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Abstract It is well known that solutions to nonlinear hyperbolic PDEs develop dis-
continuities in time. The generation of spurious oscillations in such regions can
be prevented by applying a limiter in the troubled zones. In earlier work, we con-
structed a multiwavelet troubled-cell indicator for one and (tensor-product) two di-
mensions (SIAM J. Sci. Comput. 38(1):A84–A104, 2016). In this paper, we inves-
tigate multiwavelet troubled-cell indicators on structured triangular meshes. One
indicator uses a problem-dependent parameter; the other indicator is combined with
outlier detection.

1 Introduction

It is well known that solutions to nonlinear hyperbolic PDEs develop discontinuities
in time. The generation of spurious oscillations in such regions can be prevented by
applying a limiter in the troubled zones. In [18, 19, 20], two different multiwavelet
troubled-cell indicators were introduced, one based on a parameter, the other com-
bined with outlier detection. In these papers, we focused on one-dimensional and
tensor-product two-dimensional meshes. In this paper, the use of multiwavelets on
triangular meshes is investigated [17, 21]. We again consider two approaches to
troubled-cell indication: one based on a parameter, the other combined with outlier
detection. We demonstrate the performance of the indicators on a test problem based
on the two-dimensional linear advection equation, using the vertex-based limiter in
the identified troubled cells [10].
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The outline of this paper is as follows: in Section 2, the triangular mesh is defined,
and information about barycentric coordinates is given. The multiresolution analysis
is described in Section 3. The multiwavelet troubled-cell indicators are defined in
Section 4. Preliminary results are shown in Section 5, and some concluding remarks
are given in Section 6.

2 Structured triangular mesh and barycentric coordinates

In this section, the definition of a structured triangular mesh on a rectangular domain
Ω ∈ R2 is given, following the notation in [5, 17]. To compute the multiwavelet
decomposition at a later time, the relation between the mesh on the finest level
n and level n− 1 is explained. Furthermore, several properties of the barycentric
coordinate system are given.

Definition 1. Let i and j be space indices in the x- and y-direction, respectively, and
let M account for the orientation of the triangle: M = 1 corresponds to triangles with
the right angle located in the bottom-left corner, M = 2 belongs to the triangles with
right angles in the upper-right corner. The uniform triangulation of a rectangular
domain Ω ∈ R2 on level n consists of 22n+1 elements, and is expressed as

T n = {T n
(i, j,M)}

M=1,2
i, j=0,...,2n−1 = {T

n
λ
}λ ,

with λ = (i, j,M), i, j = 0, . . . ,2n−1, M = 1,2.

The triangulation on level n−1 is obtained by uniting four triangles on level n:

T n−1
(i, j,1) = T n

(2i,2 j,2)∪T n
(2i,2 j,1)∪T n

(2i+1,2 j,1),∪T n
(2i,2 j+1,1),

T n−1
(i, j,2) = T n

(2i+1,2 j+1,1)∪T n
(2i+1,2 j+1,2)∪T n

(2i,2 j+1,2)∪T n
(2i+1,2 j,2),

i, j = 0, . . . ,2n−1−1, see Figure 1.
Points inside a triangle are efficiently expressed using barycentric coordinates.

Definition 2. Let triangle T be defined by its vertices Pi = (xi,yi)
>, i = 1,2,3.

Every point P = (x,y)> can be expressed in terms of the barycentric coordinates
τττ = (τ1,τ2,τ3)

> with respect to triangle T as follows: P = (P1P2P3)τττ .

The barycentric coordinates are uniquely given by requiring |τττ|= τ1 + τ2 + τ3 = 1.
If P is located inside T , then τi ≥ 0, i = 1,2,3.

Integrals on a triangle can be transformed to barycentric coordinates as follows:∫∫
T

f (x,y)dxdy = 2|T |
∫ 1

0

∫ 1−τ1

0
f (x(τ1,τ2),y(τ1,τ2))dτ2dτ1, (1)

where |T | is the area of T [17, 21].
The transformation from original coordinates to barycentric coordinates equals
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T n
(2i,2 j,1)

T n
(2i,2 j,2)

T n
(2i,2 j+1,1)

T n
(2i,2 j+1,2)

T n
(2i+1,2 j+1,1)

T n
(2i+1,2 j+1,2)

T n
(2i+1,2 j,1)

T n
(2i+1,2 j,2)

Fig. 1 Triangulation T n of a rectangular domain Ω ∈ R2. Solid lines correspond to the elements
T n−1
(i, j,1) and T n−1

(i, j,2) on level n−1.

 τ1
τ2
τ3

=

 x1 x2 x3
y1 y2 y3
1 1 1

−1 x
y
1

 .

With this expression, it is possible to relate the barycentric coordinates on different
triangles which will be necessary when discussing multiwavelets. If P has barycen-
tric coordinates τττ relative to triangle T (defined by {(xi,yi), i = 1,2,3}), then the
barycentric coordinates τττ ′ with respect to T ′ (defined by {(x′i,y′i), i = 1,2,3}) can be
calculated using τττ ′ = MT→T ′τττ , where

MT→T ′ =

 x′1 x′2 x′3
y′1 y′2 y′3
1 1 1

−1 x1 x2 x3
y1 y2 y3
1 1 1

 . (2)

The right matrix transforms τττ to P, and the left matrix computes τττ ′ from P [17, 21].
Finally, the midpoint subdivision of a triangle T n−1

λ
= T n

λ0
∪T n

λ1
∪T n

λ2
∪T n

λ3
can

easily be described in barycentric coordinates, see Figure 2 [17, 21].

3 Multiresolution analysis

In this section, the multiresolution analysis for a triangular mesh is presented,
together with the formulae for multiwavelet decomposition [17]. For the recon-
struction procedure, we refer to [17]. The scaling functions and multiwavelets are
constructed for the so-called base triangle, TB, which has vertices P1 = (0,0),
P2 = (1,0), and P3 = (0,1), and subdivision TB = T0 ∪ T1 ∪ T2 ∪ T3 (numbering
similar to Figure 2). The extension to general triangles is given as well.
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P1 : (1,0,0) P2 : (0,1,0)

P3 : (0,0,1)

( 1
2 ,0,

1
2 ) (0, 1

2 ,
1
2 )

( 1
2 ,

1
2 ,0)

T n
λ1

: τ1 ≥ 1
2 T n

λ2
: τ2 ≥ 1

2

T n
λ3

: τ3 ≥ 1
2

T n
λ0

: τττ ≤ 1
2

Fig. 2 Midpoint subdivision of triangle T n−1
λ

. Coordinates are in barycentric form (τ1,τ2,τ3).

3.1 Scaling-function space

In this section, the orthonormal scaling-function basis is constructed for the base
triangle, using barycentric coordinates [21]. The scaling-function space on TB is
defined as V k+1(TB) = Pk(TB), which means that the space is spanned by polyno-
mials of total degree less than or equal to k on TB. The standard monomial basis for
V k+1(TB) consists of Nk functions {1,x,y,x2,xy,y2, . . .}. For the base triangle, the
coordinates (x,y) transform to

x = τ1x1 + τ2x2 + τ3x3 = τ2,

y = τ1y1 + τ2y2 + τ3y3 = τ3 = 1− τ1− τ2

in barycentric coordinates. This means that the monomial basis is equivalent to the
set {1,τ2,1− τ1− τ2,τ

2
2 ,(1− τ1− τ2)τ2,(1− τ1− τ2)

2, . . .} in the barycentric co-
ordinate system. Orthonormality of this basis is achieved by the application of the
Gram-Schmidt procedure with respect to the inner product

〈 f ,g〉=
∫ 1

0

∫ 1−τ1

0
f (τ1,τ2)g(τ1,τ2)dτ2dτ1,

together with normalization. This results in the orthonormal scaling functions φ`,TB ,
`= 1, . . . ,Nk. The first six functions (corresponding to k ≤ 2) are given in [17, 21].

The scaling-function space on level n is defined as the space of piecewise poly-
nomials of total degree less than or equal to k on every triangle T n

λ
∈T n:

V k+1
n = { f : f ∈ Pk(T n

λ
), ∀T n

λ
∈T n}. (3)

The orthonormal basis for V k+1
n can be found by substituting the correct barycentric

coordinates (translation) and scaling the functions φ`,TB [21]. Let τττ be the barycen-
tric coordinates with respect to TB, and let τττ ′ be the corresponding barycentric coor-
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dinates with respect to T n
λ
∈T n. The space V k+1

n is spanned by 22n+1 ·Nk functions
that are obtained from φ`,TB using

φ
n
`λ (τ

′
1,τ
′
2,τ
′
3) =

√
1

2|T n
λ
|
φ`,TB(τ1,τ2,τ3). (4)

The orthogonal projection of an arbitrary function f ∈ L2(Ω) onto V k+1
n is given

by

Pk+1
n f (x) = ∑

T n
λ
∈T n

Nk

∑
`=1

sn
`λ φ

n
`λ (τττ),

which is the single-scale decomposition of f on level n. The scaling-function coef-
ficients are given by sn

`λ = 〈 f ,φ n
`λ 〉. Note that if f ∈V k+1

n , then Pk+1
n f = f .

3.2 Nodal DG approximation and scaling-function expansion

Although it is possible to use modal DG based on a PKD-polynomial basis on tri-
angular meshes [12], it is more convenient to use the nodal form of the DG method
for this mesh type [2, 3, 8].

The DG approximation space, Vh, is equal to the scaling-function space on level n
(equation (3)). This means that it is possible to express the nodal DG approximation
as a scaling-function approximation in level n. Since uh ∈Vh =V k+1

n , we know that
uh = Pk+1

n uh. Therefore, we can write the global nodal DG approximation as

uh(x) = ∑
T n

λ
∈T n

Nk

∑
i=1

uh(xi)`i(x) = ∑
T n

λ
∈T n

Nk

∑
`=1

sn
`λ φ

n
`λ (τττ).

Knowing the values uh(xi), we can efficiently compute the scaling-function coeffi-
cients by a matrix-vector multiplication. Define the vectors sn

λ
= (sn

1λ
, . . . ,sn

Nkλ
)>,

uh = (uh(x1), . . . ,uh(xNk))>, and a Vandermonde matrix by Vmi = φ n
iλ (τττ(x

m)), then
Vsn

λ
= uh and V−1uh = sn

λ
.

This procedure is very similar to the transformation from nodal to modal DG.
This is because the scaling-function basis for V k+1

n is closely related to the modal
DG basis, which is given by the so-called PKD polynomials [4, 9]. The difference
between both bases is the reference triangle that is used [8].

3.3 Multiwavelets

In addition to the scaling-function space, the multiwavelet space should be defined.
This is done by computing the orthogonal complement: V k+1

n−1 ⊕W k+1
n−1 =V k+1

n , such
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that W k+1
n−1 ⊥V k+1

n−1 , W k+1
n−1 ⊂V k+1

n . In Algorithm 6.1 in [17], the procedure to compute
the multiwavelets for the base triangle is given, in a manner very similar to Alpert’s
construction in one dimension [1, 21]. The execution of this algorithm leads to the
multiwavelets as provided in [15].

Similar to equation (4), the multiwavelets on triangle T n
λ
∈T n are equal to

ψ
m,n
`λ (τ ′1,τ

′
2,τ
′
3) =

√
1

2|T n
λ
|
ψ

m
` (τ1,τ2,τ3), m = 1,2,3, `= 1, . . . ,Nk.

In [7], a similar multiwavelet basis is constructed, but normalization is done in
the L∞-norm instead of the L2-norm.

3.4 Multiwavelet decomposition

In Section 3.2, the relation between the DG approximation and the scaling-function
coefficients on level n was given. In this section, the scaling-function expansion on
level n is decomposed to a multiwavelet expansion on level n− 1 [21], using the
same notation as in [17]. The full decomposition is derived in [7, 14, 15].

In the following, the scaling-function basis of Pk(T n−1
λ

) is written in terms of a
vector φφφ

n−1
λ

= (φ n−1
1λ

, . . . ,φ n−1
Nkλ

)>. Because V k+1
n−1 ⊂ V k+1

n , we can express φφφ
n−1
λ

in

terms of φφφ n
λi

, i = 0,1,2,3, using the local numbering T n−1
λ

= T n
λ0
∪T n

λ1
∪T n

λ2
∪T n

λ3
(Figure 2). This means that

φφφ
n−1
λ

= H0φφφ
n
λ0
+H1φφφ

n
λ1
+H2φφφ

n
λ2
+H3φφφ

n
λ3
. (5a)

The Nk×Nk matrices Hi are similar to the QMF coefficients in the one-dimensional
case [16, 17], and are defined as (i = 0,1,2,3, p,q = 1, . . . ,Nk)

(Hi)p,q = 〈φ n−1
pλ

,φ n
qλi
〉=

∫∫
T n

λi

φ
n−1
pλ

(x,y)φ n
qλi

(x,y)dxdy,

using that φ n
qλi

is only nonzero in T n
λi

. We transform to barycentric coordinates τττ

based on the vertices of T n
λi

. Using equations (1), (2) and (4), this yields

(Hi)p,q = 2|T n
λi
|
√

1
2|T n−1

λ
|

√
1

2|T n
λi
|

∫ 1

0

∫ 1−τ1

0
φp(MT n

λi
→T n−1

λ

τττ)φq(τττ)dτ2dτ1

=

√
|T n

λi
|

|T n−1
λ
|

∫ 1

0

∫ 1−τ1

0
φp(MT n

λi
→T n−1

λ

τττ)φq(τττ)dτ2dτ1

=
1
2

∫ 1

0

∫ 1−τ1

0
φp(MT n

λi
→T n−1

λ

τττ)φq(τττ)dτ2dτ1,
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since |T n
λi
| = |T n−1

λ
|/4. For a structured triangular mesh, the matrices Hi do not

depend on the mesh size [15].
Similarly, the multiwavelet basis is written as ψψψ

m,n−1
λ

= (ψm,n−1
1λ

, . . . ,ψm,n−1
Nkλ

)>,

m = 1,2,3. Because W k+1
n−1 ⊂V k+1

n , the vectors of multiwavelets can be written as

ψψψ
m,n−1
λ

= Gm,0φφφ
n
λ0
+Gm,1φφφ

n
λ1
+Gm,2φφφ

n
λ2
+Gm,3φφφ

n
λ3
, for m = 1,2,3, (5b)

with (Gm,i)p,q = 〈ψm,n−1
pλ

,φ n
qλi
〉, i = 0,1,2,3, p,q = 1, . . . ,Nk. The matrices Gm,i are

computed similarly to the matrices Hi.
From equation (5) and the fact that sn−1

λ
= 〈 f ,φφφ n−1

λ
〉, dm,n−1

λ
= 〈 f ,ψψψm,n−1

λ
〉, it fol-

lows that we can decompose the scaling-function coefficients on level n to scaling-
function and multiwavelet coefficients on level n−1 as follows:

sn−1
λ

= H0sn
λ0
+H1sn

λ1
+H2sn

λ2
+H3sn

λ3
, (6a)

d1,n−1
λ

= G1,0sn
λ0
+G1,1sn

λ1
+G1,2sn

λ2
+G1,3sn

λ3
, (6b)

d2,n−1
λ

= G2,0sn
λ0
+G2,1sn

λ1
+G2,2sn

λ2
+G2,3sn

λ3
, (6c)

d3,n−1
λ

= G3,0sn
λ0
+G3,1sn

λ1
+G3,2sn

λ2
+G3,3sn

λ3
, (6d)

which is called the multiwavelet decomposition from level n to level n−1.

4 Multiwavelet troubled-cell indicator

In this section, multiwavelet troubled-cell indicators are defined for triangular
meshes [17]. Here, the number of multiwavelet coefficients is increased by a renum-
bering technique [17, 19]. This leads to the multiwavelet coefficients d̃m,n−1

`λ , where
`= 1, . . . ,Nk, m = 1,2,3, and λ belongs to the triangles in level n (instead of level
n−1).

4.1 Parameter-based indicator

The parameter-based multiwavelet troubled-cell indicator is defined similarly to the
indicator for the one-dimensional and tensor-product two-dimensional case [17, 19].
The major difference lies in the number of coefficients that is needed for accurate de-
tection. In the one-dimensional or tensor-product two-dimensional case, knowledge
of the jump relation at element boundaries made it possible to use one coefficient
per element for detection. In the triangular case, however, such a relation has not
yet been proven, neither theoretically, nor numerically. Therefore, we will use all
multiwavelet coefficients for detection: triangle T n

λ
is detected as troubled if for any

m = 1,2,3, `= 1, . . . ,Nk:
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`λ

∣∣∣>C · max
T n

λ
∈T n

{∣∣∣d̃m,n−1
`λ

∣∣∣} ,
where C ∈ [0,1] is a parameter that defines the strictness of the indicator. The pa-
rameter C is problem-dependent: it depends on the strength of different shocks in
the domain. This limits the applicability of this troubled-cell indicator. Therefore,
an outlier-detection approach is also considered.

4.2 Outlier-detection approach

In this section, a troubled-cell indication technique for the multiwavelet coefficients
on a structured triangular mesh is proposed that is based on outlier detection. In this
way, a problem-dependent parameter is not needed.

A triangle is detected as troubled if it is detected in either the x- or the y-direction,
using the one-dimensional approach [20]. Regions with triangles in the x-direction
are split into local regions of size 16, as is visualized in Figure 3, and a similar
approach is followed for regions in the y-direction. The resulting outlier-detection
approach is given in Algorithm 1. Note that this approach is closely related to the
outlier-detection algorithm for a rectangular tensor-product mesh [20].

Fig. 3 Split of a 32-triangle region in the x-direction into two local regions of size 16.

Algorithm 1 Outlier-detection algorithm for multiwavelet coefficients on triangular
meshes, using local vectors.

for all `= 1, . . . ,Nk do
for all m = 1,2,3 do

for all i = 0, . . . ,2n−1 do
Form troubled-cell indication vector Dm,n−1

`i consisting of multiwavelet coefficients
d̃m,n−1
`λ , where λ = (i, j,M), with j = 0, . . . ,2n−1,M = 1,2 (definition 1).

Apply Algorithm 2 in [20].
end for
for all j = 0, . . . ,2n−1 do

Form troubled-cell indication vector Dm,n−1
` j consisting of multiwavelet coefficients

d̃m,n−1
`λ , where λ = (i, j,M), with i = 0, . . . ,2n−1,M = 1,2 (definition 1).

Apply Algorithm 2 in [20].
end for

end for
end for
Label an element as troubled if it is detected in any application of Algorithm 2 in [20].
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5 Numerical results

In this section, preliminary numerical results are shown for which the multiwavelet
troubled-cell indicator has been tested [17]. The test is done for an example based
on the linear advection equation on [0,1]× [0,1], given by ut +∇ · (vu) = 0. Here,
v = (v1,v2)

> is the velocity vector, and u = u(x,y, t) is the unknown quantity to be
resolved. We use a diagonally-directed velocity: v =

√
2/2 · (1,1)>. The following

discontinuous initial condition is used:

u0(x,y) =
{

1, if (x−0.5)2 +(y−0.5)2 ≤ 0.1,
0, else,

together with periodic boundary conditions. The exact solution of this boundary-
value problem is equal to u(x,y, t) = u0(x− v1t,y− v2t). This means that the initial
function should be recovered at the final time T =

√
2 [11].

The multiwavelet troubled-cell indicator is applied both using the parameter C
and with the outlier-detection approach. For the tests, the Matlab code of Hesthaven
and Warburton is used [8], which is extended to the advection equation together
with the vertex-based limiter by Raees et al. [13].

This section only shows the results for one specific initial condition. For more
different test problems, we refer to [17].

5.1 Multiwavelet coefficients of initial condition

In order to investigate the information gleaned from multiwavelets on structured
triangular meshes, in this section we first study multiwavelet coefficients of the ini-
tial condition in a DG basis (Figure 4). Clearly, the multiwavelet coefficients can
be used to distinguish between smooth and nonsmooth regions. However, a clear
meaning of the coefficients (as is the case in one and two dimensions) is difficult to
establish.

5.2 Detection at final time

In this section, the approximations and detected troubled-cells are shown at the final
time T =

√
2. Note that the exact solution equals the initial condition at this time.

The multiwavelet troubled-cell indicator is applied using either the parameter-
based method or the outlier-detection approach (for which a problem-dependent pa-
rameter is not necessary). For the parameter-based method, the vertex-based limiter
is applied only in the detected elements [10]. The outlier-detection scheme, however,
turned out to only be stable if the limiter is also applied to all boundary elements.
These elements are not always detected by the outlier scheme and are therefore not
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Fig. 4 Multiwavelet coefficients of initial condition, structured triangular mesh based on 32× 32
rectangles, k = 1.

marked as such in the figures. Similar boundary problems were also observed in [6],
where it was proposed to either use an adaptive mesh with more triangles near the
boundary or ignore the boundary triangles for certain resolution levels.

The results are shown in Figure 5. The parameter-based method detects the dis-
continuities accurately if a suitable value for the parameter C is chosen. The outlier-
detection method detects more elements near the circle wave but is not as sharp as
we expect compared to results for the quadrilateral mesh case [20]. Inspection of
the multiwavelet coefficients at the final time reveals that the discontinuous region
is spread out wide, and therefore, the local region of size 16 is too small to contain
both continuous and discontinuous regions. At certain locations, all coefficients in
a local vector belong to a discontinuous region, and therefore, the fences are wide
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enough such that no elements are detected. Further research is needed to understand
which outlier-detection strategy should be used.
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Fig. 5 Final-time approximations and corresponding detected troubled cells, using the parameter-
based multiwavelet troubled-cell indicator or outlier detection on the multiwavelet coefficients,
T =
√

2, structured triangular mesh based on 32×32 rectangles, k = 1.

6 Conclusion

In this paper, the use of multiwavelets for troubled-cell indication on structured tri-
angular meshes has been investigated. Inspection of the multiwavelet coefficients
reveals that they are very useful to detect nonsmooth regions in the underlying func-
tion. Two different troubled-cell indicators were introduced: one indicator that uses
a problem-depending parameter, and another indicator that applies outlier detection
to the multiwavelet coefficients. By using outlier detection, a problem-dependent
parameter is no longer needed.

Preliminary results have been shown for a test based on the two-dimensional lin-
ear advection equation. The parameter-based troubled-cell indicator detects the cor-
rect features if a suitable choice for the parameter is made. For the outlier-detection
method, it seems as if the optimal size of the local vectors is no longer equal to 16.

More research should be done to recognize which multiwavelet coefficient mea-
sures which feature of the underlying function. Also, an improvement of the outlier-
detection strategy is needed to detect the correct regions after time integration. Fur-
thermore, tests for nonlinear PDEs such as the two-dimensional Euler equations,
and comparisons with the KXRCF shock detector and the minmod-based TVB in-
dicator should be performed to thoroughly test the applicability of multiwavelets
and outlier detection for troubled-cell indication on triangular meshes.
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