalent classification of simple H,-modules both for the
definition of Specht module introduced above and for the one given in | ].

Define the decomposition number of H,,
dyy = [SA : DH]

to be the composition multiplicity of D* in S*.
For our definition of Specht modules, the partitions A indexing the

H,-modules D* # 0, called e-restricted partitions, are defined as follows.

Definition 1.3.27. A partition A is e-restricted if A\; — ;11 < e for every i > 1.
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Theorem 1.3.28. | , Theorem 3.43]
{D* | i is an e-restricted partition of n}

is a complete set of non-isomorphic irreducible H,-modules. Moreover, if p is an
e-restricted partition of n and X is a partition of n, then d,, = 1 and dy, # 0

only if A > p.

Now, we translate this result in terms of the Dipper and James’ definition of
Specht modules. Notice that a partition A is e-regular if and only if its conjugate
M\ is e-restricted. Hence, the Dipper and James’ classification of the simple H,,-

modules can be stated as follows.

Theorem 1.3.29. | , Theorem 7.6]
{D(u) | p is an e-regular partition of n}

is a complete set of non-isomorphic irreducible H,-modules. Moreover, if u is an
e-regular partition of n and A is a partition of n, then d,, = 1 and dy, # 0 only
if A< p.

Notice that e = char F in the case where ¢ = 1; consequently, these results do
indeed agree with the corresponding results from the representation theory of G,
In general, e is taking the place of p = char F in the &,, case, and the irreducible
‘H,-modules depend only on e and not on the choice of F or q.

Finally, recall the notion of a block from the theory of cellular algebras above
and Lemma 1.1.16. Then we can state when two Specht modules lie in the same
block of Hy 4(Sy).

Theorem 1.3.30 (The Nakayama conjecture). | , | Suppose that A
and p are partitions of n. Then the Specht modules S* and S* belong to the

same block of Hp 4(&),) if and only if A and p have the same e-core.

The Nakayama conjecture can be stated also in the following way using
Theorem 2.7.41 in | ] that tells us two partitions of the same integer have

the same p-core if and only if they have the same residue content.

Theorem 1.3.31 (The Nakayama conjecture). Suppose that A and p are
partitions of n. Then the Specht modules S* and S* belong to the same block
of Hr ¢(Sy) if and only if cont(A\) = cont(u).

1.4 The Ariki-Koike algebras

In this section, we introduce the Ariki-Koike algebras and see that most of the
previous results about representation theory of the Iwahori-Hecke algebra can be

extended to these algebras.
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1.4.1 The Ariki-Koike algebras

Let » > 1 and let W, , be the complex reflection group (Z/rZ) ! &,. This has a

‘Coxeter-like’ presentation with generators s, ..., S,—1 and relations

sy =1,

505815051 = S1505150,

sle, forl<i<n-—1,
5i8j = 575, for0<i<j—1<n-2,
$iSi4+18i = Si+15iSi+1, for 1 S ) S n— 2.

Now, we can define the Ariki-Koike algebra as a deformation of the group algebra
FW,.

Definition 1.4.1. Let F be a field, and suppose ¢, @1, ..., Q, are elements of IF,
with ¢ non-zero. Let Q@ = {Qi,...,Q,}. The Ariki-Koike algebra
Hr.q.0(Wrn) of W, is defined to be the unital associative F-algebra with

generators 1q,...,T,_1 and relations

(To — Q1) - (To — Qr) =0,
ToThIoTh = ThIoThTo,

(T;+1)(T; —q) =0, for1<i<n-—1,
T,T; =TT, for0<i<j—1<n—2
T T =T 1 TiTi, for 1 <i<n—2.

For brevity, we may write H,,, for Hr qq(W; ). Notice that the subalgebra
of H,, generated by T71,...,T,,—1 is isomorphic to the Iwahori-Hecke algebra
Hr q(Sn).

We define the quantum characteristic e of the Ariki-Koike algebra
identically to that of the Iwahori-Hecke algebra. Hence, e € {2,3,4,...} U {oco}
and so set I = Z/eZ (which we identify with {0,1,...,e — 1}) unless e = oo, in
which case set I = Z.

Similarly, for w € &, we set T, = Tj, ...T;, where s;, ...s;, is a reduced

k
expressions for w, and we have the same multiplication formula as given by

Proposition 1.3.3.

Definition 1.4.2. For every k € {1,...,n}, define the elements Lj € H,,, by
Lk = ql_ka,1 PN T1TOT1 PN kal-

Hence we get the following fact.
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Theorem 1.4.3. | | The Ariki-Koike algebra #, , is free as an F-module

with basis
{LT'L? ... LTy |weBpand 0 < ¢; <rfori=1,2,...,n}.

We say Q is g-connected if, for each j € {1,...,r}, Q; = ¢% for some
a; € 7.

In | |, Dipper and Mathas prove that any Ariki-Koike algebra is Morita
equivalent to a direct sum of tensor products of smaller Ariki-Koike algebras,
each of which has g-connected parameters. Thus, we may assume that we are
always working with a Ariki-Koike algebra with each (); being an integral power
of q. So we assume that we can find an r-tuple of integers x = (k1,..., k) such
that @); = ¢ for each j. We call such x a multicharge of H,,. If e is finite
then we may change any of the x; by adding a multiple of e, and we shall still

have Q; = ¢™. Thus, for e finite we will consider a multicharge of H,.,, to be
(k1 mode,...,k mod e).
If e = 0o, then we have only one possible choice of multicharge k.

1.4.2 The representation theory of Hp ,o(W,,)

Here, we give some of the main ideas of the representation theory of the
Ariki-Koike algebra Hpg,qQ(Wry,). In particular, as for the Iwahori-Hecke
algebra the cellular theory helps us again in our aim. Indeed, we exhibit a
cellular basis for the Ariki-Koike algebras and then apply the theory of cellular
algebras to obtain cell modules and irreducible modules. Most of the results are
‘generalised versions’ of those for the Iwahori-Hecke algebra H,. For example,
we use multipartitions instead of partitions, and have irreducible modules
indexed by Kleshchev multipartitions as opposed to e-restricted partitions.

As for H,,, there is more than one cellular basis for H,,. The first such basis
was given by Graham and Lehrer [ |. However, the cellular basis that we
use was constructed by Dipper, James and Mathas [ | and, as with the
Murphy basis, its basis elements are indexed by pairs of standard tableaux - only

now our tableaux correspond to multipartitions. Our definitions and results are

taken from | .
Let A = (AW, ..., X\(")) be a multipartition of n. Let t* be the (row standard)
A-tableau with the numbers {1,2,...,n} entered in order along the rows of first

t)‘(l), and then £*'” and so on. Then the row stabilizer of t* is the Young subgroup
Gax = 6,1 X - X &y(. For each row standard A-tableau t, let d(t) be the
element of &,, such that t = t*d(t). An argument similar to Proposition 1.3.18
shows that {d(t) € &,, | tis row standard} is a complete set of (distinguished)
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right coset representatives of Gy in &,.

Let A be a multicomposition of n. Let my := Aui where
r  as
Tx = Z T, and uf = HH(L’ —Qs)
weG s=1i=1

with ag = (AP + ...+ [A6=D| for s = 1,...,r. Let % be the anti-automorphism
of H, determined by T;" = T; for 0 < i < n — 1. Then * is an involution and
Ty = Ty for every w € &,, Lj = Li and (hihg)* = h3h] for every hy,
ha € Hyp.

Suppose that s and t are standard A-tableaux. Define
Mgt = T;lk(g)m)\Td(t)'

Note that, again, this agrees with our earlier definition in Subsection 1.3.2 of my
when r = 1 and A partition and that m}, = m¢. Define ’F[ﬁ‘n to be the F-module

with basis
{myp | u,0 € Std(p) for some multipartition g of n such that p>A}.

Theorem 1.4.4. | ] The Ariki-Koike algebra .., is free as an F-module

with basis
M = {msg | 5,t € Std(A) for some multipartition A of n}.

Moreover, the following hold.

(i) The F-linear map determined by mg — mys, for all mg € A, is an anti-

isomorphism of H, .

(ii) Suppose that h € H,, and t € Std(X). Then there exist elements r, € F
such that for all s € Std(\)

mseh = Z ToMspy Mmod ?—Vli‘n
veStd(X)

Consequently, if AT is the set of of multipartitions of n ordered by dominance,
then (.#,A™) is a cellular basis of H,.,.

The basis .# is often called the Murphy basis of H, , in the literature.
Now that we have a cellular basis for H,,, we can use the theory of cellular

algebras to construct all its irreducible modules in exactly the same way we did
for H,,.
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Definition 1.4.5. Let A be a multipartition of n. We define the Specht module
S to be the right H, n-module generated by 7:[,%” + my.

Given a standard A-tableau t, let my := 7:[,%‘,1 + mg. Then Theorem 1.4.4
gives us the following basis of S* and shows that S* is isomorphic to the cell
module of H, , indexed by A.

Proposition 1.4.6. Let A be a multipartition of n. Then the Specht module S*
is free as an F-module with basis {my | t € Std(\)}.

Now translating again the notation of the general cellular case, we have a
unique symmetric, associative bilinear form { , ) on S* which allows us to define
rad S and so the right H, ,-module

D := S§*/radS*.

By Theorem 1.3.10, without too much work, the cellular theory produces the

following result.
Theorem 1.4.7. Let F be a field. Then
1. For each multipartition A, D? is either zero or absolutely irreducible.

2. {D* | X is a multipartition of n such that D* # 0} is a complete set of

non-isomorphic irreducible H,. ,-modules over F.

3. If D* # 0, then the composition multiplicity [S* : D#] # 0 only if X > pu;
further, [S¥* : DH| = 1.

In particular, note that every field is a splitting field for H, ,. Define, once

again as in Section 1.3.2, the decomposition numbers of H,, to be
day = [S™: DM].

Therefore, we have that, by part 3. of Theorem 1.4.7, the decomposition matrix
(dxp) of H,p is unitriangular when its rows and column are ordered in a way

that is compatible with the dominance order.

1.4.3 Induction and restriction

If n > 1, then H, 1 is naturally a submodule of H,.,,, and in fact H,.,, is free as
an H, ,—i-module. So there are well-behaved induction and restriction functors
between the module categories of H, ,—1 and H,,. Given modules M, N for
Hrn—1 and H, p, respectively, we write M AHrn and N 12,,,_, for the induced
and restricted modules. If B and C are blocks of H, ,—1 and H, ., respectively,
then we may write M 1¢ and N |p for the projections of the induced and

restricted modules onto B and C.
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Theorem 1.4.8. | , Corollary 3.7; , Lemma 2.1]

e Suppose A is a multipartition of n — 1, and let ny,...,n; be the addable
nodes of [A]. For each i = 1,...,s, let AT be the multipartition of n with
AT = [A]U {n;}. Then S* 17r» has a filtration in which the factors are
ST 8T

e Suppose A is a multipartition of n, and let nq, ..., n; be the removable nodes
of [A]. For each i = 1,...,t, let A~% be the multipartition of n — 1 with
A=) = [A]\ {n;}. Then S* |4, ,_, has a filtration in which the factors are
S8

1.4.4 Weight and hub of multipartitions

Now, we turn to some combinatorial facts about mutipartitions that will be useful
in the study of representation theory of Ariki-Koike algebras. In particular, we
follow the work of Fayers in [ |, generalising the notion of weight and core
to multipartitions. As seen at the end of Subsection 1.3.2, the weight and core
of a partition A play an important role in determining the block that S* belongs
to and its properties. In particular, we saw (Theorem 1.3.30) that two Specht
modules S* and S* belong to the same block if and only if A and ; have the same
core. However, for r > 1 the natural generalisation of this is not necessarily true.

In Subsection 1.1.2, we defined the notion of weight and core for partitions
of n. We wish to generalise these notions to multipartitions of n. In order to do

this we need to introduce the notion of residue also for the multipartitions.

Definition 1.4.9. Let a = (ai,...,a,) € Z" be a multicharge. Let
A= (D X)) be a multipartition of n and (b, ¢, j) be a node of [A]. To

each node (b, ¢, j) € [A] we associate its residue

. c—b+4+a; mode ife=1{23,...},
resq(b,c,j) =
c—b+a; if e = o0.

We refer to a node of residue 7 as an ¢-node.

Moreover, for e finite, by the definition of the S-numbers in Subsection 1.1.3,
the node at the end of the row (if it exists) has residue i if and only if the
corresponding bead is on runner i of the abacus. Thus, in each component AU
of a multipartition A, if we increase any S-number by one, this is equivalent to
moving a bead from runner ¢ to runner i+1 mod e which is equivalent to adding
a node of residue i + 1 to the Young diagram of A9). Similarly, decreasing a (-
number by one is equivalent to moving a bead from runner ¢ to runner i—1 mod e

which is equivalent to removing a node of residue ¢ from the Young diagram of
AG)
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We give now the definition of weight of a multipartition. Fix

a=(ai,...,a,) € I" a multicharge for H,,,.

Definition 1.4.10. Let A = (A, ..., A\(")) be a multipartition of n. Let ¢;(\)
denote the number of nodes in [A] of residue ¢ € I. Define the weight w(A) of A
to be the integer

- 1
wA) = | D ca,(A) | =5 D (6(X) = cipn (V)
j=1 i€l
We shall see later that w(A) is a non-negative integer.

Example 1.4.11. Suppose r = 2, (a1,a2) = (0,1) and XA = ((2%),(2,1)). If

e = 2, then the residues of the nodes in [A] are

0]1 1]0]
tjo]” [o] J-

So we have

The definition of weight given above generalises the definition of the weight
of a partition. In order to justify this assertion, we must show first that it really

is a generalisation. Indeed, the following result holds.

Proposition 1.4.12. | , Proposition 2.1] Suppose r = 1. Let A be a
partition, and let A be the multipartition (A). Then w(X) = weight(\).

Given a multipartition A, it is also useful to define the hub of it. We will
see better in the following the importance of this definition. For each ¢ € I and
je{l,...,r}, define

53 (A) =(the number of removable i-nodes of [AU)])
— (the number of addable i-nodes of [AU)]),

and put 6;(A) = 377, 63()\) The collection (6;(A) | ¢ € I) of integers is called
the hub of A.

We summarise now some useful results from | |, mostly concerning weight
and hub of a multipartition.

Recall that if A is a partition, removing an e-rim hook from A corresponds to
reducing the weight of A by 1. The following result generalises this to the case of

multipartitions.
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Proposition 1.4.13. | , Corollary 3.4] Suppose A = (AD, ... AM) is a
multipartition, and that A~ is a multipartition obtained from A by removing an
e-rim hook from some AY). Then w(X) = w(A™) + 7.

So, using Proposition 1.4.13 we can calculate the difference in weight between
a multipartition and the multipartition formed by removing all e-rim hooks from
each of its components.

Now, recall the definition of an e-core from Subsection 1.1.2 and define its

generalisation to multipartitions.

Definition 1.4.14. An multipartition A = (A1), .. ,)\(7")) is a e-multicore if

A0) is an e-core for each j € {1,...,r}.

Note that when e = oo, every multipartition is an e-multicore. Of course, if
r = 1 an e-multicore is an e-core, and has weight 0. But when r > 2, calculating
the weight of a multicore is non-trivial. The next result shows us how to reduce

the calculation of weight for a multicore to the case r = 2.

Proposition 1.4.15. | , Proposition 3.5] Suppose that A = (A1), ... A(")

is a multicore. Then

wA) = > w(AD,A®)),

1<j<k<r

Example 1.4.16. Suppose r = 3, (ai,az,a3) = (1,0,2), and
A= ((12),(2),(2,1)). If e = 4, then the 4-residue diagram of [A] is

1 213
(5 o 3.

We can calculate, applying Definition 1.4.10,

Thus, by Proposition 1.4.15, w(A) = 3.

Suppose e is finite, A = (A, ..., A() is a multicore and a = (ay, ..., a,) is
a multicharge of H, ,. We construct the corresponding abacus display for A as
in Section 1.1.3, and then for each 7 € I and 1 < j < r we define b;‘j()\) to be the
position of the lowest bead on runner i of the abacus for AU); that is, the largest

element of ng congruent to ¢ modulo e. When e = oo, we define

1 ifie B,
Bij(A) = a]
0 otherwise.
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Now, fix e € {2,3,4,...} U{oc}. Let i € [ and j,k € {1,...,r}, we define
1 .
- =(bE(A) — b (A if e < 00,

Bij(A) —Big(A)  if e = o0.
’yg k()\) may then be regarded as the difference in height between the lowest bead
on runner i of the abacus display for AU) and the lowest bead on runner i of
the abacus display for A*). If e is finite, then the integers 'ygk()\) depend on the

choice of a if we change any a; by a multiple of e, but the differences
Y (A) =7 =" (N)

do not.

Now suppose A = (A, ... X"} is a multicore, 4, € I and j, k € {1,...,7}.
If e = oo suppose also that ’yflk()\) = 2. We define sglk()\) to be the multicore
whose abacus configuration is obtained from that of A by moving a bead from
runner ¢ to runner [ on the abacus for A, and moving a bead from runner [ to
runner 7 on the abacus for A*). It is worth noting that silk(}\) = sﬁj()\) for all

1,1, 7, k. Moreover, the following holds.

Proposition 1.4.17. | , Proposition 1.6] Let A be a multicore and let
sglk()\) be defined as above. Then

1. sglk()\) has the same hub as A, and,
2. w(s) (A) = wA) = r(v) (A) - 2).

Example 1.4.18. Recalling the multipartition A from last example, we examine
the multicore (A(N, A®)) = ((12),(2,1)). So we are in the case r = 2, (a1, as) =
(1,2). If e = 4, then the residue diagram of [(A(), X3))] is

B B

An abacus display for (A1), \(®)) is
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We may read off 412 =1, 4{? = 0, 74?2 = 0 and 712 = —2; in particular 33 = 3.
Then the abacus display for s§2((A(M), A3))) is

0 1 2 3 0 1 2 3

and we have

w(si3 (A, X)) = w((AM, A3)) = 2(yg5 (A, A3))) - 2)
w((AM,A®)) —2(3 - 2)
w(()\(l)’ )\(3))) _9

Using Proposition 1.4.17, in the case r = 2 we may reduce the calculation
of the weight of a multicore A to the case where we have ’yflk (A) < 2 because if
%Jlk()\) > 3, we can obtain w(A) from w(sglk (A)) inductively. The following result

tells us how to find the weight in this case for r = 2.

Proposition 1.4.19. | , Proposition 1.7] Suppose that » = 2 and A is a

multicore.

1. If v}2(X) < 2 for all 4,1, then w(\) is the smaller of the two integers

#{i | v2(X) = 2 for some 1} and #{I | v;2(X) = 2 for some 7}.

2. w(A) = 0 if and only if v}*(A) < 1 for all 4,1

Example 1.4.20. Returning to the example A = ((12),(2), (2, 1)), we calculate

1),
the weight of (A\(?), A\(®)) when e = 4. An abacus display for (A2, X)) is




Chapter 1: Preliminaries 38

We may read off 1{2 = 0, 112 = 0, 742 = 0 and 732 = —2. So 42(A@,AB))) < 2

for all 4,1. Then, using Proposition 1.4.19, we have
#{i | vi? = 2 for some I} = #{0,1,2} =3

and
#{i | vi? = 2 for some 1} = #{3} = 1.

Hence, w((A®), \3)) = 1.

So now we have an algorithm allowing us to calculate the weight of a

multipartition given its abacus configuration.

1. If necessary, slide all beads up their runners as far as they will go, and use

Proposition 1.4.13 to calculate the change in weight.
2. For j < k, calculate the weight of Aj; = (AW, A(R):

(a) Calculate ’}/32(>\jk)§

(b) If there is a choice of i and I such that v}?(Xj;) > 3, replace Aj; with
s12(Ajk) and use Proposition 1.4.17 to calculate the change of weight.

Repeat this step until v}?(s}2(Ajx)) < 2 for all ¢ and I.

(c) Use Proposition 1.4.19 to calculate w(Ajz).
3. Finally, add together all the w(\j;) and use Proposition 1.4.15.

This enables us to prove the following result, which gives us further
reassurance that our definition of weight is an appropriate generalisation of the

weight of a partition.

Corollary 1.4.21. [ , Corollary 3.9] Let A be a multipartition. Then w(X\)

is a non-negative integer.

1.4.5 Kleshchev multipartitions

Residues of nodes are also useful in classifying the simple H,,,-modules. Indeed,
the notion of residue helps us to describe a certain subset K of the set of all
multipartitions, which index the simple modules for H, ,. We impose a partial
order > on the set of nodes of residue ¢ € I of a multipartition by saying that
(b, ¢, j) is above (V, ¢, ') (or (V/,c, ') is below (b, ¢, 7)) if either j < j' or (j = 7’
and b < '). In this case we write (b, ¢, j) > (V/,, j'). Note this order restricts to
a total order on the set of all addable and removable nodes of residue ¢ € I of a
multipartition.

Suppose A is a multipartition, and given ¢ € I define the i-signature of A

with respect to > by examining all the addable and removable i-nodes of A
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in turn from higher to lower, and writing a + for each addable node of residue
¢ and a — for each removable node of residue i. Now construct the reduced
i-signature by successively deleting all adjacent pairs —+. If there are any —
signs in the reduced i-signature of A, the corresponding removable nodes are
called normal nodes of [A]. The leftmost normal node is called a good node
of [A] with respect to >.

Definition 1.4.22. We say that A is Kleshchev if and only if there is a sequence
A=2A(n),A(n—=1),...,A(0) =2

of multipartitions such that for each k, [A(k — 1)] is obtained from [A(k)] by

removing a good node with respect to the order >.

This definition depends on the multicharge a = (aq,...,a,) of H,,, and we
may use the term ‘(ay,...,a,)-Kleshchev’ if there is danger of ambiguity. We
write (a1, ...,a,) for the set of (aq,...,a,)-Kleshchev multipartitions.

Example 1.4.23. Suppose r = 2 and e = 4. Consider the multicharge a = (1,0)
of Ha,6. Then the multipartition A = (&, (1%)) is Kleshchev. Indeed, we have the
following sequence of multipartitions obtained from A by removing each time a
good node - we write [A(k)] &y [A(k — 1)] to denote that [A(k — 1)] is obtained
from [A(k)] by removing a good i-node for ¢ € I with respect to the total order
>

—_
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Remark 1.4.24. | | If r = 1, then the multipartition (\) is Kleshchev if

and only if X is e-restricted.

The importance of Kleshchev multipartitions lies in the fact (proved by Ariki
[ , Theorem 4.2]) that if X is Kleshchev, then S* has an irreducible cosocle
D, and the set {D* | A is a Kleshchev multipartition} is a complete set of non-
isomorphic simple H, ,-modules.

As for Iwahori-Hecke algebras, also for the Ariki-Koike algebras there are two

different but equivalent classifications of the simple modules of H, ,. One is the
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classification we presented here following | | for which a complete set of

non-isomorphic simple H, ,-modules is given by
{D* | X is a Kleshchev multipartition}.

In this case, as stated in Remark 1.4.24, for r = 1 a Kleshchev multipartition is
an e-restricted partition.

This will be the setting in which we will work in Chapter 2.

The other classification is the one arising when we define as Specht module
for the Ariki-Koike algebra #,., the so called dual Specht module S’(A). The
module S’(\) is defined in | ] to be the cell module arising from a cellular
basis {ng} of H, . The details of this definition can be found in | , 84].

This will be the setting in which we will work in Chapter 3.

In order to give a classification of the simple modules for H, , with the above
definition of Specht modules we need to introduce some definitions.

We can define another partial order > on the set of nodes of residue ¢ € [
of a multipartition by saying that (b,c,j) is above (V/,c,j') (or (V/,c,j') is
below (b, ¢, 7)) if either j > j' or (j = 7/ and b > V/). In this case we write
(b,c, ) = (b, 7). Note again that also this order restricts to a total order on
the set of all addable and removable nodes of residue 7 € I of a multipartition.

Suppose A is a multipartition, and given ¢ € I define the i-signature of A
with respect to > by examining all the addable and removable i-nodes of A
in turn from higher to lower, and writing a + for each addable node of residue
f and a — for each removable node of residue f. Now construct the reduced
i-signature with respect to > by successively deleting all adjacent pairs —+.
If there are any — signs in the reduced f-signature of A, the leftmost of these

nodes is called a good node of [A] with respect to >.

Definition 1.4.25. We say that A is a dual Kleshchev multipartition if and

only if there is a sequence
A=2A(n),A(n—=1),...,A(0) =2

of multipartitions such that for each k, [A(k — 1)] is obtained from [A(k)] by

removing a good node with respect to >.

We write K'(aq,...,a,) for the set of dual Kleshchev multipartitions with
multicharge (aq,...,a,).

Hence, with the same notation of | ], when we define the Specht
modules as S’(X), we set D'(A) = S’(A)/rad S’(X) with rad S’(X) the radical of
the bilinear form of S’(A) (the form is defined in terms of the structural

constant of the basis {ns}). In this case, a complete set of non-isomorphic
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simple H, ,-modules is given by
{D'(A) | Ais a dual Kleshchev multipartition}.

Now, we want to clarify the link between these two classifications of simple

modules of H, .

Following [ ], we consider the Ariki-Koike algebra 7, with standard
generators Tj,...,T" ; and parameters (¢~ 1, Qp,...,Q1). Hence, if
a = (ai,...,a,) is a multicharge for H,,, then —a = (—a,,...,—a1) is a

multicharge for #;.,. If A is a Kleshchev multipartition of H;,, we write
A € K(—ap,...,—a1). Moreover, we have a bijection ¢ from K(ai,...,a,) to

K(—ar,...,—a1), with the properties that
e J°=g@ and

e if X\ is a multipartition with a good i-node n, then A° has a good —i-node
m, and (A \ {n})® = A°\ {m}.

This is, indeed, a bijection between the two crystal graphs with vertices the sets
K(ay,...,a;) and K(—ay, ..., —aq), under which the label of arrows are negated.
The bijection °® may be viewed as a generalisation of the Mullineux involution
[ ]. See | | for details.

Example 1.4.26. Suppose r = 2 and e = 4. Consider the multicharge a = (1,0)
of Ha,6 and the (1, 0)-Kleshchev multipartition A = (&, (1°)). Then - see Example

1.4.23 - there is a sequence

AL (2,(19) s (2,(1Y) 5 (2,(1%) &5 (2,(12) & (2,(1) & (2,2).

We want to apply © to A. By definition of °, we have that A® is the (0, 3)-
Kleshchev multipartition of 7—[’276 obtained from the empty multipartition & by
adding a —i-node if [A(k)] &y [A(k — 1)] starting from the last good i-node

removed in the above sequence. Thus, we get

A= ((3),3) = (0[112}, [3]0[1]).

We collect together some basic facts on conjugation in the following lemmas.
We will use these properties in order to give a combinatorial description of the

dual Kleshchev multipartitions.
Lemma 1.4.27. | , Lemma 1.2]

1. If m and n are two nodes with m above n with respect to >, then m’ lies

below n’ with respect to >.

2. If n is a node of A with residue 7, then n’ is a node of A’ with residue —i.
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3. If nis an addable (respectively, a removable) node of A with residue 4, then

n' is an addable (respectively, a removable) node of A" with residue —i.

Lemma 1.4.28. If m and n are two nodes with m above n with respect to >,

then m’ lies above n’ with respect to >.

Proof. This follows directly from the definition of conjugate of a multipartition

and the definition of the two orders > and >. O

Proposition 1.4.29. The map

¢:K(ay,...,a;) = K'(ay,...,a)
A= (A%

is a bijection such that for any two multipartitions p, v € K(aq,...,a,),
s v o= (u°) & (V0. (1.4.1)

Proof. Consider a multipartition g € K(aq,...,a,). Then, by definition of , we
have that
i o i o
v <—> vV <— v <—> 1 %4

for some ¢ € I. So, we want to prove that
P = (p0) s (10, (1.4.2)

By Lemma 1.4.27, we know that v = (b, ¢, j) is a removable (respectively, addable)
i-node if and only if v/ = (¢,b,7 + 1 — j) is a removable (respectively, addable)
(—i)-node. Let w; be the i-signature of pu® with respect to >. Similarly, let w’

!/

be the (—i)-signature of (u®)" with respect to >. Write w; = 71 ---vs where
for any m = 1,...,s, v, is an i-node that is addable or removable. Then by

definition of the orders > and >, we have

wly =

Write w; = (+)P(—)? for the reduced i-signature of u® with respect to >. We
deduce from Lemma 1.4.28 that @', = (+')?(—')" coincides with the reduced
(—i)-signature with respect to >=. In particular, « is the good i-node for p® with
respect to > if and only if 7/ is the good (—i)-node for (u®)" with respect to >.
Hence, the bijection & satisfies (1.4.1). O

Remark 1.4.30. Notice that Proposition 1.4.29 implies that a dual Kleshchev

multipartition for H, , is a multipartition that lies in the set

{(p®) | p€Klay,...,a)}
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In this case, for 7 = 1 a dual Kleshchev multipartition is an e-regular partition.
Indeed, if 7 = 1 then p = () € K(a1) is an e-restricted partition by Remark
1.4.24. By definition of °, (1)® = u® € K(—a1) and so it is e-restricted as well
and p° is e-restricted if and only if (u®)’ is e-regular.

In particular, we have the following result that explains why in the literature
(see [ |), we often find stated that the dual Kleshchev multipartitions are

the conjugate of the Kleshchev multipartions.
Lemma 1.4.31. If A € K(ay,...,a;), then X € K'(—a,,...,—a1).

Proof. Let A € K(ay,...,a,). As in the proof of Proposition 1.4.29, v is the
good i-node for A with respect to > if and only if 4/ is the good (—i)-node for X’
with respect to ». Hence, X' € K'(—ay,,...,—ay). O

1.4.6 Blocks of Ariki-Koike algebras

It follows from the cellularity of H,, that each Specht module S lies in one
block of H,,, and we abuse notation by saying that a multipartition A lies in
a block B if S* lies in B. On the other hand, each block contains at least one
Specht module, so in order to classify the blocks of H, ,, it suffices to describe
the corresponding partition of the set of multipartitions.

Recall the concept of a block from the theory of cellular algebras as defined

in 1.3.13. Hence, we have the following classification of the blocks of H, ;.

Theorem 1.4.32. | , Theorem 2.11] Let A and p be multipartitions of n.
Then, S* and S lie in the same block of H,., if and only if ¢;(A\) = ¢;(u) for all
1el.

Moreover, we can notice that an important feature of the weight and hub of
a multipartition is that they are invariants of the block containing A, and in fact

determine this block.

Proposition 1.4.33. [ , Proposition 3.2 & Lemma 3.3] Suppose A is a

multipartition of n and p is a multipartition of m. Then:
1. if A and @ have the same hub, then m =n mod e, and

r(n —m)

w(A) —w(p) = ——=;

e

2. if n = m, then A and p lie in the same block of H,, if and only if they

have the same hub.

In view of this result, we may define the hub of a block B to be the hub of
any multipartition A in B, and we write 0;(B) = 0;().
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1.4.7 Scopes isometries

Here we introduce maps between blocks of Ariki-Koike algebras analogous to
those defined by Scopes | ] between blocks of symmetric groups. Suppose
i € Z/eZ, and let ¢;: Z — Z be the map given by

z+1 z=i—1 mode
¢i(x)=<x—1 x=i mode
x otherwise.

If e is finite, then ¢; descends to give a bijection from I to I; we abuse notation
by referring to this map as ¢; also.

Now suppose A is a multipartition, and that we have chosen an abacus display
for A. For each j, we define a partition qﬁi()\(j)) by replacing each S-number
with ¢;(5). Equivalently, we simultaneously remove all removable i-nodes from
[AU)] and add all addable i-nodes of [AU)], or in terms of abacus configuration
we swap the runners (i — 1) and i of each abacus in the abacus display of A. If
1 = 0, we rearrange the order of the runners in A so that each runner e — 1 is to
the left of each runner 0 and we add one bead to each runner e — 1 so that the
abacus display still represents the same multipartition A. We define ®;(A) to be
the multipartition (¢;(A(M), ..., ¢;(A)).

Example 1.4.34. Here we give an example of the definition of ¢; for a partition.
For e = 3, consider the abacus configuration of the partition A given below and

apply to A the map ¢;. Then,

A P1(A)
0 1 2 0 1 2

So, it can be seen that the removal of removable 1-nodes (represented by
beads in blue) and the addition of addable 1-nodes (represented by beads in red)

for A due to the application of ¢; is simultaneous.

Proposition 1.4.35. | , Proposition 4.6] Suppose B is a block of H,,,
and i € I. Then there is a block B of H,n—s,(3) With the same weight as B.
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Moreover, ®; gives a bijection between the set of multipartitions in B and the

set of multipartitions in B.

We write ®;(B) for the block B described in Proposition 1.4.35.

1.4.8 Core blocks of Ariki-Koike algebras

Following the work of Fayers in | |, we want to generalise the notion of core
to multipartitions and so we introduce core blocks of Ariki-Koike algebras, giving
several equivalent definitions.

In order to introduce core blocks, we need to consider separately the case
e = 00, in this case, every block of H, ,, will be a core block. For the case where
e is finite, the definition is given by the equivalent statements in the following
theorem. It is straightforward to check that these statements, appropriately re-
phrased, all hold for every block of H,,, when e = oo, with property (4) following
from Proposition 1.4.33.

Theorem 1.4.36. Suppose that e is finite, and that A is a multipartition lying in
a block B of H, . Let k be a multicharge for H, ,. The following are equivalent.

1. A is a multicore, and there exist a multicharge a = (ay,...,a,) such that
a; = kj mod e for all j and integers ap, ..., a.—1 such that for each i, j,

b?j()\) equals either o; or oy + e.

2. X is a multicore, and there exist a multicharge a = (ay,...,a,) such that

a; = kj mod e for all j and integers s1,..., s, such that

b7 (A) = bif.(A)

<sj—sp+1
e
for all i € {0,...,e — 1}, j,k € {1,...,r}

3. A is a multicore, and for any multicharge @ = (a1, ...,a,) such that a; =

xj mod e for all j there exist integers s1,...,s, such that

b (A) — b2 (A
zg() zk()SSj—Sk—i-l
e
foralli e {0,...,e—1}, j,ke{1,...,r}.
4. There is no block of any H, ,, with the same hub as B and smaller weight.

5. Every multipartition in B is a multicore.

Now we can make the definition of a core block for the Ariki-Koike algebra
Hrn-

Definition 1.4.37. Suppose B is a block of H, ,. Then we say that B is a core
block if and only if either
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e ¢ is finite and the equivalent conditions of Theorem 1.4.36 are satisfied for

any multipartition A in B, or
® ¢ =o00.

Theorem 1.4.36 gives us several equivalent conditions for a multipartition to
lie in a core block. Moreover, condition (2) of Theorem 1.4.36 together with point
(2) of Proposition 1.4.33 implies that, of the blocks with a given hub, only the
one with the smallest weight is a core block. So, if A is a multipartition with this
hub, then we may speak of this core block as the core block of A.

Now, let e < co. Let A be a multipartition and s be a multicharge for H, ,,.
Recalling the definition of level for an e-core given in Subsection 1.1.2, define
£7:(A) to be the level of the last bead on runner ¢ of the abacus display for AG)
with respect to x. Note that bfi(X) = £%(A)e + i and 'ygk()\) = L3 (A) — £ (N).
Using Theorem 1.4.36, we see that for A corresponding to S* in a core block, we
have that there exist a multicharge @ = (a1, ..., a,) € Z" such that a; = k; mod e
and integers bg, b1, ...,be—1 such that for each ¢ € I where [ is defined as in
Subsection 1.4.1 and j € {1,...,7}, o (A) equals either b; or b; + 1. We call such
an e-tuple (bg, b1, ...,be—1) a base tuple for X. Adapting Theorem 1.4.36 we have

the following result.

Proposition 1.4.38. Suppose e < 0o, A is a multicore and k = (k1,...,k,) iS a
multicharge for H, ,. Then S lies in a core block of H,n if and only if there is
a = (ai,...,a;) € Z" such that a; = k; mod e and an abacus configuration for
A such that

F(N)] = [68(A) — £8,(X)| < 1 for each i € T and j,k € {1,...,r}.

Corollary 1.4.39. In the same setting of Proposition 1.4.38. If S* lies in a core
block of H, ,, then there exists a = (ai1,...,a,) € Z" such that a; = k; mod e

and an abacus configuration for A such that
07 (X) — 6F(A)| < 2 for each i € T and j,k € {1,...,r}.
Proof. By Proposition 1.4.38, for each ¢ € I and j,k € {1,...,r} we have

167(N) — OF(N)| = |68 — 02y 5 — (0% — €2, 1)
= |05 — O + 0 — € k]
< |05 — Gl + 165 — G k]

<1+1=2
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Equivalence of decomposition
matrices for blocks of Ariki-Koike

algebras

In | ], under some conditions, Scopes establishes a natural correspondence
between Specht modules and simple modules in the blocks B and ¢;(B) of the
symmetric groups where ¢; is the map swapping the runners ¢ — 1 and 4 of
each partition in the block B. This leads to an equivalence of decomposition
matrices for these two blocks, meaning that the blocks B and ¢;(B) have the same
decomposition matrices. In the last part of her paper Scopes proves Donovan’s
conjecture for blocks of the symmetric groups. In particular, given a partition A
of n, the bijection ¢; gives a Morita equivalence between the blocks B of A and
the block ¢;(B) of ¢;(\) for the symmetric group algebra FG,,.

This chapter is intended as the Ariki-Koike algebra version of Scopes’ paper
about decomposition numbers. In particular, we prove a sufficient condition
such that two blocks of the Ariki-Koike algebras have the same decomposition
matrices.

The generalisation of Donovan’s conjecture and hence of the Morita
equivalence between the blocks B and ®;(B) of Ariki-Koike algebras (with ®;
the map ¢; acting componentwise) can be seen as a special case of Theorem 3.3
in | | where Webster proves this using t-exact Chuang-Rouquier
equivalences in the more general setting of highest weight categorifications.
This result shows as well that our generalisation of Scopes equivalence is the
natural one.

We would like to underline the fact that there are example of Morita
equivalences that do not imply the equivalence of decomposition matrices.
Indeed, if we consider n = 8 and p = 3, we have that the block of the partition
(8) and the block of the partition (18) for the symmetric group algebra F3&g are
Morita equivalent, but they have different decomposition matrices. In the sense
that we cannot reorder the rows and the columns to get from one matrix to the
other because in the block of (1%) there are two Specht modules indexed by
p-restricted partitions that are simple, i.e. S1%) and 5(23’12); while in the block

47
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of S® there is only S® that is simple and indexed by a p-regular partition.

2.1 Results about multicores

In this section, we give some results concerning properties of multicores that play
a fundamental role in the proof of the main result of this chapter. We fix some
notation.

Let F be a field, and let ¢,Q1,...,Q, be non-zero elements of F. Assume
that (Q1,...,Q,) are g-connected parameters. Let e € {2,3,4,...} U {oo} be
the quantum characteristic of H,,. Set I = Z/eZ (which we identify with
{0,1,...,e — 1}) unless ¢ = oo, in which case set I = Z. For i € I and a

multicore m, denote by:
di(m) = min{s(m) | j € {L,...,r}},

where 6g (m) is defined in Subsection 1.4.4. If the value of i is clear, we will write
d(m) instead of d;(m).

Firstly, we notice an important and useful property of the abacus display of a
multicore p lying in a core block C' of H,.,, and then we give some results about
multicores not necessarily in a core block.

If p is a multipartition lying in a core block C' of H,., then, by the definition
of a base tuple, there exists a multicharge a = (a1,...,a,) of H,, and at least
one base tuple (by, ..., be—1) such that p has abacus display where fori € I,7 > 1
and j € {1,...,7}

07 (p) € {bs — bi—1 — 1,b; — bi_1,b; — bi_1 + 1}. (2.1.1)

Notice that (2.1.1) holds for all the multicores in the core block C' since the base
tuple is an invariant of a core block.

Fix i € I, i > 1 and a multicharge a = (a1,...,a,) such that (2.1.1) holds.
Let (bo, . .., be—1) be the corresponding base tuple such that b; is as big as possible
and b;_1 is as small as possible between all the possible choices of base tuples

corresponding to a. Then we can define
Ki = bl — bi,1 -1 (212)

If it is clear what i we are referring to, we will simply write K instead of Kj.
Note that
K <d(p) (2.1.3)

for all u € C.

Example 2.1.1. Suppose ¢ = 5, r = 3 and (Q1,Q2,Q3) = (1,¢%,¢9). So, Kk =
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(0,3,1). Let p be the multicore ((4,3,1), (4,23%),(3,2)) which has abacus display
with respect to the multicharge a = (0, —2,1)

Since ]%jk(uﬂ <1 forall j,ke€{1,2,3} and i € {0,...,4}, p lies in a core block
C by Proposition 1.4.38. Then we can define a base tuple for u and thus for C.

In particular, we can consider the following two base tuples:
1. (b07b17b27b37b4) - (274727371)7
2' (b6’b§.7bl27b/37b2:) = (27 37 2737 1)'

Take 1 = 1. In order to define Ky we mneed to choose
(bo, b1, b2, b3,bs) = (2,4,2,3,1) because by > b} and by = bf), so we get K7 = 1.
Take ¢ = 3. In order to define K3 we can choose either (bg,b1,bo,bs,bs) or
(b, b, b5, b5, b)) because by = by and by = bf, so we get K3 = 0.

We now want to exhibit, for all multicores of H, ,, a sequence of multicores
of non-increasing weight ending in a multicore lying in a core block. In order to
do this, we need a preliminary lemma adapted from the proof of Proposition 3.7

in | ] to the case of multicores.

Lemma 2.1.2. If X is a multicore not lying in a core block of H, ,, then there
is a sequence A = Ay, ..., A, of multicores such that, for all t =0,...,u — 1, we
have Apy1 = sflk (A¢) for some 4,1, j, k and A, lies in a core block. Furthermore,
w(Ai+1) < w(Ay) forall t =0,...,u—1.

Proposition 2.1.3. Let m be a multicore of H, ,,. Then there exist a multicore

p in the core block C of m and a sequence of multicores
m = 1mg,my,...,Ms_1,Ms = [

such that:

1) the core block of m, is C for all t =0, ..., s;
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2) myq = szlk(mt) for some j,k € {1,...,r}, i, € {1,...,e — 1} for all
t=0,...,s—1;
3) there exists 0 < v < s such that

1) w(mypr) < w(my) for all t =0,...,v— 1 and w(myy1) < w(my) for

allt=wv,...,5s—1;

i) |72 (m,)| < 2 for all 4,1 and j, k.

Proof. Let mg := m be a multicore of H,,,. Then, apply the following procedure
for t > 0.

1. Calculate ng(mt) foralli € {0,...,e—1} and 5,k € {1,...,r};

2. If there is a choice of 7, ] and 7, k such that ’yflk (my) > 3, set myq = sglk(mt).
By Proposition 1.4.17 we have

w(mepr) < wmy).

3. Repeat this step until we have my;1q with %jlk(mtﬂ) < 2for all 7,1 and 7, k.

Suppose that we stop for t + 1 = v. Notice that 'yflk(mv) < 2 for all 4,1 and
J, k implies \'yglk(mv)\ < 2 for all 4,1 and j, k. Indeed,

'Yi]l (m,) = _'Ylji (my) = _’Vil] (my).

Now, if m, is not in the core block C, apply Lemma 2.1.2 until we get a

multicore p in the core block C. O
Before stating the main result, we need some preliminary lemmas.

Lemma 2.1.4. Suppose that m is a multicore such that |'yflk(m)| < 2 for all
i,l € I and j,k € {1,...r}. Fix ¢ € I, and let d be the integer such that
d(m)=d — 1. Then

5g(m) e{d—1,d,d+ 1} for all j € {1,...,7}.

Proof. Consider m a multicore such that |vflk(m)| < 2 for all 4, € I and
j,k € {1,...r}. Fix i € I. Then, since \fyglk(m)] < 2 for all 4, € I and
J,k €{1,...r}, we have that
2 om)| = 16 (m) — 8 (m)| < 2.
Hence, since d(m) = d — 1, we get 6g(m) e{d—1,d,d+1} forall j € {1,...,r}.
O



Chapter 2: Decomposition equivalence for blocks of Ariki-Koike algebras 51

Lemma 2.1.5. Let m be a multicore with core block C' and such that \fyflk(m)] <
2 for all 4,1 € I and j,k € {1,...r}. Suppose that p is a multicore in the core
block C. Fix i € I. Then d(p) < d(m) + 1.

Proof. By Lemma 2.1.4, we know that 5g(m) € {d—-1,d,d+ 1} and 5%(;1) €
{d'—1,d,d" + 1} for some integers d and d’ for all j € {1,...,r}. Let a, b, and ¢
be the number of 5f(m) equal respectively to d — 1, d, and d + 1. Let @/, V/, and
¢ be the number of 5{ (p) equal respectively to d' — 1, d’, and d’ 4+ 1. Notice that
a > 0 and @’ > 0 by definition of d — 1 and d’ — 1. By Proposition 2.1.3, we can
go from the multicore m to the multicore p in the core block C' via a sequence of
multicores m; such that m.; = sglk(mt) for some ¢,l € I and j,k € {1,...,7}.
By point (1) of Proposition 1.4.17, we know that each multicore m; occurring in

this sequence has the same hub of m, then m and p have the same hub. So,
a(d—1)+b(d) +cld+1)=d(d —-1)+b(d)+(d +1), (2.1.4)

where a+b+c = a’ +b +¢ = r. Suppose by contradiction that d(u) > d(m)+1.
Then d’ > d + 1, and so looking at (2.1.4) we have

LHS < r(d + 1) with equality if and only if a = b = 0;
RHS > d/(d+ 1)+ ¥ (d+2) +(d+3) >r(d+1)
with equality if and only if ¥’ = ¢/ = 0;

We must have equality in both terms, but this is a contradiction since ¢ > 0. [
Lemma 2.1.6. Let m be a multicore of X, , and m’ = sflk (m) for some i,1, j, k.
Fix i € I. Then d(m’) > d(m) — 2. Moreover, if ’)’Zjlk(m) = 1, then d(m/) >
d(m) — 1.
Proof. The fact that d(m’) > d(m) — 2 follows from the definition of sglk and
that |87 (m) — 6/ (m/)| = 2 if and only if {i,1} = {i — 1,7}

Suppose ’yflk(m) = 1. Then,

o if {i,I} # {i — 1,4}, then d(m') > d(m) — 1 since the only case in which

5g(m’) decreases by 2 with respect to 55 (m) is when {i,l} = {i — 1,i};
o if {i,I} = {i — 1,3}, then
Ik (m)=1% 8 (m) - &(m) =1 6 (m) =& (m)+ 1.

i—13

Thus,
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Hence, d(m') > d(m) — 1.

O
Lemma 2.1.7. Let m be a multicore of H,,. Suppose that
m = mg,my,..., M, is a sequence of multicores such that m;, 1 = sglk(mt) for
some i,0,7,k and w(myi1) < w(my) for all ¢ = 0,...,0 — 1.  Let

w(m) = w(m,) + hr with h > 0. Then d(m) > d(m,) — h.

Proof. We proceed by induction on v. If v = 1, the sequence of multicores
consists of mg = m and m; = sglk(mo) for some 14,1, j, k with w(mg) = w(my) +
hr for h > 0. Note that my = s{f(ml) By Proposition 1.4.17(2), the weight of
my is w(mg) = w(my) —r(vl]%k(ml) —2),80 h = —'y{ik(ml) +2. Moreover, h > 0
and so we have that 'yl]f(ml) < 1. Hence, we just need to check the following

two cases.

o If 'yljzk(ml) < 0, then d(my) > d(m;) — 2 by Lemma 2.1.6 and
h = —’yl]%k(ml) +2 > 2. Thus,

d(mg) > d(my) — 2 > d(my) + 7} (my) — 2 = d(my) — h.

o If fyfzk(ml) =1, then h = 1 and d(my) > d(m;)— 1 by Lemma 2.1.6. Thus,

d(mg) > d(my) — 1 =d(my) — h.

Suppose v > 1. Let w(m) = w(my_1) + h'r with 0 < A’ < h and w(m,_1) =
w(my) + h"r with A” > 0 so that h = h” + h’. By induction hypothesis we
know that d(m) > d(m,_1) —h'. In order to get the result we want to show that
d(m) > d(m,)—h. We know from the base step that that d(m,_1) > d(m,)—h".
Thus,

d(m) > d(m, 1) — K > d(my) — W' — I = d(m,) — .

O]

Proposition 2.1.8. Fix i € {1,...,e — 1}. Let K = K; be the integer defined
in (2.1.2) for a core block C. Suppose that m is a multicore with core block C

and weight
w(m) = w(C) + hr

with 0 < h < K. Then d(m) > K — h.

Proof. Let

m=mg,..., My, My41,...,Mg = [

be the sequence defined in Proposition 2.1.3, where v is such that \’yflk(mv)\ <2
for all ¢,1,7,k, and p € C.
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By Lemma 2.1.7, we have that
d(m) > d(m,) — h, (2.1.5)

where 0 < b/ < h is such that w(m) = w(m,) + h'r.

If W = h, then m, = my = p € C; therefore d(m) > d(u) —h > K — h by
(2.1.3).

Otherwise h’ < h, and Lemma 2.1.5 can be applied to get that

d(my) > d(p) — 1 > d(p) — (h = 1).
Combining this with (2.1.5), we have:

d(m) > d(my) — K >d(p) — (h— 1) — K =d(p) —h > K — h.

2.2 Decomposition numbers for blocks of H,,

Now, we want to generalise Lemma 2.1 of Scopes’ paper | | to the Ariki-
Koike algebras H, ,. Thus, we want to show that, for ¢ € I, the decomposition
matrices of the blocks B and ®;(B) are the same, provided that

w(B) <w(C) + Kir (2.2.1)

where
e (' is the core block of B,
e K is the integer defined in (2.1.2).

Notice that this condition is a block condition, i.e., it is satisfied by all the

multipartitions in the block.

Remark 2.2.1. If » = 1, condition (2.2.1) is equivalent to Scopes’ condition for

the symmetric group in [ , Section 2].
Moreover, note that Proposition 1.4.13 implies the following.

Corollary 2.2.2. Let p be a multipartition in a core block and let 0 < h < Kj.
Let B be the block containing the multipartitions obtained by adding h e-rim
hooks to p. Then B satisfies condition (2.2.1).

Lemma 2.2.3. Fix i € I. Let B be a block of #, , such that (2.2.1) holds and
0;(B) > 0. Then, in each component of every r-multipartition A of n such that
S* belongs to the block B, there is no abacus configuration of the type @ 1} in

runners 7 — 1 and 1.
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Proof. First of all, notice that
w(B) —w(C) =¢r, for some ¢ € {0,...,K;} (2.2.2)

since w(B) — w(C) can take as values only integral multiples of r.

Now, consider the multicore m associated to A, that is the multicore whose
abacus display is obtained by the one of A sliding all the beads up as high as
possible. Then m has the same core block C' of A and weight w(m) = w(C) + sr
with 0 < s < /4. Thus, by Proposition 2.1.8 we can say that

dim) > K; —s>{—s,

since ¢ < K; by (2.2.2). Moreover, in order to get A from m we just need to
slide beads down of a total number of £ — s spaces. This implies that in each
component m) of m we need to slide beads down of at most ¢ — s spaces. Since
d(m) > ¢ — s, similarly to the proof of | , Lemma 2.1] we can conclude that

each component A9 of A has no configuration @ } in runnersi—1 and ¢. O

Proposition 2.2.4. Fix i € I. Let B be a block of #, , such that (2.2.1) holds
and §;(B) > 0. Suppose that A is an r-multipartition of n such that S* belongs
to the block B. Then the multipartition ®;(X) of n — §;(B) is such that %}
belongs to ®;(B) and

SA la,(B) ~ 5;(B)ST ™,
SN 4B L 5, (B)SA.

Proof. Suppose that p is a multipartition of n — §;(B) and S* is a factor of
SA \ETR 5, () USING the Specht filtration given in Theorem 1.4.8. The diagram
[t] can be obtained from [A] by removing d;(B) nodes. The multiplicity of S¥ as
a factor is the number of ways in which the node removal can be affected. The
abacus of p is obtained from that of A by successively moving §;(B) beads one
place to the left. The module S* belongs to ®;(B) if and only if p has the same
hub as ®;(B) by point (2) of Proposition 1.4.33. This is equivalent to the fact
that p is obtained from the abacus display of A by moving a total of d§;(B) beads
from runners ¢ to runners i — 1.

By Lemma 2.2.3, in each component of the multipartition A, we have no
abacus configuration of the type ® | in runners ¢ — 1 and 4. This implies that
A has no addable i-nodes and so ®; consists only of removing i-nodes. Hence,
the number of ways in which the node removal can be effected is d;(B)! because
they have all the same residue ¢ and so we can remove these nodes in any order.
This gives the first result about restriction. This also shows that there is exactly

one p that can be found by removing §;(B) i-nodes.
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Similarly, the second result about induction can be proved by adding i-nodes

instead of removing i-nodes. O

Definition 2.2.5. Let A = (Ay,...,A;) and M = (My,..., M,) be two r-tuple
of integers with A; = {l‘jl,l‘%,} and M; = {y{,y%,} for all j. We write
A > M if and only if the minimal j € {1,...,r} for which A; # M; and the
minimal 7 > 1 such that xf # yf satisfy acf > yf .

Lemma 2.2.6. Let ¢ € I. If condition (2.2.1) holds, then ®; preserves the

lexicographic order of multipartitions.

Proof. Let A and g be multipartitions whose corresponding Specht modules
belong to block B. Let A = (Ay,...,A;) and M = (My, ..., M,) be the associated
sets of S-numbers.

Let A = ®;(A) and iz = ®;(u), and let their corresponding sets of A-numbers
be A = (Ay,...,A;) and M = (M, ..., M,).

Now if A > u, then by Definition 2.2.5 we have A > M. Similarly A > M
implies that A > p and we obtain

A>pSA>MSA\ANM)> M\ (ANM).
Assume X > p. Let jp be the minimal j € {1,...,r} such that
Aj\ (A M) > Mj\ (A 0 M;).

Let Aj, \ (Aj, N M) ={x1, ..., 2}, with oy > 24y for [ =1,...,t—1, and
let M, \ (Ajo " Mjo) = {y1,-..,ys}, wWith ¥y, > Yy form =1,...,s — 1.
Then,

Ajo \ (]\jo N Mjo) = {¢z($1)’ sy ¢z($t)}
and
Mjo \ (/_on N Mjo) ={i(y1), .-, Pi(ys)}-

Since A > p, it follows that 21 > y;. We have three cases to consider.

Case 1 1z belongs to column i—1. In this case ¢;(z1) = x1+1 > ym+1 > ¢i(ym)
for all m. Hence A\ (AN M) > M\ (AN M), so X > fi.

Case 2 x7 belongs to column i. Clearly ¢;(z1) =21 —1> ypm+m—1>y,+1 >
Oi(ym) forallm>3asxy >y >y2 >ys>---.

If yo does not belong to column i — 1, then ¢;(y2) < y2 and 1 — 1 > yy as
1 > Y1 > y2. S0 ¢i(x1) =21 — 1> y2 > ¢i(y2). If yo belongs to column
i —1 then ¢;(y2) = y2 + 1. Since 1 — 1 and y2 belongs to column ¢ — 1 and
y2 < x1 — 1 as above, so y2 < x1 — 1 —e. Hence ¢;(zr1) =21 —1>ys+1=

®i(y2).
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If y; lies in column ¢, then ¢;(z1) =21 — 1 > y1 — 1 = ¢i(y1). If y1 lies in
column k, where k # i,i—1, then y; < x1—2,s0 ¢j(x1) =21 —1>21—-2>
y1 = ¢i(y1). Suppose y; lies in column ¢ — 1. If y; = x1 — 1, then the abacus
of ,u(jo) presents a configuration @ { in runners ¢ — 1 and ¢ where the bead
corresponds to y;. However, by Lemma 2.2.3 a multipartition in the block
B cannot have this configuration in runners ¢ — 1 and i. Hence y; # x1 — 1,
soy1t+e <z and ¢;(y1) =1 +1<x1—1=¢i(x1). Thus ¢;(x1) > ¢i(ym)
for all m, and A\ (AN M) > M\ (AN M), so X > ji.

Case 3 1 does not belong to column i nor to column i—1. By similar arguments
we see that ¢;(z1) = 1 > ¢;i(ym) for all m > 2.

If y; does not lie in column ¢ — 1 then ¢;(y1) = y1 or ¢i(y1) = y1 — 1. So
di(x1) =21 > y1 > ¢i(ym). If y1 lies in column ¢ — 1, then ¢;(y1) = y1 + 1.
Since x7 is not in runner ¢ — 1 or in runner %, then y; < z; — 1. So
again ¢;(w1) > ¢i(y1). Thus ¢;(z1) > ¢;(y) for all I, and A\ (AN M) >
M\ (AN M), so X > .

]

Now we note that if condition (2.2.1) holds, ®; preserves the Kleshchev

property. Indeed, we have the following result.

Lemma 2.2.7. | , Lemma 1.9] Suppose A is a multipartition, and that [A]
has no addable nodes of residue i for ¢ € I. Then A is Kleshchev if and only if

Given that, we just need to notice that condition (2.2.1) implies that [A] has
no addable nodes of residue i. Hence, we can conclude that if condition (2.2.1)
holds, then Kleshchev multipartitions are preserved by ®;.

Similarly to Lemma 2.4 in | ], we have the following proposition. For
this, let A, i be Kleshchev multipartitions of n and define the Cartan matrix
C = (cap) of Hypn where ¢y, = [P* : D] is the composition multiplicity of the
simple module D* in the principal indecomposable module P*. Recall that if we
denote by D the decomposition matrix of H,,, Graham and Lehrer in | ]
proved that

C=D'D (2.2.3)

where D! is the transpose of the matrix D.

Proposition 2.2.8. Fix ¢ € {1,...,e — 1}. Let B be a block of #, , such that
(2.2.1) holds and §;(B) > 0. Suppose that X is a Kleshchev r-multipartition of n
such that S* belongs to the block B. Then

1. D g, (p)~ 0:(B)ID®).
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2. D®XN 4B 5,(B)!\D*.
3. The blocks B and ®;(B) have the same decomposition matrix.
4. The blocks B and ®;(B) have the same Cartan matrix.

Proof. Let Ay > Ay > ... > A\, be the Kleshchev multipartitions whose Specht
modules belong to B; then ®;(A1) > ®;(A2) > ... > ®;(A,) are the Kleshchev
multipartitions whose Specht modules belong to ®;(B) by Lemmas 2.2.6 and
2.2.7. Suppose

Y
S}‘ ~ Zd)\)\jD}‘j, d)\)\j eN (2.2.4)
j=1

If A p, then A > p, that is equivalent to say if A < p, then A ¥ pu. Hence, by
point (2) of Theorem 1.4.7 we have that if A < p, then dy, = 0.
Hence, (2.2.4) becomes

Y 1 if A=A
SA ) dan, DY, dax, = 7 (2.2.5)
j=1 0 ifA< AJ
In particular, S* = D*. We want to prove points 1. and 2. for Aq,... Ay
By Proposition 2.2.4 we have
S Lo, y~ Gi(B)IST ) and - ST 4B~ 5y (B)ISH,
so, since S* = D> we get the result:
DX Ly gy~ i(B)ID® ) and  DPiM) 1B~ 5,(B)IDM.
Now, suppose that points 1. and 2. holds for A;,..., A, with 1 <1 <y, that

is for [ < 7 <y we have
DN |y, gy~ 6i(B)ID® X)) and DP9 48~ 5,(B)IDY.

Thus, we want to prove points 1. and 2. for A;_;. Then

y
(1) Ly TP (BU(B))ZSN1 ~ (B(B))AY da_yn, DY + DN1),
T T i=l
by Prop. 2.2.4 by (2.2.5)

and, applying first (2.2.5) and then Proposition 2.2.4 together with the hypothesis
onj>1
y

(S)\l—l) J/(bi(B)TBN Z(&(B)!)Qd)\l,l)\jD)\j + (D)\lil) \L<I>¢(B)TB .
j=l
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So
DN Ly, P~ (8:(B))? DN (2.2.6)

Now notice that for some a;, 3; € N

)
DM g py ~ Y aDPN), (2.2.7)
j=1—1
)
DP M=) 4B N gD (2.2.8)
j=l-1

Then, by the hypothesis on j > [ and using (2.2.7), (2.2.8)

Y
(DX=1) Lg, )P~ Y J(6:(B)lay + 0u_18)DY + ay_1 By DMt (2.2.9)
=l

Now combining (2.2.6) and (2.2.9), we get

Y
((5i(B)!)2D>‘l71 ~ Z((SZ(B)'Oé] + Oél_lﬁj)D)\j + al_lﬁl_lDAlfl.
j=l

and so by the uniqueness of the composition series of (D)‘lfl) Lo ( B)TB we have
a-1B-1 = (8;(B)))? and aj = 0 = B for all | < j < y. Thus, by (2.2.7) and
(2.2.8) we obtain

D1 ¢<I>-(B)"“ al,qu)i(Al_l) and D®ii-1) TBN BlilDAl—l

with a;_18;—1 = (6;(B)!)2. Hence, using Proposition 2.2.4 and (2.2.5) we have

that
y

(SM-1) la,(B)~ Z 5i(B)!d>\l_1>\qu)i()‘j) + oy D®AD)
=1

and,

Y
Si(BNSTN) 5, (B D dayny yaia DT + DP -0
j=l

and so we can conclude that dx,_,x; = do,(n_ e,z forall 1 < j <y, a1 =
0;(B)! and so f;—1 = §;(B)!. Therefore,

D=1 g gy~ 6;(B)ID® =) and  DPiXi-) 45 5y(B)IDM-

and
Yy

Sq)i()\lfl) ~ Z d)\lfl)\qu)i(}\j)' (2210)
j=l—-1



Chapter 2: Decomposition equivalence for blocks of Ariki-Koike algebras 59

Thus, points 1. and 2. are proved for any A; with 1 < j <y, point 3. follows
immediately from (2.2.10), and point 4. follows from (2.2.3). O



3

Full runner removal theorem for
Ariki-Koike algebras

One of the most important outstanding problems in the representation theory of
symmetric groups and related algebras is the determination of the decomposition
numbers.

Ariki’s theorem in | | tells us that the decomposition numbers for
Iwahori-Hecke algebras and Ariki-Koike algebras in characteristic 0 are the
q-decomposition numbers dx,(q) evaluated at ¢ = 1. The g-decomposition
numbers arise from the Fock space representation of the quantum group U, (;[e)
This has a natural basis indexed by the set of partitions for H, (or
multipartitions for H,,), and a canonical basis which is invariant under the bar
involution. The ¢-decomposition numbers are the entries of the transition
matrix between these two bases and therefore can be deduced from the
computation of the canonical basis.

For Iwahori-Hecke algebras of &,,, there is a fast algorithm due to Lascoux,
Leclerc and Thibon [ | for computing the canonical basis.

For Ariki-Koike algebras, there are different generalisations of this algorithm
due to Jacon | |, Yvonne | ] and Fayers [ ]. Yvonne’s algorithm
is very slow compared to the others, since it computes the canonical basis for
the whole of the Fock space. Jacon’s algorithm is faster, however it works in
a particular type of twisted Fock space. Fayers’ algorithm remains in the more
natural setting of the untwisted Fock space; although the twisted and untwisted
Fock spaces are isomorphic, so that in principle one canonical basis determines
the other, it is in practice very difficult to give an explicit isomorphism.

In this chapter we introduce the Fock space representation of the quantum
group U, (;[e) and present the Fayers’ LLT-type algorithm for Ariki-Koike
algebras. They are the background of the second main result of this thesis, i.e.
a ‘full’ runner removal theorem for Ariki-Koike algebras. As we outlined in the
introduction, James and Mathas in [ | and Fayers in | ] proved an
empty runner removal theorem and a full runner removal theorem for
Iwahori-Hecke algebras, respectively.

We generalise Fayers’ result to the case of Ariki-Koike algebras. For the class

60
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of e-multiregular multipartitions, we show that the g-decomposition numbers
dxu(q) and dy+,+(q) coincide, where AT and p are the multipartitions obtained
from the e-abacus display of A and p by adding a ‘long enough’ runner full of
beads to each of their components.

Throughout this chapter, we let e > 2 be an integer and we identify I with
the set Z/eZ.

3.1 An LLT-type algorithm for Ariki-Koike algebras

In this section we consider the integrable representation theory of the quantised
enveloping algebra U = Uq(g[e). For any dominant integral weight A for U, the
irreducible highest-weight module V' (A) for ¢ can be constructed as a submodule
M? of a Fock space F* (which depends not just on A but on an ordering of
the fundamental weights involved in A). Using the standard basis of the Fock
space, one can define a canonical basis for M?®. There is considerable interest
in computing this canonical basis (that is, computing the transition coefficients
from the canonical basis to the standard basis) because of Ariki’s theorem, which
says that these coefficients, evaluated at ¢ = 1, yield decomposition numbers for
certain cyclotomic Hecke algebras. In the case where A is of level 1, there is a
fast algorithm due to Lascoux, Leclerc and Thibon | | for computing the
canonical basis. The purpose of this section is to present the generalisation of
this algorithm to higher levels given by Fayers in [ |. The way Fayers does
this is to compute the canonical basis for an intermediate module M®*, which is
defined to be the tensor product of level 1 highest-weight irreducibles. It is then

straightforward to discard unwanted vectors to get the canonical basis for M*.

3.1.1 The quantum algebra Uq(sA[e) and the Fock space

We use the following notation for multipartitions. If A = (/\(1), . ,)\(7")) is an
r-multipartition for » > 1, then we write A_ for the (r — 1)-multipartition
MA@ X)) If vois an (1 — 1)-multipartition, we write vy for the
r-multipartition (@, vM), ... v"=Y). Finally, if g is an r-multipartition, we
write po for the r-multipartition (u_); = (@, u®,..., u). We write P" for

the set of r-multipartitions.

Definition 3.1.1. We say that a multipartition X is e-multiregular if AU is
e-regular for each j. We write R for the set of e-regular partitions and R" for

the set of all e-multiregular r-multipartitions, if e is understood.

We let U denote the quantised enveloping algebra Uq(;[e). This is a Q(q)-
algebra with generators e;, f; for i € I and ¢ for h € PV, where PV is a free
Z-module with basis {h; | i € I} U {d}. Denote the dual basis of (PY)* by
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{Ao,...,Ae—1,0}. These generators are subjected to the following relations

" =", P =1,

d"ejq7" = g Me;,

" fig" =g M g,
q T — q 7
[eiafj] = 5ijﬁy

1—(a,hj)
1= (i h )] 1tan o
Z (_1)k ! (a ]>] 63 (ovishj) kejei'c =0 (i#}j),

k=0 k

1—(ay,hy)
1-— Oéi,h' —{a,hj)— . .
D Rl I )
k=0 k

where a; = al; — N\ji—1 — Ajp1 + ;00 for i = 0,1,...,e — 1. Here we follow the

usual notation for g-integers, ¢-factorials and g-binomial coefficients:

m] _ [

_ ¢ —q*

M =

(k]! = [K][k — 1] --- (1], [k T — kTR

For any integer m > 0, we write fi(m) to denote the quantum divided power
fit/Im]!.

There are various choices for a comultiplication which makes I/ into a Hopf
algebra (and hence allows us to regard the tensor product of two U-modules as a
U-module). We use the comultiplication denoted A in | |, which is defined
by

A:e¢»—>ei®q_hi + 1®e;,
fir— ;o1 + "o fi,

qh'_>qh®qh

for all i € I and all h € PV.
The Q-linear ring automorphism ~ : i/ — U defined by

€ = e, fi = fis a=q " gh=q"

for i € I and h € PV is called the bar involution.

Now we fix s € I" for some r > 1, and define the Fock space F° to be the
Q(g)-vector space with a basis {X | A € P"}, which we call the standard basis.
This has the structure of a U-module: for a full description of the module action,
we refer to [ |. Here, we describe the action of the generators fy, ..., fe—1.

Given A, & € P", then we write A mi, £ to indicate that £ is obtained from A
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by adding m addable i-nodes. If this is the case, then we consider the total order

> on addable and removable nodes and so we define the integer

N;(X &) = Z ((number of addable i-nodes of £ above n)
neg\A

— (number of removable i-nodes of X above n)). (3.1.1)

Now the action of fi(m) is given by

fa= Y Moo

m:i

A—E

Proposition 3.1.2. Let ¢ € I. Suppose A and & are r-multipartitions such that
A = €. Then

Jn—1
Ni(\ €) = Z Ny(AUn) gln)y 4 Z N; (AW, 0Dy
neg\A J=1

where J,, is the component of n in &.

Proof. This follows from the definition of N;(\, &) and from the total order >
on the set of all addable and removable nodes in a multipartition (Subsection
1.4.5). Indeed, for each n € £\ A, a term of N;(\, ) consists of

#{addable i-nodes of & above n} — #{removable i-nodes of A above n},

and the nodes above n are exactly those above n in the component J, and all the
nodes in components j with j < J,. So, for each n € £\ A, a term of N;(\,§)

consists of
Ja—1

Ny(AUn) gln)y 4 Z N; (AW, €0y

j=1

where N;(A/") ¢(n)) is given by (3.1.1), and for j < J,
N;(AD) £0)) = #faddable i-nodes of £€9)} — #{removable i-nodes of AU},

O

The Fock space is of interest because the submodule M?® generated by & is
isomorphic to the irreducible highest-weight module V(Ag, + --- + A;,). This
submodule inherits a bar involution from U: this is defined by @ = & and
um =um for all w € Y and m € M*®. This bar involution allows one to define a
canonical basis for M?; this consists of vectors G* (), for p lying in some subset

of P" (with our conventions, this is what Brundan and Kleshchev | | call the
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set of reqular multipartitions). These canonical basis vectors are characterised by

the following properties:

o G*(p) = G*(p);

o if we write G°(p) = Y zcpr d3,, (@) with d3 ,(q) € Q(g), then dj,,(q) = 1,
while diu(q) € qZ[q] if A # p; in particular, diu(q) =0 unless p > A.

A lot of effort has been put in computing the canonical basis elements (i.e.

computing the transition coefficients d§ u(q)), because of the following theorem.

Theorem 3.1.3. | , Theorem 4.4] Let F be a field of characteristic 0 and
s € I" be a multicharge. Suppose A, pu are r-multipartitions of n with g dual
Kleshchev. Then

[S'(A): D' ()] = d3p(1).

This theorem, indeed, says that the coefficients diu(q) specialised at ¢ = 1
give the decomposition numbers of the corresponding cyclotomic Hecke
algebras. In fact, thanks to the work of Brundan and Kleshchev | |, the
coefficients d3,,(¢) (with ¢ still indeterminate) can be regarded as graded
decomposition numbers where ‘graded’ is referred to the Z-grading that

Ariki-Koike algebras inherits by being isomorphic to certain quotients of KLR

algebras.

In | ], they also extend the bar involution on M?® to the whole of 7*. The
way of showing this involves using Uglov’s construction | | of twisted Fock
spaces, and then taking a limit via Yvonne’s theorem | ]. The extension

of the bar involution to F* yields a canonical basis for the whole of F*, indexed

by the set of all r-multipartitions. In particular we get the following result.

Theorem 3.1.4. | ] For each multipartition p, there is a unique vector
G*(u) = Y d5u(9)X € F° with d,(¢) € Q(q)
AePr

such that

o G*(p) = G*(p);
o d},.(q) = 1, while d3 ,(q) € ¢Z[q] if X # p;
° di“(q) = 0 unless u > .

In principle, Uglov’s construction gives an algorithm for computing the
canonical basis of M®. However, in practice this algorithm is extremely slow.

So, we introduce and use Fayers’ algorithm that is much faster.
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Fayers’ approach is to compute the canonical basis for a module lying in
between M?® and F®. The way F*® is defined and the choice of coproduct on U

mean that there is an isomorphism
Fs 2 Fle) g ... g Fler)
defined by linear extension of
A ()\(1)) ® - ® ()\(T)).

We will henceforth identify F* and FG1) @ ... @ F) via this isomorphism.
Since each F(%) contains a submodule M (%) isomorphic to V(As, ), F* contains
a submodule M®% = M) ®...@ M®) isomorphic to V(Ay,) ® ... ® V(As,).
This algorithm will compute the canonical basis of M®3.

For presenting Fayers’ LLT-type algorithm, we need the following result on
canonical basis coefficients, since it will allow us to apply one of the steps of the
algorithm. Recall that for any r-multipartition A we define A_ = (/\(2), R )\(’"));

we also define s_ = (sg,...,s,) for s € I".

Corollary 3.1.5. | , Corollary 3.2] Suppose s € I" for r > 1 and p € P"
with ) = . If we write

G (po)= ) di v,

UEPT71

then

=Y d v

vepr—1

3.1.2 The LLT algorithm for r =1

Before presenting the Fayers’ LLT-type algorithm for Ariki-Koike algebras, we
restrict attention to the case r = 1, and explain the LLT algorithm for
computing canonical basis elements G (). (In fact, the superscript (1) is
unnecessary here, because G)(y) is independent of si; in general, G*(u)
should be unchanged if a fixed element of I is added to s1,...,s:
simultaneously.) The LLT algorithm was first described in the paper | ],
to which we refer for more details and examples.

The canonical basis elements for M (1) are indexed by the e-regular partitions.
To construct G1) (1) when p is e-regular, we begin by constructing an auxiliary
vector A(p). Let I3 < --- < Iy be the values of | for which £;(u) is non-empty.
For each k, let my, denote the number of nodes in £, (1), and let i, denote the
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residue of £;,. Then the vector A(u) is defined by

Alp) = fom) ) g,

)

A(p) is obviously bar-invariant, and a lemma due to James [ , 6.3.54 & 6.3.55]
implies that when we expand A(u) as

Alp) = Z ayv,

vePpP

we have a, = 1, while a,, = 0 unless p > v. This means that A(x) must equal
GV () plus a Q(q 4 ¢~ 1)-linear combination of canonical basis vectors GV (v)
with g >v. Assuming (by induction on the dominance order) that these G(1)(v)
have been computed, it is straightforward to subtract the appropriate multiples
of these vectors from A(u) to recover GV)(y). Moreover, the fact that the
coefficients of the standard basis elements in A(p) all lie in Z[g, ¢~!] means that
the coefficients of the canonical basis elements in A(u) lie in Z[g + ¢~ ']. A more
precise description of the procedure to strip off these canonical basis elements is

given in the algorithm in Section 3.1.3.

3.1.3 An LLT-type algorithm for r» > 1

Now, following | | we give an algorithm for Ariki-Koike algebras which
generalises the LLT algorithm for » = 1. As mentioned above, this algorithm
actually computes the canonical basis of M®® = M (1) @ ... @ M),

Since the canonical basis elements G(**) (1) indexed by e-regular partitions
p form a basis for M) the tensor product M1 @ ... ® M) has a basis
consisting of all vectors GGV (M) ® - ® G6)(u™), where pM, ..., u(") are
e-regular partitions. Translating this to the Fock space F%, we find that M®$

has a basis consisting of vectors

s _ (s1) (sr)
H* ()= ) d\5) oAy oA
AEPT

for all e-multiregular multipartitions p. In fact, Fayers shows that

Proposition 3.1.6. | , Proposition 4.2] The canonical basis vectors G*(u)

indexed by e-multiregular r-multipartitions g form a basis for the module M®3.

This implies in particular that the span of these vectors is a U-submodule of
F?, which will enable our recursive algorithm to work. Proposition 3.1.6 enables
us to construct canonical basis vectors labelled by e-multiregular
multipartitions recursively. As in the LLT algorithm, the idea is that to
construct the canonical basis vector G*(u), we construct an auxiliary vector

A(p) which is bar-invariant, and which we know equals G*(u) plus a linear
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combination of ‘lower’ canonical basis vectors; the bar-invariance of A(u),
together with dominance properties, allows these lower terms to be stripped off.
In our algorithm, we take additional care to make sure that A(u) lies in M®3;
then we know by Proposition 3.1.6 that all the canonical basis vectors occurring
in A(p) are labelled by e-multiregular multipartitions, and therefore we can
assume that these have already been constructed.

In fact, the proof of Proposition 3.1.6, combined with the construction in the
LLT algorithm for partitions, gives us an LLT-type algorithm for Ariki-Koike
algebras. We formalise this as follows.

Our algorithm is recursive, using a partial order on multipartitions which is
finer than the dominance order: define p = v if either || > v | or p™M > (1),
If r > 1, we assume when computing G*(u) for p € R" that we have already
computed the vector G~ (), and that we have computed G*(v) for all v € R”
with p > v.

1. If p = @, then G*(p) = @.

2. If p # @& but u) = @, then compute the canonical basis vector G5~ (p_).
Then G*(p) is given by

G(p)= D di, (Qvy.

vepr—1

3. If uM) #£ &, then apply the following procedure.

(a) Let po = (@, 1?, ..., u"), and compute G*(po).
(b) Let my,...,m; be the sizes of the non-empty ladders of p(M) in

increasing order, and <41,...,%; be their residues. Define
Alp) = fi(mt) . fi(lml)GS(uo). Write A(p) = >, cpr auv.

(c) If there is no v # p for which a, ¢ ¢Z[q], then stop. Otherwise, take
such a v which is maximal with respect to the dominance order, let «
be the unique element of Z[q + ¢~!] for which a, — a € ¢Z]q], replace

A(p) by A(p) — aG*(v), and repeat. The remaining vector will be
G*(p).

The vector A(p) computed in step 3 is a bar-invariant element of M*, because
G*®(po) is. Hence by Proposition 3.1.6 A(u) is a Q(g+ ¢~ !)-linear combination of
canonical basis vectors G*(v) with v € R". Furthermore, the rule for applying
fi to a multipartition and the combinatorial results used in the LLT algorithm
imply that a,, = 1, and that if ay # 0, then p = A. In particular, the partition v
appearing in step 3(c) satisfies pu > v; moreover, when aG*(v) is subtracted from

A(p), the condition that a, =1 and ay is non-zero only for p = X remains true
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(because of Proposition 3.1.4 and the fact that the order = refines the dominance

order). So we can repeat, and complete step 3(c).

Example 3.1.7. Let us take e = r = 2, and write the set I = Z/2Z as {0,1}.
Take s = (0,0).

e First let us compute the canonical basis element G*(((2,1),(1))). In the
level 1 Fock space F©), we have G(O((1)) = (1), where the partition (1)
really stands for the 1-multipartition ((1)). The non-empty ladders of the
partition (2,1) are £ and Lo, of lengths 1,2 and residues 0, 1 respectively.

So we compute

A(2,1), (1) =12 fo(2, (1)
—((2,1), (1)) +q((2), (2)) + ¢*((2), (12)) + (1), (2))
((17), (1) + ¢*((1), (2, 1)).

Since the coefficients in A(((2,1), (1)) (apart from the leading one) are
divisible by g, we have A(((2,1), (1))) = G*(((2,1), (1))).

e Next we compute G*(((4),@)). This time our auxiliary vector is

A(((4),2)) =fifofi1fo(@,9)
= ((4),2) +4((3,1),2) +4((2,1*),9) + ¢*((1*), 2)
+ (14 ¢*)((2,1), (1) +24((2), (2)) + 26°((2), (1%))
+24¢°((1%), (2)) + 2¢°((1%), (1)) + (¢* + ¢")((1), (2, 1))
+¢(2,(4) + ¢*(2,(3,1) + ¢*(, (2,1%) + ¢*(2, (1))

And so we have

3.2 Addition of a full runner

Here, we recall the definition presented in | | of adding a runner ‘full’ of
beads to the abacus display of a partition. This will provide us the setting to

generalise this definition to the case of a multipartition.
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3.2.1 Truncated abacus configuration

To begin, consider the abacus configuration for a partition A = (\1,...,At). The
set By (A) of S-numbers used to define the abacus is an infinite set, and as such
we have an infinite amount of beads in the abacus configuration, in particular
there is a point where every row to the north of this point is completely full of
beads. Instead we can consider a truncated abacus configuration which has only
finitely many beads on each runner, which we associate to a partition by filling
in all the rows north of the highest beads with other beads. Conversely, if we
are given a partition A we can fix a truncated abacus configuration associated to
it. Let N be an integer so that z € B,(\) whenever z < Ne. Then we define
the truncated abacus configuration for A to be the one corresponding to the set
By(A)N{Ne, Ne+1,...}. Notice that in terms of truncated abacus configuration,
it makes sense to talk about the number of beads in the abacus. In particular,
the truncated abacus configuration of A constructed in this way consists of a— Ne
beads. Indeed,

B,(A)n{Ne,Ne+1,...} ={\+a—-1,....;. N +a—t,0+a—t—1,...,Ne}.
Hence, the number of beads of the truncated abacus configuration is equal to
KM +a—1,..., 0 +a—-t,0+a—t—1,...,Ne}|,

thatist+a—t—1—-Ne+1=XN4+a— N, —1—Ne+1=a— Ne. Thus, we
will write Abe(X),_ . for the truncated e-abacus configuration of A with a — Ne
beads.

Example 3.2.1. Suppose A = (7,4,22), e = 5 and a = 0. Then we take N = —1,
so that
Bo(\) N {-5,—4,-3,...} = {6,2,—1, -2, —5}.

So, the truncated abacus display is
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If we take N = —3, then we have

Bo(A) N {-15,—14,—13,.. .}
={6,2,-1,-2,-5,—6,—7,—8,—9,-10, —11, —12, —13, —14, —15}.

This choice of N gives the following truncated abacus configuration

0 1 2 3 4

Notice that for partitions the label of a runner does not correspond in general
to the residue of the nodes represented by beads in that runner. Indeed, take
1,7 € I, the beads on runner j correspond to i-nodes of a partition A with j = i+b
mod e where b is the number of beads of the truncated abacus configuration of
A

Now, we want to have a closer look at the truncated e-abacus configuration

of the empty partition &.

Remark 3.2.2. Let e > 2. Any truncated e-abacus configuration of & has all
the beads as high as possible with the runners from 0 to ¢ consisting of h + 1
beads and the runners from 7 + 1 to e — 1 consisting of h beads for some ¢ € I
and some h > 0.

Proof. If y = @ and a is an integer, then its set of S-numbers is
Bu(p) ={a—1,a—2,a—-3,...}.
Write a — 1 = Me+ ¢ with M € Z and 0 <7 < e — 1. Choosing N < M, we get
B.(p) n{Ne,Ne+1,...} ={a—1,...,Ne},

that gives a truncated abacus configuration with a — Ne = (M — N)e +i + 1
beads and with all the positions in the abacus lower than a — 1 filled with beads.
The positions in the abacus lower than a — 1 are all the positions in the rows
above the one of a — 1 and all the positions in the same row and to the left of
a — 1. In particular, setting h := M — N, there will be h 4+ 1 beads in the first
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¢+ 1 runners and h beads in the remaining e — ¢ — 1 runners. O
Example 3.2.3. Suppose = @ and e = 3.

1. We choose a = 2. Then we take N = —2, so that
By(p)n{-6,-5,-4,-3,...} ={1,0,-1,—-2, -3, -4, -5, —6}.

So, the truncated abacus display is

2. If we choose a = 1, we get the following truncated abacus display

3.2.2 Addition of a full runner for »r = 1 and empty partition

Following | |, we define the addition of a ‘full’ runner for the abacus display
of a partition.

Given a partition A and a non-negative integer k, we construct a new partition
ATE as follows. Let a, N € Z such that @ > Ne. Construct the truncated abacus
configuration for A with b := a— Ne beads as in Section 3.2.1. Write b+k = ce+d,
with 0 < d < e —1, and add a runner to the abacus display immediately to the
left of runner d; now put ¢ beads on this new runner, in the top ¢ positions, i.e.
the position labelled d,d +e+1,...,d+ (¢ — 1)(e + 1) in the usual labelling for

an abacus with e 4+ 1 runners. The partition whose abacus display is obtained is
AR,

Remark 3.2.4. The beads in the new inserted runner of \** correspond to nodes
of residue k mod (e + 1).
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Proof. Construct the truncated e-abacus configuration for A with b beads as
above. Write b+ k = ce +d with 0 < d < e — 1. So the new inserted runner is
labelled by d. We want to show that d = k + (b + ¢) mod (e + 1), since b+ ¢ is
the number of beads in the truncated (e + 1)-abacus configuration of A**. This
is true because k + b+ c=ce+d+c=cle+ 1) +d. O

We extend the operator T linearly to the whole of the Fock space F. We can
now state the full runner removal theorem for the Iwahori-Hecke algebras of G,

in terms of canonical bases.

Theorem 3.2.5. | , Theorem 3.1] Suppose p is an e-regular partition and
k> p1. Then Gepq(put*) = Ge(u)*.

We want to focus our attention on the addition of a ‘full’ runner for the empty

partition &.

Remark 3.2.6. Let k be a non-negative integer. Notice that @** is an (e + 1)-
core. This follows by construction because in its abacus configuration all the

beads are as high as possible.
Proposition 3.2.7. Let k£ be a non-negative integer.
1. If k € {0,...,e}, then ot* = &.
2. Let k>eand k =kie+ ko with ki1 > 1land 0 < ky <e—1.

(a) If ky = 0, then @+* = ((k; — 1)e, (k1 — 2)e, ..., e).

(b) If ko # 0, then @% = ((ky — 1)e + ko, (k1 — 2)e + ko, ..., k).
Proof. Take a, N € Z such that a > Ne and construct the truncated abacus
configuration of @ consisting of b := a — Ne beads. Let ¢ be the label of the
runner of the last bead in Ab.(@), we have a — 1 = Me + i for some M € Z.

Then b = he + i+ 1 with h := M — N. By Remark 3.2.2, the truncated abacus
display of @ looks like the following:

7 i+

with h+1 beads in runners from 0O to 7 and h beads in runners from 7+1 to e—1.

—

e—1

!



Chapter 3: Full runner removal theorem for Ariki-Koike algebras 73

1. If k = {0,...,e}, then it is enough to show that the new inserted runner
has either h or h+1 beads because by Remark 3.2.2 the resulting truncated

(e + 1)-abacus configuration of @+* represents @.

e Ifke{0,...,.e—i—2}, thenb+k=he+i+1+kwithi+1+k€

{i+1,...,e—1}. Hence, the new inserted runner consists of h beads
and it is on the left of runner ¢ + 1 4+ k. By Remark 3.2.2, the runner
i of Ab.(@) has h+ 1 beads, and all the runners of Ab. (@) from i+ 1
to e — 1 has exactly h beads. So, Ab.1(@7F) represents @.

Ifke{e—i—1,....e}, thenb+k = (h+1le+i+1+k—e with
i+14+k—eec{0,...,i+1}. Hence, the new inserted runner consists
of h + 1 beads and it is on the left of runner i + 1+ k — e. By Remark
3.2.2, all the runners of Ab.(@) from 0 to i has exactly h + 1 beads.
So, Abey1(21F) represents @.

2. If k > e, write k = kie+ ko with k1 > 1and 0 < ko <e—1.

(a)

If kp =0and i # e— 1, then b+ k = (h+ k1)e + i+ 1. Hence, we
add the new runner to the left of runner 7+ 1 with h + ky beads in the
top positions. Reading off the partition from Ab,1(21*) we get the
partition ((k; — 1)e, (k1 — 2)e,...,e). Indeed, there are k; — 1 beads
after the first empty position in Abey; (®+k ), and all of them are beads
of the new inserted runner, so between two consecutive beads there are
e empty positions.

If ko =0andi=e—1, then b+ k = (h + k1 + 1)e. Hence, we add
the new runner to the left of runner 0 with A + k1 + 1 beads in the
top positions. As above, reading off the partition from Ab, (@)
we get the partition ((k1 — 1)e, (k1 — 2)e, ..., €).

If ko # 0 and kg € {0,...,e—i—2}, thenb+k = (h+k1)e+i+1+ks.
Hence, we add the new runner to the left of runner i+ 1+ ko with h+ k&
beads in the top positions. Reading off the partition from Ab, (@)
we get the partition ((k1 —1)e+ ko, (k1 —2)e+ka, ..., k2). Indeed, the
first bead from the first empty position occurs after (b + k) — b mod
e = ko empty spaces. Also, there are k1 beads after the first empty
position in Ab.y1(@7*), and all of them are beads of the new inserted
runner, so between two consecutive beads there are e empty positions.
Ifky #0and koe{e—i—1,...,e—1},thenb+ k= (h+k + e+
i+ 1+ ky —e. As above, reading off the partition from Ab, (@)
we get the partition ((k1 — 1)e + ko, (k1 — 2)e + ko, ..., k2).
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Example 3.2.8. Consider the empty partition and e = 3. Consider the abacus
display in Example 3.2.3 with b = 7.

1. Take k =8 = 2-3 + 2. Then @*® has the following abacus configuration

0 1 2 3

So, we have that @8 = (5,2).

2. Take k =9 =3-3+0. Then @7 has the following abacus configuration

0 1 2 3

So, we have that @+9 = (6, 3).

3. Take k = 10 = 3-3 4+ 1. Then @7 has the following abacus configuration

0 1 2 3

So, we have that @10 = (7,4,1).
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Remark 3.2.9. All the removable nodes of @** have the same residue because
if there are any removable nodes in @1, they are the nodes corresponding to the
beads in the new inserted runner and they have all the same residue & mod (e+1)

as shown in Remark 3.2.4.

This remark is helpful because it allows us to find an induction sequence from
@ to @1*, as shown in the following. From now on, given an integer j we denote
by j the residue of j modulo e + 1 and by §; for i € Z the generator f; of the
quantised enveloping algebra Uq(sA[eH). For £ > 1 and i € Z, set

(3.2.1)

(&) . ~O) () (0
g =% 3ﬁ"'5¢7(ef1)'

Proposition 3.2.10. Let k£ be a non-negative integer. Write k = k1e + ko with
ki >0and 0 < ky <e—1. Then

(k1) (k1) (k1)  Alk1—1) 5(k1—2) >(1) () — o5tk
SE 3ﬁ"‘gk—k2+1%—k2 gk—kg—i—l"'gkz—kg—f—kl—Q\@)_g )

. S% only occur if kg # 0.

(k1) (k1)
where §7-8 |

Proof. We prove this by induction on k.
e If k < e, then @T* = @ by Proposition 3.2.7, so there is nothing to prove.

e Suppose k > e and write k = ke + ko with k1 > 1 and 0 < ko < e —1.
Then by Lemma 3.3 in | ] we have @F = &lgm)(gﬂk*l)) for some
constant m. In particular, by the proof of Proposition 3.2.7 we know that

— if ko =0, then m = k1 — 1;
— if ko # 0, then m = k.

We study the two cases separately.

— If ko = 0, then k — 1 = (k; — 1)e+ e — 1 and so by the induction
hypothesis we have

+(k;_1) _ (kl—l) (k1—1) . (kl—l) n(kl_l_l)

9 Skj Sﬁ 31g—1—e+1+1Jk—1—e+1
G(k1—1—2) G(l) (o)
Tk—l—e+1+1" " Tk—l—e+l+k;—1-2"

_ b -Daki=1) (ki) p(ki-2) o(k1-3) (1)
_gk—l gk—z "'gkz—eﬂgm gm "'gk+k1—2(®)'

Hence,

+k _ lk1=1) 2(b1—1) (k1—-1)  (k1—1) 5(k1-2) 5(k1-3) >(1)
g _3E Skj Ska 3k—e+15’k+1 gk+2 "'gk+k1—2(®)

_ ok1=1) ~(k1—2) »(k1—-3) (1)
_gE gm gm "'gk+k1—2(®)'
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— If ko # 0, then kK —1 = kje+ ko — 1 and so by induction hypothesis we

have
+(k=1) _ k1) (k1) (k1) clki-1)
g - 8/&-1%-1-1 SJg—1—1<;2+1+1~’/r<;—1—/r<;2+1
clk1—-2) M) (@)
k—1—Fko+1+1 " " Tk—1—ko+1+k1—2"
_ (k1)3,(k1) otk ek o (k1—2) -(1)
_Skfl k=2 Skfngrl"kka glcfk2+1”'gkfk2+k172(®)‘
Hence,
+k _ k) alk) (k1) (k1) H(k—1) o(k1—2) cM)
g = SE Sﬁgﬁ gk—kg—i—l"k—k:g Tk—kot1 " ”k—k2+k1—2(®)'

O
We give some examples of the induction sequence we want to deal with.

Example 3.2.11. With the same notation and choices of Example 3.2.8, the
induction sequence given in Proposition 3.2.10 from @ to @* acts as follows.
Notice that at each step we apply the induction operators starting from the

rightmost one.

2. For k =9, in terms of abacus configuration we have
0 1 2 3 0 1 2 3 0 1 2 3

2 2 2
§28180 517505
—_

3. For k£ =10, in terms of abacus configuration we have

0 1 2 3 0 1 2 3 0 1 2 3

(2) 2(2) 2(2)
$180 S
281380 1 %0 V3
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Y
—

Another useful result will be the next lemma that gives a way to establish
when a sequence of induction operators ng) for m,i € Z with m > 0 acts non-

Zero.

Lemma 3.2.12. Let £k > e+1. Write k = k1e+kg with k1 > 1and 0 < ky < e—1.

Consider
(ge+1) (ge) (2) (a1) ¢ 4 (k—e—1)
SeteriOnre  Sriaor TP ), (3.2.2)

for some g; > 0 for all 1 < j < e+ 1. Then (3.2.2) # 0 if and only if
Lki=12q 2q@2... 2 deti—ky, a0 Get2-ky = Ge43—ky = --- = Get1, and,

2. if Gep1-k, = k1 — 1, then qey1-ky > Ger2-k, — 15
if Gep1-ky, < k1 — 1, then gep1-k, > Getr2—k,-

Proof. We want to prove that (3.2.2) # 0 if and only if conditions 1. and 2.
hold. This is equivalent to proving that

S F W (ot e 0 forall 1< j < e+ 1 (3.2.3)

if and only if conditions 1. and 2. hold. Recall that if s is the runner
corresponding to nodes of residue k + j, then S](cqu; moves ¢; beads from runner
s — 1 to runner s. Moreover, by Proposition 3.2.7, the addable nodes of residue
k+1 of @t—e=1) are the nodes corresponding to beads in the new inserted
runner and there are k1 — 1 of them.

k—e=1) " for each

In particular, given the abacus configuration of @7(
j # e+ 2 — ko the number of addable nodes of residue k+ j of any term in

&'I(qu;)l .. .&'%(@Hk*e*l)) is ¢j—1. For j = e + 2 — ko, the number of addable

nodes of residue k+j = k+e+2—ky = k—kos+1 of any term in
(Qet1—ko) (q1) ( x4 (k—e—1)\
Sl Y@ ) is

® Get1-ky + 11 Gey1-ky = k1 — 1,
® Gei1—ky if Geg1-ky <k1—1.
We proceed by induction on j.

e If j =1, then 3%(@“’“*6*1)) # 0 if and only if ¢1 < k1 — 1 because the
number of addable nodes of residue k + 1 of @+—e=1) jg by — 1.
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e If j > 1, then by induction hypothesis we know

+(k—e—1) (g5-1) (@1) ( +(k—e—1)
§-1(@ )i= Sl 3 (o ) #0
if and only if conditions 1. and 2. hold for ¢i,...,¢j—1. We want to prove
that

(@ ) £ 0

k+j

if and only if the conditions 1. and 2. hold also for g;.

— If j < e+ 1— ks, then the number of addable nodes of residue k + j
of any term in Sj_1(®+(k_€_1)) is gj—1. So, 3’(:11 (@+ (k—e—1) ) #£0
if and only if ¢;_1 > ¢;.

— If j = e+ 2 — ko, then the number of addable nodes of residue k + j =
k — ks 4+ 1 of any term in Seﬂ,;@(@“k_e_l)) is

Get1—ky +1 if Gey1—p, = k1 —1

Qe+1—ks if qey1-ky, < k1 —1.

So, if gey1-%, = k1 — 1 then S qe“ kQ Ser1- ;,CZ(QJF("C e=1)) £ 0 if and
only if Qeri-k, > Get2—ky — 1. If get1-k, < ki — 1 then

ng%:f)%eﬂ—m(gﬂk_e_l)) # 0 if and only if Ge1-ky = Geto—ke-
— If j > e+ 2 — ko, then the number of addable nodes of residue k + j
of any term of §;_1(@T*~*"1)is ¢;_;. So, gﬂg (ot k=e=1)y £

if and only if ¢;_1 > ¢;.
O

Corollary 3.2.13. In the same notation of Lemma 3.2.12, if Equation (3.2.2) is

non-zero then it holds that

o if gey1-k, < k1 — 1, then gey1 < ¢

o if gey1-k, = k1 — 1, then gey1 < q1 + 1.
Proof. It follows directly from writing the inequalities of conditions 1. and 2. of
Lemma 3.2.12 one next to the other for the two cases. O
3.2.3 Addition of a full runner for » > 2

Let A be a r-multipartition of n and k = (k1,...,k,) be a multicharge for H, ,,.
For each j € {1,...r}, we represent each component A with a truncated abacus
consisting of n; beads such that n; = x; mod e.

Given A as above, we construct a new r-multipartition as follows. Let
0 < d < e—1. Foreachje{l,...,r}
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take n; determined as above and construct the abacus display for A0) with

n; beads;

e set kU) a non-negative integer such that n; + kU = d mod e for all j €
{1,...,7}
e write n; + kU) = cje+dforall je{l,...,r}

e add a runner to each component of the abacus display immediately to the

left of runner d;

e for each j, put ¢; beads on the new inserted runner of each component j,
in the top ¢; positions, i.e. the positions labelled by d,d +e+1,...,d +

(¢; —1)(e + 1) in the usual labelling for an abacus with e + 1 runners.

The r-multipartition whose abacus is obtained is A1t* := AFED k)

Remark 3.2.14. Notice that choosing the number of beads (nq,...,n,) in order
to construct the abacus display of a multipartition A corresponds to the choice

of the multicharge a = (n1,...,n,).

Examples 3.2.15. Suppose A = ((4,3,2),(22),(3)) and e = 4. Choose n =
(n1,n9,n3) = (11,9, 12), that corresponds to choose n as multicharge. So we get

the following abacus display:

Then,

o if (k1) k® EG)) = (0,2,3), we obtain A*(%23) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (13,11, 15);
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o if (K1, k® kG)) = (0,6,7), we obtain A(67) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (13,12, 16);

o if (kz(l),k@), k(3)) = (1,3,0), we obtain AT130) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (14,12, 15);

o if (KW k® EG)) = (5,3,0), we obtain A*(®>30) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (15,12, 15);

o if (k1 k® EG)) = (2,4,1), we obtain A*(41) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (14,12, 15);

o if (k1 k® EG)) = (3,5,2), we obtain AT(352) with abacus configuration
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and multicharge equals to (14,12, 15);

o if (kM k® EG)) = (4,6,3), we obtain AT(463) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (14,12, 15);

o if (k1) k® kG)) = (5,7,4), we obtain A*(>7% with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (15,13, 16);

o if (KW k®) kB)) = (6,8,5), we obtain A*(6:85) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (15,13, 16);

o if (K1, k® EG)) = (7,9,6), we obtain A*(796) with abacus configuration
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and multicharge equals to (15,13, 16);

o if (kM k® EG)) = (3,9,6), we obtain A*(396) with abacus configuration
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

and multicharge equals to (14,13, 16).

Notice that since we are considering another multicharge for At*, namely the
multicharge given by (ny + c¢1,...,n, + ¢,) and we are labelling the runners in
the usual way for an abacus display with e 4+ 1 runners, the label of the each
runner corresponds to the residue of the nodes corresponding to the beads in

each runner.

Lemma 3.2.16. Let ¢ > 2, and let n = (ny,...,n,) and n = (N1,...,7,)
be two choices of number of beads for the e-abacus display of A. Denote by
AE (respectively, A1¥) the multipartition obtained applying ** to Abe(A),
(respectively, Abe(N)z). If (Ri,...,7,.) = (n1 + h1,...,ny + h,) with h; € Z
and hj = hy mod e for all j € {1,...,r}, then

L A5k =2tk

2. the underlying multicharges are the same up to a shift, that is, if a =

(a1,...,a,) is the multicharge corresponding to At* and @ = (ay, ..., a,) is
the multicharge corresponding to )\Ek, then there exists s € {0,...,e — 1}
such that

aj=a;+s mod (e+1).

Therefore, there is an isomorphism between the Ariki-Koike algebra with

multicharge a and the Ariki-Koike algebra with multicharge a.

Proof. Consider an r-multipartition A and construct two abacus displays for A,
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one with n = (n1,...,n,) beads and the other with n = (1, ...,n,) beads where
nj =n; + h;j and h; € Z for each j € {1,...,r}.

Suppose that hy = ... = h, mod e. Thus, write h; = chje+dh with 0 < dj, <
e—1forj€{l,...,7}. We want to show that A\,;* and A¥ represent the same

multipartition. From the construction of A}t* and )\;:k, we have for j € {1,...,r}

n; + kj = cje +d;
ﬁj—i—k‘j:éje—FCZ.

Hence, using n; = n;j + h;, we get
nj—i—hj—i—k:j:cje—l—d—l-hj:éje—kaz (3.2.4)

for each j € {1,...,7}. Now, we distinguish two cases:

e if hj = 0mod e, i.e. hj = cp,efor some cp,; € Z, the abacus display Abe(\)z
is obtained from the abacus display Abe(A)n by adding or removing ¢y,
entire rows of beads at the top of the abacus. Thus, by (3.2.4) we get

fj+kj = cie+d+cpe = (cj +cp,)e +d = Eje +d.

This implies ¢; = ¢; + ¢p; and d= d, so we add a runner to the abacus
display Abe ()7 immediately to the left of runner d and put ¢; + cp; beads
on this new runner, in the top ¢; + ¢, positions. Hence, }\;:k and )\gk
represent the same multipartition because we add the runner in the same
position of each abacus and the level of the last bead of the inserted runner

is the same in both abacuses.

e if hj = cp,e+dp for some ¢, € Z and dj, € {1,...,e—1}, the abacus display
Abe(A)q is obtained from the abacus Abe(A)pn by adding or removing ¢y,
entire rows of beads and a row with dj beads at the top of the abacus.
Thus, by (3.2.4) we get

iy +kj = cje+d+cpe+dy = (c; +cp,)e+ (d+dy) = Ge+d.

This implies ¢; = ¢;j +¢p; and d=d+ dp,, so we add a runner to the abacus
display Abe(X)7 immediately to the left of runner d + dj and put ¢; + ¢,
beads on this new runner, in the top ¢;+cp; positions. Hence, Aj{k and )\Zk
represent the same multipartition because, in order to get /\gk, we add the
runner in a position translated of dj compared to the one in Af* and the

level of the last bead of the inserted runner is the same in both abacuses.

To conclude, the multicharge corresponding to )\,t’“ isa=(ni+er,...,n+¢)

and the multicharge corresponding to )\;;k isa=Mni+h +c+cp,...,n +
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hy +cr +cp,). For all j € {1,...,r}, we can write hj = cp, ;e + s for some ¢, € Z
and s € {0,...,e — 1} since h; = h; mod e. Hence, for all j € {1,...,r}

(nj +hj+cj+cp;) — (nj +c¢j) = hj +cp,
= Cp;€ + 5+ Cp;
=cp;(e+1)+s
=s mod (e+1).

Thus, the isomorphism between the Ariki-Koike algebra with multicharge a and

the one with multicharge a is given by

To — q °Ty
T,— T, foralli=1,...,n—1.

O]

Example 3.2.17. Let A = ((4,3,2),(2%),(3)) and e = 4, as in Example 3.2.15.
For k = (3,9,6),

e if we choose n = (nj,n2,n3) = (11,9,12), we get the abacus display of
ATG96) a5 in Example 3.2.15 that represents the multipartition
((5,3,2%),(5,2%), (3%)).

e if we choose n = (n1,n2,73) = (10,8,11), we have the following truncated

abacus for A\:

0 1 2 3 0 1 2 3 0 1 2 3

Hence, AT39:6) has the following abacus configuration
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that represents again the multipartition ((5,3,22), (5,2%), (3%)).
We extend the operator T% linearly to the whole Fock space.

Lemma 3.2.18. Let k be an r-tuple of non-negative integers. If A is an
e-multiregular r-multipartition, then A% is an (e + 1)-multiregular

r-multipartition.

Proof. Suppose that A is an e-multiregular r-multipartition. Then A is
e-regular for each j € {1,...,r}, that is A) has at most e — 1 equal parts,
equivalently it has at most e — 1 consecutive beads in its abacus display. Hence,
by construction each )\(j)+k(j> has at most e consecutive beads in its abacus
display and so )\(j)Jrk(j) is (e + 1)-regular for each j € {1,...7}. O

3.2.4 Induction operators and addition of a full runner

In this section, we give some results that will be really helpful in the proof of
our main theorem (Theorem 3.2.32) in which we prove a runner removal-type
theorem for Ariki-Koike algebras.

We will work in the following setting. Let A be an r-multipartition. Consider
the truncated abacus configuration of A with n = (n1,...,n,) beads. Set k =
(k:(l), .. .,/{:(T)) to be an r-tuple of non-negative integers such that for all j €
{1,...,r}

n; + k) = cje+d (3.2.5)

with 0 < d < e — 1. Then AT* is the r-multipartition obtained from A by adding
a new runner with c¢; beads (as described in Section 3.2.3) to the left of runner d
in each component of A. This determines that the new inserted runner is labelled
by d mod (e + 1). For our first lemma, following the proof of Lemma 3.5 in

[ ], we need to define the following function:

g: (ZJeZ)\{d} — (Z/(e+1)Z)\{d,d+ 1}
d—1 mode +— d—1i mod (e+1)

foranydelandi=1,...,e— 1.
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Lemma 3.2.19. Let A and £ be r-multipartitions. Let k = (K, ... k()
be an r-tuple of non-negative integers and d € {0,...,e — 1} be the label of
the new inserted runner of A** such that (3.2.5) holds. Suppose i € I\ {d}.
Then A 2% ¢ if and only if At* M) €7k and if this happens then we have
Ni(X, &) = Ny (ATk, 1)

Proof. We have A % ¢ if and only if the abacus display for € may be obtained
by moving m beads from runner ¢ — 1 to runner i, and in this case N;(\,§) is
determined by the configurations of these two runners in the two abacus displays.
The fact that ¢ # d means that in constructing the abacus displays for A%
and €% the new runner is not added in between these two runners, and so the
condition Atk 90, £ and the coefficient N;(X,€) = Ny (ATF, ¢7F) are

determined from these two runners in exactly the same way. O

Corollary 3.2.20. Suppose i € I\{d}, m > 1 and A is any multipartition. Then
(fi( )(A)> - 35(15()‘+k)~

Proof. This is immediate from Lemma 3.2.19 and the description of the action
of fi(m) in Section 3.1.3. 0

For the next lemma, we introduce the following notation. If A and £ are

r-multipartitions, then we write A M1—> £ to indicate that £ is obtained from
m:

A by adding first m addable (i + 1)-nodes and then m addable i-nodes. This

notation is just a shorter version of the following one:

a1 R
Amz sz €

where v is an r-multipartition.

Lemma 3.2.21. Let A and £ be r-multipartitions. Let k = (k:(l), ... ,k(r)) be

an r-tuple of non-negative integers and d € {0,...,e— 1} be the label of the new
inserted runner of A*¥ such that (3.2.5) holds. If the last bead in runner d — 1 of
each component A\U) is at most in position (¢j—De+d—1forallj=1,...,r,
then A 7% ¢ if and only if A+* % gtk

Before proving this lemma, it is worth noticing the following.

Remark 3.2.22. In the assumptions of Lemma 3.2.21, every move of a bead b
at level ¢ from runner d to runner d 4+ 1 in a component J of At¥ determines
uniquely a move of the bead b at level ¢ from runner d — 1 to runner d in the
component J of v where v is an r-multipartition such that A*¥ il

Proof of Lemma 3.2.21. Suppose that A md, &. This means that the abacus
display for € may be obtained by moving m beads from runner d — 1 to runner

d of XA. Notice that this moving of beads from runner d — 1 to runner d can
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occur simultaneously in different components of X, say AU, ... A\Us) are the
components of X involved to get &. Let mU) be the number of beads moved in
AU for t = 1,...,s. So, in each of these components there are at least mt)
levels ¢1,...,¢,,;, of the abacus that present a configuration of the type @ {
in runners d — 1 and d.

When we apply the operator t* to X, by assumption we are going to add
a new runner in between runner d — 1 and runner d in each component of A.
This new runner by hypothesis has the last bead that is at least at the same
level of the last bead in runner d — 1 of every component of A. This implies
that in each component ()\(jl))““(jl), e ()\(j~“))+k(jt), at each level (1,...,¢,

fort =1,...,s we have an abacus configuration of the type

d—1 d d+1
e o |

Now, consider the r-multipartition g such that At* M) u where the a beads

that we move from runner d to runner d + 1 are in the components ji,...,Js
and at levels ¢1,...,¢, ¢, fort =1,...,s. Then p is exactly the multipartition
£k, Indeed, given our assumption on the position of the last bead in the new
runner, after moving a beads from runner d to runner d + 1 as above, the only
beads that we can move from runner d — 1 to runner d are the beads in the
components ji,...,Js and at levels ¢1,...,¢, (, fort =1,... 5. This last move
fills the empty spaces that we create with the first move in some runners d,
giving then an abacus display with all runners d full of beads and with the last
bead in position (¢; —1)(e+1)+dfor j=1,...,r

Conversely, suppose that AT* mdtl, £tk We want to show that A md, ¢
This, again, follows by our aSSllmptIO?l on the position of the last bead in each
runner d — 1 of A. Indeed, this hypothesis implies that if we look at the abacus
configuration of an addable (d+ 1)-node in any component of A*¥_ it will be one

of the following;:

1.
d—1 d d+1
o o |

2.
d—1 d d+1
Y T

We do not need to consider the second type of abacus configuration, because
moving a bead from runner d to runner d+1 cannot be followed by moving a bead

from runner d — 1 to runner d. Thus, there is no chance of getting £t* from this
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abacus configuration since every move of a bead from runner d to runner d + 1
determines uniquely a move of a bead from runner d — 1 to runner d. Hence,
suppose that the abacus configuration of all addable (d + 1)-nodes of AT* we
move to get £€7% is of type 1. In this case, if we move a bead b from runner d
to runner d + 1 in A**, then we can only move the bead from runner d — 1 to
runner d in the same component and at the same level of the bead b. Hence, if
41, .., js are the components of AT* involved to get €% and mU?) is the number
of beads moved in the component j;, for t = 1,...,s, then £ can be obtained
from A moving mUt) beads from runner d — 1 to runner d in the components jq,
fort=1,...,s. ]

Lemma 3.2.23. With the same assumption of Lemma 3.2.21. We have

Nd()‘vé) = Nd+1()‘+ka V) + Nd(’/7£+k)

where v is the unique r-multipartition such that At midil,, md, etk

Proof. For j=1,...,r, set g¥e+d—1 to be the position of the last bead of A
in runner d — 1 of the component A\(). Notice that, instead of considering all the
r-multipartitions v such that Atk mid il v, we can restrict to consider only those
r-multipartitions v where no one of the m addable (d + 1)-nodes of A*¥, added
to obtain v, corresponds to a bead in position x(e+ 1) + d with gV <z < c;—1
for each j = 1,...,r. Indeed, if we consider v such that A% At where at
least one of the m addable (d + 1)-nodes added to AT is in position z(e +1) +d
with ¢()) < & < ¢; — 1 for a component J, then there is no multipartition 7 for
which v ™% 7 because by Remark 3.2.22 we should move the bead in position
x(e+ 1)+ d—1 in the component J of v, but there is no bead in that position.
This can be seen in terms of abacus display in the following way: the abacus

configuration at the level z of the component /) in runners d — 1, d, d + 1 is

d—1 d d+1
T

from which is clear that we have no chance of moving an addable d-node at level
2 from runner d — 1 to runner d. Thus, when we restrict to such r-multipartition

v, then we have
L #{nev\AtF} =#{ncg\ N}

2. #{n € &r*\ v} = #{n € £\ A} that is equivalent to

#{addable d-nodes of v} = #{addable d-nodes of A}.

Indeed, provided that we are considering the r-multipartitions v satisfying the
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condition above we can conclude that these equalities holds for the following

reasons.

1. Since the new inserted runner of AT is full of beads and with the last bead
in a higher position than any last bead in every runner d — 1 of A, the
addable (d + 1)-nodes of AT* consists of the addable d-nodes of X and the
addable (d + 1)-nodes of AT¥ at level = with gi) < 2 < ¢; — 1 for each
j€{l,...r}, that is

#{addable (d + 1)-nodes of AT*}
= #{addable (d + 1)-nodes of A** at level z < ¢/}
+ #{addable (d + 1)-nodes of A™* at level g¥) < z < ¢; — 1}
= #{addable d-nodes of A}
+ #{addable (d + 1)-nodes of AT¥ at level g < z < ¢; —1}.

Anyway, restricting to the r-multipartitions v as above means that we are
excluding the r-multipartitions obtained from A** by adding addable (d +

1)-nodes at level x with g(j) < x < c¢j — 1. So, in this case
#{addable (d + 1)-nodes of AT*} = #{addable d-nodes of A}.

Hence, #{n € v\ ATF} = #{n c £\ A\}.

2. By Remark 3.2.22, there is a correspondence between the addable (d 4 1)-
nodes of AT* and the addable d-nodes of v and so we can state that #{n €

ER\ v} =#{ncv\ ATk} = #nec g\ A}

Recall that by definition

Ng(X €) = Z (#{addable d-nodes of & above n}
ne&\A

—#{removable d-nodes of A above n}),

Napi(AT* v) = Z (#{addable (d + 1)-nodes of v above n}

nev\Atk

—#{removable (d 4 1)-nodes of A** above n}),

Ny(v, &%) = Z (#{addable d-nodes of £™* above n}

negtk\v

—#{removable d-nodes of v above n}).

Now, consider XA and n € £\ A. Let J be the component of £ of the node n. Set
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ry to be the number of rows of the abacus of A\Y) above n with a

configuration of the following type in runners d — 1 and d:

d—1 d

o o

r9 to be the number of rows of the abacus of M) above n with a

configuration of the following type in runners d — 1 and d:

d—1 d

o

rs to be the number of rows of the abacus of A(Y) above n with a

configuration of the following type in runners d — 1 and d:

d—1 d

be

b to be the number of removable d-nodes in € \ A above n in the component
J.

In order to make easier to visualise the abacus display, we can assume that the

rows of the abacus of A(Y) above n with the same configuration between the runner

d — 1 and d occurs as shown below:

row of n

!

T2

G @ @

i
: !t
i
|

am

Then we can assume that the abacus display of component J of £ has the following
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configuration in the row of n (with n in red) and those above n:

row of n

™

:
T
:

Notice that the assumption on the order of the rows is not necessary for the
scope of the proof, but it makes easier to represent the abacus display. Thus, for

n € &\ X we have that
Na(A) D) = (rg = b) — 73

Thus, when we consider the component J of the corresponding r-multipartitions
Atk Tl mid, €7 in terms of abacus display above the nodes n’ and n” (in
red) that are the nodes corresponding to the node n, we have the following

configurations between runners d — 1, d, d + 1
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. Coted o ed
BEIEE
el e e

Where r4+ 15 =13,
Thus, for n’ € v\ A** and n” € £7* \ v we have that

Napa (WD) 0Dy = (g — b) — 15,
Na(?), (€) ™) =0 =1,

Hence, for the component J we have
NaAP,€9) = Nayr (W) o) 4 Ny, () H4),

By Proposition 3.1.2, to conclude we just need to show that for each n € £\ A

and for each component j < J
Ny, €9) = Nasa (W) 00 4 NP, (€9)#). - (3.2.6)

We can extend easily the previous argument to every component j < J of &.
Indeed, if j < J is a component of £ then, by the total order of all addable and
removable nodes of a multipartition, all the nodes in such a component j of £ are
above n and so in order to prove (3.2.6) we can use exactly the same argument
explained for component J, considering all the nodes in the component j, instead

of just the ones above n. Thus, we can conclude. 0

Corollary 3.2.24. Let A be an r-multipartition. Let k = (k... k(")) be an
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r-tuple of non-negative integers and d € {0,...,e — 1} be the label of the new
inserted runner of A™* such that (3.2.5) holds. If the last bead in runner d — 1 of

each component A\U) is at most in position (¢j—De+d—1forallj=1,...,r,
+k

then <f(§m)()‘)> — Sglm)&(i’z)l ()\—Hc).

Proof. This is immediate from Lemmas 3.2.21 and 3.2.23 and the description of

the action of fi(m) in Section 3.1.3. O

3.2.5 Caser =2

In this section we prove the so called ‘runner removal’ theorem for Ariki-Koike
algebras for » = 2. The reason why we study the case for » = 2 is that dealing
with multipartitions with only two components is easier, but at the same time it
gives a good idea of the strategy that will be followed in the next session where
we will deal with the general case (r > 2).

In particular, we will compute canonical basis vectors G*(u) and, respectively,
Gs" (u*) in the Fock spaces F* and, respectively F " rather than working with
the Ariki-Koike algebras directly.

From now on, we assume that r = 2.

Proposition 3.2.25. Let s = (s1,52) € I? be a multicharge and p = (@, ) €
P2. Let kM, k) be non-negative integers such that k) — k() > 1 +e—1. Write

kD = k%l)e + kzé ) with k( )>0and 0 < k(l) < e — 1. Denote by a™ = (a1, as)

ORI
N

the multicharge associated to the multipartition (@+* . Then, setting

a=kb +q; and 8= k) — kél) + a;
(kM

k,‘(l) (1) k:(l) 1 k(l) 2 1 (2) (1) (2)
S T Tar G G G = (@,
1=

(1))

k) ) .
where S gj . .Sﬁﬂ only occur if a # £.

Proof. Construct the truncated e-abacus configuration of the 2-multipartition

(9, 1) consisting of n = (n1,n2) beads with n; = s; mod e for j =1,2. Write
o ny+ kM =cie+d
o no+ k@ =coe+d

with 0 < d < e — 1. Construct now the truncated (e + 1)-abacus display of
the 2-multipartition (&, ,u*km) with (n1 4+ ¢1,n2 + ¢2) beads. Notice that the
multicharge associated to this multipartition is @™ = (a1, a2) = (n1+c1, na+c2).
We proceed now by induction on k(). The induction hypothesis is the following.
If kK = kie+ ko with k1 > 0 and 0 < ko < e — 1 is a non-negative integer such
that k& < k™), then it holds that

(k1) (k1) 5(k1—1) 1) N otk K2
3 %'b-i-ilgb "‘gb+kl_3((®7lu’ )) - (@ y b )7
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where a =k +ay, b=k — ks + aq, and gﬁi’“ 32’21) only occur if a # b.

If kM) < e, then otk = & by Proposition 3.2.7. So,

(2t 1) = (o, ),

Suppose k(l) > e and write k‘(l) = k‘gl)e + kél) with kil) >1and 0 < kél) <
e — 1. Then by Proposition 3.2.10 we have

W) ) YD V- o) (@) = &t

O e R T O R T S R Y I C N R T O RO NS ’
V) (k1)) *§") (D)

where 3 F2 . only occur if k5’ # 0. Hence, we want to

KO U0 Y D

apply this induction sequence to (&, u+k(2)) and show that the only resulting

+k(2))

multipartition is (®+k<1), 7 . The first fact that we need to consider when

we deal with multipartitions is the multicharge. Therefore, the residues involved

in the induction sequence need to be translated by the multicharge. So, the

+k(2))

induction sequence that we want to apply to (&, is the following:

a—=1 """VB+1 Tp B+1 5+k§1)—2

N BN Tt i oty e BPtG)

with o = k(M) + a1 and 8 = L) _ kél) +ay.
If kM) = e, then by Proposition 3.2.7 @€ = @. So,

(2) (2)
(@, 1) = (2,5 ™).

If £V > e, then for o # 8 consider

EWDy kD kD) (kY —1) k(1> 1 kY1 1) e @)
g gl gl gl g T sl D gk men) k) (39.7)

while for o« = 3 consider

L _ 1) _ n_ n_
ggfl 1)3(k71 1) (kq 1)3(]“1 2)(®+(k‘(1)7671)’ M+k<2))- (3.2.8)

a—1 T Ya—e—1 Ya+l

Notice that in (3.2.7) and (3.2.8) the number of induction operators § is exactly

e + 1. Moreover, we have

a=kU+a; =kW+n+c1=cre+d+ci =ci(e+1)+d.
Thus o = d mod (e + 1). We now want to show that
(3.2.7) = (@™ Ty,

(1) (2)
(3.2.8) = (@t ),
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However, note that in (3.2.7) and (3.2.8)

e the residues involved in the induction sequences are the same and in the

same order;
e the first operator is applied one time less than the last operator.

Hence, the argument we give in the following works exactly in the same way in
the two cases. So, we will show only that (3.2.7) = (@+*" u+*®) because a
similar argument applies to prove that (3.2.8) = (®+k(1),u+k<2>).

Showing that (3.2.7) = (@+t*" u+*®) is equivalent to showing that this
induction sequence is applied only to the first component of
(@Jr(k(l)_e_l), u+k(2)). Indeed, if this sequence acts only on the first component
we have (3.2.7) = (®+k(1),u+k ) by Proposition 3.2.10. Recall that the action
of an induction operator &- for m > 1 on the abacus display of a
multipartition consists of moving m beads from runner ¢ — 1 to an empty
position in runner 7 in some components. Suppose that this induction sequence
acts on both components of the multipartition (+*" == ;,+¥®) and it does

not give 0. In particular, suppose that

° S’g 1) ngr)l is the induction subsequence acting on /ﬁk@),

is the induction subsequence acting on gtk —e= D,

° 3gle+1) . %V(qj_)l

with ger1 = k(l) - pe+1, Q= /#)

apply S( T to p® 7 this means that we are moving p; beads from runner d
+k2)

— 1 — p; and at least one p; # 0. Since we

to runner d + 1. By construction of p , this corresponds in terms of abacus

display in having p; empty spaces in the runner d of /ﬁk( ' The action of the

(p2)
ShFee) a+2
and then from runner d + 2 to runner d 4 3, and so forth until we move beads

involves moving beads from runner d 4+ 1 to runner d + 2,

from runner d — 2 to runner d — 1. Let [ be the level of the last bead of the new

+E(3

inserted runner of . There are now two cases to consider:

1. the beads moved by this induction in runner d — 1 are at most at level [;
2. one of the beads moved by this induction in runner d — 1 is at level [ 4 1.

Case 1. If the moved beads are at most at the same level of the last bead of
the new inserted runner of ,u*k@) , then the number of beads that the last induction
operator §g (Pe1) can move from runner d — 1 to runner d can be at most p1. If

not (i.e., pe+1 > p1), then the action of the induction subsequence of /ﬁk(z) is 0

(p2) =(P1) ¢, +k®
LT +1( ) where
to move beads from runner d — 1 to runner d. In fact, the gaps in runner d of
(p2) ~(p1 +k<2)
S Smga—i-l( )

(p2)
. .San

from runner d to runner d + 1 of ,u*km. Also, the beads moved by Sfxpj)l
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in runner d — 1 are at most at level [ and this is the level of the last bead in the

+k(2)

new inserted runner of p . Thus, we have p.+1 < p1. Hence,

Q= kﬁ” —1-—p1 < kil) -1,

Get1 = kﬁ” — Pet1 = k%” -pr=q + 1
We claim that the action of this induction sequence on gtkM—e=1) j5 0. If
Ges1 > q1 + 1, then we can conclude that Sge“) . .3@(6“1‘3(1)_6_1)) = 0 by

Lemma 3.2.12. If gev1 = @ + 1, by contra(i—g‘sion we assume that
Sge“)...8’%(@“‘(’“(”_6_1)) is non-zero. By Lemma 3.2.12 this means that
Qet1 = - - = Qeq2—ky = k1 and geqy1-k, = ... = q1 = k1 — 1. However, this is a
contradiction because this would imply that p; = 0 for all ¢, while we are

assuming that at least one of the p;’s is non-zero. Therefore, we proved that the
induction sequence acts non-zero when all the induction operators are applied
to the first component of (@Hk(l)*e*l),/ﬁk@)). Hence, we can conclude in this

case.

Case 2. If one of the moved beads is at a higher level than the last bead of the

new inserted runner of /ﬁk(z), then the number of beads that the last induction

Lpe+1)

operator §3 can move from runner d — 1 to runner d can be at most p; +1. If

not (i.e. per1 > p1+1), then the action of the induction subsequence of /ﬁk(z) is 0

because there are no enough gaps in runner d of Sipj)l - %&’gﬂ (,u+k(2)) where

to move beads from runner d — 1 to runner d. In fact, the gaps in runner d until

level [ of S((fj)l . .S%Sgi)l (,U,+k(2>) are p; because the first operator S&pjr)l

p1 beads from runner d to runner d+1 of /frk(z). Also, by the assumption of Case

2., there is a bead in runner d—1 at level [+1 of Sipj)l e %@%Qﬁk@)) with a

gap on its right. This is because [ is the level of the last bead in the new inserted
+k(2

moves

). Thus, in total, there are at most p; 4+ 1 possible positions where

%@gpﬁl(ﬂk(z)) Thus,

runner of p

to move beads from runner d —1 to runner d in Sipj)l

we have pe+1 < p1 + 1. Hence,

q1 =k§1) —1-p < kil) -1,

Qet1 = k%” — Det1 > ’#) —-p1—1=q.

ot (kM —e—1)

We claim that the action of this induction sequence on is 0. In order

to prove this, we deal with the following three cases separately:
a. e+1 = 41;
b. ger1=q1+1;

C. Get1>q1+ 1.
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For cases b. and c. we can conclude as in Case 1. with analogous arguments. As

for case a., we need to be more cautious. In this case we have ¢.+1 = ¢1 and so
. . . M) _e—1q - .

by Lemma 3.2.12 the induction subsequence acting on @+* ' ~¢~1 is non-zero if

and only if
D=2 T ey g T Doy () T T e T et

We want to show that the induction subsequence acting on gtk —e=1 acts as 0.

If ql — q2 = ... = qe+1—kél) = qe+2_k§1> = ...= qe = Qe—i-l, then
1
Pl = .. = Detl—ky :kg)_(h_la
1 1
Det2—ky = .--::pe+1r::k§) — Qet1 ::kg) —q-

In this case we have no problem with the induction subsequence acting on

+k2

®+k(l)_5_1, but the induction subsequence on p is the one that acts as 0.

We need again to distinguish two cases.

o [f the first p; beads moved from runner d to runner d+1 involve at least one
bead not in the last p; positions of the new inserted runner, then the action
of the induction subsequence on ,quk(2> is 0. Indeed, the last induction
operator requires to move pe41 beads from runner d — 1 to runner d, but in

runner d we have at most pe.y1 — 1 = p; empty positions.

e If the first p; beads moved from runner d to runner d + 1 are exactly in the
last p1 positions of the new inserted runner, then the action of the induction
subsequence on ,u+k(2) is 0. Notice that our assumption k(2 —k(1) > p;4e—1
implies that the last bead of u is at most at level co — kgl) of the abacus of u.
Indeed, the difference in height between the last bead of the new inserted
runner and the last bead of p is given by co —1—x where p1+n1—1 = ze+i

forx > 0and 0 <i<e—1 and so we get that

1 1
cz—l—ac:g(k(2)+n2—d)—l—g(ul—i—ng—l—i)
1 1
:E@Q—uﬂ+gpd—e+1+w
Z%(k(1)+e—1)+é(—d—e+l+i)
1

1
:gw§k+k9)+g@d—e+1+i+e—n

oyl
—~
=
=

1
= +g(k§1) —d+1)
1
> kgl) + g(—e)

=k -1
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If the induction subsequence on ,u+k(2) is 0 at some step before the last
induction operator then we are done. Suppose that we can apply all the
induction operators until the last one § (p e+1), and that we get something
non-zero. Then the action of this last operator is 0 because we do not have
enough beads in runner d — 1 to move to in runner d in the abacus display
of %((Xpe S%S’ap_il_l( +kY In fact, the position (co — 1)(e+ 1) + (d — 1)
is empty since z < cg — k:gl) < ¢o — 1 and so there are only p; = pey1 — 1

addable nodes of residue d.

Therefore, we proved that the induction sequence acts non-zero when all the
induction operators are applied to the first component of (®+(k(1)_e_1),,u+k(2))
also in this case.

So, we get that (3.2.7) = (2+*", u1+**). By induction hypothesis we know

also that

D —e1) k@ _ (kD -1) kY -1) o (6 -2) (1) e

Hence, we can conclude. O

The above proposition gives the following result about the canonical basis
coeficients of (@, p™**) and (atF" | 5,

Proposition 3.2.26. Let pu = (@,u) € P2 Let kW k?) be non-negative
integers such that k) — k() > y; + e — 1. Let st € (Z/((e + 1)Z))?. Suppose
that

GEL (2, 1)) = Y da(a) (2 AT
JTEDN

where dy,(q) € ¢N[g]. Then

(2) (1) (2)
G2 (2t puth = dau(g)(@F AT,
TN

Proof. Let st = (s1,82) be a multicharge. Suppose that
+ 2) (2) :
G (2, 1t77) = 3 on dau(@) (2, XTF7) with dy,(q) € gN[g] for X # p. We
want to apply the induction sequence from & to gkt given by Proposition
3.2.10 to Ge+1((®,/¢+k(2))). In order to do this, as in Proposition 3.2.25, we
need to translate the residues involved in the induction by the corresponding
multicharge. So, writing k() = k\Ve + &Y with &Y > 0 and 0 < &Y <e—1,
we want to apply the following induction sequence
(k:(1>) (k:(l)—l

(&M (kM) ) (kD —2) (1) s +E@)
G S "’Sﬁil ggl g6+11 ...gm(GeJrl(@,u ), (3.2.9)

where
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e a=kWY + g and g = kM — kél) + s1;
kD) k)

B+1

k(l))

o U gl

occur if a #£ (.

In order to compute this action we note the following: w1 > A; for all the
partitions A such that g > A. This implies that the hypotheses of Proposition
3.2.25 are satisfied by all the partitions A such that u > A. Thus, we have

(1) (1) (1) (1) (1)
(32.9) =Y du(@3et ) gl gl Vgt =D gl (g At

+EMW4E3
= Z d)xl.b @ ) A ))
u>A

which is of the form (+t*" ) 4 T dA“(q)(QJ“k(l),)\Jrk(Q)). Hence, this

HFEX
shows that Ge+1((®+k<1) Y = 3 dxu(gq )(2tFY AP By the uniqueness
u>A
of the canonical basis. O
Write f(ml f(ml) with my, ..., m; non-negative integers and i1,...,4; € I.

Fix d € {0,...,e — 1}. Then define § to be the induction sequence obtained in
the following way: for all j =1,...,1

e if i; # d, replace fi(]mj) with SSZZ;,
o if i; = d, replace £\ with F"F ).

Proposition 3.2.27. Let pu = (,u(l),,u@)) be an e-multiregular 2-multipartition
and let k = (k(l), k:(2)) be a 2-tuple of non-negative integers such that £ — k1) >
uf) +e—1. Let d € {0,...,e—1} be the label of the new inserted runner of p*%
such that (3.2.5) holds. Suppose that

fGSQM Zgu

vep?

where g, € Z[g,¢"'] and | = fi(lml)-- fz(1 1) for some mi,...,m; € Z>o and

i1,...,4; € I is such that §- @ = pu(M + S t,7 for t. € Z[g,q"']. Then
pDpr

§-GEL (2, @) = g’
vep?
where § is defined as above.
Proof. By definition of 7% we have that
+k

(F-c2e.n®)) ™ = 3 gt

vep?
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Moreover, we get that

+k
(f Ge((2, N(Q) ) =1 Z d)\u(g) )(2,\)
u(2)|>)\
=5 > dye (@@ ) by Cor. 3.2.20, 3.2.24
H<2 >\
€)) +k32
— -G (et @) by Prop. 3.2.26

Hence,
k

(1-G22.u®)) " =5 Ga((2.4) ).

Thus, we can conclude

(1) +k(2)
§ G (et => gt

vep?

O

Theorem 3.2.28. Let pu = (u(l),u@)) € P? is an e-multiregular multipartition
of nand s € I%. Let k = (k:(l) k(z)) with £U) a non-negative integer for j = 1,2
such that k(2 — k(1) > ug ) — 1. Then Ge+1( kY = G3(u)tF

Proof. Suppose that p = (,u(l),u@)) is an e-multiregular 2-multipartition. In
order to simplify the following notation we write u instead of p(?). Then by

Theorem 3.2.5 we have
Gt (W) = Go() ™, (3.2.10)

since the condition k£ — k(M > 111 +e—1 implies that k2 > ;. More explicitly,

=+ Y da(g)A

[T

we have that

then (3.2.10) implies that

(2) (2) (2)
Geyr (™) = pt 7 1> " dyu (@At
[

Moreover, by Corollary 3.1.5 it holds that

(2) (2) (2)
G (@, 1)) = (2, 1) + 37 da(a) (2, A7),
[T
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By Proposition 3.2.26 we have that

GZa (o ) = (ot ) £ 3 dy (g) (Y AT,
U

Using the LLT algorithm on partitions, we can write GV (u(1)) as f- & in the
Fock space FU, for some f € U. Applying the induction sequence f to G3((@, 1))

we can write

PGiem) =Y g0 (3.2.11)
vep?
where g, € Z[q, q7!] because §- G((@, u)) € M®® and M®? is a U-submodule of
F*#. Performing step (c) of the LLT algorithm for multipartitions in | | we
get
G2 p) — S ton(@)GE0) = GV, ) (32.12)
u>o

where axp(q) € Zlg + g 1.
Now consider the induction sequence § that is obtained translating the

induction sequence f from e to e + 1. This means that for each ¢ € I
e if i # d, we replace fi(m) with Sgg;,
e if i = d, we replace ftgm) with 3 3d+1
Then apply § to Ge+1((®+k<1> , ,u+k(2))). By Proposition 3.2.27 we have
+k‘(1) +l€(2) (1)+k(1) (2)+k(2)
S Ge—i—l((g Z g yV ) (3213)
vep?

We now consider (3.2.13) and since the coefficients occurring in the sum are

exactly the same of (3.2.11) we perform the following subtraction of terms

F- G (@™ 1)) =N aou(@)GEL (0). (3.2.14)

uro

We proceed by induction on the dominance order. Suppose that G2 +1( otk) =
(G3(o))tk for all o = (6, 0(?)) e-multiregular multipartition of n such that
o <du. Then

(32.14) = F- G (@ 1)) = 3 a0,(0)(G2(0)) . (3.2.15)

puoo

Since we are performing exactly the same operations of (3.2.12) and the starting
coefficients are the same in (3.2.11) and (3.2.13), by definition of * we have

(3.2.15) = G4(p)™*
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Moreover, by uniqueness of the canonical basis of M ®s5" we can state
+ IR NC)
(3.2.15) = GEp (O th)).

Hence,
+
Geo(p*) = G2 ().

3.2.6 Caser >2

In this section we generalise Theorem 3.2.28 for any r > 2. The proof is essentially
the same, but we need to take in to account that now we have r > 2 components
in each multipartition playing a role when we apply an induction operator f or §.

We start generalising the conditions on the non-negative integers k), ..., k(")

as follows. Let > 2. Let k1), ... k(") be non-negative integers such that

K7 > ", and;
KO —k® > pD pe 14+ 3 | forall l<h<j<r (3.2.16)
t=h+1

Proposition 3.2.29. Let s = (s1,...,8,) € I" be a multicharge and (&, u) =
(@,,u(z), e M(T)) be a r-multipartition. Let (k(l), k) = (k(l), k@ k(’“)) be an
r-tuple of non-negative integers such that conditions (3.2.16) hold. Write k(1) =
kgl)e—i—kgl) with kgl) >0and 0 < kél) < e—1. Denote by at (k) — (a1,...,a)
the multicharge associated to the multipartition (@+k(l)’u(2)+k(2) (r)+k(r)).

Then, setting o = k) + a1 and 8 = kM) — k:él) + ay,

goeeey

(1) (1) (1) (1) _ (1) _
Sgﬁ )g(kl ) N S(kl )ggﬁ 1)g(k1 2) (1) ((g,u-‘rk)) — (®+k(1)’u+k).

a—1 B+1 7B B+1 U 5+k§1)—2
(1) (1) (1)
where 55 5L 5 oceur if o # 6.

Proof. Construct the truncated e-abacus configuration of the r-multipartition
(@, p) consisting of n = (ny,...,n,) beads with n; = s; mod e for all j. For
j=1,...,r, write

n; + k) = cje +d

with 0 < d < e — 1. Construct now the truncated (e + 1)-abacus display of
the r-multipartition (@, u™*) with (ny + ¢1,...,n, + ¢,) beads. Notice that the

multicharge associated to this multipartition is at( k)

=(ni+ci,...,n.+cp).
Thus a; = n;j + ¢j for 1 < j < r. We proceed now by induction on kD) with the

following induction hypothesis. If kK = kje + ko with k&1 > 0and 0 < ks <e—1
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is a non-negative integer such that k& < k), then it holds that

(k1) (k1) p(k1—1) (1) +E\\ _ (oxtk 4k
S0 glgtl g (g, utk)) = (&, ),

where a = k+ a1, b=k — ka + a1, and 3%’61) .. .%’g only occur if a # b.

If k1) < e, then %" = & by Proposition 3.2.7. So,
(1)
(@7, ut*) = (2, u™F).

Suppose k(1) > e and write k(1) = k;gl)e 4 kél) with kil) >1and 0 < kél) <
e — 1. Then by Proposition 3.2.10 we have

W) ) oY) VD) o) (@) = otk
KD TR -1 kD kD 417 kO gD kO kD41 RO kDD 2 ’
My (1)
k k k e (1
where 3(71)3( 1) gk - only occur if kg) # 0. Hence, we want to
k(l) k‘(l)—l k<1)7]€§ )+1

apply this induction sequence to (&, u*) and show that the only resulting
multipartition is (®+k(1),u+k). The first fact that we need to consider when we
deal with multipartitions is the multicharge. Therefore, the residues involved in
the induction sequence need to be translated by the multicharge. So, the
induction sequence that we want to apply to (@, u*) is the following:

M) (k) (kM)

g gl

«

gDk =2) o)

PR+ T8 B+1 Bk 2
with o = k) + a1 and B = k1) kél) +ay.
If kM) = ¢, then by Proposition 3.2.7 @7¢ = &. So,

(2)+k(2) (T)—Hc(’") (2)+k(2)

+k()
(@™ 1 RN = (2,1 ,...,,U,(T) )

If £V > ¢, then for o # 8 consider

(kM —1) (kD -1)

1 _
37 37 » 3(191 iy

B 5—1 BT (gt e Ry (3.2.17)

(k(l)) (k(l)) (k(l))
UG ik

while for o« = 3 consider

ggfin_ng(kiill)—l)_ (117 =1) 2617 =2) () —e1)

+k
S M TN (3.2.18)

Notice that in (3.2.17) and in (3.2.18) the number of induction operators &(a) is

exactly e + 1. Moreover, we have

a=kW+a=kW+n+ci=cre+d+ci =ci(e+1)+d.
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Thus a = d mod (e + 1). We want to show now that
(3.2.17) = (&K k),

(3.2.18) = (™t
However, note that in (3.2.17) and (3.2.18)

e the residues involved in the induction sequences are the same and in the

same order;
e the first operator is applied one time less than the last operator.

Hence, the argument we give in the following works exactly in the same way in
the two cases. So, we will show only that (3.2.17) = (@™%" p**) because a
similar argument applies to prove that (3.2.18) = (®+k(1>,u+k).

Showing that (3.2.17) = (2" p+k) is equivalent to showing that this
induction sequence is applied only to the first component of (@“‘(k(l)_e_l), pte).
Indeed, if this sequence acts only on the first component we have
(3.2.17) = (2" u**) by Proposition 3.2.10. Recall that the action of an
induction operator &(a) for ¢ > 1 on the abacus display of a multipartition
consists of moving a beads from runner ¢ — 1 to an empty position in runner 7 in
some components. Suppose that this induction sequence acts not only on the
first component of the multipartition (®+(k<l>_6_1), p*) and it does not give 0.

In particular, suppose that

. Sg’ et1) 5P ¢ the induction subsequence acting on ptk,

a+1
. Sge“) .. .S&qi)l is the induction subsequence acting on @+(*"—e=1)

with ge41 = kgl) — Petl, Q1 = kgl) — 1 —p; and at least one p; # 0. Since we

apply S% to pwt¥, this means that we are moving p; beads from runner d to
runner d + 1 in some components of u™*. Call such components ji,...,j,. By
construction of pt*, this corresponds in terms of abacus display to having p;
empty spaces in the runners d of components ji, .. ., j, of ut*. The action of the
terms 3((5_6)1 .. .S% involves moving beads from runner d + 1 to runner d + 2,

and then from runner d + 2 to runner d + 3, and so forth until we move beads
from runner d — 2 to runner d — 1. For j € {2,...,r}, let [; be the level of the
last bead of the new inserted runner in the component j of u**. There are now

two cases to consider:

1. the beads moved by this induction in runner d — 1 are at most at level [;

for all components j;

2. one of the beads moved by this induction in runner d — 1 is at level [; + 1

for some j.
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Case 1. If the moved beads are at most at the same level of the last bead of

each new inserted runner of ¥, then the number of beads that the last induction
S pe+1)

operator can move from runner d — 1 to runner d can be at most p;. If

not (i.e., pey1 > p1), then the action of the induction subsequence of pu** is 0

. S (p2) {S:(pl

a+2 a+1(
to move beads from runner d — 1 to runner d. In fact, the gaps in runner d of
S 3’(p2 o (p1) (utF) are p;. Indeed, the first operator 3% moves p; beads

a+2” a+1
from runner d to runner d + 1 of u™*. Also, the beads moved by &fxpj)l . .S%

in runner d — 1 are, for all j, at most at level /;, that is the level of the last bead

because there are no enough gaps in runner d of Sg)j)l k) where

in the new inserted runner of component j of put*. Thus, we have p..1 < pi.

Hence,

a=kY—1-p <&V -1,

Ge+1 = kgl) — Pe+1 > kgl) —p1=q+ 1.

We claim that the action of this induction sequence on gtkM—e=1) j5 0. If
Ge+1 > q1 + 1, then we can conclude that Sge“) S( )(®+( k) —e— 1)) =0 by

Lemma 3.2.12. If G+1 = q + 1, by contra(i—gtllon we assume that
S’ge“).. Siy+)1(®+(k(l) e=1)) is non-zero. By Lemma 3.2.12 this means that
Get1 = . = Qet2—k, = k1 and Qe41-%, = ... = @1 = k1 — 1. However, this is a
contradiction because this would imply that p; = 0 for all ¢, while we are

assuming that at least one of the p;’s is non-zero. Therefore, we proved that the
induction sequence acts non-zero when all the induction operators are applied

to the first component of (@Hk(l)*e*l), %), Hence we conclude in this case.

Case 2. If one of the moved beads is at a higher level than the last bead of

one of the new inserted runners of u**, then the number of beads that the last

S (Pet+1)

induction operator can move from runner d — 1 to runner d can be at most

p1+1. If not (i.e. pey1 > p1+1), then the action of the induction subsequence of
ptk . ge2) &1 (ut*)

a+2” a+l
where to move p.11 > p1 + 1 beads from runner d — 1 to runner d. In fact, the
(p2) ~(p1) +k
gmgaﬂ( ) created by the first
operator S@ is p1. Also, by the assumptlon of Case 2., there is a component
(pe (p2) ~(P1 . .
J of §—= &mgaﬂ( k) with a bead in runner d — 1 at level I; + 1 and
with a gap on its right. This is because l; is the level of the last bead in the

is 0 because there are no enough gaps in runners d of S(p °

new inserted runner of component J of u™*. Thus, in total, there are at most

p1 + 1 possible positions where to move beads from runner d — 1 to runner d in
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32%)1 . .ggjgggﬂ(wk). Thus, we have pei1 < p1 + 1. Hence,

1 1
a=k"—1-p <k -1,
1 1
Ger1 = ki —pes1 = k) —p1 —1=1q1.
We claim that the action of this induction sequence on gtk =e=1) i 0. In order

to prove this, we deal with the following three cases separately:

a. e+1 = q1;
b. Get1 =q1 +1;
C. Gety1 > q1+ 1.

For cases b. and c. we can conclude as in Case 1. with analogous arguments. As
for case a., we need to be more cautious. In this case we have ¢.+1 = ¢1 and so

@-‘rk(l)—e—l

by Lemma 3.2.12 the induction subsequence acting on is non-zero if

and only if

g1 =Qq2 = ... =4z =qz+1 = ... = (e = (e+1-

We want to show that the induction subsequence acting on gk —e=1 acts as 0.

Fap=q@=.=q¢, ,»=0,, 4 »=-=d=de1, then
1
Pr="-=Peyy_g =k —q -1,
1 1
Poyo gD =+ = Petl = kY — e = KV — a1,

In this case we have no problem with the induction subsequence acting on
®+k(1)_6_1, but the induction subsequence on ™ is the one that acts as 0. We

need again to distinguish two cases.

e [f the first p; beads moved from runner d to runner d 4+ 1 involve at least
one bead not in the last p; positions of the new inserted runner, then the
action of the induction subsequence on ¥ is 0. Indeed, the last induction
operator requires to move pe4+1 beads from runner d — 1 to runner d, but in

runner d we have at most p.+1 — 1 = p; empty positions.

e If the first p; beads moved from runner d to runner d + 1 are exactly in
the last p; positions of the new inserted runners of component J of pt*,
then the action of the induction subsequence on u** is 0. Notice that our

assumption

. ]_1
K0 — ™ > ) 4 > P te—1foralll<h<j<r
t=h+1
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implies that the last bead of u(”) is at most at level ¢; — k&l) of the abacus
of u/). Indeed, the difference in height between the last bead of the new
inserted runner and the last bead of u(/) is given by ¢; — 1 — 2 where
#gJ)+nJ—1:xe+ifoerOandOSige—l and so we get that

1 1
cJ—l—x:g(k(J)—l—nJ—d)—l—g(,ug‘])—i-nj—l—i)
1 1
:g(k(‘])—ug‘]))—i-;(—d—e%-l—i—i)
1 = 1
> (kM ) 1) 4 S (—d — 144
>~ (k +t§;!u [+e—D+-(~d—et+1+i)
Lo 1 .
Zg(kﬁ +e—1)+g(—d—e+1+z)
1

1

- g(kg)e—i—kél))—i-g(—d—e—l—l—i-z'—i—e—1)
1

=k 4 g(kél) —d+1)
1

— k-1

If the induction subsequence on p™™* is 0 at some step before the last

induction operator then we are done. Suppose that we can apply all the

(Pe+1)

induction operators until the last one §g; , and that we get something

non-zero. Then the action of this last operator is 0 because we do not
have enough beads in runner d — 1 to move in runner d in the abacus
display  of Sipj)l .. .S%S’&pi)l(uJ“k). In fact, the position
(cg—1)(e+1)+ (d—1) is empty since z < ¢y — k:gl) < ¢y — 1 and so there

are only p.11 — 1 addable nodes of residue d.

Therefore, we proved that the induction sequence acts non-zero when all the
induction operators are applied to the first component of (®+(k(1)_8_1), ,u+k) also
in this case. So, we get that (3.2.17) = (@‘H‘(l),;ﬁk). By induction hypothesis

we know also that

(1) (1) (1)
Q-i-(k(l)—e—l)7 +ky _ (b '=1) o (ky _1)g(k1 -2) o 1 @, +kyy
( p) =35 1 95 F#Lg(( 1)
Hence, we can conclude. ]

The above proposition gives the following result about the canonical basis
coeficients of (@, ut*) and (k" ptk).

Proposition 3.2.30. Let (&, u) = (@,M@), ... ,,u(”)) be a r-multipartition and
(kW k) = (KM k@ k() be an r-tuple of non-negative integers such that
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conditions (3.2.16) hold. Let s* € (Z/(e + 1)Z)". Suppose that

Ge—H Z d}\p, @, >‘+k)
u>

where dx,(q) € gN[g] for X # p. Then

(1)
Ge—i—l(( +k ?/"’+k)) = Z d)\/.l.( ®+k )‘+k)
BEA

Proof. Let s = (s1,...,s:) be a multicharge. Suppose that
G2, 17%) = 30 x dau(@)(@, A1F) with dxu(g) € qN[g] for X # p. We
want to apply the induction sequence from @ to gtk given by Proposition
3.2.10 to Ggil((g, ut*)). Hence, we want to use Proposition 3.2.29. So, writing
LD = kzgl)e + k:él) with k‘gl) >0and 0 < kél) < e —1, we want to apply the

following induction sequence

)
B+1

KDy (Do . .
Qi )gﬁ+1 )"'gm(Ge+1(®’”+k)>’ (3.2.19)
o

where

o a=kb 4+ 5 and b= kL — kél) + s1;

kD) (kD)

k:(l))
’ B+1

3( 3( .l oceur if o # B.

Our assumptions are exactly the hypotheses of Proposition 3.2.29. Thus, we

have
k“)) (') ) G 1) (D 2) (1) +k
(3.2.19) Zd Sat 35+1 g, g5+1 "'QT((Q’)‘ )
o Bk —2
_ Z d)\ g-i-lc(l),)\-i—k)’
TSN

which is of the form (@ pt*) 4+ T dA“(q)(@+k(l>,)\+k). Hence, this shows

BFEX
that Ge+1((®+k(1),u+k)) = > dA“(q)(®+k(l),)\+k) by the uniqueness of the
u>A
canonical basis. O
Write §) .. §M) with A h, non-negative int di € 1. Fi
i i 1,..., 1 non-negative integers and 21,...,2; € 1. F1x

d € {0,...,e —1}. Then define § to be the induction sequence obtained in the
following way: for all j =1,...,1

e if i; # d, replace fg” ) with Sé}gg]));

e if ij = d, replace féhj) with 3d Sdﬂ.
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Proposition 3.2.31. Let (&, pu) = (@,p®, ..., u) be an e-multiregular r-
multipartition and (kM k) = (kM k@ . k() be an r-tuple of non-negative
integers such that conditions (3.2.16) hold. Let d € {0,...,e — 1} be the label of
the new inserted runner of (&, p)+(k(l)7k) such that (3.2.5) holds. Suppose that

f-Ge(( E: gV

vepr

where g, € Z[q,q7'] and | = f(hl) . fi(lhl) for some hy,...,h € Z>o and

i1,...,4; € I is such that f- @ = uM + 3 t.7 for t, € Z[g,q"']. Then
pMpr

F- G (2, )T R) = S g k),

vepr
where § is defined as above.
Proof. By definition of 7% we have that
s +(kW k) _ +(kW k
(f ’ Ge ((®¢ Z v vt
vepr
Moreover, we get that

+(kM k)

(F-G2((2, ) T EDR = (5.3 dau(a) (2,2

>
=5 dau()(@, N R by Cor. 3.2.20, 3.2.24
u>
=3 Ge+1(( N)Jr(k(l)’k)) by Prop. 3.2.30

Hence,

(F GE((@, 1)) Y = § - G (2, ) R,

Thus, we can conclude

F- G (2, )R = N gyt RO E

vepr

O]

Theorem 3.2.32. Let (M, ) = (uW, u® ..., u(7)) € P’ is an e-multiregular
multipartition of n and s = (s1,...,s,) € I". Let (kU k) = (kW k@ ... k()
with &) a non-negative integer for j = 1,...,r such that conditions (3.2.16)
hold. Then

GZL (M, ) FER) = @2 ((u, ) T,

Proof. Suppose that (M(l),ﬂ) = (,u(l),...,u(’")) is an e-multiregular
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r-multipartition. We proceed by induction on the number r of components.
If r = 1, then (M, u) = p and (k‘(l), k) =k, i.e., we are in the partition case.
Thus, by Theorem 3.2.5 we have

Ger1 (') = Ge(p) ™,

since k > p1.
Suppose r > 1. By induction on r, we know that for an e-multiregular (r —1)-
multipartition p

st

GE(p™*) = GE(u) ™. (3.2.20)

More explicitly, we have that

Gs(p) = p+ Y daulg),

[T19N
then (3.2.20) implies that
Go (™) = ™ 13 dau (@A™,
JT19N

Now, we want to show that this is also true for the r-multipartition (u), u). By
Corollary 3.1.5 it holds that

G (2, 11F) = (2, 1™%) + Y daula) (2, A1F).
B>

By Proposition 3.2.30 we have that

(1) (1) (1)
G (@™ ) = (@ w13 dau(a) (2 AR,
[T

Using the LLT algorithm on partitions, we can write G¢1) (1(1)) as f-@ in the Fock
space F(*1) for some f € U. Applying the induction sequence f to G3((@, p)) we

can write
P-Gi(o,m) = Y guv, (3.2.21)
vepr
where g, € Z[q,q"!] because f- G2((2, u)) € M®® and M®® is a U-submodule of
F?#. Performing step (c) of the LLT algorithm for multipartitions in | | we
get
PO @) - Y @) = G ) (3.2.22)
(u) p)po

where agp(q) € Z[g + q7Y].
Now consider the induction sequence § that is obtained translating the

induction sequence f from e to e + 1. This means that for each ¢ € I
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e if i = d, we replace fi(h) with %gg),

o if i = d, we replace f{" with 3.

Then apply § to Ggil((QJrk(l),,uJ“k(Q))). By Proposition 3.2.31 we have

§- G (@t pth) = 3 gt R, (3.2.23)
vePr

We now consider (3.2.23). Since the coefficients occurring in the sum are

exactly the same of (3.2.21), we perform the following subtraction of terms

S 1) s+ (1)
F (@™ ) = YT (@G (TR (3.2.24)
(D, ppo

We proceed by induction on the dominance order. Suppose that
Gjil(a“k(l)’k)) = (Gg(a))Hk(l)’k) for all o < ("), u). Then

(1) (1)
(3224) = F- G (@™ 1) = DT g (@) (GEa) TP
(/J'(l)’/-l')ba
(3.2.25)

Since we are performing exactly the same operations of (3.2.22) and the starting
coefficients are the same in (3.2.21) and (3.2.23), by definition of * we have

(3.2.25) = G2((uV, ) FHW.
Moreover, by uniqueness of the canonical basis of M®t we can state
st +EM
(3:2.25) = G (VT w™h)).

Hence,
(1) (1)
G?L((M(l),u)*(’“ Ry = G ((uD), )y DR,

e
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Final remarks

Three natural questions arise from this thesis.

A question one could ask after reading Chapter 2 is the following.
Question 4.1. Is there a graded version of Proposition 2.2.87

As we stated in different paragraphs of this thesis without ever going into
much detail, in | | Brundan and Kleshchev provide an explicit isomorphism
between certain cyclotomic quotients of KLR algebras and Ariki-Koike algebras.
This isomorphism allows us to use the Z-grading of KLR algebras on Ariki-
Koike algebras and then define and study the graded decomposition numbers
(see [ ). Therefore, since Brundan and Kleshchev in | | proved a
graded version of Ariki’s theorem (Theorem 3.1.3), we believe a graded version

of Proposition 2.2.8, as stated in the following, can be proved.

Conjecture 4.0.1. Fix i € {0,1,...,e — 1}. Suppose that in each component
of every r-multipartition that belongs to a block B of H, , there is no abacus

configuration of the type @ { in runners ¢ — 1 and i. If A\, u € B then,

dap(q) = do, (0@, () ()

where ®; swaps the runners ¢ — 1 and 4 in each component of the abacus display

of a multipartition.
The next two questions arise from Chapter 3.
Question 4.2. Can Theorem 3.2.32 be extended to any multipartition g7

We can express Theorem 3.2.32 in terms of g-decomposition numbers as

follows.

Theorem 4.0.2. Let p = (uM,...,u) € P be an e-multiregular
multipartition of n. Let k = (k... k(")) with k) non-negative integer for
j=1,...,r such that conditions (3.2.16) hold. Then

A5 n (@) = d5(a)-

112



Chapter 4: Final remarks 113

Since the g-decomposition number diu(q) is defined even when p is not e-
multiregular, it comes natural to wonder whether Theorem 4.0.2 holds also in
this more general case. However, the proof of a theorem including the non e-
multiregular case seems to require an ‘empty’ runner removal theorem for Ariki-
Koike algebras. This is for example the case for Iwahori-Hecke algebras (see

[ ]). Therefore, the next question emerges naturally.

Question 4.3. Is a runner removal theorem with an empty runner instead of a

runner full of beads true for Ariki-Koike algebras?

There are different reasons why we think that this question should have a
positive answer. First of all, an empty runner removal theorem is established for
the Iwahori-Hecke algebras of the symmetric groups and the ¢-Schur algebras
by James and Mathas in | ]. Also, we have seen so far how much the
representation theory of Ariki-Koike algebras resambles the one of the
symmetric groups and how often results for the symmetric groups (or, the
Iwahori-Hecke algebras of the symmetric groups) can be extended to
Ariki-Koike algebras. Furthermore, all the examples we have examined with the

help of GAP confirmed our belief. An instance of them is the following.

Example 4.0.3. Let r = 2, e = 3, and write the set I = Z/3Z as {0, 1,2}. Take
s =(2,1). Consider p = ((2,1), (1)) and its 3-abacus display

The canonical basis element G5(((2,1),(1))) is given by

G5(((2,1), (1)) = ((2,1), (1)) + ¢((1%), (1)) + ¢*((1%), (17))
= p+ g + P
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Now, consider the multipartition with 4-abacus display

0 1 2 3 0 1 2 3

that corresponds to the multipartition ((4,2,1),(2,1)). Notice that the abacus
display of ((4,2,1),(2,1)) is obtained from the 3-abacus display of p by adding
a runner with no beads to the left of each runner 2 and relabelling the runners
in the usual way. Write 2 for ((4,2,1),(2,1)) and s*? for the corresponding
multicharge, that is (1,0).

Now, we compute the canonical basis element for u™2. We get

st9

Gi ((4.2,1),(2,1) = ((4,2,1),(2,1)) +4((3,2%), (2,1)) + ¢*((3,2,1), (2)).

Hence, we notice that
+o
Gi (1) = u*P + A7+ °AT7,

where )\;r Z for t € {1,2} is obtained from the 3-abacus display of A; by adding
a runner with no beads to the left of runner 2 in each component. Thus, in this
case we have that the g-decomposition numbers match up, that is for ¢t € {1,2}

e}\tu(q) = di:;tlzpﬁﬁz (q)

Therefore, we conjecture that the following claim should hold.

Conjecture 4.0.4. Let A, u € P" be in a block B of H,, with pu e-multiregular.
Suppose that AT and p™< are the multipartitions obtained from the e-abacus
display of A and p by adding an ‘empty’ runner in each of their components.
Then

(@) = d5h o (0)

However, the argument we used to prove the ‘full’ runner removal theorem
is most likely not adaptable in a straightforward way to the proof of the above
conjecture, because it heavily relies on the fact that the runner we add to each
component is long enough.

Moreover, for Iwahori-Hecke algebras (where one usually looks to take

inspiration to prove results for Ariki-Koike algebras), the proof of the ‘empty’
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runner removal theorem provided by James and Mathas in | ] makes use of
g-Schur algebras. They first show that certain decomposition numbers of the
g-Schur algebras Sc 4(n) and Sc(m) are equal for specified m > n. Then,
since the decomposition matrix for the Iwahori-Hecke algebras Hc 4(S,) is a
submatrix of the decomposition matrix of Sc4(n), they deduce the analogous
result for the ¢g-decomposition numbers for Iwahori-Hecke algebras.

Although ¢-Schur algebras are defined also for Ariki-Koike algebras, a proper
checking on how much of the proof for Iwahori-Hecke algebras can be extended
to the Ariki-Koike algebras case needs to be done. Some further work is therefore
required to adapt this proof for Ariki-Koike algebras.

Another interesting research direction is to interpret these equalities
between certain g¢-decomposition numbers of Ariki-Koike algebras as
consequences of Morita equivalences a la Chuang-Miyachi (see | ). The
first step in this direction would be looking for “candidate” Morita equivalences.
Anyway, we haven’t explored this in depth enough to be able to provide any

suitable candidate.



Bibliography

[AK94]

[Ari96]

[Ari01]

[BKOY]

[BKW11]

[CM10]

[DJ86]

[DJ87]

[DIMOS]

[DMO02]

[Fay06]

S. Ariki and K. Koike. A Hecke algebra of (Z/rZ)!S,, and construction
of its irreducible representations. Adv. Math., 106(2):216-243, 1994.

S. Ariki. On the decomposition numbers of the Hecke algebra of
G(r,1,n). J. Math. Kyoto Univ., 36:789-808, 1996.

S. Ariki. On the classification of simple modules for cyclotomic Hecke
algebras of type G(m,1,n) and Kleshchev multipartitions. Osaka J.
Math., 38:827-837, 2001.

J. Brundan and A. Kleshchev. Graded decomposition numbers for
cyclotomic Hecke algebras. Adv. Math., 222:1883-1942, 2009.

J. Brundan, A. Kleshchev, and W. Wang. Graded specht modules.
Journal fiir die reine und angewandte Mathematik, 2011(655):61 — 87,
2011.

J. Chuang and H. Miyachi. Runner Removal Morita Equivalences,
pages 55-92. 2010.

R. Dipper and G. James. Representations of Hecke algebras of general
linear groups. Proc. London Math. Soc., $3-52(1):20-52, 1986.

R. Dipper and G. D. James. Blocks and idempotents of Hecke algebras
of general linear groups. Proc. London Math. Soc. (3), 54(1):57-82,
1987.

R. Dipper, G. D. James, and A. Mathas. Cyclotomic ¢-Schur algebras.
Math. Z., 229(3):385-416, 1998.

R. Dipper and A. Mathas. Morita equivalences of Ariki-Koike algebras.
Math. Z., 240(3):579-610, 2002.

M. Fayers. Weights of multipartitions and representations of Ariki-
Koike algebras. Adv. Math., 206(1):112-144, 2006.

116



Bibliography 117

[Fay07a]

[Fay07b]

[Fay07c]

[Fay08a]

[FayO08b]

[Fay10]

[Fro03]

[Gec92]

[Gec98]

[GLG]

[Jac05]

[JamT76)

[JamT78|

[JKS1]

[IM97]

M. Fayers. Another runner removal theorem for wv-decomposition
numbers of Iwahori-Hecke algebras and ¢-Schur algebras. J. Algebra,
310:396-404, 2007.

M. Fayers. Core blocks of Ariki-Koike algebras. J. Algebraic Combin.,
26(1):47-81, 2007.

M. Fayers. James’s conjecture holds for weight four blocks of
Iwahori-Hecke algebras. Journal of Algebra, 317(2):593 — 633, 2007.

M. Fayers. Decomposition numbers for weight three blocks of
symmetric groups and Iwahori-Hecke algebras. Trans. Amer. Math.
Soc., 360:1341 — 1377, 2008.

M. Fayers. Weights of multipartitions and representations of Ariki-
Koike algebras II: canonical bases. J. Algebra, 319:2963-2978, 2008.

M. Fayers. An LLT-type algorithm for computing higher-level
canonical bases. J. Algebra, 214:2186-2198, 2010.

G. Frobenius. Uber die charakteristischen einheiten der symmetrischen
gruppe. Preuss. Akad. Wiss. Sitz., pages 328-358, 1903.

M. Geck. Brauer trees of Hecke algebras. Comm. in Algebra, 20:2937—
2973, 1992.

M. Geck. Representations of Hecke algerbas at roots of unity.
Seminaire Bourbaki, 836, 1998.

J. J. Graham and G. I. Lehrer. Cellular algebras. Inventiones
mathematicae, 123(1):1-34, 1996.

N. Jacon. An algorithm for the computation of the decomposition
matrices for Ariki-Koike algebras. J. Algebra, 292:100-109, 2005.

G. D. James. The irreducible representations of the symmetric groups.
Bull. London Math. Soc., 8(3):229-232, 1976.

G. D. James. The representation theory of the symmetric groups,

volume 682 of Lecture Notes in Mathematics. Springer Berlin, 1978.

G. James and A. Kerber. The representation theory of the symmetric
group, volume 16 of Encyclopedia of Mathematics and its Applications.
Cambridge University Press, 1981.

G. D. James and A. Mathas. A g-analogue of the Jantzen-Schaper
theorem. Proc. London Math. Soc. (3), 74(2):241-274, 1997.



Bibliography 118

[IMO02]

[Jos99]

[Kas02]

[KLOY]

[LLT6]

[LMO7]

[Mat99]

[Mat03]

[Mat04]

[Mat09]

[Mul79]

[Mur92]

[Mur95]

[Ric96]

G. James and A. Mathas. Equating decomposition numbers for
different primes. J. Algebra, 258:599-614, 2002.

T. Jost. Morita equivalence for blocks of Hecke algebras of type B. J.
Algebra, 217:95-113, 1999.

M. Kashiwara. Bases cristallines des groupes quantiques, volume 9 of

Cours spécialisées. 2002.

M. Khovanov and A. D. Lauda. A diagramatic approach to
categorification of quantum groups 1. Represent. Theory, 13:309-347,
2009.

A. Lascoux, B. Leclerc, and J.-Y. Thibon. Hecke algebras at roots

of unity and crystal bases of quantum affine algebras. Comm. Math.
Phys., 181:205-263, 1996.

S. Lyle and A. Mathas. Blocks of cyclotomic Hecke algebras. Adw.
Math., 216(2):854-878, 2007.

A. Mathas.  Iwahori-Hecke algebras and Schur algebras of the
symmetric group, volume 15 of University Lecture Series. American
Mathematical Society, 1999.

A. Mathas. Tilting modules for cyclotomic Schur algebras. J. Reine
Angew. Math., 262:137-169, 2003.

A. Mathas. The representation theory of the Ariki-Koike and
cyclotomic ¢-Schur algebras. Representation theory of algebraic groups
and quantum groups, Adv. Stud. Pure Math, 40:261-320, 2004.

A. Mathas. A specht filtration of an induced specht module. Journal
of Algebra, 322(3):893-902, 2009.

G. Mullineux. Bijections on p-regular partitions and p-modular
irreducibles of the symmetric groups. J. London Math. Soc., 20:60—66,
1979.

G. E. Murphy. On the representation theory of the symmetric groups
and associated Hecke algebras. Journal of Algrebra, 152(2):492-513,
1992.

G. E. Murphy. The representations of Hecke algebras of type A,. J.
Algrebra, 173(1):97-121, 1995.

M. J. Richards. Some decomposition numbers for Hecke algebras of
general linear groups. Mathematical Proceedings of the Cambridge
Philosophical Society, 119:383 — 402, 1996.



Bibliography 119

[Rou08]

[Sco91]

[Spe35]

[Ugl99]

[Web23]

[WKM17]

[You0o0]

[YvoOT7al

[YvoOT7b]

R. Rouquier. 2-Kac-Moody algebras. arXiv:0812.5023, 2008.

J. Scopes. Cartan matrices and Morita equivalence for blocks of the
symmetric groups. J. Algebra, 142:441-455, 1991.

W. Specht. Die irreduziblen Darstellungen der symmetrischen Gruppe.
Math. Z., 39:696-711, 1935.

D. Uglov. Canonical bases of higher-level g-deformed Fock spaces and
Kazhdan-Lusztig polynomials. Progr. Math., 191:249-299, 1999.

B. Webster. RoCK blocks for affine categorical representations.
arXiv:2301.01613, 2023.

G. Williamson, A. Kontorovich, and P. McNamara. Schubert calculus
and torsion explosion. J. Amer. Math. Soc., 30, 2017.

A. Young. On quantitative substitutional analysis. Proc. London
Math. Soc., s1-33:97-145, 1900.

X. Yvonne. An algorithm for computing the canonical bases of higher-
level g-deformed Fock spaces. J. Algebra, 309:760-785, 2007.

X. Yvonne. Canonical bases of higher-level ¢-deformed Fock spaces.
J. Algebraic Combin., 26:383-414, 2007.


https://arxiv.org/pdf/0812.5023.pdf
https://arxiv.org/pdf/2301.01613.pdf

	Abstract
	Acknowledgements
	Introduction
	Background
	Overview

	Preliminaries
	Combinatorics
	Partitions and tableaux
	-numbers and abacus
	Multipartitions

	The Symmetric Group
	The Iwahori-Hecke algebra of Sn
	The Iwahori-Hecke algebra
	Representation theory of HF,q(Sn)

	The Ariki-Koike algebras
	The Ariki-Koike algebras
	The representation theory of HF,q,Q(Wr,n)
	Induction and restriction
	Weight and hub of multipartitions
	Kleshchev multipartitions
	Blocks of Ariki-Koike algebras
	Scopes isometries
	Core blocks of Ariki-Koike algebras


	Decomposition equivalence for blocks of Ariki-Koike algebras
	Results about multicores
	Decomposition numbers for blocks of Hr,n

	Full runner removal theorem for Ariki-Koike algebras
	An LLT-type algorithm for Ariki-Koike algebras
	The quantum algebra Uq(sl"0362sle) and the Fock space
	The LLT algorithm for r=1
	An LLT-type algorithm for r1

	Addition of a full runner
	Truncated abacus configuration
	Addition of a full runner for r=1 and empty partition
	Addition of a full runner for r2
	Induction operators and addition of a full runner
	Case r=2
	Case r2


	Final remarks
	Bibliography

