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Abstract
Chiroptical and optical activity effects involve differential interactions between matter and light.
Generally this involves chiral molecules absorbing or scattering right- and left-handed circularly
polarized photons at different rates due to the chiroptical interplay of molecular and optical
chirality. Laser light which propagates with a helical phase and twisted wavefront possesses
optical orbital angular momentum. These optical vortices can twist either clockwise or
anticlockwise, and as such they exhibit an optical handedness or chirality completely distinct
from that of circular polarization. It has recently been established that the linear optical effects of
single-photon absorption and scattering can exhibit optical activity and chiroptical interactions
with respect to the optical vortex handedness. Here a fundamental mechanism of optical activity
for twisted light is exhibited in nonlinear processes, with specific emphasis on hyper-Rayleigh
and hyper-Raman scattering. In comparison to unstructured or plane-wave light, it is shown that
using twisted photons produces novel scattering mechanisms dependent on parameters unique
to optical vortex beams. Specifically, the scattered intensity for both hyper-Rayleigh and
hyper-Raman optical activity is dependent on the sign and magnitude of the OAM of the
incident twisted photons, as well as the transverse position of the chiral scatterer. Moreover,
symmetry analysis reveals that, unlike the recently discovered linear optical activity effects with
optical vortices, nonlinear scattering of twisted light by chiral molecules leads to a modification
of scattering through uniquely weighted individual hyperpolarizability contributions.

Supplementary material for this article is available online

Keywords: optical activity, chirality, structured light, optical vortex, nonlinear optics,
hyper-Rayleigh scattering, Raman scattering

(Some figures may appear in colour only in the online journal)

1. Introduction

Nonlinear optics and photonics encompass light-matter
interactions that depend on incident electric e and magnetic

Original content from this workmay be used under the terms
of the Creative Commons Attribution 4.0 licence. Any fur-

ther distribution of this work must maintain attribution to the author(s) and the
title of the work, journal citation and DOI.

b fields nonlinearly, such as multi-photon absorption and
harmonic generation [1, 2]. hyper-Rayleigh and hyper-Raman
scattering are the nonlinear analogues of their respective linear
counterparts, Rayleigh (elastic) and Raman (inelastic) scat-
tering [3]. Linear scattering is a two-photon process, where
a single input photon of frequency ω is annihilated at the
molecule, followed by the creation of an output photon ω′.
In Rayleigh scattering ω = ω′ and the state of scatterer is left
unchanged, whereas in the Raman process the light is either
Stokes or anti-Stokes shifted ω ̸= ω′, with the molecule in a
final state that is different to its initial sate. In the mechanism

2040-8986/20/095401+12$33.00 1 © 2020 The Author(s). Published by IOP Publishing Ltd Printed in the UK

https://doi.org/10.1088/2040-8986/aba0fd
https://orcid.org/0000-0002-8884-3496
mailto:k.forbes@uea.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/2040-8986/aba0fd&domain=pdf&date_stamp=2020-07-28
http://doi.org.10.1088/2040-8986/aba0fd
https://creativecommons.org/licenses/by/4.0/


J. Opt. 22 (2020) 095401 K A Forbes

of nonlinear scattering, two input photons from an intense
laser are annihilated and a single photon is emitted; for hyper-
Rayleigh 2ω = ω′, whereas for hyper-Raman 2ω ̸= ω′. The
similarity of these nonlinear scattering processes to that of
coherent second harmonic generation (SHG) sees them often
referred to as second harmonic scattering [3]—indeed, hyper-
Rayleigh scattering is the incoherent (non-forward) part of
second harmonic generation.

Nonlinear scattering is an important tool in laser spec-
troscopy as it can be a source of molecular information not
accessible in either absorption or linear scattering spectra [4].
This stems from the unique selection rules that are determ-
ined by the symmetry properties of the hyperpolarizability
tensor, the molecular property responsible for the process
of nonlinear scattering. Moreover, nonlinear scattering also
serves as a widely used method to measure the first (electric
dipole) hyperpolarizability tensor of molecules in solution [5].
It is well known that coherent SHG is generally precluded in
isotropic fluids to all multipolar orders [6]. hyper-Rayleigh
scattering has recently been discovered as a highly useful
technique to characterize the nonlinear optical properties of
metallic nanoparticles [7] and probe structural correlations in
liquids [8, 9].

In 1979 Andrews and Thirunamachandran published the-
oretical work that highlighted a hyper-Rayleigh and hyper-
Raman form of optical activity [10]. Optical activity is the
property for a material to exhibit a differential interaction
with either left- or right-handed circularly polarized light [11].
The most encountered and general form of optical activity
is exhibited by chiral molecules: a right-handed enantiomer
interacts with a right-handed circularly polarized photon dif-
ferently than its left-handed enantiomeric partner. One of the
most established types of this chiroptical interaction is circu-
lar dichroism: the differential absorption of circularly polar-
ized light by chiral molecules. Another of particular relev-
ance to us here is Rayleigh and Raman optical activity—that
is, the differential linear scattering of right- and left-handed
photons by chiral molecules [12]. Of these, Raman optical
activity has seen particularly profound application in chirop-
tical spectroscopy [13, 14] since its discovery in the early
1970s. This stems from its ability to probe the invariably chiral
biomolecules found in nature using visible light, to a high
degree, due to the fact it provides rich information on vibra-
tional structure associated with the 3n–6 degrees of vibra-
tional freedom of molecules consisting of n atoms [15–18].
Nonlinear optical activity [19] is an important spectroscopic
method due to the unique characteristics afforded to it by the
quadratic or higher dependence on the incident electromag-
netic fields. Specifically, it can be used to study the dynam-
ics of chiral and biological molecules at ultrafast timescales,
act as an incisive probe of surface chirality, and yield chirop-
tical observables many orders of magnitudes larger than linear
optical activity effects [20–24]. Such advantages are also now
being realized in the nonlinear spectroscopy and imaging of
metamaterials [25].

It was the lack of sufficiently intense laser sources that
initially rendered observation of hyper-Rayleigh and hyper-
Raman scattering difficult, and observing the even weaker

effect of hyper-Rayleigh and hyper-Raman optical activity
occurred four decades after the original theory was published.
In their work, Collins et al [26]. took advantage of the plas-
monic enhancement of optical interactions which arise for
metallic nanoparticles interacting with light, to observe hyper-
Rayleigh optical activity of an isotropic solution of silver nan-
ohelices in water. Soon after a group in France managed to
observe hyper-Rayleigh optical activity with molecular mat-
ter [27]. Observing hyper-Raman optical activity is being act-
ively pursued [28], the attractiveness of this form of nonlinear
optical activity is the much larger amount of chiral structural
information that can be obtained for to similar reasons as its
linear analogue, ROA.

To date, all studies of hyper-Rayleigh and hyper-Raman
optical activity have utilized the differential interactions
between the chiral molecules and input circularly polarized
light. The circularly polarized states, originating from the spin
angular momentum (SAM) of photons, constitute the most
well-known form of optical chirality or handedness. However,
light that is suitably structured so as to propagate with hel-
ical wavefronts also possess a form of chirality or handed-
ness that is completely distinct from the polarization (figure
1). These optical vortices, or twisted light beams, carry well-
defined orbital angular momentum (OAM) in the propagation
direction of ±ℓℏ per photon, where ℓ is known as the topo-
logical charge and signifies the number of entwined helic-
oidal wavefront surfaces [29–31]. This optical OAM of laser
beams has seen profound application in a plethora of areas
[32]: optical manipulation [33]; optical communications [34];
atomic optics and spectroscopy [35]; fabricating chiral nano-
structures [36]; and even revealing deep insights into entangle-
ment and quantum optics [37]. In addition, optical OAM has
also been extensively studied in the field of nonlinear optics
and photonics, with a strong emphasis on the coherent har-
monic generation of optical vortices through frequency con-
version [38, 39] and wave-mixing mechanisms [40–42].

The sign of the topological charge (and OAM) ℓ determ-
ines what direction (clockwise or anticlockwise) these optical
vortices twist: ℓ > 0 are left-handed, ℓ < 0 right-handed. It is
therefore natural to ask the question of whether materials can
exhibit optical activity due to the handedness associated with
these optical vortices. Whilst the first studies looking at this
issue were published nearly two decades ago, this field of twis-
ted light and optical activity has seen significant research effort
in the last few years due to significant advances in the under-
lying theoretical comprehension of the mechanisms at play
[43–47].

In this work the first example of nonlinear optical activ-
ity with twisted light is presented. Specifically, it is shown
that both hyper-Rayleigh and hyper-Raman scattering by a
chiral molecule is dependent on the handedness of an incid-
ent optical vortex laser beam. It is discovered that not only
does the scattered intensity depend on the sign of the topolo-
gical charge of the input photons, it also depends on their mag-
nitude, with photons possessing high OAM values increasing
the measured scattered optical activity signals. We begin in
section 2 with a quantum electrodynamical derivation of the
quantum amplitude (matrix element) for the hyper-Rayleigh
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Figure 1. Optical chirality. (Top) Left-handed circularly polarized
light (left); right-handed circularly polarized light (right).
Electromagnetic field vectors trace out a chiral helical structure on
propagation in circularly polarized light, giving it a handedness.
(Bottom) Optical vortex beams twisting to the left (anticlockwise)
and to the right (clockwise). Both forms of handedness are defined
from the point of view of the receiver.

scattering of twisted photons; section 3 takes the quantum
amplitude and uses it to derive the experimentally observ-
able scattered intensity of twisted photons for both oriented
molecules and randomly oriented chiral molecules; section 4
develops the general scattered intensity from section 3 into
the specific scattered intensity difference for input circularly
polarized twisted photons for an arbitrary scattering angle, and
it is seen that this measurable difference in scattered intensity
is dependent on ℓ; section 5 exhibits how the results of the pre-
vious Sections are easily adapted to account for hyper-Raman
scattering of twisted photons, and also discusses the unique
property that nonlinear scattering of twisted photons has on
the relative contributions from specific polarizability contribu-
tions to the transition rates and scattered intensity differential;
section 6 concludes the analysis by highlight future avenues
the work can be taken down.

2. Quantum amplitude for the nonlinear scattering
of twisted photons

To derive the intensity of twisted light scattered by a chiral
molecule we utilize molecular quantum electrodynamics
(MQED) [48, 49]. In contrast to semi-classical methods where
the radiation is treated as a classical wave, MQED treats the
total light-matter system, including the electromagnetic field,
in a full quantum framework, and thus represents the true
nature of light-matter interactions in terms of photons [50].

We start with the Power-Zienau-Woolley system Hamilto-
nian operator [51]H= (Hmol +Hrad)+Hint, whereHmol is the
molecular Hamiltonian operator and Hrad is the Hamiltonian

operator for the radiation field. The final operator is the inter-
action Hamiltonian Hint, which perturbs the system, allowing
transitions between the eigenstates of (Hmol +Hrad):

Hint =−ε−1
0 µid

⊥
i − ε−1

0 Qij∇jd
⊥
i · · · ,−mibi · · · , (1)

where µ and Q are the electric dipole and electric quadru-
pole moment operators, respectively, and m is the magnetic
dipole moment operator; d⊥ is the transverse electric displace-
ment field operator, b is the magnetic field operator; Einstein
summation of repeated tensor indices is assumed through-
out this work. In our analysis we will center on the paraxial
Laguerre–Gaussian modes of twisted light, whose quantized
mode expansion is given by [52]

d⊥ (r)= i
∑
k,η,ℓ,p

(
ℏckε0
2A2

ℓ,pV

)1/2

[e(η) (k̂z)aℓ,p(η) (k̂z) f|ℓ|,p

(r)e(ikz+iℓϕ)− ē(η) (k̂z)aℓ,p†(η) (k̂z) f̄|ℓ|,p (r)e−(ikz+iℓϕ)],
(2)

where Aℓ,p is a normalization constant; V is the quantization
volume; f|ℓ|,p (r) is a radial distribution function of the beam
(it is independent of the sign of ℓ); e(η) (k̂z) is the electric
field polarization unit vector dependent on the wave vector k̂z;
a(η)ℓ,p (k̂z) and a†(η)ℓ,p (k̂z) are LG photon creation and annihila-

tion operators; and e(ikz+iℓϕ) is the phase factor. It is this azi-
muthal phase factor eiℓϕ which gives LG beams their orbital
angular momentum [29]. The quantum operator for the mag-
netic field b takes on an analogous form to (2).

The multipolar expansion (1) includes the two leading
terms dependent on the electric field—electric dipole (E1) and
electric quadrupole (E2) interactions—as well as the leading
magnetic interaction (magnetic dipole) M1. The E1 interac-
tion is generally three orders of magnitude larger than bothM1
and E2 interaction terms, of which both are similar in coupling
strength. Optical activity effects in chiral molecules generally
stem from interferences of E1 with both the weaker E2 andM1
[11]. However, it has now been very well established [46] that
any dependence on the topological charge (and thus the vortex
handedness) of a twisted light beam can only stem from E2
interactions (to this level of multipolar approximation), and
therefore to make the calculations easy to follow we neglect
M1 interactions as there is nothing novel in their interactions
with optical OAM [46, 53, 54]. However, it must bemade clear
that circularly polarized twisted light will still produce optical
activity effects that depend on E1 and M1 interferences, but
these are the well-known forms of circular differential optical
activity due to the optical helicity. Of course, in the pursuit
of quantitative congruence between the results presented here
and the observations of experiments these must be included.

Our analysis will centre on hyper-Rayleigh scattering,

where 2k= k′ but k̂ ̸= k̂
′
, in the knowledge that hyper-

Rayleigh scattering and optical activity is easily extended
using textbookmethods [12] to account for hyper-Raman scat-
tering 2k ̸= k′ (as we go on to show in section 5). An initial
system state consisting of a chiral molecule ξ subjected to a
Laguerre–Gaussian beam containing n photons of the mode

3



J. Opt. 22 (2020) 095401 K A Forbes

(k,η,ℓ,p) takes the form |i⟩= |E0 (ξ)⟩|n(k,η,ℓ,p)⟩. During
the hyper-Rayleigh scattering process two input photons are
annihilated at the chiral molecule, and a single output photon
of some scattered mode

(
k′,η′

)
is created, which in the

general case has an indeterminable angular momentum for
molecular scattering [55] (though the theory readily accom-
modates the possibility of specific scattered modes, includ-
ing twisted photons [56]). This final state is given by |f⟩=
|E0 (ξ)⟩|(n− 2)(k,η,ℓ,p) ;1

((
k′,η′

))
⟩.

The matrix element for the nonlinear scattering processes
can be calculated using third-order time-dependent perturba-
tion theory:

Mfi =
∑
r,s

⟨f |Hint |s⟩⟨s|Hint |r⟩⟨r|Hint |i⟩
(Ei−Es)(Ei−Er)

, (3)

where Hint is given by the first two terms in (1). The compu-
tation of intermediate states r and s in (3) is made decidedly
clearer using the time-ordered Feynman diagrams in figure 2.
The matrix element for solely E1 interactions, ‘E1E1E1’ or
E1 [3], which corresponds to standard hyper-Rayleigh scatter-
ing is

ME13
fi =−i

∑
k′,η′

(
ℏck
2ε0V

) 3
2

(
n(n−1)
A4
ℓ,p

) 1
2

f2|ℓ|,p (r)e
′(η

′)
i

(
k′
)
e(η)j

(k̂z)e(η)k (k̂z)β00
ijk (−2ω;ω,ω,)e2ikze2iℓϕe−ik′·r, (4)

where β00
ijk (−2ω; ,ω,ω,) is the hyperpolarizability tensor

defined as

β00
ijk (−2ω;ω,ω,) =

1
2

∑
r,s

[{
µ0s
i µ

sr
j µ

r0
k

(Es0− 2ℏω)(Er0− ℏω)

+
µ0s
j µ

sr
i µ

r0
k

(Es0 + ℏω)(Er0− ℏω)

+
µ0r
j µ

rs
k µ

s0
i

(Es0 + ℏω)(Er0 + 2ℏω)
+ {j↔ k}

}]
,

(5)

where Es0 = Es−E0.
The inclusion of a single E2 interaction leads to the three

distinct E1 [2] E2′, E1E2E1′ and E2E1E1′ contributions to
the total matrix element, with a prime indicating the multipole
moment engaged in the photon emission step. The inclusion
of all these possibilities is a necessity of the QED framework.
With the aid of the Feynman diagrams in figure 3, the total
matrix element for these interactions is found to be

ME1E1E2
fi =−i

∑
k′,η′

(
ℏck
2ε0V

) 3
2

(
n(n− 1)
A4
ℓ,p

) 1
2

f 2|ℓ|,p (r)e′iejek[(
i
ℓ

r
ϕ̂l+ ikẑl

)
χ00
ijkl− ik′k̂ ′lχ00

ijkl

]
e2ikze2iℓϕe−ik′·r,

(6)

where we have dropped polarization vector dependencies for

brevity; k′k̂
′
= k′; and the 4th rank polarizability tensors are

defined as:

χ′00
ijkl (−2ω;ω,ω) = 1

2

∑
r,s
[{ Q0s

il µ
sr
j µ

r0
k

(Es0−2ℏω)(Er0−ℏω)

+
µ0s
j Q

sr
il µ

r0
k

(Es0+ℏω)(Er0−ℏω)+
µ0s
j µ

sr
k Q

r0
il

(Es0+ℏω)(Er0+2ℏω)}+ {j↔ k}].
(7)

and

χ00
ijkl (−2ω;ω,ω) = χaijkl (−2ω;ω,ω)+χbikjl (−2ω;ω,ω)

=
∑
r,s

{
µ0s
i Q

sr
jl µ

r0
k

(Es0− 2ℏω)(Er0− ℏω)
+

Q0s
jl µ

sr
i µ

r0
k

(Es0 + ℏω)(Er0− ℏω)

+
Q0s
jl µ

sr
k µ

r0
i

(Es0 + ℏω)(Er0 + 2ℏω)
+

µ0s
i µ

sr
k Q

r0
jl

(Es0− 2ℏω)(Er0− ℏω)

+
µ0 r
k µsri Q

r0
jl

(Es0 + ℏω)(Er0− ℏω)
+

µ0s
k Q

sr
jl µ

r0
i

(Es0 + ℏω)(Er0 + 2ℏω)

}
.

(8)
The χ′

ijkl polarizability tensor has both j, k and i, l index
symmetry, stemming from identical input photons and the
symmetric property of the quadrupole transition moment
in the E12E2′ contribution. The χijkl polarizability is j, l-
symmetric.

We may already observe at this early stage of the calcu-
lation that (6) has terms that are linearly dependent on ℓ, and
thus the wavefront handedness of the vortex. It is instructive to
explicitly highlight where this dependence stems from in the
E2 coupling:

∇jd̃
⊥
i ∝ ei

(
1
r
∂

∂ϕ
ϕ̂j+

∂

∂z
ẑj

)
fℓ,p (r)e

(ikz+iℓϕ)

= ei

(
iℓϕ̂j
r

+ ikẑj

)
fℓ,p (r)e

(ikz+iℓϕ), (9)

where we have neglected the ∂/∂r terms as these do not
engage with the phase, and thus cannot engage optical chir-
ality. It is clearly necessary for materials (atomic, molecu-
lar, or otherwise) to engage in interactions which couple to
the gradient of the electromagnetic field in order to observe
non-mechanical effects dependent directly on optical OAM.
In the multipolar expansion, it is the E2 interaction at which
this occurs to the lowest order, and therefore in general most
experimentally significant: higher order interactions engage
the gradient of the fields, but these only diminish in magnitude
for most scenarios. Importantly, for molecular matter, it is the
E1E2 interference cross-terms at lowest order to which these
interactions can therefore occur. This is obviously not the case
in atoms, where the system must engage solely E2 transitions
to the lowest order of coupling [43, 45]. In order to exhibit
E1E2 interactions in isotropic molecular systems, the constitu-
ent molecules must be of the correct symmetry: these require
a chiral structure—but it is the gradient of the field which is
the paradigm feature in light-matter interactions in order to
engage the optical OAM of photons in spectroscopic applica-
tions [57, 58].
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Figure 2. Three topologically distinct Feynman graphs for hyper-Rayleigh scattering used in the calculation of the hyperpolarizability β00
ijk .

Time progresses upwards, space is characterized by the horizontal axis. Wavy lines represent E1 photon interactions at the molecule
(vertical line), where the molecule progresses from the ground state 0, through intermediate states r and s.

Figure 3. Nine (three sets of three grouped horizontally)
topologically distinct Feynman diagrams needed in the calculation
of (6). Diagrams to be interpreted the same as in figure 2, except red
wavy lines represent E2 photon couplings to the molecule. Each set
of three horizontal Feynman pathways produce the respective
polarizability tensor χ in equations (7) and (8) shown to the right.

3. Scattered intensity of twisted photons

In order to calculate the scattered intensity of circularly polar-
ized twisted light, the experimental measurable we are most
interested in, we must invoke the Fermi rate rule as standard
which allows us to write the scattered radiant intensity (the
amount of energy emitted per unit solid angle per unit time)
as [48]

I′
(
k′
)
= k3V

〈∣∣∣∣∣∣
∑
ξ

Mfi (ξ)

∣∣∣∣∣∣
2〉(

4π2ℏ
)−1

, (10)

where angular brackets denote molecular orientational aver-
aging, and Mfi is the total quantum amplitude i.e. the sum of
(4) and (6). Carrying out the calculation gives for the scattered
radiant intensity

I′
(
k′
)
=
NrĪ2 (r)g(2)k4

16cπ2ε30
e′iejeke

′
lēmēn

[
1
2
⟨βi(jk)βlmn⟩

+ikk̂ ′o⟨βi(jk)χ
′
lmno⟩−

(
i
ℓ

r
ϕ̂o+ ikẑo

)
⟨βi(jk)χlmno⟩

]
.

(11)

where we define the mean input beam irradiance (power per
unit area) as Ī(r) = ⟨n⟩ℏc2kf2ℓ,p (r)/A2

ℓ,pV and g(2) is the degree
of second-order coherence. Clearly the scattered intensity is
dependent on Nr molecules at position r, which shows hyper-
Rayleigh scattering is incoherent, unlike the N2 dependence
of coherent scattering (any Raman process is always inco-
herent). The first term on the left-hand side in the square
brackets of (11), dependent on solely the hyperpolarizability
tensor β00, is the leading order, solely electric dipole contri-
bution to hyper-Rayleigh scattering; it is an analogous form
to that derived for plane-wave light [48], the minor differ-
ence being that it depends on the Laguerre–Gaussian intensity
distribution through Ī2 (r). The two cross-terms on the right-
hand side of (11) contribute to hyper-Rayleigh optical activ-
ity (remembering also that in a full multipolar analysis there
are OAM-independent terms stemming from magnetic dipole
interactions). The response tensors engaged in sum-frequency
generation in a chiral liquid and its static electric field-induced
analogue have a similar structure to those in (11), though
involve only E1 couplings [59].

At this juncture we may concentrate on the two right-hand
terms in square brackets in (11), as we are interested in con-
tributions to the scattering which depend on both molecular
chirality and optical chirality: the first term corresponds to
the dominant mechanism of hyper-Rayleigh scattering which
occurs through solely E1 interactions with the field and exhib-
its no optical activity. The result (11) as it stands is cur-
rently applicable to arrangements of molecules with a fixed
orientation with respect to the laboratory frame of refer-
ence (e.g. crystaline media). In order for (11) to give the
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scattered intensity for molecules that are randomly orient-
ated, as would be the case in a liquid or gas, the three-
dimensional rotational average has to be carried out. The
standard method of calculation is well established [60], and
for low rank molecular tensors is very straightforward. How-
ever, the advantage of being able to derive analytical rotation-
ally averaged results is somewhat offset by the fact we require
the very involved 7th-rank tensor average scheme to calcu-

late
〈
βijkχlmno

〉
and

〈
βijkχ

′
lomn

〉
in (11). The full derivation

is provided in the supplementary information (available online
at stacks.iop.org/JOPT/22/095401/mmedia), but involves con-
traction of 36 linearly independent isotropic tensor products of
a Kronecker delta doublet and a single Levi–Civita referred
to the laboratory frame (polarization vector components),
and a further 36 tensor products of the same structure for
the molecular frame; here the result is broken into three
parts: The contribution to the scattered intensity from ẑ-terms
in (11) is

I′
βχ
ẑ

(
k′
)
=−NrĪ

2 (r)g(2)k4

16cπ2ε30

ik
420


a
b
c
d
e
f



T
−8 4 −8 8 20 −4 0 −10 −4
−20 28 −8 −16 20 −20 12 −10 −12
20 −24 20 36 −36 24 −28 18 24
24 −20 6 18 −22 30 −18 15 18
−12 12 −10 −18 18 −18 30 −15 −12
−16 12 −4 −20 24 −18 12 −12 −24





A
B
C
D
E
F
G
H
I


; (12)

for ϕ̂-terms

I′
βχ

ϕ̂

(
k′
)
=−NrĪ

2 (r)g(2)k4

16cπ2ε30

iℓr−1

420



a′

b′

c′

d′

e′

f′

g′

h′

i′

j′

k′

l′



T

−8 12 −8 −28 20 −16 28 −12 −16
40 −20 0 20 −28 24 −12 20 16
12 −4 4 12 −24 8 −8 12 12
−8 4 −8 8 20 −6 0 −10 −4
−28 12 8 8 36 −16 4 −18 −20
−20 28 −8 −16 20 20 12 −10 −12
20 −24 20 36 −36 24 −28 18 24
−16 8 −4 −16 24 −12 12 −18 −18
28 −8 0 8 −28 12 0 30 12
24 −20 6 18 −22 30 −18 15 18
−12 12 −10 −18 18 −18 30 −15 −12
−16 12 −4 −20 24 −18 12 −12 −24





A
B
C
D
E
F
G
H
I


;

(13)

and for k̂
′
-terms

I′
βχ′

k̂
′
(
k′
)
=
NrĪ2 (r)g(2)k4

16cπ2ε30

ik
420



a′′

b′′

c′′

d′′

e′′

f′′

g′′

h′′

i′′



T

12 −36 12 28 −84
−4 40 −12 −32 76
0 0 24 −16 24
−12 −20 36 −4 −36
−12 8 −4 4 −20
36 4 −12 4 36
6 10 −6 −6 30
−6 −10 6 6 −30
−16 −8 16 −12 −24




A′′

B′′

C′′

D′′

E′′

 . (14)
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Table 1. Scalar molecular invariants for βijkχlmno and
βijkχ

′
lmno(Latin indices refer to the laboratory frame, Greek indices

refer to the molecular frame).

Molecular tensors Label Molecular tensors Label

ελµπβλµρχπσσρ A ελµπβλµρχ
′
πρσσ A′′

ελµπβλµρχρπσσ B ελµπβλµρχ
′
πσσρ B′′

ελµπβλµρχσπσρ C ελµπβλµρχ
′
ρπσσ C′′

ελµπβλµρχσπρσ D ελπρβλµµχ
′
πρσσ D′′

ελµπβλµρχσσπρ E ελπρβλµνχ
′
πρνµ E′′

ελπρβλµµχπρσσ F – –
ελπνβλµρχπρµν G – –
ελπνβλµρχπρνµ H – –
ελπρβλµµχσπρσ I – –

Table 2. Scalar optical invariants for terms dependent on k̂z.
c= e× ē and c′ = e′ × ē′.

Optical tensors Label

(c · ē′) (̂z · e′) a
(e× ẑ · ē′) (̄e · ē)(e · e′) b
(e× ẑ · ē′)(e′ · ē) c
(̄e′ × e′ · ẑ)(e · e) (̄e · ē) d
−(c′ · ẑ) e
(̄e× ẑ · ē′)(e′ · ē)(e · e) f

Table 3. Scalar optical invariants for terms dependent on ℓr−1ϕ̂.

Optical tensors Label Optical tensors Label

(c′ · e)
(
ϕ̂ · ē

)
a′

(
e× ϕ̂ · ē′

)
(e′ · ē) g′

(c′ · e) (̄e · ē)
(
ϕ̂ · e

)
b′ −(c′ · ē)(e · e)

(
ϕ̂ · ē

)
h′

(c · ē′)(e · e′)
(
ϕ̂ · ē

)
c′ −(c′ · ē)

(
ϕ̂ · e

)
i′

(c · ē′)
(
ϕ̂ · e′

)
d′ −

(
c′ · ϕ̂

)
(e · e) (̄e · ē) j′

(c · ē′)(e′ · ē)
(
ϕ̂ · ē

)
e′ −

(
c′ · ϕ̂

)
k′(

e× ϕ̂ · ē′
)
(̄e · ē)(e · e′) f′

(
ē× ϕ̂ · ē′

)
(e′ · ē)(e · e) l′

The optical and molecular scalar invariants associated with
the alphabetical labels in (12)–(14) are explicitly given in
tables 1–4. The total scattered intensity due to βχ scattering is
the sum of the real parts of (12)–(14). Clearly the contribution
(13) is ℓ-dependent, whilst the other two contributions (12)
and (14) are analogous versions for Laguerre–Gaussian beams
that represent the quadrupole contribution to hyper-Rayleigh
optical activity for unstructured light.

4. Circular-differential scattering and angle
dependence

We now develop the general results of the previous sec-
tion in order to make them clearly and directly relevant
to experimental measurements. The most common method
of studying optical activity in scattering experiments is
measuring the scattered intensity difference between input

Table 4. Scalar optical invariants for terms dependent on kk̂
′
.

Optical tensors Label

(c′ · e)
(
k̂
′ · ē

)
a′′

(c′ · e) (̄e · ē)
(
k̂
′ · e

)
b′′

(c · ē′)(e · e′)
(
k̂
′ · ē

)
c′′

(c · ē′)(e′ · ē)
(
k̂
′ · e

)
d′′(

k̂
′ × ē′ · e

)
(̄e · ē)(e · e′) e′′(

k̂
′ × ē′ · e

)
(e′ · ē) f′′

−
(
c′ · k̂′

)
(e · e) (̄e · ē) g′′

−
(
c′ · k̂′

)
h′′(

k̂
′ × ē′ · ē

)
(e′ · ē)(e · e) i′′

right-circularly polarized light and left-circularly polarized
light. This scattered intensity difference, at a given angle θ (as
in figure 4), is given by

∆I′ (θ) = I′θ (R→ η′)− I′θ (L→ η′) , (15)

where η′ is the polarization of the scattered light, which is most
commonly measured for scattered light that is either polarized

transverse ⊥ or parallel ∥ to k̂
′
.

The polarization unit vectors for circularly polarized light
are defined as e(R/L) (k̂z) = 2−1/2 (e(∥; ŷ)∓ ie(⊥; x̂)), such
that e(∥), e(⊥) and ẑ form a right-handed orthogonal set,
thus c(R/L) = e(R/L)× ē(R/L) =±îz. In the scattering geo-
metry in figure 4, for an input Laguerre–Gaussian beam that
is circularly polarized, and the scattered light is resolved for
either transverse or parallel polarization with respect to the
output wave vector, the relevant optical products produced
from those in tables 2–4 are shown in table 5. All of the
other optical factors reduce to zero in this scenario because
c′ = e′ (η′)× ē′ (η′) = 0 for η′ =⊥/ ∥, and e(R/L) · e(R/L) =
0, ē(R/L) · ē(R/L) = 0.

The results of table 5, when inserted into (15), give for the
circular differential for scattered light that is polarized in the
scattering plane as

∆I′ (∥) = NrĪ2 (r)g(2)k5

16cπ2ε30

1
420

[
cos3θ

{−20A′′− 12B′′ + 60C′′− 20D′′− 12E′′}+ cos2θ

{−4A+ 16B− 4C− 52D− 4E− 16F+ 28G+ 2H− 16I}
+ cosθ{16A′′− 24B′′− 48C′′ + 16D′′− 24E′′}
+ 2{−8A+ 4B− 8C+ 8D+ 20E− 4F− 10H− 4I}

+
ℓ

kr
sin2θ cosϕ{−6A− 4B+ 8C+ 36D+ 8E

+6F− 16G− 4H+ 12I}] , (16)
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Figure 4. Schematic scattering geometry for the scattering of an input twisted light beam (colour of vortex represents helical phase) by a
chiral molecule at an arbitrary angle θ. Primed quantities denote coordinates attached to the scattered light.

Table 5. Scattering angle dependence of the non-zero optical scalar
invariants from tables 2–4 for input circularly polarized
Laguerre–Gaussian light and scattered light polarized transverse to
⊥ or in ∥ the scattering ẑ̂z′ plane according to the scattering
geometry in figure 4. ϕ is the azimuthal angle associated with the
input beam. (full derivation in SI).

Label e(R/L) → e′ (∥) e(R/L) → e′ (⊥)

a ±i
(
1− cos2θ

)
0

c ∓ i
2cos

2θ ∓ i
2

c′ ∓ i
4 sin2θ (isinϕ− cosϕ) 0

d′ ± i
2 sin2θ cosϕ 0

e′ ∓ i
4 sin2θ (isinϕ− cosϕ) 0

g′ − 1
4 sin2θ (sinϕ∓ icosϕ) 0

c′′ ± i
2

(
1− cos2θ

)
cosθ 0

d′′ ± i
2

(
1− cos2θ

)
cosθ 0

f′′ ± i
2 cosθ ± i

2 cosθ

whereas for scattered light polarized transverse to the scatter-
ing plane the circular differential scattered intensity is

∆I′ (⊥) = NrĪ2 (r)g(2)k5

16cπ2ε30

1
420

[cosθ{− 4A′′− 36B′′ + 12C′′

−4D′′− 36E′′}+ {−20A+ 24B− 20C− 36D

+36E− 24F+ 28G− 18H− 24I}] .
(17)

The key finding of the analysis is contained in the final line of
(16), which shows that hyper-Rayleigh (and Raman) scattered
light can be dependent on the topological charge, i.e. the
OAM of the beam, both its sign and magnitude. Evidently
scattered light polarized transverse to the scattering plane (17)
exhibits no OAM-dependence, and therefore the result (17) is
almost the exact same as the well-known plane wave result
[10], differing only through the input beam’s radial intensity
dependence. Indeed, if we set ℓ= 0 (and p= 0), our equations
would then be the result for an input Gaussian beam, which
strongly mirrors the unstructured, plane wave description of
hyper-Rayleigh and hyper-Raman optical activity.

It is instructive to draw out the similarities between the
linear Rayleigh and Raman optical activity with twisted light

recently derived [61, 62], and that of which we have derived
here concerning the nonlinear Rayleigh and Raman optical
activity. Firstly, in both cases there is no OAM-dependence
for scattered light that is polarized transverse to the scatter-
ing plane. Secondly both exhibit an ℓ/kr dependent term with
the same angle dependence of sin2θ; this angle dependence is
interesting in itself as it exhibits the intrinsic symmetry of a
quadrupole. Furthermore, this different angle dependence for
the terms dependent on the OAMof the incident photons, com-
pared to the well-known ‘plane wave’ terms, offers a route to
experimental verification of the mechanism via a judiciously
placed polarization analyser. The ℓ/kr term highlights that this
contribution to the circular differential changes sign if an ℓ > 0
input beam is switched to an ℓ < 0. As such, we may altern-
atively define a ‘vortex differential’ where we fix the circular
polarization of the input beam and modulate between different
topological charges—indeed, a recent technical breakthrough
has shown how to modulate OAM beams [63].

It is also important to realize the mechanism is not only
dependent on the sign of ℓ, but also its magnitude. The integer
value of ℓ is theoretically unbounded, and although experi-
mentally the OAM value of a twisted laser beam is restricted
[64], large values are obtainable in relatively simple optical
setups. The inverse radial distance dependence signifies that
individual Nr molecules positioned closer to the centre of the
beam contribute more significantly to this effect than those
positioned further away; this is an intuitive outcome as it is
well-known that the transverse gradients of the electric field
are large in the optical vortex core. Spatially-dependent fea-
tures are a well-known characteristic of light–matter interac-
tions dependent on structured light.

Here it is worth clarifying an issue potentially not made
clear in previous studies [46, 61, 65]. It is important to
realise that the scattered signal is proportional to Ī2 (r)
for hyper-Rayleigh and Raman optical activity specific-
ally, and in general a vortex intensity distribution for any
absorption/scattering process of twisted light, and therefore
for light in the visible range of frequencies, the value of r
necessary for the OAM-dependent scattered light to contrib-
ute significantly to the optical activity signal is well within
the vortex core—it is roughly r≈ λ. As such, the signals will

8
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more than likely not be measurable due to the almost zero
intensity in this region for a typical Laguerre–Gaussian beam,
unless the small fraction of molecules present essentially at
the centre of the vortex give off large enough signals to be
detected. There are, however, potential routes to obviate this
issue. Firstly the importance of longitudinal fields for spe-
cific combinations of spin and orbital angular momentum,
specifically ℓ=−σ, may play a key factor for the very spe-
cific case of |ℓ|= 1 as there is no longer an intensity null
along the beam axis [66]. Using smaller wavelength light will
allow focusing that generates a much smaller beam waist, on
the scale of λ. X-ray optical vortices have been studied and
shown to produce circular-vortex-dichroic absorption signals
in cysteine molecules with respect to the sign of ℓ that are lar-
ger than standard circular dichroism with circularly polarized
photons [67]. Furthermore, optical vortices with large beam
waists have been generated [68] which possess an intensity
pattern with a Gaussian envelope and a point singularity at
the centre, leading to vortex core size to beam waist ratios of
wVC/w0 ≈ 0.02. Another route, which has already been util-
ized to experimentally observe optical activity of twisted light
[44], is the use of plasmonic enhancements of metallic nan-
oparticles to enhance the coupling between chiral molecules
and optical vortex light [69]. Finally, plasmonic nanoantennas
are currently being fabricated with the aim of breaking the dif-
fraction limit for OAM light, and thus the generated vortices
will be on a scale that matches molecular dimensions [70, 71].

The cosϕ dependence of OAM-dependent term leads to a
vanishing result if a transverse beam profile average over 2π is
carried out, i.e. the incident beam illuminates the whole mater-
ial sample. Such a large spatial average is what has perhaps led
to negative results in some of the initial experiments looking at
the optical activity of twisted light [72]. This is easily obviated
by an off-axis beam alignment or probing local sections of the
output light. Trivially, the cosϕ-dependence suggests that the
maximum effect would be associated with only half the beam
being incident on the material sample. The vanishing result of
spatial averaging has its origins in the associated chirality of
circularly polarized photons stemming from the polarization
(a local property of the beam which does not vanish) and the
orbital angular momentum which is a spatial or global prop-
erty [73].

Finally, it is important to note that the use of twisted light
versus unstructured light for a given input beam intensity
should only serve to increase optical activity signals due to the
fact it still produces the standard ‘plane-wave’ terms depend-
ent on the M1 and the E2 axial field gradient, plus an addi-
tional term due to the E2 helical-phase gradient. The size of
any such enhancement will be dependent on the experimental
and optical parameters utilised, as discussed in the previous
paragraphs.

5. Application to hyper-Raman scattering, selection
rules, and molecular polarisability weightings

The above theory, although strictly applicable to hyper-
Rayleigh scattering, can be easily adapted to account for

hyper-Raman scattering using well established methods—for
an explicit derivation of the method see [3]. The hyperpolariz-
ability tensors in hyper-Rayleigh scattering and optical activity

Π00 =
{
β00,χ00,χ′00

}
connect the initial ground electronic

state to the final state, which itself is also the ground elec-
tronic state as no energy from the radiation field is imparted
on the material in Rayleigh scattering. In the Raman effect
both Stokes and anti-Stokes transitions occur, where for an ini-
tial |i⟩ and final |f⟩ molecular state the conservation of energy
of the process is given by Efi = ℏ(2ωk−ω′

k′). In Raman pro-
cesses we are generally concerned with |f⟩ ← |i⟩ leading to an
identical initial and final electronic state, but a different vibra-
tional state |V⟩. The derivation of the scattered intensity (11)
for hyper-Raman scattering and optical activity is of an exactly
parallel form to that of the hyper-Rayleigh case, except the

molecular tensors now become Πfi =
{
βfi,χfi,χ′fi

}
, allow-

ing us to accommodate stokes and anti-stokes transitions. The
general result can be made much simpler by assuming the
Born–Oppenheimer approximation, and that the incident laser
light and the scattered harmonic are far removed from res-
onance (though resonance can be accounted for withint the
theory if necessary), as then the hyper-Raman polarizability
tensors can be approximated as

ΠFI (−2ω;ω,ω)≈ ⟨F(0)|Π00 (−2ω;ω,ω) |I(0)⟩ (18)

whereΠ00 is the corresponding electronic hyperpolarizability
which involves the sum over intermediate electronic states;
|I(0)⟩ and |F(0)⟩ are initial I and finalF vibrational states con-
nected to the ground electronic state 0. The electronic wave-
functions in (18) are sensitive to nuclear geometry and the
hyperpolarizability tensors themselves are connected to a nuc-
lear coordinate Qj . This allows (18) to be expanded in the fol-
lowing Taylor series around the vibrational coordinates Q:

⟨F(0)|Π00 (Qj) |I(0)⟩=Π00 (Qe)⟨F(0)| I(0)⟩+
∂Π00

∂Qj

∣∣∣∣∣
Qe

⟨F(0)|Qj−Qe |I(0)⟩+ · · · , (19)

where Qe is the equilibrium configuration. The first term in
(19) is non-zero only when I(0) = F(0) and the molecule has
a non-zero hyperpolarizabilityΠ00 (Qe) in its equilibirum nuc-
lear configuration: this first term therefore represents the dom-
inant contribution to hyper-Rayleigh scattering and optical
activity. The second term in (19) represents the leading con-
tribution to hyper-Raman scattering and optical activity, with
higher-order terms producing overtones. The gross selection
rules for hyper-Raman optical activity with twisted light can
thus be derived in the exact same manner as is standard [74]:
The partial derivative in the second term of (19) must be
non-zero, and therefore Π00 must change during vibration
as the molecule passes through its equilibrium configuration;
and the ⟨F(0)|Qj−Qe |I(0)⟩ bra-ket leads to the usual vibra-
tional selection rule F= I± 1. The first rule also signifies that
although a non-zero Π00 (Qe) is required in hyper-Rayleigh
scattering and optical activity, in the case of hyper-Raman
scattering and optical activity it must only have a non-zero
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value for ∂Π00/∂Qj, and so molecules that exhibit no hyper-
Rayleigh scattering/optical activity may still engage in hyper-
Raman scattering/optical activity (which is not the case for lin-
ear scattering).

Clearly the use of paraxial Laguerre–Gaussian light does
not influence the basis of gross selection rules in isotropic
molecular systems as is to be expected: selection rules origin-
ate in material structure. Rather, it produces modified trans-
ition probabilities (or scattering cross sections) which depend
on various parameters linked to the optical part of the system—
position within the beam, OAM content, and the weightings
of the molecular invariants (which stem from the polarization
products in tables 3 and 5). Similarly, it has been highlighted
that forward Raman scattering in cubic crystals with optical
vortices leads to the activation of usually silent phonon modes
[75] and transition probabilities for the absorption of twis-
ted photons by atoms have been experimentally proven to be
significantly position-dependent [76]. With specific regards to
the results of this work, the relative contributions from dif-
ferent orientationally averaged, scalar molecular polarizabil-
ity invariants (A–E in table 1) are significantly influenced by
the incident optical vortex structure. This is a unique prop-
erty of nonlinear optical activity with twisted photons com-
pared to linear optical activity counterparts [61, 62]. In the
previous Section the similarities between linear and nonlinear
optical activity with twisted light were discussed, where it was
noted that they depend on the same optical parameters. The
ℓr−1-dependent circular-vortex linear differential scattering
contribution to the overall differential effect in linear optical
activity occurs through the exact same weighted molecular
scalar invariant as the standard OAM-independent analogous
circular-differential scattering:ελαβαλµAαβµ. However, it is
clear in the bottom line of (16) that the weightings of the dif-
ferent molecular invariants A-E are significantly different to
the weightings of A-E in the scattering angle independent, and
cos2θ, terms. This leads to a significantly expanded scope of
experimental ability to probe different molecular parameters
and the verification of nonlinear optical activity with twisted
light. One of the many potentially interesting scenarios is for
the specific situation when scattering occurs at sin2θ = cos2θ
and ℓ/kr= 1, the total contribution from the D terms is zero;
however, reversal of the topological charge of the input beam,
i.e. ℓ=−1 and the D contributions double in magnitude com-
pared to the plane wave case. Detailed selection rules for
any specific molecule for our results can be obtained in the
usual way through group theory and irreducible representa-
tions, the complete reduction of fourth-rank Cartesian tensors
being readily available [77].

6. Conclusion

It has been shown that hyper-Rayleigh and hyper-Raman scat-
tering of twisted light by chiral molecules is dependent on the
handedness of the helical wavefront of an optical vortex. That
is, nonlinear scattering by chiral molecules is dependent on the
OAM content of photons, both their sign and magnitude. It has
been highlighted that the optical vortex structure of the input

beam affords transition probabilities and scattered intensities
dependent on parameters unique to optical vortices and twisted
photons; a route to increase the nonlinear optical activity sig-
nals; and the ability to probe chiral molecular structure that has
been previously unavailable in both linear scattering and non-
linear scatteringmethods using unstructured light sources. The
end of section 4 highlights some potential methods and scen-
arios of observing these effects in experiments. It is clear that
the field of optical activity and twisted light will provide exper-
imentalists with plenty of scope to produce many novel tech-
niques in the pursuit of the added layer of richness that using
structured light in spectroscopy has the potential to provide.

This is the first study on nonlinear optical activity of twis-
ted light to our knowledge. It is anticipated that the general
principles outlined here will apply to further nonlinear twisted
light optical activity phenomena, and such chiroptical effects
due to the OAM of light should manifest in two-photon cir-
cular dichroism, for example. Future directions this specific
work could be expanded into include studying circular polariz-
ation differences in the scattered light or both the incident and
scattered light [78]; more novel would be detecting specific
scatteredOAMmodes [79].With the experimental observation
of both hyper-Rayleigh optical activity with unstructured laser
light [26, 27] and optical activity with twisted light [44] very
recently secured, it is hoped that this work stimulates nonlin-
ear spectroscopy techniques to be developed which incorpor-
ate the unique properties of twisted light.
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