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Abstract

Phylogenomics commonly aims to construct evolutionary trees from genomic sequence in-
formation. One way to approach this problem is to first estimate event-labeled gene trees (i.e.,
rooted trees whose non-leaf vertices are labeled by speciation or gene duplication events), and to
then look for a species tree which can be reconciled with this tree through a reconciliation map
between the trees. In practice, however, it can happen that there is no such map from a given
event-labeled tree to any species tree. An important situation where this might arise is where the
species evolution is better represented by a network instead of a tree. In this paper, we therefore
consider the problem of reconciling event-labeled trees with species networks. In particular, we
prove that any event-labeled gene tree can be reconciled with some network and that, under cer-
tain mild assumptions on the gene tree, the network can even be assumed to be multi-arc free.
To prove this result, we show that we can always reconcile the gene tree with some multi-labeled
(MUL-)tree, which can then be “folded up” to produce the desired reconciliation and network.
In addition, we study the interplay between reconciliation maps from event-labeled gene trees
to MUL-trees and networks. Our results could be useful for understanding how genomes have
evolved after undergoing complex evolutionary events such as polyploidy.

Keywords: tree reconciliation; network reconciliation; gene evolution; species evolution; phylo-
genetic network; MUL tree; triples

1 Introduction
Phylogenomics aims to find plausible hypotheses about the evolutionary history of species based
on genomic sequence information. Such hypotheses often take the form of an evolutionary tree
whose leaves are labeled by the species in question, or a species tree. There are various ways to
construct species trees from genomics data, many of which involve estimating the evolutionary
history of the underlying genes, and then using the resulting gene trees to construct a species tree
[45].

A recent example of such an approach relies on using event-labeled gene trees [25, 26, 28].
These are trees in which the leaves correspond to the genes, inner vertices to ancestral genes, and
the label of an inner vertex corresponds to the divergence event that led to the offspring. Such
events include speciation and duplication events which correspond to genes that are orthologous
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or paralogous [16, 17], respectively, that is, they diverged after a speciation event or from one
another within a species after a duplication event. To estimate event-labeled gene trees, sequence
similarities and synteny information is first used to determine which genes are orthologous [1–
3, 5, 38, 39, 49, 54, 57], and the trees are then estimated from the resulting orthology relations
[8, 10, 11, 24, 34, 36] using an underlying “cograph”-structure [24, 27].

Once an event-labeled gene tree has been estimated, the task then becomes finding a species
tree which accommodates the gene history. This is essentially done by looking for a mapping
(a so-called reconciliation) from the gene tree into some species tree which respects ancestral
relationships. Note that the problem of reconciling gene trees with species trees has been studied
for some time (mainly for non-event-labeled gene trees) [9, 12–15, 19, 20, 33, 37, 41, 42, 44, 46,
51–53, 56, 58]. However, one issue with this overall process for constructing species trees is that
it may not be possible to reconcile an event-labeled gene tree with any species tree [26, 28]. This
may be because of inaccuracies in estimating the trees, but a more fundamental problem can arise
due to the fact that the species tree is not an appropriate way to represent the evolution of the
species in question.

More specifically, it is well-known that species can come together with each other to form new
ones through processes such as hybridization or recombination [18] (a process sometimes called
reticulate evolution). In this case it can be more appropriate to represent species evolution using
a species network instead of a species tree [4]. Interestingly, as we shall see, it may be possible
to reconcile an event-labeled gene tree with a species network even though it is not possible to
reconcile it with any species tree. The aim of this paper is to better understand why this is the case,
and to develop new theory and techniques for reconciling event-labeled gene trees with species
networks. Note that some work has appeared on the problem of reconciling non event-labeled
gene trees with given species networks [48, 55]. However, to our best knowledge, the problem of
reconciling event-labeled gene trees with unknown species networks has not yet been considered.

The rest of this paper is organized as follows. We start with basic definitions concerning phy-
logenetic trees and networks in Section 2. In Section 3, we then give a new definition of a reconcil-
iation map between arbitrary, possibly non-binary, event-labeled gene trees and species networks,
called TreeNet-reconciliation maps. We show that this definition is a natural generalization of the
reconciliation maps defined in [55], between binary gene trees and binary species networks. In
Section 4, we also prove that TreeNet-reconciliation maps are equivalent to reconciliation maps
between trees [12, 26, 28] in case the considered species network is a tree. Continuing with this
theme, we also examine the problem of determining when there exists a TreeNet-reconciliation
from an event-labeled tree to some species tree in Section 5.

In Section 7 we show that for every event-labeled gene tree T , there always exists a TreeNet-
reconciliation map from T to some species network N. To prove this result we employ the concept
of so-called MUL-trees [6, 7, 23, 29, 31, 40, 47]. Our proof essentially relies on first defining a
reconciliation map between an event-labeled tree and a multiple-labeled tree, or MUL-tree. Once
we have a reconciliation between T and M, we then apply a so-called folding map [30] to M
to produce a species network N (as explained in Section 6), which induces the desired TreeNet-
reconciliation map between T and N. This whole process allows us to determine the TreeNet-
reconciliation map and network for the gene tree in polynomial-time in the number of genes.

The use of folding maps can result in species networks which contain multi-arcs, which may
be somewhat unrealistic for applications. In Section 8 we therefore strengthen the main result
in Section 7, showing that given an event-labeled gene tree that satisfies a simple biological con-
straint on its speciation vertices (cf. Def. 8), there always exists a TreeNet-reconciliation map from
T to some multi-arc free species network. Finally, in Section 9, we study the interplay between
TreeNet-reconciliation maps from event-labeled gene trees to MUL-trees and networks. This
topic has recently become of interest in the phylogenomics literature, where it has been applied
to understand polyploid evolution [21]. In particular, in this work the authors use the interplay
between MUL-trees and phylogenetic networks to try to distinguish between different types of
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ploidy events. We conclude with a discussion of some open problems in Section 9.

2 Preliminaries
Phylogenetic Networks and Trees

In what follows, the set X always denotes a finite set of size at least two. Moreover, G and S will
denote a set of genes and species, respectively.

In general, in this paper a directed graph or digraph, for short, may contain multi-arcs, that
is, two or more arcs that connect two vertices. We consider rooted, not necessarily binary phy-
logenetic trees and networks, called trees or networks for short (see e.g. [50] for an overview of
phylogenetic trees and networks). To be more precise:

Definition 1. A network N =(V,E) on X is a directed acyclic graph (DAG) with leaf set L(N)=X,
multi-arcs allowed that satisfies the following properties

(N1) There is a single root ρN with indegree 0 and outdegree 1 such that its unique child has
indegree 1 and outdegree at least 2;

(N2) x ∈ X if and only if x is an outdegree-0 and indegree-1 vertex.

(N3) Each vertex v ∈V 0 :=V \X with v 6= ρN has either
indegree 1 and outdegree greater than 1 (tree vertex) or
indegree greater than 1 and outdegree 1 (hybrid vertex)

If X is a set of genes G (resp. species S), then N is called a gene (resp. species) network. A
network that has no multi-arcs is called multi-arc free and a multi-arc free network that has no
hybrid vertices is called a (phylogenetic) tree.

We call a tree reduced if it is obtained from a phylogenetic tree T by removing the root ρT and
its unique incident arc from T . Hence, the root of a reduced tree always has degree greater or
equal to 2.

Note, Property (N1) differs slightly from the usual notion as used e.g. in [48, 55], where ρN

has indegree 0 and outdegree 2. We need this extra condition since our notion of a reconciliation
map between a gene tree and a species network allows for the possibility that an event occurred
before the first speciation event in the network.

Now, suppose that N = (V,E) is a phylogenetic network with leaf set X . All vertices within
V \X are called inner vertices. Given an arc e = (x,y) in N, y is the head of e, denoted by hN(e),
and x is the tail of e, denoted by tN(e). In this case, we also say that x is the parent par(y) of y. In
addition, for any DAG G = (V,E) and any vertex v ∈V that has a unique incoming arc, we denote
this arc by ev.

A directed path from a vertex x1 to another vertex xl in N is a non-empty sequence P =
(x1, . . . ,xl) of pairwise disjoint vertices such that (xi,xi+1) ∈ E, 1≤ i≤ l−1. We often denote the
directed path P = (x1, . . . ,xl) by P(x1,xl) and also write P′ = Pv (resp. P′ = Pe with e = (xl,v))
for the directed path P′ = (x1, . . . ,xl,v) that is obtained from the directed path P(x1,xl) by adding
the vertex v. Moreover, for x ∈ V and e ∈ E, we define the directed path from x to e in N as the
directed path P from x to the head hN(e), if P exists. Thus, the directed path from x to the arc
e = (x,y) coincides with e.

Let u,v ∈ V . Then, a vertex v ∈ V is called a descendant of u (in symbols, v �N u), if there
is a directed path (possibly reduced to a single vertex) in N from u to v. In this case, we also
call u an ancestor of v, denoted by u�N v. If u�N v or v�N u then u and v are comparable and
otherwise, incomparable. Moreover, if v �N u and u 6= v, then v is below u and u above v. Note,
since N is a DAG, an arc e = (u,v) always implies that u �N v. For a vertex x ∈ V , we write
LN(x) := {y ∈ X | y�N x} for the set of leaves in X that are below or equal to x.
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For our discussion below we need to extend the definition of �N to V ∪E. More precisely, for
the arc e = (u,v) ∈ E we put x≺N e if x�N v and e≺N x if u�N x. In this case, the vertex x and
the arc e are comparable, and incomparable otherwise. If e = (u,v) and f = (a,b) are arcs in N,
then we define e �N f to hold if v ≺ u � b ≺ a or e = f . In this case, the arcs e and f are also
comparable, and incomparable otherwise.

We say that a network N′ is a subdivision of N, if N′ can be obtained from N by replacing arcs
(u,v) of N by directed paths from u to v. Hence, a network N is also a subdivision of itself. Let
W ⊆V . The subgraph of N with vertex set W that contains all arcs (x,y) ∈ E for which x,y ∈W
is called induced subgraph of N and is denoted by N[W ].

Common Ancestors

For a non-empty subset of leaves A⊆X of a phylogenetic tree T = (V,E) on X , we define lcaT (A),
the least common ancestor of A, to be the unique �T -minimal vertex of T that is an ancestor of
every vertex in A. In case A = {x,y}, we put lcaT (x,y) := lcaT ({x,y}) and if A = {x,y,z}, we put
lcaT (x,y,z) := lcaT ({x,y,z}). If e, f ∈ E and x ∈V , then we define lcaT (x,e) := lcaT (x, tT (e)) and
lcaT (e, f ) := lcaT (tT (e), tT ( f )).

Given a tree vertex z in a network N = (V,E), two (not necessarily disjoint) directed paths
in N that start from z are said to be separated (by z) if each path contains a different child of z.
Given (not necessarily distinct) x,y ∈ V , we denote by QN(x,y) the set of vertices z of N such
that there exists a directed path P(z,x) and a directed path P(z,y) such that P(z,x) and P(z,y)
are separated by z. Note, QN(x,y) = QN(y,x). If z ∈ QN(x,y), then we also say that x and y are
separated by z. By way of example, we have QN(x,x) = {a,w} and QN(x,y) = {b,w} for the
network N in Fig. 4 (right). We generalize the latter also to arcs and put QN(x,e) := QN(x,hN(e))
and QN(e, f ) := QN(hN( f ),hN(e)) for all arcs e, f ∈ E.

The definition of QN(x,y) was presented in [55], to generalize the concept of least common
ancestors in binary trees to binary networks. We now generalize this definition to cope with
networks that are not necessarily binary. More specifically, given a collection x1 . . . ,xk of not
necessarily distinct vertices in N, we let

Q2
N(x1, . . . ,xk) :=

⋃
1≤i≤ j≤k

QN(xi,x j)

be the set of vertices that separate any xi and x j, 1≤ i≤ j ≤ k.

Event-labeled Gene Trees

An event-labeled gene tree (T ; t,σ) on G is a reduced tree T = (V,E) with leaf set G (a set of
genes) a labeling map of events t : V 0 → {s,d}, and a surjective map σ : G→ S, called gene-
species map, that assigns to each gene g ∈G the species σ(g) that contains g.

Note, the main difference between the structure of an event-labeled gene tree (T ; t,σ) and a
phylogenetic tree T ′ as in Definition 1 is that the root of T has at least two children, while the root
of T ′ has exactly one child. The events s and d are called speciation and duplication, respectively.
Moreover, a vertex v ∈V 0 with t(v) = s is called a speciation vertex, and otherwise, a duplication
vertex. In all figures that contain event-labeled gene trees, the events s and d are represented as •
and �, respectively.

In addition, for a subset W ⊆G, we put σ(W ) := {σ(w) | w ∈W}.
In what follows, we will always assume that for an event-labeled gene tree (T ; t,σ) on G,

|σ(G)|> 1 holds, i.e., the genes in G are from at least two distinct species.

MUL-trees

Informally speaking, a MUL-tree (MUltiply-Labelled-tree) is a phylogenetic tree M (cf. Defini-
tion 1) where each leaf in M is labeled by an element in S, but where different leaves may have
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the same label. More precisely, a MUL-tree (on S) is a pair (M,χ) where M is a phylogenetic tree
and χ : S→ 2L(M)−{ /0} is a map such that for all x,y ∈ S distinct, χ(x)∩ χ(y) = /0 and for all
l ∈ L(M) there exists some x ∈ S with l ∈ χ(x). Thus, in a MUL-tree M the labeling of the leaf set
L(M) of (M,χ) is the multiset whose underlying set is S. Note that our definition of a MUL-tree
is equivalent to the definition given in [30, Section 2.2], except that in the MUL-tree defined here
we have an “extra” arc which is adjacent to the root (so we get a root with outdegree 1). As with
networks, this extra arc is required to accommodate events in reconciliations which occur before
the first speciation.

If we allow M to contain vertices with indegree 1 and outdegree 1 as well, then we call M a
pseudo MUL-tree (so, in this setting, any MUL-tree is also considered as a pseudo MUL-tree).
For a pseudo MUL-tree M = (D,U), we also define

D1 = {v ∈ D | v has in- and outdegree one in M}.

We say that two (pseudo) MUL-trees (M1,χ1) and (M2,χ2) on X are isomorphic if there is a
digraph isomorphism ϕ : V (M1)→ V (M2) such that, for all x ∈ X and v ∈ V (M1), we have v ∈
χ1(x) if and only if ϕ(v) ∈ χ2(x). In addition,we say that a pseudo-MUL-tree (M′,χ) is a simple
subdivision of the MUL-tree (M = (D,U),χ) if M′ is a subdivision of M that is obtained from
M by replacing every arc e = (u,v) of M, where v is a leaf of M such that v ∈ χ(x) with x ∈ S
and |χ(x)| ≥ 2 by the path (u,ve,v) in M′, where ve /∈ D. The latter, implies in particular that
L(M) = L(M′) and hence, the map χ for M′ is well-defined.

3 Reconciliation Maps to Networks
In [55], a notion of a reconciliation map (which we shall call a biTreeNet-reconciliation map) from
a phylogenetic tree to a network was presented (see Definition 3). This map, however, assumes
that the event labels on the tree are unknown, while a species network is given. Moreover, the
biTreeNet-reconciliation map “axioms” explicitly refer to binary gene trees and binary species
networks. In practice, when gene trees are obtained from e.g. orthology-data, we cannot hope to
obtain fully resolved (i.e., binary) gene trees. To overcome this problem and therefore also be
able to study reconciliations between non-binary gene trees and (possibly unknown) non-binary
networks we next introduce the novel concept of a TreeNet-reconciliation map. That TreeNet-
reconciliation maps indeed generalize biTreeNet-reconciliation maps is shown in Proposition 1.
Furthermore, TreeNet-reconciliation maps provide a natural generalization of the framework as
used in [26, 28, 43] for the reconciliation of trees, which is shown in Section 4.

Definition 2 (TreeNet-reconciliation map). Suppose that S is a set of species, that N = (W,F) is
a network on S, and that (T = (V,E); t,σ) is an event-labeled gene tree on G. Then we say that
N is a (species) network for (T ; t,σ) if there is a map µ : V →W ∪F such that, for all x ∈V :

(R1) Leaf Constraint. If x ∈G then µ(x) = σ(x).

(R2) Event Constraint.

(i) If t(x) = s and x has children x1, . . . ,xk, k ≥ 2, then
µ(x) ∈ Q2

N(µ(x1), . . . ,µ(xk)).
(ii) If t(x) = d, then µ(x) ∈ F.

(R3) Ancestor Constraint.
Suppose x,y ∈V with x≺T y.

(i) If t(x) = t(y) = d, then µ(x)�N µ(y),
(ii) Otherwise, i.e., at least one of t(x) and t(y) is a speciation, µ(x)≺N µ(y).

We call µ a TreeNet-reconciliation map from (T ; t,σ) to N.
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Property (R1) ensures that each leaf of T , i.e., each gene in G, is mapped to the species in
which it resides. Property (R2.i) implies the weaker property that µ(x) ∈W 0. Moreover, Property
(R2.i) ensures that each speciation vertex x of T is mapped to a vertex in N that separates at least
two of the images µ(xi) and µ(x j) of the children x1, . . . ,xk, k ≥ 2, of x. We emphasize that, even
in the case µ(x1) = µ(x2) = · · ·= µ(xk), it is possible that Q2

N(µ(x1), . . . ,µ(xk)) 6= /0, since N may
contain distinct directed paths from µ(x) to µ(x1) that separate µ(x1). Property (R2.ii) ensures
that each duplication vertex of T is mapped to an arc in N. Property (R3) implies that the ancestor
relationships in T are preserved under µ . Note, however, that two different duplication vertices
might be mapped to the same arc of N under µ .

We now show that for the special case that both the gene tree and the species network are
binary, Definition 2 is a natural generalization of biTreeNet-reconciliation maps as defined in
[55]. We begin by recalling the definition of this map (using our notation). Note, in this definition
the symbols s and d still denote speciation and duplication events, respectively. For technical
reasons, an additional symbol c is used to annotate leaves.

Definition 3 (biTreeNet-reconciliation map [55]). Let σ : G → S be a gene-species map. A
biTreeNet-reconciliation map α = (α1,α2) from a binary gene tree T = (V,E) on G to a bi-
nary network N = (W,F) on S is a pair of maps α1 : V →W and α2 : V →{s,d,c} that assigns to
each vertex u ∈V a pair (α1(u),α2(u)) such that

(A1) α2(u) = c if and only if u ∈G, α1(u) ∈ L(N), σ(u) = α1(u),

(A2) for every u ∈V 0 with child vertices u1 and u2,
if α2(u) = s, then α1(u) ∈ QN(α1(u1),α1(u2)), and

(A3) for all u,v ∈V such that v≺T u,
if α2(u) = d, then α1(v)�N α1(u). Otherwise, α1(v)≺N α1(u).

In Definition 3, α2 plays the role of our event-labeling map. That is, if α2 is given, then putting
tα(u) := α2(u) for all u ∈V 0 yields an event-labeled gene tree (T ; tα ,σ) on G.

Proposition 1. If there is a biTreeNet-reconciliation map α from a binary gene tree T on G to a
binary network N on S, then there is a TreeNet-reconciliation map from (T ; tα ,σ) to N.

Proof. In what follows, we show that there is a TreeNet-reconciliation map µ from (T ; tα ,σ) to
N, where tα is constructed as described above.

Let α = (α1,α2) be a biTreeNet-reconciliation map from T = (V,E) to N = (W,F). We claim
that µ : V →W ∪F given by

µ(u) =


α1(u) if tα(u) ∈ {s,c},
eα1(u) ∈ F if tα(u) = d and α1(u) is not a hybrid vertex,
(α1(u),x) ∈ F otherwise, some x ∈W .

is a TreeNet-reconciliation map from (T ; tα ,σ) to N. Note, in the second condition eα1(u) is well-
defined, since α1(u) must, in this case, be either the root ρN or a tree vertex in N and thus, there is
only one incoming arc to α1(u). Moreover, in the last condition, the vertex x is uniquely defined,
since α1(u) is then a hybrid vertex and thus, there is only arc (α1(u),x) in N.

Clearly, Property (A1) and the construction of µ immediately implies Property (R1).
We show now that Property (R3) is satisfied. Let u,v ∈ V such that v ≺T u. First assume

that tα(u) = d. There are now two mutually exclusive cases: either α1(u) is not a hybrid vertex
and µ(u) is the arc eα1(u) or α1(u) is a hybrid vertex and µ(u) is the arc (α1(u),x), some x ∈
W . If tα(v) = d, then, in both cases, Property (A3) and a straight-forward case analysis implies
that µ(v) �N µ(u). If tα(v) = s, then Property (A2) implies that µ(v) must be a tree vertex.
By construction, if α1(v) = α1(u), then µ(u) is mapped to the unique arc eµ(v) and we obtain
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µ(v) ≺N µ(u). In particular, α1(v) �N α1(u) implies that the arc eµ(v) is the “lowest” possible
choice for µ(u) and thus, we always have µ(v)≺N µ(u), in case tα(v) = s.

Now assume that tα(u) = s. Then, µ(u) = α1(u). In particular, Property (A1) implies µ(u) ∈
V 0. Property (A2) and the construction of µ implies that µ(u) must be a tree vertex. If tα(v) = s or
v∈G, then α1 and µ coincide on u, resp., on v. Hence, Property (A3) implies µ(v)≺N µ(u). Thus,
assume that tα(v) = d. The fact that µ(u) is not a hybrid vertex together with Property (A3) and
the construction of µ implies that µ(v) = (x,y)≺N x�N α1(u) = µ(v). In summary, Property (R3)
is satisfied.

We continue by showing that Property (R2) is satisfied. By construction of µ , Property (R2.ii)
is satisfied. For Property (R2.i), let u be a vertex in T with tα(u) = s. Thus, µ(u) = α1(u).
Since T is binary, u has exactly two children u1 and u2. Property (A2) implies µ(u) = α1(u) ∈
QN(α1(u1),α1(u2)). Thus, µ(u) must be a tree vertex. In particular, there are directed paths P1
and P2 that start in µ(u) to α1(u1) and α1(u2), respectively, where P1 contains a child z1 of µ(u)
and P2 a child z2 of µ(u) that is distinct from z1. Property (A3) implies α1(u1) �N z1 ≺N α1(u)
and α1(u2) �N z2 ≺N α1(u). The construction of µ implies that µ(u1) is always located on the
path P2 or the path P1x for some child x of α1(u1) (if α1(u1) is not a leaf) and µ(u2) is always
located on the path P1 or the path P2y for some child y of α1(u2) (if α1(u2) is not a leaf). Moreover,
Property (R3) implies µ(u1),µ(u2)≺N µ(u). Taken the latter two arguments together, we obtain
µ(u) ∈ QN(µ(u1),µ(u2)).

Thus, µ is a TreeNet-reconciliation map from (T ; tα ,σ) to N.

Note that Proposition 1 implies that the definition of a TreeNet-reconciliation map applied to
binary gene trees and binary networks is a natural generalization of the concept of a biTreeNet-
reconciliation map.

4 Reconciliation Maps to Trees
In this section, we consider the special case of reconciliation maps where the network is a tree. As
described in the introduction, the reconciliation of gene trees (with or without event-labels) with
species trees has been the subject of numerous studies. In [26] (tree) reconciliation maps between
not necessarily binary event-labeled gene trees and species trees were studied. In particular, a tree
reconciliation map µ : V →W ∪F from a given event-labeled gene tree (T = (V,E); t,σ) to a
species tree S = (W,F) is defined there which, in our notation, is equivalent to replacing Property
(R2.i) in Definition 2 by

(R2.i∗) If x ∈V and t(x) = s, then µ(x) = lcaS(σ(LT (x))),

and by adding the constraint

(R2.iii) If x ∈V 0 and t(x) = s, then µ(y1) and µ(y2) are incomparable in S

for any two distinct children y1 and y2 of x.

If a map µ from a given event-labeled gene tree (T ; t,σ) to a species tree S satisfies Properties
(R1), (R2.i.∗), (R2.ii) and (R3) but not necessarily (R2.iii), then we shall call µ a relaxed tree
reconciliation map (thus, any tree reconciliation map is also relaxed). An example of a relaxed
tree reconciliation map that is not a tree reconciliation map is given in Fig. 1. In what follows,
we show for the case that the species network is in fact a species tree that the concepts of a
TreeNet-reconciliation map and a relaxed tree reconciliation maps are equivalent (Theorem 1).

We first present some lemmas for later use.

Lemma 1. Given any phylogenetic tree T = (V,E) and any two vertices v,w ∈V we have either
QT (v,w) = /0 or QT (v,w) = {lcaT (v,w)}.

In particular, QT (v,w) = /0 if and only if v and w are comparable in T
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Proof. Clearly, if v = w, then QT (v,w) = /0, since T is a tree. Thus, let v 6= w. Note, any two
vertices v,w ∈V are either comparable in T or not.

Let us first assume that v and w are comparable. W.l.o.g. let v �T w. Thus, there is a unique
path from lcaT (v,w) = v to w in T . Therefore, v and w cannot be separated by any vertex in V .
Hence, QT (v,w) = /0.

If v and w are incomparable, then lcaT (v,w) 6∈ {v,w}. Hence, there is a unique directed path
from lcaT (v,w) to v and a unique path from lcaT (v,w) to w that have only the vertex lcaT (v,w) in
common. Thus, lcaT (v,w)∈QT (v,w). Since lcaT (v,w) is the only vertex in T that separates v and
w, we have QT (v,w) = {lcaT (v,w)}.

Lemma 2. Let (T = (V,E); t,σ) be an event-labeled gene tree, let S = (W,F) be a species tree
on S, and let x ∈ V with t(x) = s and children x1, . . . ,xk, k ≥ 2, in T . Suppose µ is a TreeNet-
reconciliation map from (T ; t,σ) to S. Then, µ(x)�S q for all q∈Q2

S(µ(x1), . . . ,µ(xk)), i.e., µ(x)
is the �S-maximal element in Q2

S(µ(x1), . . . ,µ(xk))

Proof. For simplicity, for every xi ∈V let vi be either the vertex µ(xi), if µ(xi) ∈W or the vertex
hS(e) if µ(xi) = e ∈ F , 1≤ i≤ k. Moreover, put Q2

S := Q2
S(µ(x1), . . . ,µ(xk)).

We show first that there is always a vertex q∗ ∈Q2
S with q∗ �S q for all q ∈Q2

S. Property (R2.i)
implies that Q2

S 6= /0. If |Q2
S|= 1, then the lemma trivially holds. Now, assume that there are distinct

q,q′ ∈ Q2
S that are incomparable. By Lemma 1, q = lcaS(vi,v j) and q′ = lcaS(vr,vs) where vi and

v j as well as vr and vs are incomparable in S and i, j,r,s ∈ {1, . . . ,k}. Since S is a tree, we have
lcaS(q,q′) = lcaS(vi,vr). Thus, lcaS(q,q′) separates vi and vr and therefore, q′′ := lcaS(q,q′) ∈Q2

S.
In other words, for any two vertices q,q′ ∈ Q2

S there is always a vertex q′′ ∈ Q2
S with q′′ �S q,q′.

The latter arguments imply that there is a unique�S-maximal element q∗ in Q2
S that is an ancestor

of all elements in Q2
S, as required.

Property (R2.i) implies that µ(x)∈Q2
S. By Lemma 1 and since S is a tree, there are two distinct

children xr and xs of x such that µ(x) ∈ QS(µ(xr),µ(xs)) and µ(x) = lcaS(vr,vs). It remains to
show that q∗ = µ(x). Assume for contradiction that q∗ 6= µ(x) and thus, q∗ �S µ(x). Again by
Lemma 1, q∗ = lcaS(vi,v j) for some 1 ≤ i < j ≤ k. Since q∗ separates vi and v j and q∗ �S µ(x)
at least one of vi and v j, say vi, must be incomparable with µ(x). Since xi is a child of x in T
we can apply Property (R3) to conclude that µ(x) �S µ(xi) �S vi. Hence, vi and µ(x) must be
comparable in S, a contradiction.

Lemma 3. Let (T = (V,E); t,σ) be an event-labeled gene tree such that there exists a relaxed
tree reconciliation map µ from (T ; t,σ) to some species tree S. Let x ∈ V with t(x) = s. Then,
there exists two distinct children xi and x j of x in T that satisfy the following two properties,

(i) µ(x) = lcaS(µ(xi),µ(x j)), and

(ii) µ(xi) and µ(x j) are incomparable in S.

Furthermore, for any child xi of x in T there is a child x j of x in T such that

(iii) σ(LT (xi))∩σ(LT (x j)) = /0.

Proof. Let x ∈V with t(x) = s and children x1, . . . ,xk, k ≥ 2, in T and put S = (W,F).
We combine the proof of Statements (i) and (ii). Property (R2.i∗) implies that µ(x) =

lcaS(σ(LT (x))). Clearly, µ(x) can be expressed as µ(x) = lcaS(z1,z2) for some leaves z1,z2 ∈
σ(LT (x)). Since σ(LT (x)) =

⋃k
i=1 σ(LT (xi)), there exist children of x in T , say w.l.o.g. x1 and

x2, with z1 ∈ σ(LT (x1)) and z2 ∈ σ(LT (x2)). Note that x1 and x2 must be distinct since x1 = x2
and Property (R3) would imply that µ(x) �S µ(x1) �S lcaS(z1,z2) and thus, µ(x) 6= lcaS(z1,z2);
a contradiction. The latter together with µ(x) = lcaS(z1,z2); µ(x) �S µ(x1) �S z1; and µ(x) �S

µ(x2) �S z2 implies that µ(x1) and µ(x2) must be incomparable in S and lcaS(µ(x1),µ(x2)) =
µ(x). This establishes Statements (i) and (ii).
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It remains to show that Statement (iii) holds. Assume for contradiction that there is a child of x,
say x1, such that σ(LT (x1))∩σ(LT (x j)) 6= /0, 2≤ j≤ k. By Property (R3), we have µ(x)�S µ(x1).

Let e be the first arc on the (unique) directed path from µ(x) to µ(x1) in S. Since µ(x)�S µ(x1)
and Property (R2) holds, we have e�S µ(x1). By Property (R3), we have e�S µ(x1)�S z for all
z ∈ σ(LT (x1)), and therefore, y := hS(e)�S z for all z ∈ σ(LT (x1)). In other words, any path from
µ(x) to z must contain the arc e for all z ∈ σ(LT (x1))

By assumption, there is a leaf z ∈ σ(LT (x1))∩σ(LT (x2)). By Property (R3) and the latter
arguments, µ(x) �S e �S µ(x2) �S z Again, Property (R3) implies that µ(x2) �S z′ for all z′ ∈
σ(LT (x2)), and therefore, y �S z′ for all z′ ∈ σ(LT (x2)). Hence, any path from µ(x) to z′ must
contain the arc e for all z′ ∈ σ(LT (x2)). Repeating the latter arguments shows that any path
from µ(x) to z′ must contain the arc e for all z′ ∈ σ(LT (xi)) and i ∈ {1, . . . ,k}. Thus, y �S z′

for all z′ ∈
⋃k

i=1 σ(LT (xi)) = σ(LT (x)). Hence, µ(x) �S y �S lcaS(σ(LT (x))); a contradiction to
Property (R2.i∗).

We are now in the position to prove the aforementioned equivalence between TreeNet-
reconciliation and relaxed tree reconciliation maps.

Theorem 1. Let (T = (V,E); t,σ) be an event-labeled gene tree, S = (W,F) be a species tree,
and µ : V →W ∪F be a map. Then, µ is a relaxed tree reconciliation map from (T ; t,σ) to S if
and only if µ is a TreeNet-reconciliation map from (T ; t,σ) to S.

Proof. Note first that all Properties (R1), (R2.ii) and (R3) in Definition 2 remain the same for both,
TreeNet-reconciliation maps and relaxed tree reconciliation maps. Hence, it suffices to show that
if µ is a TreeNet-reconciliation map then Property (R2.i∗) holds and that if µ is a relaxed tree
reconciliation then Property (R2.i) holds.

Assume first that µ is a relaxed tree reconciliation map from (T ; t,σ) to S. Let x ∈ V be a
vertex with t(x) = s and children x1, . . . ,xk, k ≥ 2, in T . Then Lemma 3(i) implies that µ(x) =
lcaS(µ(xi),µ(x j)), for some i, j ∈ {1, . . . ,k}. By Lemma 1, QS(µ(xi),µ(x j)) = {µ(x)} follows.
Hence, µ(x) ∈ Q2

S(µ(x1), . . . ,µ(xk)). Thus, Property (R2.i) holds.
Now assume that µ is TreeNet-reconciliation map from (T ; t,σ) to S. In what follows we will

make use of the following observation: If y1 and y2 are incomparable in S and y = lcaS(y1,y2) and
u,v,w ∈W are such that y�S u, y1 �S v and y2 �S w, then

y = lcaS(v,w) = lcaS(u,v,w) = lcaS(y1,y2,w). (1)

Property (R2.i) and Lemma 1 imply that µ(x) = lcaS(µ(xi),µ(x j)) ∈ Q2
S(µ(x1), . . . ,µ(xk)) for

some distinct i, j ∈ {1, . . . ,k}. W.l.o.g., let µ(x) = lcaS(µ(x1),µ(x2)) ∈ Q2
S(µ(x1), . . . ,µ(xk)).

Property (R3) and Lemma 2 imply that µ(x) �S lcaS(µ(xr),µ(xs)) for all r,s ∈ {1, . . . ,k}. Re-
peated application of Equ. (1) implies that

µ(x) = lcaS(µ(x1),µ(x2), lcaS(µ(xr),µ(xs))) = lcaS(µ(x1),µ(x2),µ(xr),µ(xs))

for all r,s ∈ {1, . . . ,k} and, again by repeated application of Equ. (1), we obtain

µ(x) = lcaS(µ(x1), . . . ,µ(xk)).

Now, put vi := lcaS(σ(LT (xi))), 1 ≤ i ≤ k. Property (R3) implies that µ(xr) �S z for all
z ∈ σ(LT (xr)) and 1 ≤ r ≤ k. Thus, µ(x1) �S v1 and µ(x2) �S v2. Since µ(x1) and µ(x2) are
separated by µ(x), they must be incomparable. Equ. (1) implies that

µ(x) = lcaS(v1,v2).

Again, by Property (R3), we have µ(x)�S µ(xr) and µ(xr)�S lcaS(σ(LT (xr))), 1≤ r≤ k. Hence,
Equ. (1) implies that

µ(x) = lcaS(v1,v2,vr) for all r ∈ {1, . . . ,k}.
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Repeated application of Equ. (1) implies

µ(x) = lcaS(v1,v2,v3,v4, . . . ,vk). (2)

To make the final step, we first observe that for non-empty vertex sets A,B of a tree, lca(A∪B) =
lca(lca(A), lca(B)) holds. The latter and σ(LT (x)) =

⋃k
i=1 σ(LT (xi)) allows us to rewrite Equ. (2)

as µ(x) = lcaS(σ(LT (x))). Therefore, the map µ satisfies Property (R2.i∗).

As an immediate consequence of Theorem 1 we obtain

Corollary 1. Suppose (T (V,E); t,σ) is an event-labeled gene tree, S = (W,F) is a species tree
and µ : V →W ∪F is a map. Then µ is a tree reconciliation map from (T ; t,σ) to a S if and only
if µ is a TreeNet-reconciliation map from (T ; t,σ) to S that additionally satisfies Property (R2.iii).

As a consequence of Lemma 3(ii), if µ is a relaxed tree reconciliation map between a binary
gene tree and a (not necessarily binary) species tree, then Property (R2.iii) is always satisfied.
Thus any relaxed tree reconciliation map between a binary gene tree and a species tree is also a
tree reconciliation map. Therefore, Theorem 1 implies

Corollary 2. Suppose (T ; t,σ) is a binary event-labeled gene tree, S = (W,F) is a species tree
and µ : V →W ∪F is a map. Then, µ is a tree reconciliation map from (T ; t,σ) to S if and only
if µ is a TreeNet-reconciliation map from (T ; t,σ) to S.

5 Informative Triples
It is of interest to understand when a species tree or species network exists for a given gene tree
(T ; t,σ), and if it does exist, which constraints (if any) such an network imposes on (T ; t,σ) for
different kinds of networks. In this section, we shall consider constraints that are given in terms
of triples. We start with briefly recalling the terminology surrounding them.

A triple ab|c is a binary reduced tree T on three leaves a,b and c such that the path from a to
b does not intersect the path from c to the root ρT . A network N on X displays a triple ab|c, if
a,b,c∈ X and ab|c can be obtained from N by deleting arcs and vertices, and suppressing vertices
with in- and outdegree one. Note, that no distinction is made between ab|c and ba|c. We write
R(N) for the set of all triples that are displayed by the network N. A set R of triples is compatible
if there is a phylogenetic tree T on X =

⋃
t∈R L(t) such that R⊆ R(T ).

Interestingly, the existence of tree reconciliation maps from event-labeled gene trees (T ; t,σ)
to some species tree can be characterized in terms of underlying “informative species triples”
displayed by the gene tree, [26, 28], that is, in terms of the set

S(T ; t,σ) := {σ(a)σ(b)|σ(c) : ab|c ∈ R(T ), t(lcaT (a,b,c)) = s, and

σ(a),σ(b),σ(c) are pairwise distinct}

In particular, in [28, Theorem 8] the existence of relaxed tree reconciliation maps for binary
event-labeled gene trees (T ; t,σ) is characterized in terms of the compatibility of S(T ; t,σ) under
the following assumption: For any vertex x of T with t(x) = s and children x1 and x2 we have
σ(LT (x1))∩σ(LT (x2)) = /0. Lemma 3(iii) implies that this condition is always satisfied for re-
laxed tree reconciliation maps and, therefore, also by tree reconciliation maps between such trees.
The latter argument combined with Corollary 2 and Theorem 1 therefore immediately implies the
following mild generalization of the aforementioned characterization from [28]:

Theorem 2. Let (T = (V,E); t,σ) be an event-labeled binary gene tree and let S be a species
tree. Then, there exists a relaxed tree reconciliation map µ from (T ; t,σ) to S (or equivalently a
TreeNet-reconciliation map µ from (T ; t,σ) to S) if and only if S(T ; t,σ) is compatible and, for
any x ∈V with t(x) = s with children x1 and x2, we have σ(LT (x1))∩σ(LT (x2)) = /0.
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a c' dc b'a'b c''a c' dc b'a'b c'' a c' dcb'

A B DC
a' b c''

Figure 1: (Adapted from [26, Fig. 3]) Two event-labeled gene trees (T ′; t ′,σ) (left) and (T ; t,σ) (mid-
dle) on a set G= {a,a′,b,b′,c,c′,c′′,d}. Speciation and duplication events are represented as • and �,
respectively. The relaxed tree reconciliation map from (T ; t,σ) to the species tree S on S= {A,B,C,D}
is implicitly shown by drawing the gene tree inside the tube-like species tree S (right). Here, σ maps
each gene in G to the species (capitals below the genes) A,B,C,D ∈ S. Although there is a relaxed
tree reconciliation map from the non-binary gene tree (T ; t,σ) to S, there exists no tree reconciliation
map from (T ; t,σ) to any species tree, since AB|C,BC|A ∈ S(T ; t,σ) implies that S(T ; t,σ) is incom-
patible (cf. Thm. 3). Moreover, there exists neither a (relaxed) tree reconciliation map nor a TreeNet-
reconciliation map from the binary gene tree (T ′; t ′,σ) to any species tree, since the set S(T ′; t ′,σ)
contains the triples AB|C and BC|A and is, therefore, incompatible (cf. Thm. 2).

It is worth mentioning that a relaxed tree reconciliation map µ exists for a gene tree (T ; t,σ)
that satisfies the conditions in Theorem 2 to any species tree S that displays all triples in S(T ; t,σ)
[28]. Moreover, this map can be computed in polynomial time [28].

Note that the main result in [28, Theorem 8] was generalized in [26] for non-binary event-
labeled gene trees as follows.

Theorem 3 ([26, Thm. 5.7]). Let (T = (V,E); t,σ) be an event-labeled gene tree such that for
every vertex x in T with t(x) = s and children x1 . . . ,xk, k≥ 2, we have σ(LT (xi))∩σ(LT (x j)) = /0,
1≤ i < j ≤ k. Then, there exists a tree reconciliation map µ from (T ; t,σ) to some species tree S
if and only if S(T ; t,σ) is compatible.

One might hope to obtain similar characterizations for relaxed tree reconciliation maps or
TreeNet-reconciliation maps for non-binary event-labeled gene trees. However, this does not
appear to be straight-forward.

In particular, in Fig. 1 an example is presented (based on [26, Fig. 3]) which shows that the
compatibility of S(T ; t,σ) is not necessary for the existence of a relaxed tree reconciliation map
for a non-binary event-labeled gene tree (T ; t,σ), even though the conditions in Theorem 3 for
(T ; t,σ) are met. Thus, one might be inclined to try and obtain at least a characterization of
TreeNet-reconciliation maps in terms of “informative” species triples from a binary gene tree.
However, this does not seem to be as straight-forward as it might sound in view of the examples
given in Figs. 2 and 3.

More precisely, consider the event-labeled binary gene tree (T ; t,σ) in Fig. 2 (left). For this
tree we have σ(a) = σ(a′) = σ(a′′) = A, σ(b) = σ(b′) = σ(b′′) = B, σ(c) = C and σ(d) =
σ(d′) = D. Therefore, AB|D,BD|A ∈ S(T ; t,σ) and hence, the set S(T ; t,σ) is incompatible.
Thus, no (relaxed) tree reconciliation or TreeNet-reconciliation map from (T ; t,σ) to a species
tree can exist in view of Theorem 2. Fig. 2 (right) shows a network N on S= {A,B,C,D}. There
is a TreeNet-reconciliation map from (T ; t,σ) to N, which is implicitly shown in Fig. 2 (right) by
drawing (T ; t,σ) inside N. Here, N does not display the species triple AB|C ∈ S(T ; t,σ). Thus,
it is not necessary that each triple of S(T ; t,σ) is displayed by N for the existence of a TreeNet-
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Figure 2: Left, an event-labeled binary gene tree (T ; t,σ) on a set G = {a,a′,a′′,b,b′,b′′,c,d,d′} of
genes is shown. Speciation and duplication events are represented as • and �, respectively. For
(T ; t,σ) there is neither a (relaxed) tree reconciliation nor a TreeNet-reconciliation map to any species
tree. Right, a tube-like network N on S= {A,B,C,D} is shown. There is a TreeNet-reconciliation map
from (T ; t,σ) to N, which is implicitly shown by drawing the gene tree inside N. See text for further
details.
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Figure 3: Left, an event-labeled binary gene tree (T ; t,σ) on a set G = {a,b,c,d} of genes where all
inner vertices are speciation vertices. The species network (middle) displays all triples in S(T ; t,σ) =
{AB|C,AB|D,AC|D,BC|D} as highlighted in the right part. However, there is no reconciliation map µ

from (T ; t,σ) to N. See text for further details.
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reconciliation map.
Now consider the event-labeled binary gene tree (T ; t,σ) as in Fig. 3 (left). Here, σ(a) = A,

σ(b) =B, σ(c) =C, and σ(d) =D. The network N = (W,F) in Fig. 3 (middle) displays all triples
in S(T ; t,σ) = {AB|C,AB|D,AC|D,BC|D}. However, there is no TreeNet-reconciliation map µ

from (T ; t,σ) to N. To see this, assume for contradiction that there is a TreeNet-reconciliation
map µ . Observe first that each gene is mapped to the corresponding species (cf. Property (R1)).
Due to Property (R3), we have µ(x)�N µ(d)=D. The latter together with Property (R2.i) implies
that only µ(x) = u is possible. In addition Property (R3) implies that µ(x)�N µ(y)�N A,B,C and
hence, only µ(y) = v is possible. However, Properties (R2.i) and (R3) imply that µ(z) ∈W 0 and
µ(y)�N µ(z)�N A,B, which is not possible. Thus, N is not a network for (T ; t,σ). Note, (T ; t,σ)
satisfies the assumptions in Theorem 2 and S(T ; t,σ) is compatible. Thus, Theorem 2 implies that
for any species tree S that displays all triples in S(T ; t,σ) there is a TreeNet-reconciliation map
from (T ; t,σ) to S.

6 Unfoldings and Foldings
In the next section we shall show that we can always reconcile a given event-labeled gene tree with
some species network. To show this we shall use the concept of foldings of MUL-trees which we
shall consider in this section.

We begin by recalling an unfolding operation U of networks that was first proposed in [29].
For any network N on S, this operation constructs a pseudo MUL-tree (U∗(N),χ∗) as follows:

• The vertex set V ∗ of U∗(N) is the set of all directed paths P in N that start at the root of N
and end in a vertex of N,

• there is an arc from a vertex P in U∗(N) to a vertex P′ in U∗(N) if and only if P′ = Pa holds
for some arc a in N, and

• and χ∗ : S→ 2L(U∗(N))−{ /0} is the map that assigns to all x ∈ S the set of directed paths in
V ∗ that end in x.

The MUL-tree obtained by suppressing all indegree one and outdegree one vertices in U∗(N),
if there are any, is denoted by U(N). In [29], it is shown that (U(N),χ∗) is indeed a MUL-tree
and that it is unique.

We now want to perform the converse operation and “fold up” a MUL-tree into a network. We
formalize this by adapting the concept of a folding map as defined in [30, p.1771].

Definition 4 (Folding map of a MUL-tree onto a network). Given a pseudo MUL-tree (M =
(D,U),χ) labeled by S, and a network N = (W,F) on S, a folding map f : (M,χ)→ N is a pair
of surjective functions fV : D→W and fE : U → F such that

(F1) for all a ∈U we have tN( fE(a)) = fV (tM(a)) and hN( fE(a)) = fV (hM(a)),

(F2) if v ∈ L(M) with v ∈ χ(x) for some x ∈ S then fV (v) = x, and

(F3) for each arc a ∈ F and v ∈ D such that fV (v) = tN(a) there is a unique arc ãv ∈ U (the
lifting of the arc a at v) such that fE(ãv) = a and tM(ãv) = v.

We say that a MUL-tree M can be folded into a network N, whenever there is a subdivision
M′ of M such that there is a folding map f from M′ to N.

Informally speaking, Property (F1) ensures that the maps fV and fE are linked, that is, each
arc a in M is mapped to an arc a′ in N such that the tail and head of a is mapped to the tail and
head of a′, respectively. Property (F2) ensures that each leaf (gene) is mapped to the species in
which it resides. Finally, Property (F3) ensures that two distinct arcs of M with the same tail are
never mapped to the same arc in N.
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The following two results are restated from [30, Theorem 2 and Corollary 2], and pro-
vide a useful connection between foldings of MUL-trees into a multi-arc free network N and
(U∗(N),χ∗):

Theorem 4. Let N be a multi-arc free network. Then the mapping f ∗ : (U∗(N),χ∗)→ N which
takes each vertex in U∗(N) to its last vertex and each arc in U∗(N) to its corresponding arc in N
is a folding map.

Proposition 2. Suppose that (M,χ) is a pseudo MUL-tree and N is a multi-arc free network, both
on S, and that f : (M,χ)→ N is a folding map. Then (M,χ) is isomorphic with (U∗(N),χ∗).

We conclude this section with two useful results concerning folding maps. The first general-
izes a result from [29, p. 618]. As part of this, we first present a construction that associates a
network F(M) to a MUL-tree (M,χ).

Definition 5. Let (M,χ) with M = (D,U) be a MUL-tree on S and (M′,χ) with M′ = (D′,U ′) be
its simple subdivision. Now we construct a digraph N = (W,F) as follows:

For each x ∈ S find all the arcs in M′ whose head is contained in χ(x) and identify them to
obtain a digraph N = (W,F). To be more precise, for x ∈ S define Ux ⊆U as the set of all arcs in
M that are incident with a leaf l with l ∈ χ(x). If |χ(x)| ≥ 2, then every arc e = (u,v) ∈Ux of M is
replaced by the path (u,ve,v) to obtain M′, where ve /∈ D. For each x ∈ S, let U∗x be the set of all
such new arcs (ve,v), where (u,v)∈Ux. Hence, |U∗x | ≥ 2. Now, we obtain the digraph N = (W,F)
(with leaf set S and possibly with multi-arcs) by identifying for each x ∈ S all the arcs in U∗x that
yield the unique arc (par(x),x) in N. By construction, all vertices in D\L(M) are still contained
in N.

See Fig. 4 and 5 for illustrative examples of Definition 5. In fact, the digraph N as in Definition
5 is a network as shown in the following

Lemma 4. Let (M,χ) be a MUL-tree on S, let (M′,χ) denote its simple subdivision and let N be
the digraph as in Definition 5. Then, N is a network.

Proof. Let M = (D,U), M′ = (D′,U ′) and N = (W,F) be the digraph as in Definition 5.
To see that N is a network, note first that, by construction, N satisfies Property (N2). To see

Properties (N1) and (N3), suppose that x ∈W . If x ∈ D \L(M), then, again by construction, the
indegree and outdegree of x in N is the same as the indegree and outdegree of x in M. Hence,
Property (N1) holds in case x is the root of M and Property (N3) holds if x is an inner vertex of M
distinct from the root. Now, assume that x is a leaf of N. By construction, there is a unique arc
(y,x) in N. If y ∈ D, then, again by construction, the indegree and outdegree of x in N is the same
as the indegree and outdegree of x in M. So assume that y /∈ D. Then |U∗x | ≥ 2. It follows that
the indegree of y in N is at least 2. Since, again by construction, the outdegree of y must be 1, it
follows that y is a hybrid vertex of N. Thus, N satisfies Property (N3). Therefore, N is indeed a
network.

Lemma 5. Every MUL-tree (M,χ) on S can be folded into a network on S. The network as well
as the underlying folding map can be constructed in polynomial time.

Proof. Let (M,χ) with M = (D,U) be a MUL-tree on S and let (M′,χ) with M′ = (D′,U ′) be
its simple subdivision and let N = (W,F) be the digraph as in Definition 5. By Lemma 4, N is a
network.

We next show that there exists a folding map f : (M′,χ)→ N of (M′,χ) into N. To see this
consider first the map fV : D′→W given by

fV (v) =

{
v if v ∈ D
tN(ex) else.
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Figure 4: Left, a MUL-tree (M,χ) and its simple subdivision (M′,χ) (middle panel). In the right panel,
a network N that is obtained from (M′,χ) by identifying the two arcs e and e′ to obtain the arc (y,C) in
N, and the arcs f , f ′ and f ′′ to obtain the arc (x,B) in N. In addition, the identification of f and f ′ (resp.
e and e′) yields the two multi-arcs between a and x (resp. b and y) in N, see Definition 5 for details.
Note that N is the “fold up” of (M′,χ) and, therefore, also of (M,χ).

By construction, fV is surjective. To obtain the map fE : U ′ → F , let us first examine in more
detail the MUL-tree M, its simple subdivision M′ and the network N. Let x ∈ S. If |χ(x)| ≥ 2,
then each arc e=(a,b)∈Ux in M is replaced by the path (a,be,b) to obtain M′ and fV (be)= tN(ex)
and fV (b) = x. Note that N may contain multi-arcs. More precisely, the construction implies that
there are multi-arcs f1, . . . , f`, `≥ 2 between two vertices u and v in N with v≺N u if and only if
f−1
V (u) = a ∈ D and a is adjacent in M to exactly ` leaves b1, . . .b` with bi ∈ χ(x) for some x ∈ S

and 1 ≤ i ≤ `. In other words, there are exactly ` ≥ 2 arcs e1, . . . ,e` in Ux with tM(ei) = a. Now,
we put fE(ei) = fi for all such arcs ei ∈Ux, 1≤ i≤ ` and x ∈ S. For all other arcs e = (u,v) ∈U ′

that do not result in multi-arcs in N, we put fE(e) = ( fV (u), fV (v)). By construction fE is clearly
surjective. Leaving the details of the proof to the interested reader, it is also not difficult to see
that f satisfies Properties (F1) - (F3). Thus, f is a folding map of (M′,χ) into N. By Definition 4
and since M′ is a subdivision of M, it follows that the MUL-tree (M,χ) can be folded into N.

Finally, all construction steps to obtain N and f can obviously be carried out in polynomial
time.

Our second result shows that folding maps are ancestor preserving.

Lemma 6. Let f = ( fV , fE) be folding map from a pseudo MUL-tree (M = (D,U),χ) on S into
a network N = (W,F) on S. Then, for any a,b ∈D∪U with a�M b, we have g(a)�N g(b) where
g(x) with x ∈ {a,b} is fV (x) if x ∈ D and fE(x) otherwise. In particular, if a and b are distinct
and not both contained in U, then g(a)≺N g(b).

Proof. First assume that a,b ∈U and a�M b. W.l.o.g. we may assume that a≺M b as for a = b
the lemma trivially holds. Then, there is a (possibly single-vertex) directed path P from hN(b)
to tN(a). Let us denote the vertices crossed by P by hN(b) = v1, . . . ,vk = tN(a) (in order of their
appearance in P) and, in case k ≥ 2, let ei = (vi,vi+1) ∈U , 1 ≤ i < k. Moreover, let v0,vk+1 ∈ D
such that b = (v0,v1) and a = (vk,vk+1). By Property (F1), we have fV (vi+1) ≺N fV (vi) for all
0≤ i≤ k. Therefore, fE(a)≺M fE(ek−1)≺N · · · ≺N fE(e1)≺N fE(b).

Now assume that a ∈ U , b ∈ D and a �M b. Then there is an arc e with tail tM(e) = b.
Hence, a �M e. By the previous argument we have fE(a) �N fE(e) and Property (F1) implies
fE(e)≺N fV (b).

Now assume that a ∈D, b ∈U and a�M b. Then there is an arc e with tail hM(e) = a. Similar
arguments as in the previous case show again that fV (a)≺N fE(b).

Finally, assume that a,b∈D. If a = b, then clearly fV (a) = fV (b). So assume a 6= b and, thus,
a ≺M b. Then, there is an arc e with tM(e) = b and an arc e′ with hM(e′) = a. Similar arguments
as in the previous cases combined with Property (F1) imply that fV (a) ≺N fE(e′) �N fE(e) ≺N

fV (b).
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7 Existence of Reconciliation Maps to Networks
In Fig. 2, we presented an example which shows that if there is a TreeNet-reconciliation map
from an event-labeled gene tree (T ; t,σ) to a network N, then N does not need to display all
informative triples in S(T ; t,σ). In fact, the network may display species triples that are not
supported by (T ; t,σ). For example, the network in Fig. 2 displays the triple BC|A although
AB|C ∈ S(T ; t,σ). In other words, a network N, for which a TreeNet-reconciliation map from
(T ; t,σ) to N exists, does not need to preserve much (or possibly even any) of the structure of
T . Thus, the question arises as to whether there always exists a TreeNet-reconciliation map from
(T ; t,σ) to some network? In Theorem 5, the main result of this section, we show that this is
indeed always the case.

To establish Theorem 5, we first define reconciliation maps between event-labeled gene trees
and pseudo-MUL-trees, a topic that has recently been studied in a somewhat different form in
[21]. Then, we show how to associate to any event-labeled gene tree (T ; t,σ) a MUL-tree
(M(T ; t,σ),χ) such that (T ; t,σ) can be reconciled with this MUL-tree via some map κ(T ;t,σ).
Using the notion of a “combined reconciliation map”, we then exploit κ(T ;t,σ) to define a recon-
ciliation map between (T ; t,σ) and the fold up of (M(T ; t,σ),χ).

Definition 6 (Reconciliation map to a pseudo MUL-tree). Suppose that S is a set of species, that
M = (D,U) is a pseudo MUL-tree on S, and that (T ; t,σ) is an event-labeled gene tree on G.

Then, we say that (M,χ) is a pseudo MUL-tree for (T = (V,E); t,σ) if there is a map κ : V →
(D\D1)∪U such that, for all x ∈V :

(M1) Leaf Constraint. If x ∈G then κ(x) ∈ L(M) and κ(x) ∈ χ(σ(x))

(M2) Event Constraint.

(i) If t(x) = s and x has children x1, . . . ,xk, k ≥ 2, then κ(x) ∈ D\L(M) and there exists a
directed path Pi from κ(x) to κ(xi) and a directed path Pj from κ(x) to κ(x j) for two
distinct i, j ∈ {1, . . . ,k} such that, in M, the first arc on Pi is incomparable with the first
arc on Pj.

(ii) If t(x) = d, then κ(x) ∈U.

(M3) Ancestor Constraint.
Let x,y ∈V with x≺T y, then we distinguish between the two cases:

(i) If t(x) = t(y) = d, then κ(x)�M κ(y),
(ii) otherwise, i.e., at least one of t(x) and t(y) is a speciation s, κ(x)≺M κ(y).

We call κ the MUL-reconciliation map from (T ; t,σ) to M.

Note that Properties (M1), (M2.ii) and (M3) are canonical extensions of the Properties (R1),
(R2.ii) and (R3) of TreeNet-reconciliation maps. Moreover, Property (M2.i) and the fact that
M has no hybrid vertices implies the following weaker property for all x ∈ D: if t(x) = s and
x has at least two children, then there exist two children x1 and x2 such that κ(x1) and κ(x2)
are incomparable in M. However, the converse implication does not always hold. Moreover,
Property (M2.i) cannot be weakened to establish results for TreeNet-reconciliation maps based on
MUL-reconciliation maps and particular foldings.

We next provide a construction that allows us to associate a MUL-tree to an event-labeled
gene tree. Suppose (T ; t,σ) is an event-labeled gene tree. Let (M(T ; t,σ),χ) denote the MUL-
tree obtained from (T ; t,σ) as follows: First replace every leaf of T by its label under σ . Next,
add an incoming arc to the root of T to obtain a tree with root having outdegree 1. The resulting
MUL-tree is M(T ; t,σ). To obtain χ , we put χ(x) = {l ∈ L(T ) | σ(l) = x}, for all x ∈ S.

Definition 7. Suppose that (T = (V,E); t,σ) is an event-labeled gene tree. Then we call the MUL-
tree (M(T ; t,σ),χ) the MUL-tree for (T ; t,σ). Furthermore, putting M(T ; t,σ) = (D,U) we refer
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to the map κ(T ;t,σ) : V →D∪U given by putting κ(T ;t,σ)(x) = σ(x) if x ∈V and, for all x ∈V 0, by
putting κ(T ;t,σ)(x) = x if t(x) = s and κ(T ;t,σ)(x) = ex otherwise as the (trivial) map from (T ; t,σ)
to (M(T ; t,σ),χ)

Lemma 7. The map κ(T ;t,σ) is a MUL-reconciliation from (T ; t,σ) to (M(T ; t,σ),χ).

Proof. For simplicity let M := M(T ; t,σ). By definition, κ := κ(T ;t,σ) satisfies (M1), (M2.ii) and
(M3). To see that κ is a MUL-reconciliation map, it thus remains to show that Property (M2.i) is
satisfied. Let x be a vertex in T with t(x) = s and with children x1, . . . ,xk, k ≥ 2. By definition,
κ(x)∈D\L(M). Now let xi and x j be two distinct children of x. By construction of M, all vertices
of T are contained in M. However, to make the reading easier, we denote by v′ the vertices in
M that correspond to vertex v in T . Each of the two vertices xi and x j may be a leaf or an inner
vertex equipped with a particular event s or d. A straight-forward case analysis and the fact that
κ(xl) is either x′l or the arc ex′l where l ∈ {i, j} together with Property (M3) shows that in either
case we have x′i �M κ(xi)≺M κ(x) and x′j �M κ(x j)≺M κ(x). Note that, by construction, the path

from κ(x) to κ(xi) is the arc ex′i and the path from κ(x) to κ(x j) is the arc ex′j . Since, M is a tree
and xi and x j are incomparable in T the vertices x′i and x′j as well as the arcs ex′i and ex′j must be
incomparable in M. Therefore, (M2.i) is also satisfied.

Calling the map κ(T ;t,σ) the trivial MUL-reconciliation map, we now prove a technical result
which will allow us to link trivial MUL-reconciliation maps with foldings.

Lemma 8. Suppose that (T ; t,σ) is an event-labeled gene tree and that (M,χ) is a MUL-tree. If
there is a MUL-reconciliation map from (T ; t,σ) to (M,χ), then there is a MUL-reconciliation
map from (T ; t,σ) to any subdivision (M′,χ) of (M,χ).

Proof. Let κ be a MUL-reconciliation map from an event-labeled gene tree (T = (V,E); t,σ) to
some MUL-tree (M = (D,U),χ) and (M′,χ) be a subdivision of (M,χ). For each arc e = (u,v)
of M that is subdivided in the construction of M′ by a directed path Puv from u to v in M′ we denote
by e∗ the last arc in Puv. If e is not subdivided, we put e∗ = e. For all v ∈V put

κ
′(v) =

{
κ(v) if κ(v) ∈ D
κ(v)∗ else.

It is now straight-forward to see that κ ′ is a MUL-reconciliation map from (T ; t,σ) to (M′,χ).

We are now in the position to establish the main result of this section.

Theorem 5. Given a MUL-reconciliation map κ from an event-labeled gene tree (T =(V,E); t,σ)
to a pseudo MUL-tree (M,χ), and a folding map f from (M = (D,U),χ) to a network N = (W,F).
Then, the map µκ, f : V →W ∪F defined by putting for every v ∈V

µκ, f (v) =

{
fV (κ(v)) if κ(v) ∈ D,

fE(κ(v)) otherwise,

is a TreeNet-reconciliation map from (T ; t,σ) and N.

Proof. We need to show that µ := µκ, f satisfies Properties (R1) – (R3).
To see Property (R1), let x ∈ G. Since Property (M1) is satisfied for κ we have κ(x) ∈ L(M)

and κ(x) ∈ χ(σ(x)). By Property (F2) and the construction of µ , we have µ(x) = fV (κ(x)) =
σ(x). Thus, Property (R1) holds.

To see Property (R2.i), let x ∈ V be a vertex with t(x) = s and children x1, . . . ,xk, k ≥ 2. We
need to show that µ(x) ∈ Q2

N(µ(x1), . . . ,µ(xk)). By (M2.i), there exists a directed path Pi from
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Figure 5: In Panel (1), we depict an event-labeled gene tree (T ; t,σ). Speciation and duplication events
are represented as • and �, respectively. The corresponding MUL-tree (M(T ; t,σ),χ) and the simple
subdivision (M′,χ) of (M(T ; t,σ),χ) are shown in Panels (2) and (3), respectively. As shown in the
proof of Lemma 5, (M′,χ) can be folded onto N (Panel (4)). Here, N is obtained from (M′,χ) by
identifying the arcs e and e′ that yield the arc (z,A) in N, the arcs f and f ′ that yield the arc (y,B) in
N, and the arcs g and g′ that yield the arc (x,D) in N. By Definition 4 and since M′ is a subdivision of
M(T ; t,σ), the MUL-tree (M(T ; t,σ),χ) can be folded onto N.
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κ(x) to κ(xi) in M and a directed path Pj from κ(x) to κ(x j) in M for two distinct i, j ∈ {1, . . . ,k}
such that in M the first arc on Pi is incomparable with the first arc on Pj. Let ai and a j be the
first arc on Pi and Pj, respectively. Hence, tM(ai) = tM(a j) = κ(x) and, since f is a folding map,
Property (F1) implies that tN( fE(ai)) = tN( fE(a j)) = fV (κ(x)). The latter together with (F1)
implies that ai and a j are mapped in N to either the same arc or to two distinct arcs that share the
same tail.

Assume first that fE(ai) = fE(a j) = e and put v = κ(x). Then, fV (v) = tN(e) and ã ∈ {ai,a j}
is an arc in M that satisfies fE(ã) = e and tM(ã) = v; contradicting Property (F3). Therefore, ai

and a j must be mapped in N to two distinct arcs ei and e j, respectively, that share the same tail.
Since, ei 6= e j and tN(ei) = tN(e j) = fV (κ(x)), the arcs ei and e j are incomparable in N. Combined
with Property (M3) and Lemma 6 it follows that there is a path P′i from µ(x) to µ(xi) in N that
contains ei and a path P′j from µ(x) to µ(x j) in N that contains e j. Thus, µ(xi) and µ(x j) are
separated by µ(x). Therefore, µ(x) ∈ Q2

N(µ(x1), . . . ,µ(xk)).
Clearly, Property (R2.ii) follows from the fact that κ satisfies (M2.ii), that fE maps an arc of

M to an arc of N and the construction of µ .
It remains to show that Property (R3) is satisfied. Suppose that x,y ∈V with x≺T y. Clearly,

x 6= y. If t(x) = t(y) = d, then κ(x) �M κ(y) in view of Property (M3.i). Lemma 6 implies that
µ(x) �N µ(y). Thus, Property (R3.i) is satisfied. Now assume that at least one of t(x) or t(y) is
a speciation vertex. Property (M3.ii) implies that κ(x) ≺M κ(y). Note that not both of κ(x) and
κ(y) can be contained in U . Again, Lemma 6 implies that µ(x) ≺N µ(y). Therefore, (R3.ii) is
also satisfied by µ .

In summary, it follows that µ is a TreeNet-reconciliation map from (T ; t,σ) to N.

Corollary 3. Given any event-labeled gene tree (T ; t,σ), there exists a species network N for
(T ; t,σ). Moreover, the network N as well as the TreeNet-reconciliation map from (T ; t,σ) to N
can be constructed in polynomial time.

Proof. Let κ(T ;t,σ) be the trivial MUL-reconciliation from (T ; t,σ) to (M,χ) with M :=M(T ; t,σ)
(which is a reconciliation map by Lemma 7). Moreover, let (M′,χ) be the simple subdivision of
(M,χ). Let N be the network as constructed in the proof of Lemma 5 and let f denote the
underlying folding map from M′ to N. Lemma 8 implies that there is a reconciliation map κ ′ from
(T ; t,σ) to (M′,χ). Then, by Theorem 5, the composed reconciliation map µκ ′, f is a reconciliation
map from (T ; t,σ) to N. Hence, N is a species network for (T ; t,σ).

Finally, Lemma 5 implies that the network N and the folding map f can be constructed in
polynomial time. Furthermore, the construction of κ and thus, of κ ′ as well as of µκ ′, f can be
done in polynomial time. This proves the second part of the corollary.

8 Existence of Reconciliations for Multi-Arc Free Net-
works
In the last section, we showed that every event-labeled gene tree can be reconciled with some
network. An important assumption in this result is that the network is permitted to contain multi-
arcs. Although not unreasonable, in practice (and in much of the literature on networks) it can be
desirable to restrict attention to networks which do not have multi-arcs.

Definition 8. An event-labeled gene tree (T ; t,σ) is well-behaved if given any v∈V with t(v) = s,
for every child v′ of v in T there is another child v′′ of v in T with σ(LT (v′)) 6= σ(LT (v′′)).

Equivalently, an event-labeled gene tree (T ; t,σ) is well-behaved if for all speciation vertices v
in T , σ(LT (v1)) = σ(LT (v2)) = · · ·= σ(LT (vk)) does not hold for v1,v2 . . .vk, k≥ 2, the children
of v. The latter is a reasonable and a quite weak restriction as in many applications the stronger
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condition σ(LT (v′))∩σ(LT (v′′)) = /0 for any two distinct children v′ and v′′ of a speciation vertex
is (at least implicitly) required; see e.g. [26, 34, 35, 41, 56]. In this section, we show that for
every well-behaved event-labeled gene tree (T ; t,σ) there is a TreeNet-reconciliation map to some
network N without multi-arcs and that, in addition, N displays all triples in S(T ; t,σ).

To this end, we will first take the folding of the simple subdivision (M′,χ) of (M(T ; t,σ),χ) to
obtain a network N, as specified in Definition 5 and the proof of Lemma 5. However, this network
may contain multi-arcs (see Fig. 4). To adjust for this, one may be tempted to simply remove
multi-arcs and subsequently suppress degree two vertices. This, however, can be problematic
as it may result in a network N′ for which no folding map from M′ to N′ exists. For example,
consider the network N depicted in Fig. 4 (right). The removal of one of the arcs between y and b,
yields a graph which is not a network (since then vertex y has in- and outdegree one). Additional
suppression of y results in a network N′, for which no folding map from the pseudo MUL-tree
M′ pictured in Fig. 4 (center) exists, since Property (F1) is violated for the resulting arc in N and
vertex b of M′. Since there is no folding map from (M′,χ) to N′, we can cannot apply Theorem 5
to conclude that there is a TreeNet-reconciliation map from (T ; t,σ) to N′ (if there is one).

In order to obtain a multi-arc free network from N for which there is a TreeNet-reconciliation
from (T ; t,σ), we next provide an alternative approach. For this, we need to define two sets which
will turn out to be helpful in the construction of multi-arc free networks from networks that may
contain multi-arcs.

Definition 9. Let N = (W,F) be a network on S. For each x ∈ S, we denote by WN
x the inclusion-

maximal subset of vertices of W that comprises all vertices v ∈W that satisfy x≺N v and LN(v) =
{x}.

Moreover, we define VN
x ⊆W as the set of all vertices z ∈W with z /∈WN

x and there is an arc
(z,w) in N with w ∈WN

x .

To illustrate theses two sets consider the bottom left network N depicted in Fig. 6. Then WN
x

consists of all vertices v in N that are highlighted by colored “?” and that satisfy v �N x for the
particular leaf x ∈ S. Thus, the set W1 =W \∪x∈S′(W

N
x ∪{x}) where S′ denotes the set of all x ∈ S

with WN
x 6= /0 is the set W1 = {1,2,3,4}.

Lemma 9. Let N = (W,F) be a network on S. Then, the following statements are satisfied.

(i) x 6∈WN
x , for all x ∈ S.

(ii) For all x ∈ S, if v ∈WN
x , then every vertex u ∈W with u≺N v and u 6= x must be contained in

WN
x .

(iii) There are no arcs between WN
x and WN

y and WN
x ∩WN

y = /0, for all x,y ∈ S distinct.

(iv) If WN
x 6= /0, then VN

x 6= /0

Proof. Property (i) is trivially satisfied, since x 6≺N x.
For Property (ii), assume for contradiction that there exists some v ∈WN

x and some vertex
u ∈W with u ≺N v and u 6= x that is not contained in WN

x . Then LN(u) 6= {x} and since v �N u
also LN(v) 6= {x}; a contradiction.

We continue with Property (iii). In view of Lemma 9(ii), there are no arcs (u,v) ∈ F with
u ∈WN

x and v /∈WN
x and thus, in particular, no arcs (u,v) ∈ F with u ∈WN

x and v ∈WN
y for all

distinct x,y ∈ S. By construction, WN
x ∩WN

y = /0, for all distinct x,y ∈ S.
For Property (iv), assume for contradiction that WN

x 6= /0 but VN
x = /0. Hence, there is no arc

(z,w) ∈ F with z /∈WN
x and w ∈WN

x . Thus, ρN ∈WN
x ; a contradiction to ρN �N z for all z ∈ S and

|S|> 1.

In what follows, we wish to modify a network N with multi-arcs to a network N∗ without
multi-arcs. To this end, we will replace entire subgraphs of N by specified arcs or vertices which
eventually leads to the multi-arc free network N∗. We give a formal description of the approach
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Figure 6: In the upper part, an event-labeled gene tree (T ; t,σ) is shown where, for simplicity, all
leaf labels v ∈ G are replaced by σ(v) ∈ S = {A,B,C,D,E}. Speciation and duplication events are
represented as • and �, respectively. In the lower-left part, the network N = (W,F) obtained from the
simple subdivision (M′,χ) of (M(T ; t,σ); χ) as in Definition 5 (ignoring the “?”-labels of the non-leaf
vertices). In the lower-right part, the network N∗ constructed from N as specified in Definition 10.
Using the vertex labels in (T ; t,σ), we indicate the TreeNet-reconciliation map µ∗ from (T ; t,σ) to N∗

as specified in the proof of Proposition 4 in terms of the µ∗-images on the respective vertices and arcs
in N∗.
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to first construct a DAG N∗ from a given network N. As we shall see in Proposition 3, this DAG
N∗ is indeed a multi-arc free network.

Definition 10. Let N = (W,F) be a network on S. The DAG N∗ is obtained from N as follows:

First, for all x ∈ S with WN
x 6= /0 and |VN

x | = 1, remove all vertices in WN
x and all arcs in F

incident to vertices in WN
x from N and add the arc (z,x) to N with z ∈ VN

x .

Second, for all x ∈ S with WN
x 6= /0 and |VN

x | > 1, remove all vertices in WN
x and all arcs in F

incident to vertices in WN
x from N and add a new vertex wx and one arc (z,wx) for all z∈VN

x
and the arc (wx,x) to N.

The sets WN
x and VN

x as well as the construction of N∗ are illustrated in Fig. 6.

Proposition 3. Let (T ; t,σ) be an event-labeled gene tree on G and let N be a species network on
S obtained from the simple subdivision of the MUL-tree (M(T ; t,σ),χ) as in Definition 5. Then
N∗ obtained from N by Def. 10 is a multi-arc free species network on S and the construction of
N∗ can be done in polynomial time.

Proof. In what follows, let T =(V,E), N =(W,F) and M(T ; t,σ)= (D,U). To help keep notation
at bay, we assume for simplicity that V = D\ ({ρM(T ;t,σ)}∪G).

Now, we construct the DAG N∗ from N as in Definition 10. Clearly, N∗ has leaf set S. To
show that N∗ is a multi-arc free network, we first analyze for some x ∈ S the sets WN

x and VN
x .

Note, if WN
x 6= /0, then Lemma 9(iii) implies that VN

x 6= /0, Thus, we examine the following three
mutually exclusive cases:

(I) WN
x = /0,

(II) WN
x 6= /0 and |VN

x |= 1, or

(III) WN
x 6= /0 and |VN

x |> 1.

We interrupt the proof of the proof of the proposition to illustrate these cases by means of
the bottom left network in Fig. 6. Then the set WN

A = /0 satisfies Case (I). For B,D ∈ S, we have
WN

B 6= /0 and VN
B = {2,3} and WN

D 6= /0 and VN
D = {3,4} and hence, Case (III) is satisfied. For

C,E ∈ S, we have WN
C 6= /0 and VN

C = {3} and WN
E 6= /0 and VN

E = {4} and hence, Case (II) is
satisfied.

We continue with the proof of the proposition by taking a closer look at potential multi-arcs
in N. By construction of N and since (T ; t,σ) has no multi-arcs, there are exactly `≥ 2 multi-arcs
between some vertices u and v in N with v ≺N u if and only if there are exactly ` arcs e1, . . . ,e`
incident to u in (T ; t,σ) with σ(hT (ei)) = x, 1 ≤ i ≤ `. Put differently, if there are multi-arcs
between two vertices u and v in N with v ≺N u, then, we have in N that v = par(x) for some
x ∈ S and the outdegree of par(x) is one. In particular, par(x) ∈WN

x which implies WN
x 6= /0. We

summarize the latter observation for

Case (I): Let x ∈ S such that WN
x = /0. Then the construction of N from M(T ; t,σ) implies that

there are no multi-arcs in N between the (unique) parent par(x) of x and any of the vertices y that
are parents of par(x). Therefore, if WN

x = /0 for all x ∈ S, then N is a network without multi-arcs.
In this case, we put N∗ = N.

Case (II): Let x ∈ S such that WN
x = {w1, . . . ,wn}, n ≥ 1, and VN

x = {z}. According to Defini-
tion 10, we remove all vertices in WN

x and all arcs in F incident to vertices in WN
x from N and

add the arc (z,x) to N to obtain an acyclic digraph N′ = (W ′,F ′). By Lemma 9(ii), there is no
arc (wi,u) in N with u /∈WN

x and u 6= x. Thus, the ancestor relationship between any vertices in
N that are still contained in N′ (and thus, not contained in WN

x ) is preserved. Put differently, if
u,v ∈W ∩W ′ with u�N v then u�N′ v.
We next show that N′ is a network and thus, satisfies Properties (N1), (N2) and (N3). By con-
struction, Property (N1) is clearly satisfied for N′. Furthermore, Property (N2) clearly holds for
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all y ∈ S \ {x}. Since all vertices WN
x have been removed and only the arc ex has been added,

vertex x is an outdegree-0 vertex in N′. Therefore, N′ satisfies Property (N2).
To see Property (N3), observe first that the degrees of the vertices in N′ that are not incident to
vertices in WN

x remain the same as in N. Thus, N′ satisfies Property (N3) for all such vertices.
Moreover, since all vertices WN

x have been removed and only the arc ex has been added, it
remains to analyze the degree of the vertex z := hN(ex) in N′. In the context of this, we claim
that z is a tree vertex of N′. To see this, note that in N, vertex z cannot have indegree greater than
one, as otherwise, the outdegree of z must be one in N and thus, z ∈WN

x ; a contradiction. Thus,
the indegree of z is one in N and, by construction, the indegree of z remains one in N′. Since
N satisfies (N3), the outdegree of z is greater than one in N. However, not all children of z in
N can be contained in WN

x as otherwise, z ∈WN
x ; a contradiction. Thus, there is a child z′ of z

with z′ /∈WN
x . Since the removal of Wx

N and the respective incident arcs as well as the addition
of the arc ex does not affect any arc between z and and its children z′ with z′ 6∈WN

x , it follows
that the arc(s) between z and z′ remain in N′. Thus, z still has outdegree greater than one in
N′. Moreover, there is no vertex wi ∈WN

x with wi �N z, as otherwise, Lemma 9(ii) implies that
z ∈WN

x ; a contradiction. Hence, the unique arc (par(z),z) has not been removed and still exists
in N′. Therefore, z has indegree one in N′. Consequently, z is a tree vertex in N′, as claimed. In
summary, N′ satisfies (N1)-(N3) and thus, remains a network.
By construction and the latter arguments, x has exactly one parent par(x) = z in N′ and z has at
least one child z′ with z′ 6∈WN

x and this child z′ remains in N′. Therefore, WN′
x = /0 in N′. In

addition, Lemma 9(iii) implies that WN
a ∩WN

b = /0 and that there are no arcs between WN
a and

WN
b for all distinct a,b ∈ S. Therefore, WN′

a =WN
a for all a ∈ S\{x} in N′. Put differently, the

sets WN
a remain unchanged in N′ for all a ∈ S\{x}.

Case (III): Let x ∈ S such WN
x 6= /0 and |VN

x | > 1. According to Definition 10, we remove all
vertices in WN

x and all arcs in F incident to vertices in WN
x from N and add a new vertex wx and

one arc (z,wx) for all z ∈ VN
x and the arc (wx,x) to N to obtain an acyclic digraph N′. Note that,

as in Case (II), the ancestor relationship between any two vertices in N that are also contained in
N′ is preserved.
We show next that N′ is a network. By construction, Properties (N1) and (N2) are satisfied for
N′. It remains to show that N′ satisfies Property (N3). Since all vertices WN

x have been removed
and new arcs have been added only between vertices in VN

x , wx and x, we can conclude that if z
is not adjacent with a vertex in WN

x , then the indegree and outdegree of z in N is the same as the
indegree and outdegree of z in N′. So assume that z ∈ VN

x ∪{wx}.
Assume first that z ∈ VN

x . We claim again that z is a tree vertex of N′. As observed in Case
(II), any vertex z ∈ VN

x must have indegree one in N and there is a child z′ with z′ /∈WN
x . The

construction of N′ does not affect any arc between z and z′. Thus, every arc between z and a
child z′ /∈WN

x is also an arc in N′. Combined with the fact that, by construction, we have added
the arc (z,wx), it follows that z ∈ VN

x has outdegree greater than one in N′. Moreover, there is no
vertex wi ∈WN

x with wi �N z, as otherwise, Lemma 9(ii) implies that z ∈WN
x ; a contradiction.

Hence, the unique arc (par(z),z) has not been removed and is also an arc N′. Therefore, z has
indegree one in N′. Thus, z is a tree vertex in N′, as claimed.
Finally, assume that z = wx. Then, by construction, the indegree of z in N′ is |VN

x |> 1 in N′ and
the unique child of z is x. Thus, z is a hybrid vertex in N′. In summary, N′ satisfies (N1)-(N3)
and thus, is a network.
It is easy to see that WN′

x = {wx}, where wx is not contained in any multi-arcs. Note also that, as
in Case (II), we have WN

a =WN′
a for all a ∈ S\{x}.

In the latter construction, we modified N in Cases (II) and (III) for a specific vertex x ∈ S to
obtain a network N′.

We complete the proof by associating a species network N∗ to N as follows. Bearing in mind
Case (I), we first apply to all vertices x ∈ S for which WN

x 6= /0 and |VN
x | = 1 holds, one after
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another, the construction described in Case (II). This yields a network N′ such that WN′
x = /0 for

all vertices x in N that satisfy Case (II). Hence, all such “Case (II)” vertices of N satisfy Case (I)
in N′. Moreover, in each single modification step, the sets WN′

a have remained unchanged for all
vertices a∈ S that have not been considered thus far. Applying, one after another, the construction
described in Case (III) to all x ∈ S for which x ∈WN′

x 6= /0 and |VN′
x | > 1 holds results in the

digraph N∗ as constructed in Definition 10. Arguing for all vertices x that satisfy the conditions
of Case (III) as in the proof for the “Case (II)” vertices of N, implies that WN∗

x = {wx} in N∗ and
that wx is not contained in any multi-arc.

In summary, none of the applications of the constructions described in the proofs of Cases (II)
and (III), respectively, introduces a multi-arc. Moreover, every x ∈ S satisfies WN∗

x = /0 or
WN∗

x = {wx} such that wx is not contained in any multi-arc. This, and the arguments preced-
ing the discussion of Case (I) in the proof, imply that N∗ is a multi-arc free network.

Finally, Corollary 3 implies that the network N can be constructed in polynomial-time. More-
over, it is easy to see that the sets WN

x and VN
x , x ∈ S, as well as the construction steps carried

out in the Cases (II) and Case (III) to transform N into N∗ can be performed in polynomial-time.
Hence, N∗ can be obtained from (T ; t,σ) in polynomial-time.

Now, let (T ; t,σ) be an event-labeled gene tree, and let N = (W,F) be the network associated
to the simple subdivision M′ of M = M(T ; t,σ) as detailed in Definition 5. Let N∗ = (W ∗,F∗)
be the network without multi-arcs obtained from N by the constructions detailed in Definition 7
and Proposition 3. As argued in the proof of Corollary 3, there is always a TreeNet-reconciliation
map µκ ′, f from (T ; t,σ) to N. The proof is, in particular, based on the fact that there is a folding
map f from M′ to N. However, such a folding map may not exist for M′ and N∗. Therefore, we
will slightly adjust the map µκ ′, f to obtain a TreeNet-reconciliation map µ∗ from (T ; t,σ) to N∗.

To this end, we partition the vertex set of the original network N = (W,F) as follows.

Definition 11. Let N = (W,F) be a network on S and let S′ be the set of all x ∈ S with WN
x 6= /0

holding. Put
W1 =W \W2 and W2 =

⋃
x∈S′

(WN
x ∪{x})

and
F1 = {a ∈ F | hN(a), tN(a) ∈W1}.

Clearly, W1 and W2 form a partition of W . By Lemma 9(iii), there are no arcs (u,v) ∈ F with
u ∈WN

x and v /∈WN
x and WN

x ∩WN
y = /0 for all distinct x,y ∈ S. As an immediate consequence,

we obtain the following

Observation 1. The subgraphs N[W1] of N and N∗[W1] of N∗ induced by W1 coincide, i.e., N[W1] =
N∗[W1].

Definition 12. Let (T = (V,E); t,σ) be an event-labeled gene tree on G and let N = (W,F) be
a network on S such that there is a TreeNet-reconciliation map µ from (T = (V,E); t,σ) to N.
Moreover, let N∗ = (W ∗,F∗) be the multi-arc free network on S as in Definition 10 and let W1 and
F1 be defined for N as in Definition 11. The map µ∗ : V →W ∗ ∪F∗ (w.r.t. µ) is defined for all
v ∈V as follows:

• If v ∈G, or t(v) = s, or t(v) = d and µ(v) ∈ F1, then put µ∗(v) := µ(v).

• Otherwise, there must exist a leaf x ∈ S such that either hN(µ(v)) ∈WN
x or hN(µ(v)) = x,

and we put µ∗(v) := (par(x),x).
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Consider the event-labeled tree (T ; t,σ) depicted in Fig. 6 and the network N∗ constructed
from (T ; t,σ) as specified in Proposition 4. The map µ∗ is indicated in the bottom right net-
work in Fig. 6. In what follows, we show that µ∗ is well-defined and, in particular, a TreeNet-
reconciliation map from (T ; t,σ) to N∗.

Proposition 4. Let (T = (V,E); t,σ) be a well-behaved event-labeled gene tree on G, let N be the
network on S associated to the simple subdivision of (M(T ; t,σ),χ) as in Definition 5, and let N∗

be the multi-arc free network on S as in Definition 10.
Then, µ∗ as in Def. 12 is a TreeNet-reconciliation map from (T ; t,σ) to N∗.

Proof. In what follows, let N = (W,F), N∗ = (W ∗,F∗) and put M := M(T ; t,σ) = (D,U). More-
over, let W1 and F1 be defined for N as in Definition 11.

Corollary 3 implies that there is always a TreeNet-reconciliation map µ := µκ ′, f from (T ; t,σ)
to N. In what follows, we show that µ∗ (w.r.t. µ) as in Definition 12 is a TreeNet-reconciliation
map from (T = (V,E); t,σ) to N∗.

Note, there may be arcs and vertices in N that have been removed to obtain N∗ and new
vertices and arcs may have been added in the construction of N∗. Hence, in order to show that µ∗

is well-defined, we must ensure that either µ(v) is still contained in N∗ and that, otherwise, if we
assign µ∗(v) = (par(x),x) the condition hN(µ(v)) ∈WN

x or hN(µ(v)) = x is satisfied for this leaf
x ∈ S.

Clearly, if v ∈G, then µ∗(v) = µ(v) = σ(v) is well-defined.
Now suppose that v ∈V 0 with t(v) = s. We claim that µ(v) ∈W1. To see this, note that v must

have two distinct children v′ and v′′ in T for which σ(LT (v′)) 6= σ(LT (v′′)) holds as (T ; t,σ) is
well-behaved. Thus, |σ(LT (v))| > 1. By Properties (R1) and (R3) for µ , we have µ(v) �N x for
all x ∈ σ(LT (v)). Hence, |LN(µ(v))| > 1. Thus, µ(v) ∈W is an inner vertex and there exists no
x ∈ S such that µ(v) ∈WN

x . Thus, µ(v) ∈W1, as claimed. Since none of the vertices in W1 have
been removed from N to obtain N∗, µ(v) is still contained in N∗ for all speciation vertices v of
(T ; t,σ) and we can put µ∗(v) = µ(v) ∈W ∗.

Now suppose that v ∈ V 0 with t(v) = d. If µ(v) = (u,w) ∈ F1, then N[W1] = N∗[W1] implies
that the arc (u,w) still exists in N∗ and we can put µ∗(v) = µ(v) ∈ F∗. If µ(v) = a = (u,w) /∈ F1,
then u /∈W1 or w /∈W1. If u /∈W1, then u∈WN

x for some x ∈ S and Lemma 9(ii) implies that either
w ∈WN

x or w = x. In either case, w is always contained in W1 and hence, w ∈WN
x or w = x (and

thus, a = (par(x),x)) for some x ∈ S. In this case, we put µ∗(v) = (par(x),x) ∈ F∗.
In summary, it follows that µ∗ is well-defined,
To see that µ∗ is a reconciliation map from (T ; t,σ) to N∗, we need to show that Proper-

ties (R1) - (R3) hold. Since Property (R1) clearly holds as µ(v) = σ(v) for all v ∈ G, it suffices
to restrict attention to Properties (R2) and (R3). In what follows, let Vµ ⊆V be the set of vertices
v ∈V such that µ∗(v) = µ(v).

We start with establishing Property (R3). We first recap, that the ancestor relationship between
the vertices in W1 ∪ S has not been changed in N∗, that is, w,w′ ∈W1 ∪ S with w ≺N w′ (resp.
w = w′) in N implies w≺N∗ w′ (resp. w = w′) in N∗. The latter also implies that the relative order
of the arcs (a,b) ∈ F1 under ≺N has not been changed in N∗.

To see Property (R3), suppose that u,v ∈V with v≺T u.
To see Property (R3.i), assume that t(v) = t(u) = d. We need to show that µ∗(v) �N∗ µ∗(u).

Clearly, if u,v ∈ Vµ then µ∗(v) = µ(v) �N µ(u) = µ∗(u) as µ satisfies Property (R3.i). Since
the relative order of the arcs in F1 has not been changed by the construction of N∗ it follows that
µ∗(v)�N∗ µ∗(u). Hence, Property (R3.i) holds in this case.

So assume that u,v 6∈ Vµ . Hence, µ(u) = a ∈ F \F1 and, as argued above, hN(a) ∈WN
x or

a = (par(x),x) for some x ∈ S. Note, µ(v) �N µ(u) = a as µ satisfies Property (R3). This
combined with Lemma 9, implies that there cannot be an arc (w,z) in N with w ∈WN

x and z /∈WN
x

or z 6= x. Thus, for a′ = µ(v) we have tN(a′) ∈WN
x and therefore, hN(a′) ∈WN

x or hN(a′) = x. By
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construction of µ∗ we have, therefore, µ∗(u) = µ∗(v) = (par(x),x). Hence, Property (R3.i) holds
in this case.

Assume next that one of u and v is contained in Vµ whereas the other is not. Note that if u /∈Vµ ,
then µ(u) ∈ F \F1. Similar arguments as in the latter case imply µ(v) ∈ F \F1. Hence, v /∈ Vµ .
Therefore, u ∈ Vµ and v /∈ Vµ must hold. Thus, µ(u) = µ∗(u) ∈ F1 ⊆ F∗ and hN(µ(v)) ∈WN

x
or µ(v) = (par(x),x) for some x ∈ S. Hence, µ∗(v) = (par(x),x). Since µ satisfies Property
(R3.i) in N we have x ≺N µ(v)�N µ(u) = µ∗(u) and, therefore, that x ≺N∗ µ∗(v)�N∗ µ∗(u). In
combination, we obtain that Property (R3.i) is satisfied for all duplication vertices of N.

To see that Property (R3.ii) also holds, assume that at least one of t(u) = s and t(v) = s holds.
If t(v) = s then v ∈Vµ . Again, this implies that u ∈Vµ , since v≺T u, µ satisfies Property (R3.ii)
and Lemma 9(ii) holds. Moreover, Thus, µ∗(v) = µ(v)≺N µ(u) = µ∗(u). Since u,v ∈Vµ and the
ancestor relationships in N are preserved in N∗ for all vertices in W1∪S, it follows that µ∗(v)≺N∗

µ∗(u).
So assume that t(u) = s. Then u ∈ Vµ . Note that we may assume w.l.o.g. that t(v) = d as

otherwise µ∗(v) = µ(v) and µ∗(u) = µ(u) must hold. Thus, similar arguments as before imply
that µ∗(v) ≺N∗ µ∗(v). Note also that we may assume that µ(v) 6∈ F1 as otherwise we have again
that µ∗(v) = µ(v) and µ∗(u) = µ(u) which, in turn, implies µ∗(v)≺N∗ µ∗(v). Then hN(µ(v)) ∈
WN

x or there exists some x ∈ S such that µ(v) = (par(x),x). Hence, µ∗(v) = (par(x),x). Thus,
x ≺N µ(v) ≺N µ(u) = µ∗(u). Since the ancestor relationships in N are preserved in N∗ for all
vertices in W1∪S and since µ∗(v) = (par(x),x) is the lowest possible choice for µ∗(v), it follows
that x ≺N∗ µ∗(v) ≺N∗ µ∗(u). This concludes the proof of Property (R3.ii) and, thus the proof of
Property (R3).

It remains to show that Property (R2) holds. Clearly, by construction of µ∗, Property (R2.ii)
is satisfied in N∗.

To see Property (R2.i), assume that v ∈V with t(v) = s and children v1, . . . ,vk ∈V , k≥ 2. We
need to show that µ∗(v)∈Q2

N∗(µ
∗(v1), . . . ,µ

∗(vk)). Since µ is a TreeNet-reconciliation map from
(T ; t,σ) to N, we clearly have µ(v) ∈ Q2

N(µ(v1), . . . ,µ(vk)). Thus, there exist i, j ∈ {1, . . . ,k}
such that µ(vi) and µ(v j) (note that µ(vi) = µ(v j) might be possible) are separated by µ(v) in N.
Therefore, there exists a vertex w′ ∈W such that (µ(v),w′) is the first arc on a directed path from
µ(v) to µ(vi) in N. Similarly, there exists a vertex w′′ ∈W such that (µ(v),w′′) is the first arc on a
directed path from µ(v) to µ(v j) in N. Note that w′ = w′′ or w′ 6= w′′ might hold. In the first case,
we might have multi-arcs between µ(v) and w′ in N.

Assume first that w′ 6= w′′. We distinguish between the cases that w′,w′′ ∈W1 (Case (C1)) and
that at least one of w′ and w′′ is not contained in W1 (Case (C2)).

Case (C1): Since w′,w′′ ∈W1, we have for all x∈ S that w′,w′′ /∈WN
x . By construction of N∗, both

vertices w′ and w′′ are also contained in N∗. By the definition of µ∗, we have that µ∗(vi) = µ(vi)
in case v ∈ G, or t(v) = s, or t(v) = d and µ(vi) ∈ F1, and that, otherwise, there exists some
x ∈ S such that µ∗(vi) = (par(x),x). Since the ancestor relationship of all vertices in W1 ∪ S
is preserved in N∗ it follows that (µ(v),w′) �N∗ µ∗(vi). Put differently, there exists a directed
path from µ∗(v) = µ(v) to µ∗(vi) in N∗ that contains the arc (µ∗(v),w′). Note that µ∗(vi) =
µ(vi) = (µ∗(v),w′) might hold. Similarly, there exists a directed path from µ∗(v) to µ∗(vi) in
N∗ that contains the arc (µ∗(v),w′′). Hence, µ∗(v) separates µ∗(vi) and µ∗(v j) in N∗. Therefore,
µ∗(v) ∈ Q2

N∗(µ
∗(v1), . . . ,µ

∗(vk)).

Case (C2): W.l.o.g. assume that w′ /∈W1. Thus, either w′ ∈WN
x or WN

x 6= /0 and w′ = x, for
some x ∈ S. We claim that, in N∗, either par(x) = µ(v) or par(x) = wx holds, where wx is the
unique vertex added by replacing WN

x as in Definition 10. To see this, note first that since all
vertices in WN

x and their incident arcs were removed from N and either the arc (µ(v),x) or the
two arcs (µ(v),wx) and (wx,x) were added to obtain N∗ it follows that either par(x) = µ(v) or
par(x) = wx, as claimed. Furthermore, since there is a directed path from µ(v) to µ(vi) in N with
arc (µ(v),w′), we have µ(vi) = (µ(v),w′) or w′ �N µ(vi). Hence, µ(vi) ∈WN

x or µ(vi) = x.
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Note that µ(vi) ∈WN
x or µ(vi) = x implies in particular that, in N∗, we have µ∗(vi) = (par(x),x)

or µ∗(vi) = x.
We next claim that there exists some 1≤ `≤ k distinct from i such that µ∗(v`) 6= (par(x),x). To
see this claim note first that since µ satisfies Property (R3) and µ(u) = σ(u) ∈ S for all u ∈G, it
follows that µ(vi)�N σ(u) for all u∈G with vi�T u. Thus, if µ(vi)∈WN

x then σ(LT (vi))= {x}.
Since σ(LT (vi)) = {x} also holds in case of µ(vi) = x our assumption that T is well-behaved
implies that there is some 1≤ `≤ k distinct from i such that σ(LT (v`)) 6= σ(LT (vi)) = {x}. Let
y ∈ σ(LT (v`)) with y 6= x. Since v` �T u for some u ∈G with µ∗(u) = σ(u) = y and µ∗ satisfies
Property (R3) in N∗, we have µ∗(v`)�N∗ y. Therefore, µ(v`) cannot be contained in WN

x . Hence,
µ∗(v`) 6= (par(x),x), as claimed.
As shown above, µ∗(vi)= (par(x),x) or µ∗(vi)= x. In either case, by construction of N∗, the ver-
tex par(x) has only one child, namely the vertex x. Since x 6= y, it follows that if µ∗(v`)�N∗ y then
par(x) 6�N∗ µ∗(v`). The latter combined with µ∗(v)�N∗ µ∗(v`) implies that there is an alternative
directed path from µ∗(v) to µ∗(v`) that has only µ∗(v) in common with the directed path from
µ∗(v) to µ∗(vi). Thus, µ∗(v) separates µ∗(vi) and µ∗(v`) and µ∗(v) ∈ Q2

N∗(µ
∗(v1), . . . ,µ

∗(vk)).

To finish the proof that µ∗ satisfies Property (R2.i) it remains to consider the case that
w′ = w′′. Then (µ(v),w′) and (µ(v),w′′) are parallel arcs. By construction of N∗, if there
are parallel arcs between two vertices µ(v) and w′ in N, then w′ = par(x) ∈ WN

x must hold
for some x ∈ S. Hence, w′ ∈WN

x . Similar arguments as in the proof of Case (C2) imply that
µ∗(v) ∈ Q2

N∗(µ
∗(v1), . . . ,µ

∗(vk)).
In summary, µ∗ satisfies Property (R2). This completes the proof that µ∗ is a TreeNet-

reconciliation map from (T ; t,σ) to N∗.

As suggested already by Fig.6, the network N∗ obtained from N as described in Definition 10
displays all triples in the event-labeled gene tree in Fig. 6. That this is not a coincidence is the
purpose of the next result.

Proposition 5. Let (T ; t,σ) be an event-labeled gene tree on G and let N be a species network on
S obtained from the simple subdivision of the MUL-tree (M(T ; t,σ),χ) as in Definition 5. Then
the multi-arc free network N∗ on S displays all triples in S(T ; t,σ).

Proof. Put M := M(T ; t,σ) and let N = (W,F) and N∗ = (W ∗,F∗).
Suppose that A,B,C ∈ S such that AB|C ∈ S(T ; t,σ). Then there are three elements a,b,c ∈G

with pairwise distinct σ(a) = A, σ(b) = B and σ(c) =C such that the (undirected) path between
a and b in T does not intersect the directed path from ρT to c in T . In particular, putting v :=
lcaT (a,b,c) we have t(v) = s. Thus, u := lca(a,b) ≺T v. In what follows, we write vW for every
v ∈ V that is still contained in W . Moreover, we say that two paths P(v1,vk) with k ≥ 1 and
P(w1,w`) with ` ≥ 1 in a graph are internal vertex disjoint, if P(v1,vk) and P(w1,w`) share at
most one vertex from the set {v1,vk,w1,w`}.

Observe that any directed path P = (v1, . . . ,vk) in T with k ≥ 1, for which the corresponding
vertices vW

1 , . . . ,vW
k are contained in W1, also forms a directed path PW := (vW

1 , . . . ,vW
k ) in N and

thus, in N[W1]. Since N[W1] and N∗[W1] coincide, it follows that PW is contained in N∗. In
particular, if there are internal vertex disjoint directed paths P = (v1, . . . ,vk) with k ≥ 1 and P′ =
(w1, . . . ,w`) with ` ≥ 1 in T , then the directed paths PW = (vW

1 , . . . ,vW
k ) and P′W = (wW

1 , . . . ,wW
` )

exist in N. Moreover, PW and P′W are internal vertex disjoint, whenever vW
k ,wW

` ∈W1, as this
implies, vW

1 , . . . ,vW
k−1,w

W
1 , . . . ,wW

`−1 ∈W1 as well.
Since |σ(LT (v))|> 1 and |σ(LT (u))|> 1, we have by construction of N that |LN(vW )|> 1 and

|LN(uw)|> 1. Thus, vW ,uW ∈W1. Let P1 be the unique path from v to u in T . Since vW ,uW ∈W1,
for any vertex w of P1, we have wW ∈W1. Thus, the (directed) path P∗1 from vW to uW exists in N
and hence, also in N∗.

Consider now the unique path P2 =(u,u1, . . .uk,a) in T . For σ(a)=A, we distinguish between
the cases that |χ(A)|= 1 and |χ(A)|> 1.
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If |χ(A)|= 1, then the arc e = (uk,A) is contained in the simple subdivision M′ of M and has
not been identified with any other arc as part of the construction of N. Since M is a MUL-tree
and |χ(A)| = 1, it is easy to see that uk ∈W1. It follows that P′2 = (uW ,uW

1 , . . .uW
k ,A) is entirely

contained in N[W1], and thus, in N∗[W1].
So assume that |χ(A)| > 1. Then e = (uk,A) in M was replaced by the two arcs (uk,ve) and

(ve,A) as part of the construction of M′. Moreover, the arc (ve,A) has been identified with other
arcs that have head in χ(A) to obtain the unique arc (par(A),A) in N. Thus, the path P′′2 = (uW

0 :=
uW ,uW

1 , . . .uW
k ,ve,A) exists in N. Let uW

i be the first vertex on P′′2 that is contained in WN
A . Note,

uW ∈W1 implies uW 6= uW
i . For the construction of N∗ from N, the subpath (uW

i−1,u
W
i , . . . ,uW

k ,ve,A)
of P′′2 has been replaced by either the arc (uW

i−1,A) or by the two arcs (uW
i−1,wA) and (wA,A). Thus,

the last arc on the directed path P′′′2 = (uW ,uW
1 , . . .uW

i−1, . . . ,A) in N∗ is either (uW
i−1,A) or (wA,A).

Let us denote by P∗2 the respective path P′2 or P′′′2 from uW to A in N∗.
Analogously to P2, by repeating the latter arguments for the unique paths P3 = (u, . . . ,b), resp.,

P4 = (v, . . . ,c) in T , we can construct the paths P∗3 from uW to B in N∗, resp., P∗4 from vW to C in
N∗.

Since all path P1, P2, P3 and P4 are pairwise internal vertex disjoint and since A,B,C are
pairwise distinct, the construction of the respective paths P∗i , 1≤ i≤ 4 implies that P∗1 , P∗2 , P∗3 and
P∗4 are pairwise internal vertex disjoint. In particular, P∗1 shares with P∗2 , resp., P∗3 only vertex uW ,
P∗1 and P∗4 share only vertex vW , P∗2 and P∗3 share only vertex uW , and P∗4 does not share any vertex
with P∗2 and P∗3 . In summary, after the suppression of vertices with in- and outdegree one in the
minimal subgraph of N∗ that contains the paths P∗1 , . . . ,P

∗
4 , we obtain a binary reduced tree T ′ on

{A,B,C} such that the (undirected) path between A and B does not intersect the path from ρT ′ to
C. Therefore, AB|C is displayed in N∗.

Taken Propositions 3, 4 and 5 together we obtain

Theorem 6. Suppose (T ; t,σ) is a well-behaved event-labeled gene tree. Then there is a multi-
arc free network N∗ for (T ; t,σ) that can be constructed in polynomial time and that displays all
triples in S(T ; t,σ).

The next result is well-known [32], but using the last result we can give a simple alternative
proof.

Corollary 4. For any set R of triples there is a multi-arc free network that displays each triple in
R.

Proof. If R = /0, the statement is trivially satisfied. Hence, let R = {r1, . . . ,rm}, m ≥ 1, be a
non-empty set of triples. Put LR := ∪r∈RL(r).

We construct an event-labeled gene tree (T ; t,σ) as follows: To each triple ri = xi1xi2|xi3 ∈ R,
1≤ i≤ m, we associate a triple Ti = ai1ai2|ai3 with root ρi making sure that L(Ti)∩L(Tj) = /0 for
all 1 ≤ i < j ≤ m. We start with the empty graph T = /0 and add first all triples T1, . . .Tm to T .
Next, we add a single new vertex ρT to T and an arc (ρT ,ρi), 1 ≤ i ≤ m. By construction, T is
a reduced phylogenetic tree. Note that although xir = x js might hold, we always have air 6= a js,
1≤ i < j ≤ m and r,s ∈ {1,2,3}. Hence, L(T ) = {a11,a12,a13, . . . ,ak1,ak2,ak3}. Finally, we put
t(v) = s for all inner vertices v 6= ρT and t(ρT ) = d and define the map σ : L(T )→ LR by putting
σ(ai j) = xi j, 1≤ i≤ m and 1≤ j ≤ 3.

By construction, (T ; t,σ) is an event-labeled gene tree and each triple in (T ; t,σ) that is rooted
at a speciation vertex corresponds to one of the triples Ti, 1 ≤ i ≤ m. By the choice of σ we
immediately obtain S(T ; t,σ) = R.

Next, we construct the network N obtained from a simple subdivision of the MUL-tree
(M(T ; t,σ),χ) as described in Definition 5. Finally, we construct N∗ as in Definition 10 and
apply Proposition 3 to conclude that N∗ is a multi-arc free network. Moreover, Proposition 5
implies that N∗ displays all triples in R, which completes the proof.
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9 The Relationship Between Reconciliations for MUL-
Trees and Networks
In this section we show that, given an event-labeled gene tree (T ; t,σ), and a network N, then
N is a species network for (T ; t,σ) if and only if U∗(N) is a pseudo-MUL-tree for (T ; t,σ) (see
Theorem 7). Note that the “if” direction of this result follows from Theorem 5.

In what follows, let (T = (V,E); t,σ) be an event-labeled gene tree, let N = (W,F) be a multi-
arc free species network on S, and let µ be a reconciliation map between from (T ; t,σ) to N.
Moreover, let f = ( fV , fE) denote a folding map from a pseudo MUL-tree (M,χ) = ((D,U),χ)
labeled by S to N. By Proposition 2, we may assume w.l.o.g. that (M,χ) = (U∗(N),χ∗) and that
ρN = ρM.

In the following, we first define a map κµ, f : V → (D\D1)∪U associated to µ and f , and we
then show that κµ, f is a MUL-reconciliation from (T ; t,σ) to (M,χ) (Proposition 6), which will
immediately imply Theorem 7. We shall define the map κµ, f : V → (D \D1)∪U in a top-down
fashion. Although the definition is quite long and technical, it follows in a quite straight-forward
fashion from the lifting properties of a folding map (see Fig. 7 for an illustrative example).

In order to define κµ, f we begin with an observation. Let x,y ∈W be two distinct vertices
with y ≺N x and assume that P(x,y) = (w0 = x,w1, . . . ,wk,wk+1 = y), k ≥ 0 is a directed path in
N from x to y. For all 0≤ i≤ k, let ai denote the arc (wi,wi+1) between wi and wi+1 in N. Note,
that ai is well-defined, since N is multi-arc free and thus, there is at most one arc between any two
vertices of N. Observe that since f is a folding from (M,χ) = (U∗(N),χ∗) into N there exists for
all 0≤ i≤ k a unique arc ãwi

i ∈U obtained by lifting the arc ai of N at the vertex wi of N.
Now, suppose v ∈ V . To define κµ, f (v) in a top-down fashion, we begin with the base case

v = ρT . Since we assume that |L(T )| ≥ 2, either (i) t(v) = s or (ii) t(v) = d.

Case (i): If t(v) = s, then µ(v) is a vertex of N. Note that µ(v) 6= ρN must hold as µ satisfies
Property (R2.i). Hence, the directed path P(ρN ,µ(v)) = (w0 = ρN ,w1, . . . ,wk,wk+1 = µ(v))
must cross at least one arc of N, i.e, k≥ 0. Since f is a folding of M into N there exists a path in
M from ρM = ρN to the head hM(ãwk

k ) of the arc ãwk
k ∈U obtained by lifting ak at wk = par(µ(v)).

Then we put κµ, f (v) = hM(ãwk
k ).

Case (ii): If t(v) = d then µ(v) is an arc of N. If ρN = tN(µ(v)) then we put κµ, f (v) = ãw0
0 . In

case ρN 6= tN(µ(v)), the directed path P(ρN , tN(µ(v))) = (w0 = ρN ,w1, . . . ,wk,wk+1 = µ(v)) has
at least one arc. Since f is a folding from M to N there exists a path from ρM to the tail tM(ãwk

k )

of the arc ãwk
k ∈U obtained by lifting ak at wk. So we put κµ, f (v) = ãwk

k .

Now, assume that v 6= ρT is such that κµ, f (u) has already been defined for all vertices u of T
that are above v. Let w ∈ V denote the parent of v which must exist as v 6= ρT . If µ(v) = µ(w)
then we put κµ, f (v) = κµ, f (w). So assume that µ(v) 6= µ(w). Note that µ(w) 6= ρN , independent
of whether t(w) = s or t(w) = d. We distinguish between the two cases that v is a leaf of T and
that it is not.

If v is a leaf of T then µ(v) must be a leaf of N. Consider the directed path P obtained by
extending the directed path P(ρN ,µ(w)) of N by the directed path P(hN(µ(w)),µ(v)). Note that

P must contain at least two arcs. Then we put κµ, f (v) = hM(b̃uq
q ) where uq is the last but one

vertex on P and bq is the arc (uq,µ(v)) of N.
So assume that v is not a leaf of T . To define κµ, f , we need to distinguish between the

cases that (a) t(v) = t(w) = s, (b) t(v) = s and t(w) = d, (c) t(v) = d and t(w) = s, and (d)
t(v) = t(w) = d (note that since µ is a TreeNet-reconciliation from (T ; t,σ) to N, Property (R3)
implies that µ(v)�N µ(w) holds in all of these cases).

Case (a): If t(v) = t(w) = s, then µ(v) and µ(w) are vertices of N. Assume first that none of
the children of w have obtained an image under κµ, f . Consider the directed path P obtained by
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Figure 7
Panel (1) shows the event-labeled gene tree (T ; t,σ) from Fig. 5 ignoring the labels of the inner
vertices for the moment. Speciation and duplication events are represented as • and �, respectively.
Ignoring the labels of the inner vertices also in the remaining two panels for the moment, we depict in
Panel (3) the simple subdivision (M′,χ) of (M(T ; t,σ),χ), and the “fold-up” of (M′,χ) into N using
the folding map f as specified in Lemma 5 (Panel (2)). Enumerating the inner vertices of (T ; t,σ)
as indicated, the map µ is given in terms of the labels of the arcs and vertices of N is a TreeNet-
reconciliation µ from (T ; t,σ) to N and the map κµ, f represented in terms of the labels of the arcs
and vertices of (M′,χ) is the MUL-reconciliation map κµ, f from (T ; t,σ) to (M′,χ) as constructed in
Section 9.
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extending a directed path P(ρN ,µ(w)) of N by a directed path P(µ(w),µ(v)). Then the choice of
v combined with the fact that f is a folding from M to N implies that there exists a path in M from

ρM via κµ, f (w) to hM(b̃uq
q ) where uq is the last but one vertex on P and bq is the arc (uq,µ(v)) of

N. Note that uq must exist since µ(v) 6= µ(w). In this case, we put κµ, f (v) = hM(b̃uq
q ).

Putting v = v1, we can continue with all other children v2, . . . ,vk of w. Since we want κµ, f to be
a MUL-reconciliation, we need to ensure that κµ, f satisfies (M2.i).
Since µ satisfies Property (R2.i), there must exist children wi and w j of w such that µ(w) ∈
QN(µ(wi),µ(w j)). For l ∈ {i, j} put Pl := P(µw,zl) in case zl is a vertex of N and Pl :=
P(µw,hN(zl)) in case zl is an arc of N. Then since µ(w) separates µ(wi) and µ(w j) it fol-
lows that regardless of whether or not µ(wi) and µ(w j) are comparable, we may always choose
directed paths Pi := P(µw,zi) and Pj := P(µw,µ(z j)) in such a way that the first arc on Pi is
distinct from the first arc on Pj.
For each l ∈ {2, . . . ,k}, let Pl denote a path that is chosen this way. Assuming that κµ, f (vi) has

already been defined for some 1 ≤ i < k, we then put κµ, f (vi+1) = hM(b̃uq
q ) where uq is the last

vertex on Pi+1and bq is the arc (uq,µ(vi+1)) of N.

Case (b): If t(v) = s and t(w) = d, then µ(v) is a vertex of N and µ(w) is an arc of N. If
hN(µ(w)) = µ(v) then we put κµ, f (v) = hM(κµ, f (w)). So assume that hN(µ(w)) 6= µ(v). Con-
sider the directed path P obtained by extending a directed path P(ρN ,hN(µ(w))) of N by a
directed path P(hN(µ(w)),µ(v)). Then the choice of v combined with the fact that f is a folding

of M into N implies that there exists a path from ρM via hM(κµ, f (w)) to hM(b̃uq
q ) where uq and

bq are as in Case (a). Then we put κµ, f (v) = hM(b̃uq
q ).

Case (c): If t(v) = d and t(w) = s, then µ(v) is an arc of N and µ(w) is a vertex of N. Again,
we assume first that none of the children of w have been assigned a value under κµ, f . If

tN(µ(v)) = µ(w) then we define κµ, f (v) = ˜
µ(v)µ(w). So assume tN(µ(v)) 6= µ(w). Consider

the directed path P obtained by extending a directed directed P(ρN ,µ(w)) of N by a directed
path P(µ(w),hN(µ(v))). Then the choice of v combined with the fact that f is a folding from M

to N implies that there exists a directed path from ρM via κµ, f (w) to hM(b̃uq
q ) where uq is the last

but one vertex of P and bq is the arc (uq,hN(µ(v))) of N. Then we put κµ, f (v) = b̃uq
q . Putting

again v = v1, we can continue with all other children v2, . . . ,vk of w in the same way as in Case
(a). Employing analogous arguments, it follows that κµ, f satisfies (M2.i) for Case (c).

Case (d): If t(v) = t(w) = d, then both µ(v) and µ(w) are arcs of N. Consider the di-
rected path P obtained by extending a directed path P(ρN ,hN(µ(w))) of N by a directed path
P(hN(µ(w)),hN(µ(v))). Then the choice of v combined with the fact that f is a folding from
M into N implies that there exists a directed path from ρM via tN(κµ, f (w)), hN(κµ, f (w)) and

tM(b̃uq
q ) (note that tM(b̃uq

q ) and hN(κµ, f (w)) might coincide) to hM(b̃uq
q ) where uq and bq are as in

Case (c). Then we put κµ, f (v) = b̃uq
q .

This completes the definition of κµ, f . Note that κµ, f can be regarded as a “lifting” of the
map µ along f in the sense discussed in [30, Section 5]. We now show that κµ, f is indeed a
MUL-reconciliation map from (T ; t,σ) to (M,χ).

Proposition 6. Let (T ; t,σ) be an event-labeled gene tree, let N be a species network on S, and
let µ be a TreeNet-reconciliation map from (T ; t,σ) to N. Moreover, let (M,χ) be a pseudo MUL-
tree that can be folded via a folding map f = ( fV , fE) to N. Then, κµ, f is a MUL-reconciliation
map from (T ; t,σ) to (M,χ).

Proof. Let T = (V,E), let N = (W,F) and let M = (D,U). Note that in view of Proposition 2, we
may assume w.l.o.g. that (M,χ) = (U∗(N),χ∗). Thus, ρN = ρM.
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Figure 8: An event-labeled gene tree (T ; t,σ) with speciation events • and duplication events �, the
simple subdivision M of the MUL-tree M(T ; t,σ), the network N constructed in Definition 5, and the
network N∗ associated to N as specified in Definition 10. Lemma 7 and 8 imply that there is a MUL-tree
reconciliation map κ from from (T ; t,σ) to M. As outlined in the proof of Lemma 5, there is a folding
map f from M to N. In addition, Proposition 4 implies that there is is a TreeNet-reconciliation map µ∗

from (T ; t,σ) to N∗. However, there does not exist a folding map from M to N∗.

Clearly the map κµ, f is well-defined. Also, Property (M1) holds in view of µ satisfying
Property (R1).

To see that κµ, f satisfies Property (M2) assume that v ∈ V\L(T ). If t(v) = d then µ(v) is an
arc of N. Hence, κµ, f (v) ∈ U , by the definition of κµ, f (v). So Property (M2.ii) must hold. If
t(v) = s, then Cases (a) and (c) already imply that Property (M2.i) is satisfied.

To see that κµ, f satisfies Property (M3), assume that x,y ∈ V such that x ≺T y. We start with
establishing Property (M3.i). Assume that t(x) = t(y) = d. Then µ(x) and µ(y) are arcs of N.
Since µ(x) �N µ(y) as µ satisfies Property (R3.i) it follows that there exists a directed path P
in N from ρN to µ(x) that contains µ(y). Since M = U∗(N), the definition of κµ, f implies that
κµ, f (x)�M κµ, f (y). Thus, Property (M3.i) must hold.

To see that Property (M3.ii) holds assume that at least one of t(x) and t(y) equals s. Then
µ(x)≺N µ(y) as µ satisfies Property (R3.ii). We first consider the case that t(x) = s. Then µ(x) is
a vertex of N. Hence, µ(x)�N hN(µ(y)) in case µ(y)∈ F and µ(x)≺N µ(y) in case µ(y)∈W . In
either case, there exists a directed path in N from ρN to µ(x) that contains µ(y). Since M =U∗(N),
the definition of κµ, f implies that κµ, f (x)≺ κµ, f (y). Thus, Property (M3.ii) holds.

Finally, assume that t(x) = d. Then µ(x) is an arc of N and t(y) = s. Hence, µ(y) ∈W .
Consequently, there exists a directed path in N from ρN to µ(x) that crosses µ(y). Since M =
U∗(N), the definition of κµ, f implies that κµ, f (x)≺ κµ, f (y). Thus, Property (M3.ii) must hold in
this final case too.

As immediate consequences of Theorems 4, 5 and Proposition 6 we obtain the result that we
promised above.

Theorem 7. Suppose (T ; t,σ) is an event-labeled gene tree and N is a multi-arc free network.
Then N is a species network for (T ; t,σ) if and only if U∗(N) is a pseudo-MUL-tree for (T ; t,σ).

Note that the existence of reconciliations from an event-labeled gene tree to both a MUL-tree
M and a network N∗, does not necessarily imply that there exists a folding map from M to N∗ –
see Fig. 8. This issue is related to the fact that Theorem 7 is stated in terms of U∗(N) and not
U(N), and that a network N is not always a folding of U(N) (cf. Theorem 4).

10 Outlook
In this paper, we have introduced the concept of a reconciliation map between an arbitrary event-
labeled gene tree and a species network, called a TreeNet-reconciliation map. In particular, we
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have shown that for every well-behaved event-labeled gene tree (T ; t,σ) there is always a (multi-
arc free) species network N together with a TreeNet-reconciliation map µ from (T ; t,σ) to N such
that N displays all informative triples in S(T ; t,σ). Both the network and the reconciliation map
can be constructed in polynomial-time.

These results open up several interesting new avenues for research. For example, although we
know that for every event-labeled gene tree (T ; t,σ) there is always a species network N for that
tree, we do not know much about the computational complexity of determining whether (T ; t,σ)
can be reconciled with an arbitrary given species network N. Clearly, if the unfolded network
U∗(N) is isomorphic to some subdivision of the MUL-tree (M(T ; t,σ),χ), then we can re-use the
latter results based on the MUL-reconciliation map κ and the folding f from (M(T ; t,σ),χ) to
N to conclude that N is a network for (T ; t,σ). However, not all TreeNet-reconciliation maps µ

can be expressed in terms of κ and f ; see Fig. 8. The results and proof techniques in [30, Section
7] may offer an avenue to solving these problems. In this regards it could also be interesting to
understand whether the notion of a folding map could be adapted so that it more directly captures
the relation between MUL-trees and networks.

In another direction, the structure of the species network obtained from an event-labeled gene
tree is heavily dependent on our construction via MUL-trees and foldings, and so it is not clear
which properties these networks will enjoy. By way of example, the bi-connected component in
the network in Fig. 6 contains two hybrid vertices and it is not clear whether or not a less complex
network for the given gene tree may exist (e.g. with fewer hybrid vertices). It would be interesting
to investigate properties of the species network, especially how far they are from being minimal
under various criteria.

Finally, we have only considered speciation and duplication events. It would be interesting
to develop a theory to cope with other events such as horizontal gene transfer. Note that several
results have been derived for accommodating gene transfer in reconciliation models between gene
trees and species trees, both for unlabeled [22] and event-labeled gene trees [26, 43].

Acknowledgements
MH would like to thank the School of Computing Sciences, University of East Anglia, and KH
and VM would like to thank the Institute of Mathematics and Computer Science, University of
Greifswald, for helping to make two visits possible during which this work was conceived and
developed.

References
[1] A M Altenhoff and C. Dessimoz. Phylogenetic and functional assessment of orthologs

inference projects and methods. PLoS Comput Biol., 5:e1000262, 2009.

[2] A M Altenhoff, M Gil, G H Gonnet, and C Dessimoz. Inferring hierarchical orthologous
groups from orthologous gene pairs. PLoS ONE, 8(1):e53786, 2013.

[3] A M Altenhoff et al. The OMA orthology database in 2015: function predictions, better
plant support, synteny view and other improvements. Nucleic Acids Res, 43(D1):D240–
D249, 2015.

[4] Eric Bapteste, Leo van Iersel, Axel Janke, Scot Kelchner, Steven Kelk, James O McInerney,
David A Morrison, Luay Nakhleh, Mike Steel, Leen Stougie, et al. Networks: expanding
evolutionary thinking. Trends in Genetics, 29(8):439–441, 2013.

33



[5] F Chen, A J Mackey, C J Stoeckert, and D S Roos. OrthoMCL-db: querying a comprehen-
sive multi-species collection of ortholog groups. Nucleic Acids Res, 34(S1):D363–D368,
2006.

[6] Yun Cui, Jesper Jansson, and Wing-Kin Sung. Polynomial-time algorithms for building a
consensus mul-tree. Journal of Computational Biology, 19(9):1073–1088, 2012.
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