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ABSTRACT. Motivated by the so-called #-cell reduction theorems, we investigate certain
classes of bicategories which have only one H-cell apart from possibly the identity. We show
that Ho-simple quasi fiab bicategories with unique #H-cell H are fusion categories. We further
study two classes of non-semisimple quasi-fiab bicategories with a single H-cell apart from
the identity. The first is 74, indexed by a finite-dimensional radically graded basic Hopf
algebra A, and the second is ¥4, consisting of symmetric projective A-A-bimodules. We
show that 574 can be viewed as a 1-full subbicategory of &4 and classify simple transitive
birepresentations for 4 4. We point out that the number of equivalence classes of the latter
is finite, while that for J%4 is generally not.

1. INTRODUCTION

Since the begining of the century, tremendous progress in representation theory has been made
using ideas of categorification, see e.g. [CR, EW, W]. This has led to the development of higher
categorical versions of representation theory. One major such development here has been the
study of module categories over tensor categories, as pioneered by Etingof, Ostrik et al., see
e.g. [EGNO]. This branch of categorical representation theory studies monoidal categories
(2-categories with one object) which are generally assumed to be abelian and rigid, referring to
the existence of left and right adjoints for all objects (1-morphisms in 2-categorical language).
One particularly well-studied class of tensor categories is that of fusion categories, which are,
in addition, semisimple.

Multiple monoidal categories, and more generally 2-categories, which are of importance in
representation theory are, however, not abelian, and passing to their abelianisations, one loses
adjunctions. Motivated by this, and modelled on 2-categories appearing in relevant examples,
finitary and fiat 2-categories as well as their finitary 2-representations were defined in [MM1,
MM2]. These should be viewed as 2-categorical analogues of finite-dimensional algebras and
their finite-dimensional representations. The notion simple transitive 2-representation, which
provides an appropriate analogue for simple representations of an algebra, was introduced in
[MM5], leading to the fundamental problem of classifying these for specific classes of fiat 2-
categories, as well as of developing methods to aid such a classification for an arbitrary fiat
2-category.
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The most powerful tool for classifying simple transitive 2-representations of a general fiat 2-
category % is given by the so-called 7-cell reduction results in [MMMZ] and [MMMTZ2].
These reduce the problem to the classification of simple transitive 2-representations of certain
subquotients ¥ of 4. These subquotients have the desirable property that they have only one
object, and only a single left/right and two-sided cell (which is then an H-cell) Hy of inde-
composable 1-morphisms, apart from possibly one other such cell containing only the identity
1-morphism 1. Moreover, €3 is Ho-simple. Analogous results hold for fiab bicategories, which
is the approach we take in this article.

This motivates the question what shape quasi fiab bicategories with either only one H-cell Hy
or precisely two H-cells {1} and Hg, take and whether these can be classified in any way,
assuming they are Hg-simple. The results in this paper should be seen as an initial step in this
direction.

As a first result, we show that, if 1 € Hgp, then such an Hp-simple bicategory is a fusion
category. In this case, the theory of [EGNO] applies. The remainder of this article is thus
devoted to the case of Ho-simple quasi-fiab bicategories with precisely two left/right and two-
sided cells {1} and #;, which are not necessarily semisimple and whose general structure theory
is not at all well-understood yet.

We investigate two classes of such bicategories. The first such class is given by a certain subbi-
category 74 of modules over a finite-dimensional radically graded Hopf algebra (under tensor
product over k), whose 1-morphisms are given by the additive closure of projective modules
and the trivial module. The second example is the bicategory ¥4 of projective symmetric bi-
modules over a finite-dimensional self-injective basic algebra A with an action of a finite group
G, generalising the 2-categories studied in [MMZ2]. We embed both bicategories into the bi-
category € 4 of projective A-A-bimodules (with horizontal composition given by tensor product
over A) in Corollary 4.15 resp. Corollary 5.7 and show that, for A a finite-dimensional radically
graded Hopf algebra, 5#4 can be viewed as a 1-full subbicategory of ¥4 (see Theorem 5.8). We
show that ¥4 (and hence, by 1-fullness, 5#4) has precisely two H-cells {1} and H as desired
in Proposition 5.12. Moreover, both bicategories are Hg-simple (Proposition 5.13). Finally,
we give a classification of simple transitive birepresentations (extending the case considered in
[MMZ2]) of ¢4 in Theorem 5.19, of which there are only finitely many equivalence classes. By
contrast, 24 has infinitely many equivalence classes of simple transitive birepresentations in
general.

Structure of the paper. In Section 2, we recall the relevant notions from finitary birepre-
sentation theory. In Section 3, we prove that an 7g-simple bicategory with a single 7{-cell
Ho is fusion. In Section 4, we introduce the relevant bicategories of representations of a Hopf
algebra A, and construct a pseudofunctor I' embedding these into the appropriate bicategories
of A-A-bimodules. In Section 5, we introduce the relevant bicategories ¢4 of symmetric A-A-
bimodules (generalising the setup from [MMZ2]) and likewise embed these into the appropriate
bicategories of A-A-bimodules via a pseudofunctor ©. Moreover, we verify that the essential
image of Z4 under I' is a 1-full subbicategory or the essential image of ¥4 under ©. Finally,
we classify simple transitive birepresentations of ¢ 4.
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2. PRELIMINARIES

Here we recall some basic definitions from finitary birepresentation theory using the conventions
from [MMMTZ2].

Throughout, we let k denote an algebraically closed field. We call a k-linear, additive category
finitary if it is idempotent complete, has finite-dimensional morphism spaces and only finitely
many indecomposable objects up to isomorphism. We denote by Qlﬂ’: the 2-category of finitary
categories, k-linear functors and natural transformations.

We call a bicategory ¢ multifinitary if the number of objects of ¢ is finite, the categories ¢(1i, j)
are finitary for all i, j € %, and horizontal composition of 2-morphisms is k-bilinear. If, addi-
tionally, the identity 1-morphism on each object is indecomposable, we say % is finitary.

A bicategory % is quasi (multi)fiab if it is (multi)finitary and each 1-morphism has a left and
a right adjoint. If these are moreover isomorphic, ¢ is (multifiab), see [MMMTZ2, Definition
2.5] for more detail.

A finitary birepresentation M of a multifinitary bicategory ¢ is a pseudofunctor M: ¢ — Qlu{:.
A finitary birepresentation is called simple transitive if [[; . M(i) has no proper %-stable
ideals.

If € is a bicategory, and i € ¥, we denote by ¢; the endomorphism bicategory of i, more
precisely, the bicategory with one object i and morphism category %/(i, 1).

The set of isomorphism classes of indecomposable 1-morphisms of a multifinitary bicategory ¢
carries a left partial preorder <; generated by setting F' <p G if there exists H such that G
is isomorphic to a direct summand of HF. Similarly, one defines right and two-sided partial
preorders <pr and <j, respectively. Equivalence classes with respect to these are called left,
right and two-sided cells, respectively. Moreover, an H-cell is an intersection of a left and a
right cell.

By a mild generalisation of [ChMa, Subsection 3.2], every finitary birepresentation M of a
(multi)finitary bicategory has an apex, which is the unique maximal two-sided cell not annihi-
lated by M. To each left cell £, we can associate the cell birepresentation C., which is the
quotient of the left 2-ideal generated by the 1-morphisms in £ by its unique maximal %¢-stable
ideal. By construction, this is simple transitive and its apex is the two-sided cell containing L.
For more details on cells and cell birepresentations, see [MMMTZ2, Section 2.5].

If J is a two-sided cell in &, we say ¥ is J-simple provided it has no proper 2-ideals which do
not contain the identities on 1-morphisms in J.
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3. A SINGLE H-CELL Hy AND Ho-SIMPLICITY IMPLIES FUSION

Throughout this section, let ¢ be a quasi fiab 2-category with only one object e (hence denoting
the identity 1-morphism on e simply by 1), and with only one H-cell H,.

Proposition 3.1. If € is Ho-simple, then € is a fusion category.

Proof. Recall (cf. [EGNO, Definition 4.1.1]) that a bicategory ¢ is a fusion category if
(1) it has only one object e;

(2) the category ¢(e, ®) is a k-linear, additive, with finitely many isomorphism classes of
indecomposable objects;

3) ¢(e, ) is semisimple and all objects have finite length;

4) morphism spaces in €(e, ) are finite-dimensional,

6

(3)
(4)
(5) horizontal composition is bilinear on 2-morphisms;
(6) 1 = 1, is indecomposable;

(7)

7) it admits adjunctions (i.e. is rigid).

By assumption, our 2-category € is quasi fiab on one object, which takes care of (1),(2),(4),
(5), (6) and (7), and provided that €(e,e) is semisimple, all objects in %(e,®) have finite
length, so we only need to check that %(e, e) is semisimple.

By [KMMZ, Theorem 2] applied to the case where M is the cell birepresentation C, associated
to our (unique) cell Hp, and F = 1, it follows that Cyy,(e) is semisimple. Thus the kernel
of the 2-functor Cy,, contains all 2-morphisms which belong to the radical of Cy,(e,®). By
Ho-simplicity, the cell birepresentation Cy,, is faithful, hence the radical of ¢(e,e) is zero. [

Motivated by this result, the remainder of this article investigates certain classes of quasi fiab
bicategories, which have precisely two #-cells, namely one consisting of the identity 1-morphism
and precisely one other H-cell (which is necessarily strictly larger in the two-sided order).

4. HOPF ALGEBRAS AND PROJECTIVE BIMODULES

Let A be a finite dimensional unital associative algebra over k. Additional assumptions on A
will be specified as we need them. Write @ and ® for the biproduct and tensor product on the
category of A-A-bimodules.
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4.1. Bimodule conventions. Let K, M, N be A-A-bimodules. We fix the following standard
canonical isomorphisms:

(K@aM)RAN S KR4 (M&4N), (k@m)@n— ke (man),

A®AME>M, a®@m +— am,
K@a(MaN)S (Ko M)e (K©aN), ko (m,n) = (k®m,kon).

Suppose {ej,...,ex} is a complete set of primitive orthogonal idempotents for A. For all
i,7 € {1,...,k} we have isomorphisms

e, A®a Aej — e;Aej,eia @ be;j — e;abe;.

Throughout, we treat all these isomorphisms as equalities.

4.2. The bicategories 4 and % 4. Let £ 4 be the bicategory of A-A-bimodules. More
precisely, 4 has one object e and its morphism category % 4(e, ) is the category of A-A-
bimodules with horizontal composition given by the tensor product —® 4 —, and the associator
and unitors given by the canonical isomorphisms in Section 4.1.

We define € 4 to be the 2-full subbicategory of Z 4 whose 1-morphisms are those bimodules in
the additive closure of A & A ®, A. Note that this is always multifinitary, quasi multifiab if A
is a Frobenius algebra, and multifiab if A is weakly symmetric. The prefix multi- is superfluous
if A is indecomposable.

Remark 4.1. Note that if A = A; x --- x A, is a decomposition of A into indecomposable
factors, then €4 is a bicategorical version of the additive closure (see [MMMTZ2, Section 2.4])
of the 2-category that is denoted by ¢4 in e.g. [MMZ3].

4.3. Group actions and equivariant objects. Let G be a finite subgroup of the automorphism
group of A, which we interpret as acting on the left of A. We further assume that char(k) does
not divide |G|. We obtain a right action of G on the category of A-A-bimodules via M + MY,
with the action of A on MY given by

a-m-b:=g(a)mg(b), foralla,bc Aandm e M.
For the translate of a morphism ¢ under the action of g € G, we will write 9.

Lemma 4.2. This is a well-defined action.

Proof. First note that MY is indeed an A-A-bimodule. This follows from the fact that M is an
A-A-bimodule, hence an A®y A°P-module, and g defines an algebra automorphism of A®) AP
for any g € G.

Clearly, M =2 M'¢. Thus, we only need to check that (M9)" = M9" as A-A-bimodules. We
write - for the action on MY and x for the action on (M9)".
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Then the action of A on the left hand-side is given by
axmxb=h(a)-m-h(b) = g(h(a))mg(h(b)) = (gh)(a)m(gh)(b)
for a,b € A, m € M. Thus, the action of A is the same as required. O

Lemma 4.3. Let M, N be two A-A-bimodules and g € G. Then (M ®4 N)9 = M9 @4 NY
as A-A-bimodules via the canonical isomorphism m @ n — m Q n.

Proof. The map (M ®4 N)9 — M9 ®4 N9, m ® n — m ® n induces an isomorphism of k-
modules. This isomorphism extends to an isomorphism of A-A-bimodules since g € Aut(A). O

For future use, we record the following lemma.

Lemma 4.4. Assume that A has a complete set of primitive orthogonal idempotents E =
{eg4lg € G} indexed by the group G, such that the action of G leaves E invariant and is given
by h(ey) = eg,1. Then

(Aeg Rk eg/A)h = Aegh Rk eg/hA.

Proof. We compute e, - e, @ ey - e, = h(es)eg @ egh(er) = egp1eq @ egey,1 # 0 iff shl =g
and th™! = ¢/, so (Ae, @k eg/A)h = Aegp, @k egrp A in the category of A-A-bimodules. O

Recall (c.f. [Su]) that a G-equivariant object of the category % 4(e, ®) is a pair (M, {ay | g€
G}) where aé\/l : M = M9 such that the diagram

M
Qg

(1) M—" s M9
J{aﬁ/f l(a%)g
Mh = (Mh)g

commutes. By slight abuse of notation, we will call the object M G-equivariant, if there exists
a G-equivariant structure on it.

A morphism v between two G-equivariant objects (M, {a}! | g € G}) and (N, {c)} | g € G}
is @ morphism v : M — N such that the diagram

M
(2) M — s M9
v ()0
g

N —% (N9

commutes.
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4.4, Hopf algebra conventions. Let A be finite dimensional Hopf algebra over k with multi-
plication m, comultiplication A, counit ¢, unit ¢, and antipode S.

For A-modules M, N, we can, as usual, view M ®i N as an A-module using the coproduct A
of Aviaa-(m®n)=A(a)(m®n).

Let B = A ® A°. Consider the map ¢ := (id® S)o A : A — B. Since both A and id ® S
are injective, so is ¢. Moreover, a direct computation shows that ¢ is a morphism of algebras,
and hence an algebra monomorphism. It thus induces a left and a right A-module structure on
B given by

1y (b8 0) = p@)bec) =3 aVbe cS(a®),
b®c)pa=(b®c)p(a) = Z baV @ S(a?)c,

respectively. When regarding B as an A-A-bimodule with respect to these actions, we will
write 4.B.4. For future use, we record the following lemma.

Lemma 4.5. Let 2 be a k-basis of A.

(a) Ak-basis of Ay A is given by {3"aM) @ a®b|a,b € A}. In particular, ARy A as a left
A-module with the action induced by the coproduct of A is free on basis {> 1®b|b € 2}.

(3)

(b) Ak-basis of A@y A is given by {3 aY @ S(a®)b|a,b € A}. In particular, B.4 is free as
a right A-module with basis {> 1 ®b|b € }.

(c) Ak-basis of A@y A is given by {3 a) @ bS(a?)|a,b € A}. In particular, B is free as
a left A-module with basis {> 1 ®b|b € 2A}

Proof. Following the proof of [Mo, Lemma 3.1.4], we define f = (id®m)o (A®id): AQA —
A ® A. This has inverse g = (id ® m)(id ® S ® id)(A ® id), as commutativity of the diagram

A®id id®m

AR A ARAR®A AR A
iA@id ARid®id A®id
A®A®A 1dA®Id A®A®A®A id®id®m A®A®A

id®S®idid id®S®id
1d®id®m

id®re®id A®A®A®A A®A®A
idmEid id®m

AR A A—dom A® A,

which follows from coassociativity and associativity for the top left and bottom right square,
the interchange law for the the two top right squares, and the Hopf algebra axiom for the
bottom left square, shows.
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(a) Since {3 a™ @ a®b|a,b € A} is the image of the k-basis {a ® b|a,b € A} under the
isomorphism f it is also a k-basis.

(b) Similarly, {3" a® ® S(a®)b|a,b € A} is the image of the k-basis {a @b |a,b € A} under
the isomorphism g, it is also a k-basis, and (b) follows.

(c) Since A is finite-dimensional , the antipode is invertible and {a ® S~1(b) |a,b € 2} is also
a k-basis of A ® A. The image of this basis under f is {3 a® ® a®S-1(b)|a,b € A}, which
under the isomorphism id ® S is sent to {3>a™™ @ bS(a?)|a,b € A}, proving that the latter
is also a k-basis.

All statements about A-bases with respect to the given actions follow immediately from the
definitions of the latter (see (3) for (b),(c)). O

4.5. The bicategories Zep 4 and 2#4. Consider Zep 4, the one object bicategory with object
e and Zepa(e,®) = A-mod, with a fixed biproduct — @& — and with horizontal composition
induced by —®y — and the Hopf algebra structure on A. The associator is given by the canonical

isomorphism (K @k M) @k N A, 1 @ (M ®x N), which we again treat as an identity,
and the unit object is given by L; = kv, on which A acts by the counit, i.e. av = ¢(a)v. The
unitors are then given by L1 @y M - M :v@m—mand M @ L1 - M :m® v — m.

We define 274 to be the 2-full subbicategory whose 1-morphisms are those A-modules in the
additive closure of A® L. This is finitary and, given a finite-dimensional Hopf algebra is always
Frobenius, also quasi fiab.

4.6. The pseudofunctor I'. We will now define a 2-faithful pseudofunctor I': Zeps — % 4.

Recall B = A ®x A and the left and right A-module structure on B induced by ¢, see (3).
Identifying 2 (e, ) with B-mod, consider the restriction functor ® : 2 4(e,e) — Zepa(e,e),
which can equivalently be viewed as Homp(B.4,—) or as 4. B ®p —. It therefore has a left
adjoint I' given by B.4 ® 4 —.

Lemma 4.6. ¢ is a lax pseudofunctor.

Proof. Let M, N € B-mod. We define a natural transformation
K ®(—) QK @(—) = P(— @4 —)

by the natural projection
KM,N: M@ N —-» M ®4N.

We note that this is indeed a morphism in Zep (e, e), since
ruN(a o (m @y n)) = rarn (@) - m) @ (a® -, )
= kv (M8 (a?) @ aPnS (a??)))
— aWmS(a(1?) @4 a?Vns(a)
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Here the fourth equality follows from commutativity of

A = Ak A
A A®id
d®A
AQ A © AR AR A
d®A dRId®A
1dRAR®Id

AR Ak A ©2% AQqRARQR AR A

id®e®id 1d®S®Id®S
Ak ®p A AQRARQR AR A

id®®S
1dm®id
AR AR A

which is due to coassociativity for the top two squares and the antipode axiom for the bottom
pentagon. Compatibility with the associator is encoded by the commutative diagram

(K @ M) @ N gidgid oo (M @ )
lHK,M@d lmww

(K®aq M) @k N K ®g (M ®4 N)
lm@AM,N lm{,mﬂ

(K ®a M) o4 N —229% ko, (M ®4 N).

Finally, consider the unit Ly, and define the morphism £: Ly — ®(A) by v — 14. Thisis indeed
a morphism in Zep(e, ), since £(av) = £(e(a)v) = e(a)la while a-, 14 = > aM145(a?) =
€(a)l4 by the antipode axiom. Moreover, the diagrams

£xid id®e¢

L1®]kM4>A®kM M@kLlﬁM(@kA
lw lfi&]\{ lw \LKJM,A
M " ARa M M "> M®q A
commute, hence k and £ equip ® with the structure of a lax pseudofunctor. O

Since ® is isomorphic to Homp(B.4, —), it has a left adjoint I given by B.4 ® 4 —. Note that
this is an exact functor by Lemma 4.5(b). Denote by o: Id — ®I" and 7: I'® — Id the unit
and counit of the adjunction (I", ®).
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Corollary 4.7. The left adjoint I': Zeps — B4 of ® is an oplax pseudofunctor, with the
corresponding natural transformation : I'(— ®x —) — I'(—) ® 4 I'(—) given by the composite

I(ox®oy) I'(krx),ry))

['(®T(X) @ PL(Y)) — L TH(T(X) @4 T(Y))

vxy: (X ®Y)
TF(X)®AF(Y)\L
LX) ®a(Y)

and the morphism (: T'(L1) — A given as the image of £ under the adjunction isomorphism
Hom (L1, ®(A)) 2 Homa_4(I'(L1), A).

Our goal is to show that I" is indeed a (strong) pseudofunctor, meaning  and ¢ are isomorphims.

Lemma 4.8. The morphism ( defined in Corollary 4.7 is an isomorphism.

Proof. Recall that ®(A) = A = Homp(B.4,A) and (: I'(L1) — A is defined as the image of

€: L1 — ®(A), as defined in the proof of Lemma 4.6, under the adjunction isomorphism
Homu (L1, ®(A)) = Homy_4(I'(Ly), A).

Identifying ®(A) with Homp(B.4, A), we see that £(v) : B.4 — A is the unique map of

A-A-bimodules sending 1 ® 1 — 1.

By Lemma 4.5(b) and the action of A on Ly, a k-basis of I'(L1) is given by 1®b®v, where b € 2,
for a k-basis 2 of A. Pulling £ through the adjunction, we see that ((10b®v) = £(v)(1®b) = b,
thus ¢ produces a bijection of k-bases and is hence an isomorphism, as claimed. O

In order to show that =y is an isomorphism, we first determine the adjunction morphisms explic-
itly.

Lemma 4.9. The unit o: I1d — ®I" and counit 7: I'® — 1d of the adjunction (I', ®) are given
by p @4 — and T ® agA0p —, respectively, where

T:BA®aaB— B,(a®b)® (c®d) — ac® db.

Proof. In order to check that the compositions

oopid idogT idogo Topid

d oI'd P and T rer r

are the respective identities, it suffices to check the representing maps on bimodules.

Note that the natural isomorphism A®4.4B = .4 B identifies a®4 (1®b) with a-, (1®0b) =
S a) @ bS(a®), thus the composition
Ao,.aB 229 AB.A®4 4B o7, 4B,
a®s(10b) — YadVesS@@)e1eb — Sab @bSa?)

is indeed the identity.



BASIC HOPF ALGEBRAS AND SYMMETRIC BIMODULES 11

Similarly, since the natural isomorphism B.4 ® 4 A = B identifies (1®b) ® a with (1®0b)-,a =
S aM @ S(a®)b, the second composition given by

idog®& T®id

Ba®4 A BaAa®.4B®pB.4y B.a
1@b)®asa +— 10243 aY®S50?) +— SaP oS
is also the identity. O

Lemma 4.10. /fy4 4 is an isomorphism, then vyx y is an isomorphism for all X, Y € Zep (e, o).

Proof. Let X,Y be objects in Zep4(e,e) with free presentations F} i) Fy — X and G4 EN
Go — Y in Zepa(e,e). Since the bifunctor —®y— giving the monoidal structure on Zep (e, o)
is exact, we obtain that

f®id,id®
Fi @k Go @ Fo ® Gy ( 9

Fooxk Go—= X QY
is a free presentation of X ®i Y in Zepa(e,e).
Since I'(A) = B and I is exact

I'(f®id,idRg)
_—

F(Fl Rk G()EBF() Rk Gl) F(Fo Rk Go)*»-F(X Rk Y)

is a free presentation of I'(X ®, Y') in Z4(e,e). Thus, we have a diagram

I'(f®id),I(id
I'(F ®k Go) & T'(Fy @k G1) (L5id).1(499)) ['(Fy ®k Go) X ®Y)

|
0
VFIO‘GO VFp.Go 17X,y
VFo,G1 v

T(F)) @4 T(Go) & T(Fy) 4 T(Gh ) LEYEIR py o) T(Go) — T(X) @4 T(Y)

Since the I'(F;),I'(G;),i = 0,1, are free B- and in particular free A-modules, the bottom row
is a free presentation of I'(X) ® 4 I'(Y"). By naturality of ~, the induced cokernel map is vx y.
As Fy, F1,Gg and G are free A-modules, the maps vr, ¢, where i, j € {0,1}, are direct sums
of copies of y4 4 and are thus isomorphisms. Since the two vertical maps in the diagram above
are isomorphisms, it follows that so is yx y. O

In order to prove that 74 4 is an isomorphism, we now provide basis for its domain and
codomain. To this end, let again 2{ be a k-basis of A.

Lemma 4.11. Fora,b,c € A, set Yo, := 5. a M@ S(a®)b@ 41@kc. Then {Yape | a,b, ¢ € A}
is a basis for T'(A @ A).

Proof. Note that T'(A ®x A) = B.g ®4 (A ®g A), where the left action of A on A ®, A
is induced by the coproduct. By Lemma 4.5, both the left and the right side of the tensor
product are free as right, respectively left, A-modules on bases {1 ® b | b € A}, respectively
{1@c|ceA}. Thus Boa®R4 (AR A) = By R4 AR (ARk A) (where we again treat
the canonical isomorphism as an identity) has k-basis {1®b®4a®4 1 ®g ¢ | a,b,c € A},
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and using the the definition of the action in (3), we see that 1 ® b®4 a ®4 1 ®k ¢ = Yy,
completing the proof. O

Lemma 4.12. Fora,b,c € A, set Xope := > aV@cM @8 (a® )b, Then {Xape | a,b,c € A}
is a k-basis of A @ A Q A.

Proof. Consider the k-basis of A ®, A ®k A given by {a ®c®b | a,b,c € A}.

Define the maps
p: AQRAQRA -+ ARQqR AR A, a®kcQbr Z a(l) Rk C(l) Rk S(a(z)c@))b
and

AR AR A A Ay A, a@pe@pber Yy al @y @y alP P,

To check that ¢ and ) are inverse to each other, we compute

Y(pla®c@b)) = ¢(Z M @D @ 5(a®c?)b)
— Z M @M ®a®c?5(a®cBp
where we have used coassociativity of the comultiplication in the indexing. Using the Hopf
algebra axiom, 3" aM@cM@a? @ §(a®)c®)) = ae®1, and hence 1 (p(a®c®b)) = aRc®b.

Thus { X | a,b,c € A} is the image of a k-basis of A ®; A ® A under an isomorphism,
hence also a k-basis. ]

Lemma 4.13. The map 4,4 is an isomorphism.

Proof. Recall from Corollary 4.7 that
YA4,A = TAgsTA 0 L(krarac(ca®o4)) : T(A®kA) = T'(A) ®aT(A).

By Lemma 4.11, the elements Yy = 3 oY @, S(a)b@41® ¢, for a,b, ¢ € A, form a basis
of the domain.

Note that as a vector space I'(A) @4 I'(A) = (A ®k A) ®4 (A ®k A), where the A action on
the left tensor factor A ® A is given by (3), and the action on the right tensor factor A ®y A
is just the left action on its left tensor factor A. It follows that T'(A) ®4'(A) = A®k ARk A
as a vector space, and a k-basis is given by { Xy | a, b, c € 2}.

We claim that 4 4(Yape) = Xabe-
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Indeed, first identifying Yap with o) @y S(a®)b@41®@c € T(A®, A) = B.a®a (A®y A)
compute
Ya.4(Yabe) = Tragara o Derara o (04 ®04)) (e @ S(@®)b) @4 (1 ¢))
= mragara o (krara) (@ @ S(@®)h) @a (1o 10D @ 9(c?)))
= rapra((a? ® S(@®)b) @4 (1@ M @ S(c?)))
a® M @ 5(?)S(a®)b

= a® @D @ S(a@c®)b = X,

proving the claim. Thus, 4 4 is bijective, and the statement follows. 0

Proposition 4.14. I' js a strong pseudofunctor.

Proof. This follows from Lemmas 4.8, 4.10 and 4.13 ]

Corollary 4.15. The pseudofunctor I' restricts to a pseudofunctor from 54 to € 4.
Proof. This follows immediately from the fact that I'(A) 2 A ®y A and I'(L;) = A. O

4.7. Finite-dimensional radically graded basic Hopf algebras. Let GG be a finite group. Let
W = (wy,...,w,) be a weight sequence of elements in G, i.e. a sequence invariant under
conjugation up to permutation. Following [GS], we can associate a quiver Q@ = Q¢ w, called
the covering quiver, to the pair (G, W) as follows: its vertices are labelled by elements of G,
i,e. Qo ={eg | g € G} and its arrows are given by

Q1 ={aig:e51 ey |i=1,...,n, gecG}
The path algebra k@ is said to have an allowable kG-bimodule structure if it has a kG-bimodule

structure satisfying g - ej, - g’ = €g-1pg-1, and such that i -a; 4 - h' is contained in the k-linear
span of arrows from ej/1g-1),-1 0 €14, 4-15-1

Let A be a radically graded basic Hopf algebra. Then, by [GS, Theorem 2.1] and [HL, Lemma
2.5], there exists a pair (G, W) with associated covering quiver ) and allowable kG-bimodule
structure as above, such that A 2 k@ /I for an admissible Hopf ideal I. Counit, antipode and
comultiplication are then defined on Qg and ()1 by

1, forg=1g
() {O otherwise (aig)

S(eg) = eg-1 S(aig) = —w;gt- Ajg gt
Aleg) = D pecCoh @ epa Aaig) = Ypegh-aig®en+en®@azg-h)

and extended linearly and multiplicatively from there. Note that S(a;4) = egS(aLg)egwi.l.

For the rest of this section, let A be a radically graded basic Hopf algebra given by the data
above.
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Note that the left action of G on A induces a right action of A on % 4(e,e) (see Section 4.3,
and that, in particular, we are in the situation of Lemma 4.4, i.e (Aey,®ey A)" = Aey,®eynA).

Lemma 4.16. Forany g € G, the A-A-bimoduleI'(Aegy) can be equipped with a G-equivariant
structure. Moreover, for any morphism p: Ae; — Aey of left A-modules, T'(p) is a G-
equivariant morphism.

Proof. We first construct the isomorphism ;. T(deg)

plicity. Computing

['(Aey) — T'(Aegy)k, writing ay, for sim-

pleg) = (iId® 5) <Zegh®eh1>:269h®eh,

heG heG
we see that I'(Aey) = (A® A) -y, eg = Dy Aegn @ e A and thus
(Aeg @ Aegh ® ehA ko @ Aeghk R eprA.
heG heG
The obvious isomorphism is thus given by oy (egn @ en) = egn @ e, = € ik ® ej,,. for h = hk1,

that is, the identical idempotent, which now lives in the h component of F(Aeg)k. Given that
ay is just a relabeling but the underlying map is indeed an identity morphism, it is obvious that
the diagram in (1) commutes and this indeed defines a G-equivariant structure on I'(Aey).

Let now I'(Aey) and I'(Aey ), g,¢" € G and let p, : T'(Aey) — T'(Aegy ) be defined by eg — ey,
where a = egaeg/ Therefore, I'(pa) : Preq Aegh @ enA — Py Aegn @ e Ais defined by
egh @ ep — > at) @ S(a?). We need to show that T'(p,) is a G-equivariant morphism (see
(2)), i.e. that the diagram

[(Aey) —=>T(Ae,)F

lF(Pa) lF(Pa)g

T(Aey) —2>T(Aey )k
commutes.
Again, we identify T'(Ae,)* with
@ Aeghk R epA = @ Aegﬁ &® e;LA
heG heq
for and I'(Ae,)* with
@ Aeg/h/k X eh/kA = @ Aegﬁ/ &® €]~L,A
he@ Weag

for h = hk™! and ' = h'k™L. We compute the i/ components of both compositions applied
to the generator of the h-component ey, @ e.
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On the one hand, we obtain
(ar(T(pa)(egn @ en));, = Z egha(l)eg,ﬁ, ® eﬁ,S(a(Q))eh.
On the other hand, we compute
(P (nteqn @ en)) ) = (Tpa) (e @ eg)).

= (k" @) e @ er)))

= (k- (Y egpa® @ Sa@)ey))
= Z egh(k‘l . a(l))eg/,;, @ €;L/(k_1 : S(a@)»eh

where we have used that k! - €4 = Egh-

It thus suffices to verify that >k -a®M @ k- S(a®) = 3 a™ © S(a?) for all k € G, and it
suffices to do this for arrows in the quiver of A.

Let a; 4 be an arrow. Then

(id ® S)Aaig) = (1@ S)(D (h-aig®en+en @ aig-h))

heG
- Z(h "QigDep1 T eR® ht S(ai,g))
heG
— Z PAON 5(a(2))_

where we have used that S(z - h) = h™l - S(x) (see [GS, Lemma 2.2]). On the other hand,
> kdVek-S@®) = (kh-aig®epap + eppr @ kb S(aiy))

heG

= Z n - Gj,g @ epr-1 + Z epr X Bt S(ai,g)
h'eG h'"eG

= Z M © 5(a?),

where we have changed the summation to A’ = kh and A" = hk™'. This proves our claim. [

Proposition 4.17. Forall M € #Zep(e,e), I'(M) carries a G-equivariant structure in 2 4 (e, ).
Moreover for any f: M — N in Zepa(e,e), the morphism T'(f) is G-equivariant.

Proof. Let M € Zepa(e,e) and let

s t
@Aehi M EBAegj - M
i=1 j=1
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be a projective presentation for M. Since I' is exact,
s t
T(pij
D@D Aen,) 2% D@D Aey,) - T(M)
i=1 j=1

. . . - ®I'(Aey,
is a projective presentation for I'(M). Defining «, (Aes;) : @2:1 I'(Aeg;) — @2:1 I’(Aegj)k
by applying ;. to each component, we obtain the commutative diagram

s (T'(pij))
@i, I'(4ep,) — @), T(Aey;,) — (M)
l @F(Aehi) \L @F(Aegj>
X Q. v

k F(pij)k
—

Di-1 [(Aen,;) ®;—1 I'(Aey,)* —=T(M)",

where the solid vertical arrows are isomorphisms, implying that the induced morphism on the
cokernels, which we define to be a%, is also an isomorphism as needed. The fact that these
isomorphisms a}f, for k € G, make the diagram (1) commute, follows from the same fact
for the I'(Aegy). Moreover, for any f: M — N in Zepa(e,e), one checks that I'(f) is G-
equivariant by lifting f to a projective presentation and applying Lemma 4.16. O

5. SYMMETRIC BIMODULES AND THEIR SIMPLE TRANSITIVE BIREPRESENTATIONS

5.1. Symmetric bimodules. Let now again A be any finite-dimensional algebra and assume
G is a finite subgroup of the automorphism group of A as in Section 4.3.

Recall the category Z 4(e,e) of A-A-bimodules. Let X4 be the category whose objects are
those of % 4(e,e), but in which morphism spaces between objects M and N are given by

Hom,, (M, N) := @ Homaa(M, NY).
geG
Thus, any ¢ € Homy, (M, N) is given by a tuple (¢4)4ec such that ¢, € Homa 4 (M, NY).
Composition of ¢ € Homy, (M, N) and ¢ € Homy, (N, K)is defined by
Homy,(N,K)® Homy,(M,N) — Homy, (M, K)
(4) (¥n)hec @ (9q)gec = () (1) 0 0g) e

geG

See [CM], where this is defined in Definition 2.3 and called a skew-category, for more details.

Denote by X4 the idempotent completion of X4, that is, objects of X4 are pairs (M, e) where
M € X4 and e = €2 € Endy,(M). For any A-A-bimodule M, we denote its associated
stabiliser subgroup by

Gu:={9€G|M =M}
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The following lemma is proved in exactly the same way as in the case of abelian G, see [MMZ2,
Lemma 2(i)].

Lemma 5.1. For indecomposable M € X4, there is an isomorphism of algebras
Endy, (M)/Rad(Endy, (M)) 2 k[G ] /Rad(k[G ) = k[Gar).

For any M, the group algebra k|G /] is semi-simple and admits a unique decomposition into a

product of matrix rings. Let k[Gp/] = SM @ --- @ SM be a decomposition into a direct sum

SM
of simple modules, and let {&M ... ,5%1} be the corresponding set of primitive idempotents

in k[Gs]. Assume that SM is the trivial module. Each M has the form ﬁ E MM(g)g
M
9gEG M

for some scalars A} (g) and hence defines an idempotent ¢; in Endx, (M) given by the tuple

M
(A\&A(fl)g) o In the special case of M = A, we omit the sub- and superscripts M, set s = s4
9eGm

A

i -

and also write m; = é{‘ and m; = ¢

It immediately follows from the definitions that the indecomposable objects of X4 are of the
form (M, eé\/[) where M is indecomposable as an A-A-bimodule and j = 1,..., s);. Moreover,

(M,eM) and (M, aj\/[) are isomorphic if and only if SM = SJM.

In order to arrive at a bicategory whose 1-morphisms are the objects of X4, we equip X4 with
a tensor product by setting

o M@ N = @ (Mg = N), for any M, N € Xy, and
geG
e p@% 1= ((pgr1)"® wh)g,h,keG’ where
(pgp1)f @ MF @4 N = (M) @4 (N,
for M, M',N,N" € X4 and ¢ € Homy, (M, M"),¢ € Homy, (N, N').
Since (M9 @4 N')' =2 (M")9 @4 (N')", we observe that (¢gr-1)" @ 1y, is a component of
(o @Y 1))y The following lemma is the analogue of [MMZ2, Lemma 3] and shows that the

asymmetry in the defintion of — ®“ — is only notational. For the reader's convenience, we
include the proof.

Lemma 5.2. There is an isomorphism

D resN) =P MeaNT)

geG gelG
in Xj4.

Proof. By Lemma 4.3, there is a canonical isomorphism

(5) M@ NI = (MI®,4 N
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in #4(e,e). Thus,

(Pn)hea

M@y N9 —C L Magy N,

with ¢ 1 given by (5) and the remaining components chosen as zero, defines the required
isomorphism in X4. ]

The following lemma is the non-abelian version of [MMZ2, Lemma 5] and is proved analogously.
Lemma 5.3.
(i) The operation — @ — is bifunctorial.

(if) Ife and f are idempotents in X4, then so is e®% f. Hence —®% — extends to a bifunctor
— @Y% — 1 X4 x X4 — X4 given by (M,e) % (N, f) = (M ®@% N,e % f).

We next obtain results akin to [MMZ2, Propositions 6 and 7]. We only consider (A, ) on
the one hand, but generalise to any bimodule M with any idempotent on the other hand. The
proofs are similar to those in loc. cit. but since our setup, notation and level of generality are
different, we include them for the reader’s convenience.

Proposition 5.4. M € X4y andl € {1,...,sp}. Then
(6) (M, &) @ (A,m) = (M, e]") = (A,m) @ (M, &]").

Proof. We start by constructing a morphism ¢ from the right hand side of (6) to the left hand
side. Consider the morphism

= (pap)stca: M — @ M* @4 A’
s,teG
where ¢, ; is given by
1
" euliel

if s € G and zero otherwise.

M (s)(s(m) @1) € M* @4 A

Consider the diagram

M

M i @

heG
(ps.t)s tec l((eogh,l,kh»l)3,,1,,6,,1&@);16(;
(eMe%m)h)
P Mros A — T (D M sy AR,

s,teG g,keG
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By definition, the st™!, gt ™', kt'-component of &?ZM ®% 11 sends m @ 1 to

et m o )

if gt~' € G and zero otherwise. Now, going to the right and then down, the g, k-component

of the composition @o 5{” sends m € M to

m 1 1 -1 m

— 1 1 M "
h; |G|| A A (gh ™) (g(m) @ 1) = IGMHG\)‘ (9)(g(m) ® 1),

if g is in Gy, and zero otherwise. Going down and then to the right, the g, k-component of
(eM®%m)o g@ yields

1 M M -1 -1
m SEXG: ‘ HGM| ( )(s(m)®1) — SGG%;EGWAI (s)A; " (gs™)gs ™ (s(m)®1)

=3 e @m &1 = (A @ @ )
teG

Hence, the diagram commutes.

To construct a morphism 1 from the left hand side of (6) to the right hand side, consider the
diagram

61\4®Gﬂ_
D (M? @4 A) L P M @aAF
geG u,keG

(d’hvg)gthGl \L((wsk'lvu’fl)fk1,uk1€G)k€G
( JVI)h

@Mh heG @MS

heG seG

where ¢, 4 sends m ® 1 € M9 @4 A to 15 |)\M(hg Dhg(m) € M", if hg"! € Gy, and to
zero otherwise.

Fix g,s € G. Going down and then to the right we obtain

me1l— Z G >‘l (hg hg‘1 Z )\M hg_l))\l (sh” )sh'l(hg'l(m))
neGa |GMI neGay |GM

’Gl ’)‘l ( )Sg_l(m)7

where the last equality follows from the fact that ¢; is an idempotent.

Next we calculate the composition first going right and then down:
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1
m®1l— Z GullGl HG’ M(ug™)(ug™(m) ®1)
’U,GG]\/[,kEG
1 _ B} ;
b Y g A s g )
ueGyr,keG

1 1 i ) 1 _ _
=) W@Afw(w g H(m) = W)\W(SQ Hsg7H(m).
keq oM M

Thus, the diagram commutes and v is well-defined.

Now we claim that both compositions ¢ o ¥ and ) o ¢ are the identities, i.e. the respective
idempotents. The k-component of the composition i o ¢ sends m to

S g N s s () = A k().

SEG\,teG

The g, s, t-component of the composition p o sends m® 1 € MI ®4 A to

1
> TEMErER. M (kgAY (sk sk (kg @ 1)
skl kg leGy
L A\ (sg
el HG\

in M* @4 At. The first isomorphism in (6) follows and the second is proved analogously.

N(sg' 1)

O

5.2. The bicategories 2°4 and ¥ 4. We use the data above to define a bicategory 2°4 with
e one object e;
o X a(e,0)=Xy;
e horizontal composition given by the tensor product — @ — in X;
e the identity 1-morphism given by (A, m1);

e for each triple of 1-morphisms X,Y, Z an associatior axyz : (X Q% Y) ®¢ Z -
X ®% (Y ®% Z), induced by the standard associator in the category of A-A-bimodules
(see Section 4.1);

e left and right unitors Ay : (A, 7) ®° X = = X and px 1 X @Y (A, 1) = X induced
by the isomorphisms in Proposition 5.4.
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Since (A, 1) ® (A®k A) is, up to isomorphism, invariant under the twist M +— MY for g € G,
and its additive closure is closed under horizontal composition, we can define a bicategory ¥4 as
the 2-full subbicategory of 2°4 whose 1-morphisms are given by objects in the additive closure
of (A,m) @ (A®y A) inside X4. This is finitary by construction.

5.3. Embedding 24 into % 4. Define a functor ©: Xy — Z4(e,e) by M — @geG MY
on objects and by mapping f : M — N to O(f) = (f;ig_l) t Dyee M — @D N on
morphisms. Notice that © is faithful by construction.

Using the definition on morphisms we can extend © to the category X4. Recall that objects

of X, are pairs (M, e) where M is an A-A-bimodule and e is an idempotent in Endy, (M).
Thus, we extend © : X4 — Z 4(e,0) via (M,e) — O(e)O(M).

Lemma 5.5. O defines a pseudofunctor from 24 to B 4.

Proof. Note that for M, N € X4

O(MaYN) =0(P MI«aN) = B P M@AN)" = H MIoN" = @ MFeiN",
geG heG gelG g,heG k,heG

where the penultimate equality is true by Lemma 4.3.

On the other hand,

OM)®4O(N) =P M 24 P N".

geq heqG
Thus, we have a natural isomorphism,
Jun: O(M)®40(N) = O(M e N),
compatible with associativity and unitors, which, by functoriality, extends to X4. O

Lemma 5.6. The essential image of © consists of all G-equivariant bimodules.

Proof. Let (N,e) € X and set M = O(N) = @ N*. Thus, we have a well-defined
isomorphism oy : P NI — e N9 which is given by relabelling the components.
Since this is essentially the identity map, it is clear that this produces a G-equivariant structure
on M. This commutes withe the idempotent ©(e) and hence also defines a G equivariant
structure on ©(N, e).

Conversely, suppose that M is a G-equivariant object of % 4(e,e). Let ag : M — MY be the
corresponding isomorphism defining the equivariant structure of M. Viewing M as an object
of X4, consider ©(M) = P, MY and let e € Endy, (M) be defined by e = ‘—(l;l(ag)geg.

Notice that 1

1
eoe:—Zas 10y = —qp, = e.
G2 4= G

Thus, e is an idempotent.
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Consider the map & : M — O(M) given by m — (ag(m))gec. Since e is an idempotent in
Endy, (M), ©(e) is an idempotent in O(M) so we have an embedding O(e)O(M) — O(M).
We claim that & factors over ©(e)O (M), i.e. (ag(m))gec € O(e)O(M). Indeed,

O(e) (g (m))gec =@<ast-l>s,tgc<ag<m>>gec

_|C1;‘ Z(a‘zg,lag(m))sgg = (as(m))seq-

Therefore, ©(e)(ay(m))gec = (ag(m))gec and hence (ag(m))geq € O(e)O(M) as required.

Moreover, the map & has an inverse 3 : ©(M) — M given by (ag(m))gec — m. This shows
that ©(e)O(M) = ©(M,e) = M, completing the proof. O

Corollary 5.7. O restricts to a pseudofunctor 44 — € 4, whose essential image consists of all
G-equivariant 1-morphisms.

Proof. This follows from ©(A,m;) = A by the proof of Lemma 5.6, combined with the fact
that © maps projective objects to projective objects. O

Theorem 5.8. Let A be a finite-dimensional radically graded basic Hopf algebra and adopt
the conventions from Section 4.7. Identifying Zep 4 and 2 s with their essential images in B 4
under the pseudofunctors I and ©, respectively, Zepa can be viewed a subbicategory of % .

Under the same identification, 5#5 corresponds to a 1-full subbicategory of 4 4.

Proof. The first statement follows from Proposition 4.17, Lemma 5.5 and Lemma 5.6.

For the second statement, note that A being a finite-dimensional radically graded basic Hopf
algebra implies that the action of GG on the set of idempotents is regular. Thus, the 1-morphism
Aeyg®@epA, for g, h € G, in 44 are indecomposable (and isomorphic to Aeg;,-1®@e1A). Now the
indecomposable 1-morphisms in the essential images of both 4 and ¢4 are those isomorphic
to the identity or to ;. Aegn ® ep A for some g € G. g

5.4. The bicategory 4 4. Assume that we are in the setup of Subsection 5.1. Further, we
assume that A is basic and has a fixed complete G-invariant set E of primitive idempotents
such that G acts regularly on E. We can thus choose an idempotent e; as a base point and
label all other idempotents by group elements, obtaining E = {e4|g € G}. This labelling is
chosen such that h(ey) = egp-1.

Write A = kQ/I for a quiver Q and admissible ideal I. Let Ag = kQo and define A= AxA,.
To distinguish the idempotents in A coming from the copies of A and A respectively, given
an idempotent e, in A, we denote the corresponding idempotent in Ag by é,.
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The group action of G on A extends naturally to an action on A by leaving the two factors
invariant and permuting the idempotents in Ap, so we can consider the categories X'; and

QEA of symmetric A-A-bimodules. Note that X4 and X4 (and similarly X4, and QEAO) can be
viewed as full subcategories of X'; and X ;, respectively.
Lemma 5.9. For all g, ¢, h € G, we have isomorphisms

(Aeg Rk eg/A)h = Aegh Rk eg/hA (Aoég Rk ég/Ao)h = Aoégh Rk ég’hAO

(Aeg Rk ég/A())h = Aegh Rk ég’hAO (Aoég Rk eg/A)h = AOégh Sk eg:hA.
Moreover, for g,g' € G, the A-A-bimodules Aey @i eg A, Agey Qi ey Ao, Aey @y ey Ag and
Apeéy R ep A are indecomposable in X ;.

Proof. The description of the G-action on the first two modules is given by Lemma 4.4 and
the natural inclusions of X4 and X4, into X';. The third and fourth isomorphism are verified
by analogous computations. Given freeness of the action of G on the chosen set of primitive

orthogonal idempotents of A, the statement about indecomposability follows from Lemma
5.1. O

Lemma 5.10. Let M be a projective right A x Ag-module, and N a projective left A x Ag-
module. Then there are canonical isomorphisms

(k&1 @ &1k) @Y (ke, @ M) = ke, @ M
and
(N @ ggk) @ (ké; @ e1k) = (N ®y &gk).

Proof. We have canonical isomorphisms

(k&) @ &1k) @ (ke, @ M) = @(kéh x enk) ®a, (ké; @ M)
heG
= ]kég Rk égk X A kég Qi M
= ke, @ M

and the second isomorphism in the lemma follows similarly. O

We now define a bicategory G4 as having
e two objects e and x;
o Ga(e, @) is simply Z4(e,e);

. e x) is given by bimodules in the additive closure of Ay ®k A inside /’lN’A;

Ga(
o G4(x,e) is given by bimodules in the additive closure of A ®y A inside X;;
Ga(*,

%, %) is given by bimodules in the additive closure of Ay ®y Ay inside X

the identity 1-morphism on * and the corresponding unitors are given by Lemma 5.10;
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e 2-morphisms and their composition are inherited from X;;

e horizontal composition and associators are inherited from X';.

Set
S1:={(A,m)}
Si1 = {Aey Q@ e14|g € G}
So1 = {Apéy ®k e14|g € G}
Si0 = {Aey @ €140|g € G}
Soo := {Aoey @k €140]g € G}.

Lemma 5.11. Up to isomorphism, the indecomposable 1-morphisms in G4 are given by bi-
modules in

S1US11 USp1 US10 U Spo-

Proof. First note that by Lemma 5.9 for the objects in S11 USg1 US10USge and by construction
for (A, 1), the given bimodules are indeed indecomposable 1-morphisms in ¢ 4.

Also by construction and Lemma 5.10, each indecomposable 1-morphism in G is isomorphic
to (A, ) or one of Aé, ®y ép A for h,h' € G, with é, € {ep, ey} for h € G. It thus suffices to
show that each of the Aé;, Ry €,/ A is isomorphic to one of the bimodules in S11USp1 US10USp0
in )EA. This, however, is a consequence of Lemma 5.9, since (Aé, @y e )N = Aég @ e1A
as A-A-bimodules. O

5.5. Two-sided cells in ¥4 and ¥4. We keep the assumptions from Section 5.4 and recall
the notation introduced after Lemma 5.1.

Proposition 5.12. The bicategory ¥4 has two H-cells, which are also two-sided cells, namely
(a) Hi consisting of one element (1,);

(b) the two-sided cell Hy consisting of all isomorphism classes of 1-morphisms in Sy; .

Proof. Since tensor products in which one of the factors is a projective bimodule never con-
tain a copy of the regular bimodule as a direct summand, it follows immediately that the
indecomposable 1-morphism in &; is strictly smaller than those in S11 in the left right and
two-sided order. This shows the existence of an H-cell H1, as claimed in (b), which is a
left, right and two-sided cell. To complete the proof, it suffices to show that the indecom-
posable 1-morphisms in Si1 are in the same left and the same right cell. Let Ae; @y e1 A
and Aejp ® e1 A be two representatives of isomorphism classes of indecomposable 1-morphisms
in S11. Then Aey, ® e1A is a direct sumand of (Aegy;1 ® e14) @5 (Aep, @k e14), hence
Aeg R e1A <j, Aep, R e1A. Similarly, Ae;, Q) e1 A <p, Aeg QK e14 since Aep, R e1A is a
direct sumand of (Aej,,1 @k e14) @ 3 (Aeg @ e14), so they are in the same left cell. Similarly,
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one sees that they are in the same right, and hence in the same H-cell, which then is also a
two-sided cell. O

Recall that sZ4 can be viewed as a 1-full subbicategory of ¥4 and hence shares its H-cell
structure.

Proposition 5.13. ¥4 and 574 are Ho-simple.

Proof. Assume .7 is a nonzero 2-ideal in ¢4, identified with a subbicategory of €4 under O,
and let f: M — N be a morphism in #(e,e). Note that A ® A is a 1-morphism in the
essential image of ¥4 under ©. Then idgg, 4 ® f ® idag,a contains an identity component
on a 1-morphism in 44, as required.

The proof for s#4 is analogous. O
Proposition 5.14. The bicategory 44 has two two-sided cells, namely
(a) Ji consisting of one element (1,);

(b) the two-sided cell jo consisting of all isomorphism classes of indecomposable 1-morphisms
in 811 U Sp1 U S19 U Spg.  Furthermore, the two-sided cell jo consists of two left cells
Lo = S10USpo and L1 = S11USp1 and two right cells Ry = Sp1 USgg and R1 = S11US10.
Hence, the H-cells are H;; = S;; for i, j € {0,1}.

Proof. Part (a) follows as in Proposition 5.12 (a), since tensor products involving projective
A x Ay bimodules never contain direct summands isomorphic to the regular A-A-bimodule.

To prove part (b), let A; € {A, Ap} fori = 1,---,3, and let é, € {en, e}, for h € G, as
appropriate. Then A1é,®yé1 Az is a direct summand of (A1€y,1 ®ké1A3)®)~(A (Asép®Ké1As),
so A1ég @ 6142 <1, A3ép, ®x €14 for any A3. This shows that all 1-morphisms in S19 U Spo
are in the same left cell and all 1-morphisms in S11 U Sgp are in the same left cell. Given that
tensoring A1é, @K €142 on the left does not change Ay, it is clear that £y = S19 U Spo and
L1 = 811 U Sp1 are two different left cells. Similarly, ones proves the statement about right
cells. The statement about H-cells and the two-sided cell 7 follows immediately. O

Lemma 5.15. The endomorphism bicategory @* of the object * in 4 has a unique left, right
and two-sided cell Hog and is biequivalent to Vecg.

Proof. Given that the indecomposable 1-morphisms in %* are precisely those in Hgg, the first
statement follows from Lemma 5.14. Now

(Aoey ®x &140) @ (Aoen @i €140) = @D (Aoegr ®x ExAo) © (Aoh R €1 A0)
keG
= Apegn @k e14o.



26 KATERINA HRISTOVA, VANESSA MIEMIETZ

Therefore %* is a semi-simple bicategory with one object, which decategorifies to ZG. More-
over, the associator is induced by the associator on bimodules given in Section 4.1 which corre-
sponds to the trivial 3-cocycle and thus ¥4, is biequivalent to ¥ecq, c.f. [EGNO, Proposition
4.10.3]. O

5.6. Adjunctions. We keep the setup of Section 5.4 and additionally assume that A is self-
injective. We denote by v the bijection on E which is induced by the Nakayama automorphism
of A given by

Homy(eA, k) = Av(e), for e € E.
Note that given our labelling of idempotents by elements of G, this induces and action of v on
G and we define v/(g) by v(ey) = e,(g).-

Lemma 5.16. For any g € G, we have v(g) = v(1)g.

Proof. By definition, Ae, (1), = (Ae,1))? = Homy(e1A4,k)? is the indecomposable injective
A-module whose socle element e satisfies e, - (e1)* = g(en)(e1)* = epg-1(e1)” # 0 if and only
if g = h. It is hence isomorphic to the injective A-module with socle (e,)*, which is Ae, ;). O

Proposition 5.17. We have adjunctions
(a) (Aeg @k e14, Ae, (1)1 ®k e14);

(b)
(c)
(d) (Aoey @k 140, Apey1 Rk €14p).

(Aoég R €14, Aey(l)g-l Rk élAg),'
(Aeg R €14p, A()ég 1 Qk 61A),‘
(

Proof. By [CM, Theorem 4.3], there is an equivalence of categories between the projective
objects in XA and the G-invariant objects in the category of projective A-A-bimodules. Under
this equivalence Ae, ®y e1A corresponds to P, Aegn @k enA. Hence its adjoint corre-
sponds to the adjoint of g Aegn @k enA, which is given by @y Aey(n) Rk egnAd =
Drecr Aevg1n) @k enA. Under the equivalence, this corresponds to Ae, ;1) ®x €1 A which is
isomorphic to Ae,(1),-1®@ke1 A by Lemma 5.16. The other adjunctions are checked similarly. [

5.7. Simple transitive birepresentations of ¢ ,. We keep the notation and assumptions from
Section 5.6. In particular, we assume that A is basic, self-injective and has a fixed complete
G-invariant set E of primitive idempotents on which G acts regularly. It follows immediately
from Proposition 5.17 that, under these assumptions, ¥4 and G, are quasi fiab, and fiab if
and only if A is weakly symmetric.

In order to classify simple transitive birepresentations for ¢ 4, we will need a slight generalisation
of [MMMZ, Theorem 15].
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Theorem 5.18. Let ¢ be a quasi multifiab bicategory, J a maximal two-sided cell in € and H
an H-cell in J such that H* = H. Let i be such that, for allF € H, we have F € ¢(i,1) and
let €3 be the 2-full subbicategory of ¢ on object i with 1-morphisms in add{1;,F | F € H}.
Then there is a bijection between simple transitive birepresentations of € with apex J and
those of €y with apex H.

Proof. The proof is analogous to that of Theorem 4.32 in [MMMTZ2], noting that the only
place where ¢ being fiab is crucially used there is to obtain H = H*. O

We thus obtain the analogous classification of simple transitive birepresentations to the one
given in [MMZ2] in the case where G is abelian.

Theorem 5.19. We retain the above assumptions on A. Let M be a simple transitive birep-
resentation of 4 4.

(1) If the apex of M is [J1, then M is the trivial birepresentation associated to 1o, meaning
M(e) is equivalent to k-mod, the identity 1-morphism (A1, m) acts as the identity
functor, and all other indecomposable 1-morphisms annihilate.

(2) If the apex of M is [Jy, there is a natural bijection between equivalence classes of
simple transitive birepresentations of 44 with apex Jy and pairs (K,w), where K is a
subgroup of G and w € H*(K,k*).

Proof. For J = 71, the statement is immediate, as the [J;-simple quotient of ¢ 4 is biequivalent
to %k.

For J = Jy, consider @. Then we can realize 44 as a both 1- and 2-full subbicategory of
%NA given by the endomorphism category @, of e. Moreover, [Jy corresponds to 11 under
this identification. By Theorem 5.18 there is a bijection between equivalence classes of simple
transitive birepresentations of ¥4 with apex Jy, and equivalence classes of simple transitive
birepresentations of 4 4 with apex jo.

On the other hand, again, by Theorem 5.18, there is a bijection between equivalence classes
of simple transitive birepresentations of 4, with apex Jo and equivalence classes of simple
transitive birepresentations of %* with apex the unique two-sided cell Hog. However, by
Lemma 5.15, the latter is biequivalent to ¥ecg and its simple transitive birepresentations are
in bijection with pairs (K,w), where K is a subgroup of G and w € H?(K,k*) by [Os,
Theorem 2]. O

Remark 5.20. Observe that Theorem 5.19 implies that for a finite-dimensional radically graded
basic Hopf algebra A, the associated bicategory of symmetric bimodules ¥4 only has finitely
many simple transitive birepresentations up to equivalence. By contrast, the bicategory /%4,
which by Theorem 5.8 can be viewed as a 1-full subbicategory of ¢4, generally has infinitely
many non-equivalent simple transitive birepresentations, see e.g. [EO, Theorem 4.10]. It
would be interesting to investigate 1-full subbicategories of 44 which contain s#4 and try to
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determine where the jump from finitely to infinitely many equivalence classes of simple transitive
birepresentations occurs.
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