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ABSTRACT 

 

Unlike single photon absorption, the rate of multiphoton absorption processes is dependent on the polarization state of the 

exciting optical field. Multiphoton absorption spectroscopy is predominantly carried out with an exciting light source 

which is structured and polarized in a 2D sense in the transverse (x,y) plane, but homogeneous along the direction of 

propagation (z). Here we study two-photon absorption (TPA) with tightly focused optical vortices, where the spatial 

confinement generates significant longitudinal components of the electromagnetic fields in the direction of propagation, 

producing a 3D structured optical field at the focal plane. We discover that the additional polarization degree of freedom 

in the z direction for 3D structured light produces novel results in TPA compared to the preceding paraxial source 

excitation.  

Keywords: Structured light, nonlinear spectroscopy, optical spectroscopy, nonlinear optics, optical vortex, multiphoton 

absorption 

1. INTRODUCTION 

Multiphoton absorption processes are nonlinear optical interactions which have found widespread application1. In 

particular, two photon absorption (TPA), has been widely utilized in a range of distinct areas such as non-invasive 

fluorescence microscopy and semiconductor photonics2–4. Advantages include: TPA requires lower energy photons to 

probe transitions; TPA possesses a different set of selection rules compared to single photon absorption; and also compared 

to single photon absorption, TPA is dependent on the polarization state of the exciting beam, even for isotropic material 

samples. It is this latter property of TPA which has inspired the work in this paper concerning the TPA mechanism for 

tightly focused structured laser beams. Propagating plane waves and paraxial laser sources have polarization degrees of 

freedom which are transverse to the direction of propagation z and are homogenous along z. As such, we may refer to these 

beams as being 2D structured and polarized in the 2D (x,y) sense5. However, spatially confining optical fields gives rise to 

longitudinal electromagnetic fields in the direction of propagation z, and we call light which is inhomogeneous along its 

direction of propagation ‘3D structured light’. An important type of structured light are optical vortex modes due to their 

spectacular implementation in a diverse range of areas6 since the pioneering work of Les Allen et al. in 19927. Their 

distinguishing feature is that they propagate with the helical phase factor ( )exp i  where  , and convey an orbital 

angular momentum (OAM) of ẑ  per photon. In this work we look specifically at the TPA by molecular matter of 3D 

structured optical vortices. 

2. QED THEORY OF TPA 

We use the Power-Zineau-Woolley (PZW) formulation of non-relativistic quantum electrodynamics (QED), which casts 

the Hamiltonian operator describing the interaction between the radiation and matter present in the system in terms of the 

electromagnetic fields coupling to the multipolar transition moments of the material8,9:   
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 ( ) ( ) ( )1

int 0 ξξ ξ ...h.o.t.,i iH d − ⊥= − −R  (1) 

 

where ( )ξ  is the electric dipole transition moment operator and ( )ξ

⊥d R  is the electric displacement field operators 

(transverse to the Poynting vector); we use standard suffix notation for tensor quantities and imply the Einstein summation 

convention for repeated indices throughout (i.e. 
i ia b = a b ). The interaction Hamiltonian (1) describes the electric-dipole 

(E1) coupling, and in the vast majority of optical interactions it is the dominant form of interaction and truncating (1) 

(ignoring the higher order terms (h.o.t.)) to only including this E1 coupling is the electric-dipole approximation. We work 

within this E1 approximation throughout this work, though the general theory produced here can easily account for the 

higher-order couplings.  

We consider a system that is comprised of a single laser beam of n  photons of the single mode ( ), , ,k p incident upon a 

collection of N  particles  . The initial I  and final F  states of this system for TPA from a single beam are thus    

 

 ( ) ( ) ( )( ) ( ) ( )0 0, , , ; 2 , , , .
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mI n k p E F n k p E E
  
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= = −   (2) 

 

Because TPA is a second-order process with respect to 
intH  we require second-order pertubation theory in order to 

calculate the matrix element 
FIM  of TPA 10 
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As mentioned in the Introduction, we refer to light as being 2D structured if it is inhomogeneous in the transverse plane 

(x,y) but is homogenous along the direction of propagation (z)5. Examples of 2D structured optical fields would be paraxial 

optical vortices (phase structured) or vector beams (polarization structured). 3D structured light manifests when an optical 

field is spatially confined, examples include evanescent waves or tightly focussed laser beams. The key physical property 

of 3D structured light fields, that which is responsible for much of their extraordinary properties, is the fact they exhibit 

longitudinal (with respect to the direction of propagation) electromagnetic field components. The magnitude of longitudinal 

fields is proportional to a smallness parameter, in the case of focused laser beams it is ( )
1

0/ 2 w 
−

, and under very tight 

focusing they can even exceed transverse field components. The QED electric displacement field operator ( )⊥
d r  (the 

superscript denotes transversality with respect to the Poynting vector) for an arbitrarily 2D-polarized 3D Laguerre Gaussian 

(LG) mode, 
( ) ( )ˆie k


z  being the polarization unit vector, is given as11 
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where 2k  = is the wavenumber, V is a quantization volume, 2

, pA is a normalization constant for LG modes, 1 =  , 

the positive sign designates left-handed circularly polarized light (CPL); the negative sign right-handed CPL, ( ) ( ),
ˆ

p
a k


z  

is the annihilation operator, ( )exp i kz + is the phase,  is the topological charge, H.c. stands for Hermitian 

conjugate, and ( ), p
f r is the radial distribution function around the focal plane 
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where 
0w is the beam waist, the normalization constant is given by ( )2 ! !pC p p = +    and  pL  is the generalised 

Laguerre polynomial of order p. 

 

3. LINEAR POLARIZATION 3D LG TPA 

Using (4) in (1) and inputting the interaction Hamiltonian operator into (3) gives the matrix element for TPA for a 2D-

linearly polarized (in the x direction) 3D LG mode as 
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where most notational dependencies have been suppressed for clarity and we have defined 
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and ( )0 , ,m

ij     is the well-known dynamic molecular polarizability tensor 
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The rate   of TPA  can be calculated as (where we ignore constants and factors in the Fermi golden rule which don’t alter 

the physics we are interested in) 
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2 2

, p
I n c k A V=  is the mean beam intensity, 

( ) ( )
22

1g n n n= −  is the degree of second-order coherence, and N is 

the number of absorbers. As it stands, (8) is applicable to particles which have a specific orientation. In order to make (8) 

applicable to randomly oriented particles – such as those in liquids or gases – we require the rotational average of (8). 

Using standard methods12 for the fourth-rank material tensor average 
ij kl  we produce the rate for orientationally 

averaged particles: 
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Invoking the full Fermi golden rule, we can write the key part of the result in terms of the factor 
( )

( )2

LG lin
B : the two-photon 

analogue of the Einstein B-coefficient10 
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A, B, and C, are shorthand and their explicit expressions are shown in Table 1.  
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Table 1: Optical factors relating to the shorthand notation A-E. 

 

The symmetry properties of the  tensor may be analysed by a decomposition into irreducible components which, with 

the aid of character tables, provide knowledge on selection rules and forbidden transitions in specific molecules. In general 

we can use the following to decompose the tensor into weight 0 (scalar), weight 1 (antisymmetric), and weight 2 

(symmetric) via13 
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This allows (10) to be written in terms of irreducible components as  
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Figure 1: Equation (10) for different modes ( ), p  where 
0w = . 

 

It is illuminating to compare the TPA Einstein B-coefficient 
( )

( )2

3D-LG lin
B  (12) to that of a paraxial (well-collimated) 2D-

linearly polarized 2D LG ( )2D-LG lin : 

 

 ( )
( ) ( ) ( ) ( ) ( )2 0 0 2 2 4

2D-LG lin ,2 2

0

1 5
2 .

3240
p

B f
c

      



= + 

 
 (13) 

 

The TPA Einstein B-coefficient (13) is essentially the result for plane wave TPA10. Figure 2 compares (12) to (13) and 

what we see is that the 3D structured focal field produced by a tightly focused linearly polarized 2D LG mode does not 

significantly influence the relative contributions of scalar weight 0 and symmetric weight 2 TPA when compared to a plane 

wave excitation, except in the case of 1= where there are discernible on-axis contributions to both weights 0 and 2 in the 

3D structured field case.  
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Figure 2: Irreducible tensor analysis of 3D LG mode TPA (12) (solid lines) versus 2D LG mode (13) (dashed lines). 
0w = . 

 

 

4. CIRCULARLY POLARIZED 3D LG TPA 

The matrix element for TPA of a 2D-circularly polarized 3D LG mode is, 
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where we introduce the shorthand notation ( ) ( ), ,

1
p p

f r f r
r

 = − . In contrast to the linear case, carrying out the 

average of the rate of (14) we have less terms to deal with because 0 =e e  and 0 =e e  for circular polarizations. The 

rotationally averaged rate is 
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which gives for the TPA B-coefficient 
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Figure 3: Equation (16) for parallel spin angular momentum (SAM) and OAM. 
0w = . 
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Figure 4: Equation (16) for antiparallel SAM and OAM. 
0w = .  

 

Using (11) we can decompose (16) into its irreducible components:  
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where D and E are given in Table 1. Again, it is helpful to compare (17) to the essentially plane wave case of a paraxial 

circularly polarized LG mode:  
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Figure 5: Irreducible tensor analysis of 3D LG mode (17) TPA (solid lines) versus 2D LG mode (18) (dashed lines). Left hand side 

shows the case of parallel SAM and OAM; right hand side shows antiparallel SAM and OAM. 
00,  p w = = . 
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Figure 6: Irreducible tensor analysis of 3D LG mode (17) TPA (solid lines) versus 2D LG mode (18) (dashed lines). Left hand side 

shows the case of parallel SAM and OAM; right hand side shows antiparallel SAM and OAM. 
01,  p w = = .  
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Figure 7: Irreducible tensor analysis of 3D LG mode (17) TPA (solid lines) versus 2D LG mode (18) (dashed lines). Left hand side 

shows the case of parallel SAM and OAM; right hand side shows antiparallel SAM and OAM. 
02,  p w = = .  

 

Remarkably, compared to the plane wave description (18), for the tightly focused fields (17) we produce non-zero weight 

0 scalar absorption for a light source which is circularly polarized in a 2D sense (as also shown in Figures 5-7). The physical 

reason behind this is that in non-paraxial fields there is a spin-to-orbit angular momentum conversion, and the weight 0 

term in (17) is proportional to the factor E which is a contribution that stems purely from the longitudinal fields that possess 

no integral SAM. Figures 5-7 highlight how this result constitutes a position-dependent selection rule in the electric dipole 

approximation. Further, the weight 0 contribution is larger for the anti-parallel case of SAM and OAM than it is for the 

parallel case, with the peak being on axis for  = . There is also a shift in the peak maximum for the anti-parallel 

3D case compared to the 2D case, and this reflects the tighter focus which is possible in this scenario.  

 

                                                                   5.  CONCLUSION 

We have undertaken a systematic study of TPA from a tightly focused optical vortex. Compared to the well-known plane 

wave result10, for a 3D structured optical vortex with 2D linear polarization there are small differences but generally the 

relative contributions from the irreducible molecular polarizability components are the same. However, in the case of a 3D 
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structured optical vortex with 2D circular polarization, there is a weight 0 contribution which does not occur in TPA carried 

out with plane wave excitation. This work constitutes the foundations of looking at how 3D structured light can probe 

matter in new ways compared to currently prevailing method of using plane wave and paraxial optical sources.   
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