On Morita Equivalences Between
KLR Algebras and VV Algebras

EA

University of East Anglia

A thesis submitted to the University of East Anglia in partial
fulfilment of the requirements for the degree of Doctor of Philosophy

Ruari Walker
School of Mathematics, UEA, Norwich, NR4 7TJ England

March 2, 2016

(© This copy of the thesis has been supplied on condition that anyone who consults it
is understood to recognise that its copyright rests with the author and that use of any
information derived there from must be in accordance with current UK Copyright Law.

In addition, any quotation or extract must include full attribution.



Abstract

This thesis is investigative work into the properties of a recently defined family of graded al-
gebras, which we call VV algebras. These algebras were defined by Varagnolo and Vasserot.
We compare categories of modules over KLR algebras with categories of modules over VV
algebras, establishing various Morita equivalences. Using these Morita equivalences we are
able to prove several properties of certain classes of VV algebras such as affine cellularity
and affine quasi-heredity. We also include a discussion about the problems encountered
when trying to define finite-dimensional quotients of these algebras. Finally, in certain
settings, we show how to define these quotients and explain how they relate to cyclotomic
KLR algebras.
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Introduction

With applications in so many different areas, some of the most interesting and impor-
tant objects in mathematics are symmetric groups and objects relating to them. The
representation theory of these objects forms a fascinating area of research which contains
many deep and intriguing results. For example, let G be a connected split reductive group
over a p-adic field k with connected centre and let Z be an Iwahori subgroup of G. For
G = GL, (k) it has been shown that the category of admissible representations of G which
have non-zero vectors fixed by Z is equivalent to the category of finite-dimensional rep-

resentations of HA

., an affine Hecke algebra of type A. These algebras are deformations

of the group algebra of type A extended affine Weyl groups and are shown to be Morita
equivalent to KLR algebras, on the level of finite length module categories. This shows
that an interesting area of the representation theory of p-adic GL,, can often be reduced to
that of H;:‘ and also means that we have a graded structure on blocks of these categories of
representations of G L, (k). Similarly in type B, the category of admissible representations
of p-adic SOa,4+1 which have non-zero vectors fixed by Z is equivalent to the category of
finite-dimensional representations of H2, an affine Hecke algebra of type B. Let k be a
field and fix elements p,q¢ € k™, known as deformation parameters. H;LB is a deformation
of the group algebra kW2 of the extended affine Weyl group of type B. It has genera-
tors Ty, ..., T,—1 which deform the finite Weyl group, and X fd, -+, X+ which generate
a Laurent polynomial subalgebra, splitting the category of finite length representations
into blocks according to the eigenvalues the action of the generators take. These algebras
are now essential objects in modern representation theory but also make appearances in
a number of different areas of mathematics and theoretical physics including algebraic
combinatorics, harmonic analysis, integrable quantum systems, quantum statistical me-

chanics, knot theory and string theory.

KLR algebras, or quiver Hecke algebras, are a relatively new family of graded algebras
which have been introduced by Khovanov, Lauda and independently by Rouquier, the
representation theory of which is intimately related to that of the affine Hecke algebras
of type A. There are categorification theorems linking the representation theory of these
algebras with quantum groups and Lie theory. Namely, the finite-dimensional projective
modules over KLR algebras categorify the negative half of the quantised universal envelop-

ing algebra of the Kac-Moody algebra g associated to some Cartan datum. There exist
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finite-dimensional quotients of KLR algebras known as cyclotomic KLR algebras. In 2008,
Brundan and Kleshchev showed in [BK09a] that there is an isomorphism between cyclo-
tomic KLR algebras and blocks of cyclotomic Hecke algebras, HA | where A is a dominant
integral weight. When A is of level one, Hf,\z is either the group algebra of the symmetric
group, or a deformation thereof. This established a non-trivial grading on these Hecke
algebras which was not previously known. It has been shown that the cyclotomic Hecke
algebras categorify an irreducible highest weight module V(A) for g. I will denote the
KLR algebra corresponding to 7 € NI by Rj.

Varagnolo and Vasserot have also recently defined a new family of graded algebras whose
representation theory is closely related to the representation theory of the affine Hecke
algebras of type B. Indeed, they prove in [VV1la] that categories of finite-dimensional
modules over these algebras are equivalent to categories of finite-dimensional modules
over affine Hecke algebras of type B. They also use these algebras to prove a conjecture of
Enomoto and Kashiwara which states that the representations of the affine Hecke algebra
of type B categorify a simple highest weight module for a certain quantum group (see
[EK09]). This conjecture of Enomoto and Kashiwara gives gradings, similar to the type
A setting, on blocks of these categories. These are the main motivating reasons behind
studying these algebras. Throughout this work I refer to these algebras as VV algebras,
and denote the VV algebra corresponding to v € NI by 20,. One of the advantages of
working with V'V algebras is that they are graded, whilst affine Hecke algebras of type B
are not. They depend on two parameters, p and ¢, which correspond to the deformation
parameters of the affine Hecke algebra of type B. It turns out that there are four different
cases to consider when studying V'V algebras; p,q € I, precisely one of p,q € I and both

p,q € I, where I is an index set associated to a quiver I

In this thesis we compare categories of modules over KLR algebras with categories of
modules over VV algebras. The main result of this work is that certain subclasses of VV

algebras are affine cellular and even affine quasi-hereditary.

Theorem (Main Result) (3.4.22, 3.4.23, 3.4.29, 3.4.30). For any v € °NI when p,q & I
and p not a root of unity, or for v € °NI having multiplicity one when q € I, p & I and p

not a root of unity, the algebras W, are affine cellular and affine quasi-hereditary.

In Chapter 1, we cover some background material including finite reflection groups and
minimal length coset representatives, which we will refer to throughout the thesis. We
also prove a useful proposition which will be needed in Chapter 3. In Chapter 2, we first
provide, in more detail, the motivating reasons behind the study of VV algebras. We then
define KLR algebras of type A and the VV algebras, which are our main objects of study,

and prove a proposition which shows how these algebras are related. Namely,

Proposition (2.3.12). Under certain conditions, KLR algebras are idempotent subalgebras
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of VV algebras. That is, there is an algebra isomorphism €3, e = Ry, for an idempotent

ec,.

Chapter 3 starts with some background material on Morita theory before going on to prove
why we may assume the dimension vector v defining the VV algebra 2, has connected

support.

Theorem (3.2.9). For v = vy + vy € °N(I U J) with vy € 'NI and vy € °NJ, 20, and
W, W, are Morita equivalent.

We then consider various classes of VV algebras and compare their module categories with
module categories over KLR algebras. In particular, in the case p,q ¢ I we find Morita

equivalence between VV algebras and KLR algebras.
Theorem (3.3.1). When p,q, & I, the algebras 20, and Ry are Morita equivalent.

Chapter 3 also introduces the notions of affine cellularity, as defined by Koenig and Xi in
[KX12], and affine quasi-heredity as defined by Kleshchev in [Klel5]. We then prove some
statements about affine quasi-hereditary algebras and show, in the case ¢ € I, p & I, when
v has multiplicity one, that the VV algebras are affine cellular and affine quasi-hereditary.
To do this we prove the following result, where A and A are the path algebras of a given

quiver.

Theorem (3.4.8). When q € I, p & I, p not a root of unity, and v has multiplicity one,
the algebras 20, and A®(m=D @ A are Morita equivalent.

At the end of Chapter 3 we show that when we relax this multiplicity condition imposed

on v we obtain the following Morita equivalence.

Theorem (3.4.34). When q € I, p € I, and q has multiplicity one in v, the algebras 23,

and R;“ Okl2) A are Morita equivalent.

At the end of Chapter 3 we prove a Morita equivalence statement in the case p € I, ¢ & I,

p not a root of unity, where p has multiplicity exactly two in v.

Theorem (3.5.3). Whenp € I, ¢ ¢ I, p not a root of unity, and p has multiplicity two in
v, the algebras 20, and R}f Q2] A are Morita equivalent.

Chapter 4 leads with a discussion on cyclotomic KLR algebras and their relationship to
affine Hecke algebras of type A. We explore, and comment on, the various problems en-
countered when trying to define analogous quotients of VV algebras. We then define a
suitable cyclotomic finite-dimensional quotient of VV algebras in the case g € I, p & I,
multiplicity one, and show that they contain cyclotomic KLR algebras as idempotent sub-

algebras.

Some of the results and proofs presented in this thesis are rather combinatorial in na-
ture, partly due to the various relations imposed on the generators of these algebras. We
try to make these results as clear as possible to the reader by scattering this thesis with

examples where necessary.



Chapter 1

Background

1.1 Graded Algebras and Modules

In this thesis we study KLR algebras and VV algebras and compare categories of modules

over these families of algebras. Both of these families of algebras are graded.

Throughout this thesis k will denote a field with characteristic not equal to 2.

Definition 1.1.1. A k-algebra A is graded if there exists a monoid I and a family of
k-subspaces {4, };cr such that

1. A=, ; Ai as k-subspaces.
2. A]Ak - Aj+k7 for all 5,k € 1.

A non-zero element a € Ay is called a homogeneous element of degree k and we write
deg(a) = k. Note that any idempotent in A must be of degree 0. In particular, 0,1 € Ay.
In this thesis, when referring to a grading on an algebra, we will always mean a Z-grading,
i.e. where I = Z. A homomorphism between graded algebras A and B is an algebra

homomorphism f : A — B such that f(A,) C B, for all n € Z.

Example 1.1.2. Note that any k-algebra can be given the trivial grading. Put A,, =0,
for all m # 0, and Ay = A.

Example 1.1.3. Consider a polynomial algebra A = k[z;...,xz,], over a field k, in n

variables. For each m € Ny, set
n
Ay, = <:1c7f” R ni; € Ny for all j and Znij = m>k.
j=1

Each A, is an abelian group, closed under multiplication by k, so that A = @, cn, Am
is a graded k-algebra.

Definition 1.1.4. Let A = @,.; A; be a graded k-algebra and let M be an A-module.
M is a graded module if there exists a family of k-subspaces {M,}cr such that
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1. M =D, M; as k-subspaces.
2. ApM; C My, for all k,1 € 1.

As with graded algebras, when referring to a graded module in this thesis, we mean a Z-
graded module. A homomorphism of graded A-modules M, N is an A-module morphism
¢ : M — N such that ¢(M;) C N; for all i € Z.

Example 1.1.5. Any algebra A is trivially graded and so any A-module M is trivially
graded by setting M; = 0, for all [ # 0, and My = M. Since every A-module M is trivially

graded, when referring to a graded module we usually mean a non-trivial grading.

Definition 1.1.6. A graded submodule of a graded A-module M is an A-submodule N
which is itself a graded A-module such that the inclusion i : N < M is a homomorphism
of graded modules. Explicitly, this means N = @jez N; is a submodule of M with
N; = NN M;.

Definition 1.1.7. A graded ideal I C A is a graded A-submodule of A.

Proposition 1.1.8. Let I C A be a graded ideal. Then A/I has a natural grading under
which the natural map A — A/I is a homomorphism of graded algebras.

Proof. The ideal I is a graded A-submodule, so I = @, I with each I = INAj. Then
A/I is graded with the k" graded component given by (A/I)r = Ag/I;. Then it is clear
that A — A/I is a homomorphism of graded algebras. O

We now introduce the notion of graded dimension for a graded module over a k-algebra
A. We write ¢ to be both a formal variable and a degree shift functor, shifting the degree
by 1. That is, for a graded A-module M = @, ., My, ¢M is again a graded A-module
with (¢M ) = My_1. The graded A-module M is said to be locally finite-dimensional
if each graded component M} is finite-dimensional. In this case the graded dimension

of M is defined to be

dimgM =) " (dim(M,))q"
neL

where dim(M,) is the dimension of M,, over k.

Example 1.1.9. Let k be a field and consider the polynomial ring k[z]. As a k-vector

space, k[z] has a basis {1, z,2%,23,...}. Each graded component is of dimension 1. Then,

. n 1

TLGZZ()

Example 1.1.10. Let k be a field and consider the polynomial ring k[z, y]. Since k[z, y| =
k[z] ® k[y] we find, using Example 1.1.9,

dimgk[z,y] = =
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Similarly, for a polynomial ring k[z1,...,z,,] in m variables,

. 1
dlmqk[xl, e 7:13m] = W

1.2 Coxeter Groups

Definition 1.2.1. A Coxeter group is a group W generated by a set S of elements sy,

which are subject to the relations

sz =1, for every s € S

(sisj)™ =1, for every s; # s; € S

where 1 denotes the identity element, m;; € {2,3,4,...,00} and where m;; = oo indicates
that no such relation exists between s; and sj. The pair (W, S) is called a Coxeter system

and S is called the set of distinguished generators.

Example 1.2.2. The symmetric group &,, on n letters is an example of such a group.
Gn={(S1,...,8n-1 | 87 =1 Vi, (s;8;)* = 1if |[i — j| > 1, (s;8i41)> =1 Vi ).

In this example, m;; =2 if |[i — j| > 1 and m;; =3 if j =i+ 1.

To every Coxeter system we can associate a Coxeter graph, which is defined as follows. The
vertices are in one-to-one correspondence with the s; € S. Label the vertex corresponding
to s; by 7. There is an edge between ¢ and j if m;; > 3. This edge is labelled by m;; when
mi; > 4. Edges are allowed to be labelled by co. The Coxeter graph determines (W, S)
up to isomorphism. A Coxeter group is said to be irreducible if, for any two generators
sp, st € S there exist generators s, = s;, Si,,...,8;, = s¢ such that m;,;,,., > 3 for all
1 <a < k—1. This is equivalent to a Coxeter group having a connected Coxeter graph.

Every Coxeter group is a direct product of irreducible Coxeter groups.

The most important Coxeter groups are the Weyl groups and the affine Weyl groups.
They arise in the theory of Lie groups and Lie algebras as reflection groups of root sys-

tems. They are classified.

Example 1.2.3. The Weyl group of type B is an important example of such a Weyl
group.

Wf = <$0, S1,.+.,8n—1 ‘ 822 =1 V’i, (Sisi_;_l)g =1Vi> O,

(sos1)* =1, (si8;)* = 1 V]i — j| > 1).

Example 1.2.4. The symmetric group &,, and the Weyl group W,” have the following

10
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Coxeter graphs, respectively.

A, (n>1): e ° ° °

B, (n>1): e 1 . . o

Definition 1.2.5. Let (W,S) be any Coxeter system. Let 1 be the identity element in
W. We define the length function ¢ : W — Ny as follows. Set ¢(1) = 0. For any other
element w € W there exist generators si, So,...,Sr € S such that w = s189---sg. Pick
these generators in such a way that &k is minimal. Then ¢(w) = k. Such an expression for

w is said to be a reduced expression for w.

Affine Weyl groups are generated by affine reflections which are reflections about some
hyperplanes which do not necessarily pass through the origin. As with the finite case, the
affine Hecke algebra is a deformation of a group algebra kW, where W is now an affine
Weyl group. Below are the two examples of affine Hecke algebras most relevant to the

work in this thesis.

Definition 1.2.6. Fix an element ¢ € k*. The affine Hecke algebra of type A,, is the
k-algebra Hfrll generated by

+1 +1
Ty, Ty, XY XE

which are subject to the following relations.
L T2 =(¢—1VTi+q.

2. LT T =T\ TiTiq for 1<i<n-—1
T;T; = T;T; for |i — j| > 1.

3. )(Z)(J = X]XZ for all 7,,]

4. T; X;T; = qu+1 for1<i<m
;X =X,T; if j #4,0+ 1.

If m = 0 then H' = k.

Definition 1.2.7. Fix p, ¢ € k*. The affine Hecke algebra of type B,, is the k-algebra
HZE generated by
To, -, Tono1, XE4, o XD

which are subject to the following relations.
L (To—p)(To+p ) =0 and (T; — q)(T; +¢ ') =0 for 1 <i <m.

2. ToyThToTy = TyToTi Th
LT T; = Ti 1 TiTip for 1<i<m—1
T,y = TyT; for |i — j| > 1.

11
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3. XlXj = X]Xl for all Z,]

4. To X'y = X4
T, X, T, = Xi+1 for1<i<n
T, X; = X;T; if § #i,i + 1.

If m = 0 then HP = k.

1.3 Parabolic Subgroups

Let (W,S) be a Coxeter system and J C S a subset of the generating set S. Consider
Wy = (J) C W, the subgroup of W generated by J.

Definition 1.3.1. Wj is called a parabolic subgroup of W.

Each generator s; € S = {s1,...,s,} is either included in J or is excluded. Hence there
are 2" parabolic subgroups of a Coxeter group W. The pair (W, J) is a Coxeter system
in its own right and one can show that the length functions on W and W coincide. See,
for example, [GP0O].

Example 1.3.2. Let W = W,B be the Weyl group of type B,,, with distinguished generat-
ing set {so, $1,...,8p—1}. The symmetric group &,, is a parabolic subgroup of W, taking
J = {Sl, ey Snfl}.

Example 1.3.3. Let W = &, the symmetric group on n letters. It has generating set
S ={s1,...,8p-1}. For some a, with 1 < a <n,let J ={s1,...,8,-1}. J generates the

symmetric group &, on a letters which is a parabolic subgroup of &,,.

The following two well-known results will be used throughout this thesis and demonstrate
how we can manipulate and decrease the length of an expression which is not reduced.

Again, (W, S = {s1,...,s,}) is a Coxeter system.

Theorem 1.3.4 (Cancellation Law). Let s1,...,s; € S (for some k > 2) and suppose

the expression si--- sy is not reduced, i.e. £(sy---Sg) < k. Then there exist indices

A~

1<i<j<ksuchthat sy---sp =81---8;---5;--5, where the hat denotes omission.
Proof. See, for example, [Hum92] Section 1.7. O
The Exchange Condition follows from the theorem.

Corollary 1.3.5 (Exchange Condition). Let w = sy - - - s be an element of W. If {(ws) <
l(w) for some s € S, then there exists an index i for which ws = $1---8; -+ sk. In other
words, w = 81---§; -+ - S8, and we have exchanged s; for s. In particular, w has a reduced

expression ending in s if and only if L(ws) < {(w).

Proof. See, for example, [Hum92] Section 1.7. O

12
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1.4 Minimal Length Coset Representatives

Let (W, S) be a Coxeter system and J C S a subset of the generating set. We can consider
left cosets, wWjy, of W; in W. Each left coset is of the same size, this size being equal
to |[Wy|, and the left cosets partition W. The following Proposition shows that, for any
parabolic subgroup W; in W, we can choose left coset representatives of Wy in W in a

particularly nice way.
Proposition 1.4.1 ([GP00], Proposition 2.1.1). Let
DW/Wy) :={w e W | l(ws) > l(w) forall s € J}.
1. For each w € W there exists a unique w € Wy and n € D(W/Wy) such that w = nw.
Moreover, {(w) = £(n) + {(w).
2. For any w € W the following are equivalent:

(i) w e D(W/Wy);
(ii) L(ww) = (w) + £(w) for all w € Wy;

(iii) w is the unique element of minimal length in wWj.

In particular, D(W/Wjy) is a complete set of distinguished left coset representatives of
WiinW.

Elements in D(W/W ;) will be referred to as minimal length left coset representatives
of Wy in W. An analogous statement can be made for right coset representatives of W

in W.

1.4.1 Deodhar’s Algorithm

Deodhar’s algorithm is a way of calculating the minimal length left coset representatives
of a parabolic subgroup W in a Coxeter group W. This algorithm is defined inductively
on the length ¢ of the representative:

The only left coset representative of length 0 is the identity element, 1. We proceed

as follows.

Let n be a left coset representative of length k. Then a left coset representative of length

k+ 1, call it 7/, is obtained from 7 as follows.

Set ' = s;m subject to the conditions
1. £(sin) > £(n) and

2. U(sins;) > L(sin) for all s; € J.

13
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Example 1.4.2. Let D,, denote the set of minimal length left coset representatives of
the symmetric group &,, in the Weyl group W,2. Consider the case when m = 3. We
use Deodhar’s algorithm to calculate the minimal length left coset representatives of 3
in WB. If a generator s; satisfies conditions (1) and (2) then we place a tick in the

corresponding column:

k n € Ds So | S1 | S2
01 v | x| X
1| sg X v X
2 5150 v X v
3 505150 X X v

§98150 v X X
4 52505150 X v X
5 5152505150 v X X
6 505152505150 X X X

Remark 1.4.3. Take any w € D,,. Then w € WP and f(ws) > f(w) for every s €

{s1,...,Sm—1}. Note that w € W£+1 and, since s, is not a factor of w (because w € W,3),
U(wsy,) > l(w). Then £(ws) > l(w) for every s € {s1,...,Sm}, meaning w € Dy,41. This
proves,

DI,C,_DQQ_,C,_,Dm,C,_Dm-I—l_,C,_

Lemma 1.4.4 (Deodhar’s Lemma). Suppose we have J C S, n € D(W/Wy) and s; € S.
Then either s;n € D(W/Wy) or sin = ns; for some sj € J.

Proof. See Chapter 2 of [GP00]. O

Definition 1.4.5. Let J C S so that W} is a parabolic subgroup of W. Let n € D(W/Wj)

be a minimal length left coset representative. An element s;, - - - s;, is called a prefix of 7

n
if there exists s;,,...,s;,_, € S such that n =s;, ---s;,_,si, -~ i, is a reduced expression

of n. Prefixes for minimal length right coset representatives are defined similarly.

Let wy denote the longest element in Wj.

Let wg denote the longest element in W.

Lemma 1.4.6 ([GP00], Lemma 2.2.1). Let dj := wowy. Then,

(a) dj is the unique element of mazimal length in D(W/Wy).

(b) DW/Wy)={weW |wis a prefix of dj}.

As in Example 1.4.2, let D,,, = D(W,2/&,,). Let dj, denote the longest element in D,,.

Example 1.4.7. We calculated D3 in Example 1.4.2. The longest element in D3 is dj, =
508152805150 = S0S1808281S0- From the table we can see that indeed every n € D3 is a

prefix of dj,.

Lemma 1.4.8. Every n € Dy, \ D1 is of the form 5Sm—1 - - 8180, for some 7] € Dyp,—1.

14
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Proof. From Remark 1.4.3, D,,,_1 C D,,. Since |Dy,| = 2|Dy,—1], it is enough to show that

NSm—1""- 5180 € D, for all § € D,,,_1, i.e. then we would have
Dy =Dy 1UDp 1 Sm—1-"+5150.
Using the notation in Lemma 1.4.6 for W = W, W; = &,, it is well-known that,

Wy = 818283+ Sm—1515283 * * - Sm—2 * * - 515283515251

Wo = $0S152* * Sm—1505152** * Sm—1 -+ 805152 ** Sm—1 (M times)
are the longest elements in &,, and W2, respectively. Then one can verify that,
d]m = 505150525180 " Sm—1"""S5150-

Using Lemma 1.4.6, every 7 € D,,,—1 is a prefix of dj,, , = 505150525150 * - Sm—2 - * 5150.

Then it is clear that 7s;,—1---s150 is a prefix of dj,, and so Nspy—1---5150 € Dy O

1.5 Roots and Reflections

Let V' be a Euclidean vector space with a positive definite symmetric bilinear form (- ,-) :
VxV —R.

Definition 1.5.1. A reflection in V is a linear operator s : V. — V defined by, for some

AEV, o)
2(\,w
sx(w) = s(w) :=w — o A.

Then s sends A to —A and fixes pointwise the hyperplane H) orthogonal to A. Since
V = R\ & H), this is indeed a reflection in V. We sometimes write s = sy to indicate
that the reflection is about the hyperplane H). It is clear that s,y = s, for any non-zero
r € R. One can check that, for every A € V, (s)(v), sx(w)) = (v, w) for every v,w € V so

that sy is an orthogonal transformation.

Definition 1.5.2. A finite reflection group is a group generated by finitely many
reflections sy in V. It is a subgroup of O(V).

The most interesting finite reflection groups are the Weyl groups. They are particularly
important objects in Lie theory because they classify simple finite-dimensional complex

Lie algebras. Every finite reflection group is a Coxeter group.

Definition 1.5.3. A root system is a finite set of non-zero vectors & C V such that
1. 2NRa = {o,—a} for all a € ®.

2. 5,0 = @ for all o € O.

The elements of ® are called roots and are typically denoted «, 5,7, . .. etc. Let W denote

the finite reflection group generated by the reflections so, a € ®.
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Given a root system ® we want to find a subset II C & such that each root is a linear
combination of elements in IT with coefficients all of the same sign (either all positive or all

negative). First, we partition our roots into what are called positive and negative roots.

Definition 1.5.4. A total order on V, denoted <, is a relation on V satisfying the

following conditions.

1. For every pair v,w € V either v < w, w < v or v = w.

2. For all v,v9,w € V, whenever v; < vy then v +w < vo + w.

3. If v < w and r is a non-zero real number then rv < rw if r > 0, and rw < rv if r < 0.
4. If v1 < vo and vy < v3 then v1 < vs.

Definition 1.5.5. Given a root system ® C V and a total order < on V, a root « is
a positive root if 0 < « and is a negative root if & < 0. The set of positive (resp.
negative) roots is called a positive system (resp. negative system) and is denoted by
Ot (resp. 7).

Then ® = &~ LT since ® NRa = {a, —a}.

Remark 1.5.6. We can always put a total order on V as follows. Let vy, ..., v, be a basis
of V. Then define < to be the lexicographic order on V; for v = ), pv;, w = Zj njv; €V,
v < w if pp < mx where k is the largest index such that p; # n;. This shows that positive

systems always exist.

Definition 1.5.7. A subset II C ®T is called a simple system if it is a basis for the
k-span of ® in V such that each o € ® is an R-linear combination of elements in IT with

coeflicients all of the same sign.

The following theorem shows that a simple system always exists and that any simple

system must be a subset of the positive roots.

Theorem 1.5.8 ([Hum92|, Section 1.3).

1. Any simple system 11 is contained in a unique positive system.
2. Every positive system ® in ® contains a unique simple system.

Since we have seen that positive systems always exist, this theorem shows that simple
systems always exist. This theorem shows that positive systems and simple systems de-

termine each other uniquely.

Theorem 1.5.9. For a fixed simple system 11, the finite refection group W is generated
by Sq, a € 11

We define the length function ¢ : W — Ny on W as in Definition 1.2.5.

Definition 1.5.10. The s,, with a € II, are called simple reflections.
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Example 1.5.11. Let V = R3 with standard basis {ey, €2, €3} and the usual inner product
(€i,€j) = 0;;. Then one can check that ® = {e; —e; | 1 <, < 3,i# j} is a root system.
Using the total order described in Remark 1.5.6 we have

e1—ez3<er—ez3<e—ea<0<e—e <e3—ey<ez—el
and we obtain a partition of ® into positive and negative roots
- _ + _
® ={e1 —e3,e2 —e3,61 — €2} @ = {eg —e1,e3 —ez,e3 —e1}.

It is easy to check that IT = {e3 —e1, e3 —ea} is the unique simple system in ®*. The finite
reflection group W associated to this root system is generated by {se,—e,, Ses—e, } and this
group is isomorphic to &3 = (s, s2), the symmetric group on 3 letters. The isomorphism

is given by sending se¢,—¢; to 51 and Se;—e, tO S2.
More generally,

Example 1.5.12. Let V = R” with standard basis {e1,...,e,} and the usual inner
product, (e;,ej) = 6;5. Then & = {e; —e; | 1 < 4,5 < n,i # j} is a root system and
¢t ={e;—e; | 1 < j < i< n}is the positive system with respect to the ordering described
in Remark 1.5.6. The unique simple system in &1 is II = {e;+1 —e; | 1 <i <n—1}. The
corresponding finite reflection group is isomorphic to &, via se,,, —¢; + 8;, for 1 <i <n—1,

where the s; are the generators of &,,.

Example 1.5.13. Let V = R? again with the standard basis and usual inner product.
Then ® = {e1,e2,e1 + e2,e1 — €3, —€1, —€a, —€1 — €3,€2 — €1} is a root system. With the

total ordering described in Remark 1.5.6 we have
—e1—ea < —eg<e; —ea< —e1<0<e;<ey—e; <ey<eltes
so that the positive and negative systems are
Ot = {e1,e2 —e1,e2,61 + €2} O™ = {—e; —eg,—e2,e1 —e2,—e€1}.

Then one finds that IT = {e3 — e1,e1} € @7 is the unique simple system corresponding
to this positive system. The finite reflection group W is generated by {Se,—e,; Se, }, and
it turns out that W is isomorphic to W = (sq,s1), the Weyl group of type Ba, via

Seq—ey F* S1, Se; = S0-
More generally,

Example 1.5.14. Let V = R" with standard basis. Then &+ = {e; £ ej, e, | 1 <
j < i< m1l <k < n}isa positive system. The corresponding simple system is
IT ={ei+1 —ej,e1 | 1 <i<n—1} and the corresponding finite reflection group W is iso-

morphic to the Weyl group of type B,.
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Example 1.5.15. Let V = R" with standard basis. Let ® be the root system with

positive roots
(I>+:{ei:|:ej,ek|1§j<i§sors—|—1§j<i§nand1§k§n}.
The corresponding simple roots are
II={eiy1 —ejer,es1 |1 <i<sors+1<i<n}.

The simple reflections generate a finite reflection group isomorphic to W2 x W _.

Let V' be a real Euclidean vector space, ® C V a root system with positive root system
&t C d. Let I C & be the simple roots and W the corresponding finite reflection group.
Now let J C II, a subset of the simple roots, and denote by V; the subspace of V spanned
by J. Let ®; := & N V; and write W for the subgroup of W generated by the simple

reflections s;, j € J.

Proposition 1.5.16 ([Car89]). ®; is a root system in Vy. J is a simple system in ®;
and the finite reflection group of ®; is Wy.

Let D; be the set of elements w € W such that w(j) € ®*, for all j € J. We have the

following theorem, taken from [Car89).

Theorem 1.5.17 ([Car89]). Each element of W has a unique expression of the form
w =nywy, forny € Dy and wy € Wy. Furthermore, we have £(w) = €(ny) + £(wy).

Corollary 1.5.18. In each coset wWy there is a unique element of Dyj. The length of

this element is smaller than the length of any other element in wWy.

So Dy is the set of minimal length coset representatives of W; in W. Using the notation

as in Section 1.4,
Dy={weW |w(j)ecd" forall jcJ}=DW/Wy).

Example 1.5.19. From Example 1.5.12, let

J={ex—e€1,...,€501 —€sy...,6n —€En_1}

for some 1 < s < n, where the hat denotes omission. Then W; 2 &, x &,,_,. Using the

characterisation of D above we have,

D(6,/(6Gs X Gps)) =weW
1<j<i<sors+1<j<i<n

w(j) < w(i) whenever } '

Example 1.5.20. From Example 1.5.15, consider the following subset of II,
J=A{eei41—¢€|1<i<sand s+1<i<n}.
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Then W; = WSB X 6,_s and

1 <w(j) <w(i) <sor
s+ 1 <w(j) <w(i) <n whenever

D(WEB xWE )/ WEx6,_))={weW
(W, o) /(W5 n=s)) 1<j<i<sors+1<j<i<n.
w(l) >1
Example 1.5.21. From Example 1.5.14, let
J:{61762_617"'768-}—/1?657"'767’1_e’n—l}

for some 1 < s < n, where the hat denotes omission again. Then W; = WSB X &p_s.

Again using the characterisation of D given above,

w(j) < w(i) whenever 1 < j <i<s
DWEB/WE x&, ) ={weW|ors+1<j<i<n.
w(l)>1

Note that the root system corresponding to &,, and the root system corresponding to
WB x wh

B are both subsets of the roots associated with W,2. So we can consider all

reflections defined by these roots as being reflections in W = W5,

Take w1 € D(6,/(6s x &,_s)) and we € D(WE x WE )/ (WE x &,,_4)). Then wiws €
D(WE (W, x &,_s)); take 4,7 such that 1 < j < i < s. Then ws(j) < wa (i), with either
1 <wa(j) <we(i) <sors+1<w(j) <wai) <n, and so wiwa(j) < wiwa(i). Also,
wa(1) > 1, and so wywy(1) > 1. This shows,

Proposition 1.5.22. Foranyn>2 and1 <s<n-1
D(6,/(6s x Gn—S))D((WsB X Wf—s)/(Wf x Gn_s)) C D(Wf/(WsB x Gpns)).

Proof. See the discussion above. O

1.6 Lie Theoretic Notation

Let I' = I'; be a quiver with vertex set I. Associated to this data is a Cartan matrix
(aij)i,jel defined by
2 ifi=j
0 ifi»j
ai?] :: . . . . .
-1 ifi > jori<j

2 ifis]
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Let (h,II,IIV) be a realisation of the Cartan matrix (aij)ijer. We have simple roots

{a; | i € I'}, and fundamental weights {A; | i € I'}. Let

P = EBZAi and Q@ := @Zai
iel icl
denote the weight lattice and root lattice, respectively. Let Py and @4 denote the subsets
of P and Q, respectively, consisting of elements which have non-negative coefficients when
written in terms of the above bases. Let (-,-) : P x Q — Z be the bilinear pairing defined
by (As, o) = 6;5. For o € Q4 we can define the height of o, denoted ht(c) or sometimes
laf, by ht(a) := 3, ;(As, ). For A € Py we can define the level of A, denoted £(A), by

L(A) = ZieI(A’ ;).
1.6.1 Root Partitions

Now suppose I = Z. Let I' = I'z have arrows i — i + 1, for every ¢ € Z. As discussed
above, given this data we can define a Cartan matrix (a;;); jer. Consider the Lie algebra
associated to this Cartan matrix. We have simple roots in type A given by {«; | i € I},

and positive roots o ;4 = a; + i1+ + Qigk.
We order the roots as follows.
aj t oo+t o > o oo+t iy = i>jori=jand k> [

Definition 1.6.1. A root partition of a € ()4 is a tuple of positive roots,
(B1, B2, B3, -+, Br) such that By > B2 > B3 > --- > B, and such that a = 31 + B2 + 3 +
o4 ﬁr_

A root partition of a will often be denoted by m and the set of all root partitions of « will
be denoted by II(«).

Example 1.6.2. Take a = a1 + as + a3 € Q4. Taking f1 = as + a3 and fBy = a1, we

have (81, B2) a root partition of «.
In general, for a given o € @4, root partitions are not unique. In the above example,

setting f1 = a3 and B2 = a1 + ag, we have another root partition (f1, f2) of .

To each positive root «;;4r = a; + a1 + -+ + a4 We associate a sequence of inte-
gers,

i = i+ 1, i+ k).

To a root partition (81, -, ) of a, denoted by 7, we associate the sequence

Ir == 1815y " - - 13,
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which is the concatenation of the r sequences ig,,ig,, - ,ig,.

We can put a total order on II(a) in a natural way, using the lexicographic order;

if (517 ﬁ?a e 7ﬁ7‘) and (’71)727 e 778) are root partitions of a then (ﬁl?ﬂ?a T 767‘) >
(71,72, »7s) if B > v where k is the least index such that j3; # ;.

Example 1.6.3. Take « = a3 + ag + a3+ a4 € Q4. Then (ag +ag + az+ ay), (g, 1 +
ag+ag), (a4, ag+ag, a1) are root partitions of a. Denote them as 7y, 7, 3, respectively.

We have

m < mo < T3

and ir, = (1,2,3,4), ir, = (4,1,2,3), ir, = (4,2,3,1).
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Chapter 2

KLR and VV Algebras

2.1 Motivation For Studying VV Algebras

The main motivating reasons for studying VV algebras lie in the categorification of quan-
tum groups, thereby connecting the representation theory of affine Hecke algebras of type
B with Lie theory. We first give a brief description of this picture for affine Hecke algebras

of type A and discuss the Lascoux-Leclerc-Thibon conjecture (LLT conjecture).

Let k be a field with ¢ € k*. The Iwahori-Hecke algebra associated to &,,, denoted
H,, = Hy,(k,q), is a g-deformation of the group algebra of the symmetric group k&,,.
When ¢ = 1 we have H,,(k, 1) = k&,,. The LLT conjecture asserts a connection between
canonical bases of modules over affine Kac-Moody algebras g = sA[e, e € NU {o0}, and
projective indecomposable H,,-modules. Ariki was able to prove a more general state-
ment involving finite-dimensional quotients of affine Hecke algebras of type A known as
cyclotomic Hecke algebras, see Chapter 4. We start with some Cartan datum. In par-

ticular, we have a quiver I' with vertex set I. For a dominant integral weight A one can

A
ms

define a finite-dimensional quotient of HZ}, an affine Hecke algebra of type A, known as
a cyclotomic Hecke algebra which is denoted by Hﬁl For A of level one, this is either
the group algebra of the symmetric group or an Iwahori-Hecke algebra, depending on the
deformation parameter. It turns out that A is a dominant integral weight for g = Qe and
the finite-dimensional HA -modules, for all m > 0, categorify the irreducible highest weight
module V(A) over sAle in such a way that the Chevalley generators of sAle correspond to
induction and restriction functors on the cyclotomic Hecke algebra side. In this categori-
fication, canonical basis elements of V' (A) correspond to isomorphism classes of projective
indecomposable H%—modules. Specialising A to level one meant Ariki had proved the LLT

conjecture and, among other applications, this enabled the computation of decomposition

numbers of Specht modules in characteristic 0.

Let f denote Lusztig’s algebra associated to some Cartan datum. In particular, we have

a quiver I' with vertex set I. The algebra f is a Q(¢)-algebra, ¢ an indeterminate, with
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generators 0;, for i € I, satisfying the Serre relations. Let &/ = Z[q,q¢"'] and ,f be
the of-subalgebra of f. For a given dimension vector o € NI we denote the associated
KLR algebra by R;. Let Ry-proj denote the subcategory of Ry-mod™ consisting of all
finite-dimensional projective graded Ry-modules. In [K1.09], [KL11] Khovanov and Lauda

proved the following categorification result.

KO(@ Ry-proj) = ,f.
veNT

The left hand side of this isomorphism is an .27-algebra; the action of ¢ and ¢~ be-
ing grading shifts up and down, respectively. Khovanov and Lauda then conjectured a
connection between Lusztig’s canonical basis and the isomorphism classes of projective in-
decomposable modules. This was proved for all type A quivers by Brundan and Kleshchev

in [BK09b] and for arbitrary simply-laced type by Varagnolo and Vasserot in [VV11b].

One can vary the type of Lie algebra involved. There is an algebra isomorphism f = U,(g)~,
where U,(g)~ is the negative part of the quantised universal enveloping algebra of the
Lie algebra g associated to the given Cartan datum. It can be shown that there is a
vector space isomorphism between f and the Grothendieck group of the category of finite-
dimensional representations of affine Hecke algebras of type A, Hﬁ, in which isomorphism
classes of simple modules correspond to elements of the canonical basis of f. Moreover,
Ariki proved that the action of the Chevalley generators on f correspond to the action of

the induction and restriction functors on HA-Modfd.

Alternatively, one can vary the type of Hecke algebra. Up to this point, we have given
the type A results. We now discuss the analogues to these results in a type B setting on
the affine Hecke algebra side. Let HZ denote the affine Hecke algebra of type B. Again
suppose we are given Cartan datum including a quiver I', with vertex set I C k*, which
depends on whether the deformation parameters p,q € k* of HZ | lie in I or not. In
[EK06], Enomoto and Kashiwara define a Q(g)-algebra By(g), where 6 is an involution on
I. This algebra is generated by elements F;, F; and invertible elements T;, ¢ € I, which are
subject to a list of relations which include the Serre relations. They then define an irre-
ducible highest weight module Vj(\) over By(g) and conjecture the following By(g)-module
isomorphism,

Ko(@D HP-Mod™) 2 V5()).

This can be considered as a type B analogue of the LLT conjecture. In [EK09], Enomoto
and Kashiwara prove this conjecture in the case p € I. In [VVI1la], Varagnolo and
Vasserot introduce a family of Ext-algebras associated to a quiver with an involution 0;
the VV algebras. They compute these algebras explicitly and give a presentation of VV
algebras in terms of generators and relations, see Section 2.3. These algebras depend on

a dimension vector v satisfying certain properties. The set of such dimension vectors is
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denoted ’NI. They prove that categories of modules over VV algebras are equivalent to

certain categories of modules over affine Hecke algebras of type B. More precisely, let

0 = EB 20,,.

L
Let HB-Mod; denote the category of modules over HZ in which all eigenvalues of X,
1 <i<m,liein I. That is, M € HB-Mod; if and only if whenever X;n = An for some
n € M, A € k and for some 1 < i < m, then A € I. In this case we say that M is of type
I. Let 2-mody denote the category of finitely generated modules over 2J such that the

elements 1, ...,z act locally nilpotently.

Theorem 2.1.1 ([VV1l1a], Theorem 8.5). There is an equivalence of categories
W-mody ~ Hg—modj.

Varagnolo and Vasserot then use this equivalence of categories to prove the conjecture of
Enomoto and Kashiwara in complete generality, providing a type B analogue to the type

A picture.

Theorem 2.1.1 implies that in order to study categories of modules over type B affine
Hecke algebras it suffices to study categories of modules over VV algebras. This is an-
other reason motivating the study of VV algebras. The VV algebras are graded algebras
whereas affine Hecke algebras are not. Furthermore, the combinatorial description of the
generators and relations makes the study of VV algebras more accessible and easier to

work with in comparison to affine Hecke algebras.

2.2 KLR Algebras

In this section we define a family of algebras which were introduced by Khovanov, Lauda
and independently by Rouquier. They are known as KLR algebras, or sometimes as quiver

Hecke algebras.

Fix an element p € k*. Define an action of Z on k* as follows,
n-A=p?A\
Let I be a Z-orbit. So I = I, is the Z-orbit of A,
I=1,={p"\|nez).

To I we associate a quiver [ =T 7- The vertices of I are the elements i € I and we have

arrows p%i — i for every i € I.
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We always assume that +1 ¢ I and that p # +1.

If p is not a root of unity then T 7 has the following form.

piA P2 A PN pAN

If p" = 1, for some positive integer n, then T 7 is of the following form.

N
T |

Now define NI = {7 = > ici Vit | 7 has finite support, 7 € Z>o Vi}. Elements o € NT

are called dimension vectors. For 7 € NI, the height of 7 is defined to be
ol => .
icl

For 7 € NI with |#| = m, define

m
17 = {i=(i1,... im) €I | > ig =i}
k=1

Definition 2.2.1. v =), ;i € NI is said to have multiplicity one if 7; < 1 for every

iel. We say that j € I has multiplicity one in 7, or j appears with multiplicity one in

v, if the coefficient of j in v is 1, i.e. if v; = 1.

Example 2.2.2. 73 = A\ + p?\ € NI, has multiplicity one, while 7, = 2\ + p?\ does not

have multiplicity one. In the latter example, p?>\ appears with multiplicity one in 7s.

Definition 2.2.3. For # € NI with || = m the KLR algebra, denoted by Ry, is the
graded k-algebra generated by elements

{z1,..., 2} U{o1,...,om_1}U{e(i) |iec I}
which are subject to the following relations.

L e(ie(j) = dije(i), ope(i) =e(spi)op, we(i) =e(d)z, > 5 e(i)=1.

2. The x;’s commute.
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e(1) ik > ’ik+1
Try1 — vg)e(i) U < Ukt1
Ty — mk+1)e(i) i — ik+1

Tpp1 — o) (T — Thyr)e(d) ik < kg

—~

3. oZe(i) =

o~~~

0 Ik = Th+1
ojor =oro; for jAFkE1
0 ik # kg2 OF g < it
. e(i) 1 = ik+2 and 1 — Z'k+1
(Ok410kO 11— OkOk10k)e(i) = ) . . .
—e(i) ik = ipgo and i < ig41

(2xk+1 — Tk42 — xk)e(i) e = ik+2 and 1 < ik+1.

—e(i) if 1=k, ip = ipp
4. (kal — msk(l)ak)e(i) = e(i) ifl=k+ 1,ik = ik+1
0 else.

The grading on R; is given as follows.

deg(e(i)) = 0
deg(xe(i)) =2

. it = dpy1| + ligsr — ikl if ig # igq1
deg(ore(i)) =

—2 if g, = g

where |i — ix11| denotes the number of arrows from iy to iy in the quiver T'.

If 7 =0 we set Ry = k as a graded k-algebra.

Remark 2.2.4. In this thesis the underlying quiver I' for KLR algebras is always of type
A. In the literature however, KLR algebras are defined more generally. In general, one
starts with any loop-free quiver I' which has vertex set I. Then KLR algebras can be
defined as above with the relations depending upon the choice of underlying quiver T.

Here, we are restricting ourselves to the quiver T’ that is described above.

Examples

Example 2.2.5. Take # = X\ € NI. R; is generated by e()\), z;. So the KLR algebra

associated to ¥ in this example is just a polynomial ring k[z].

Example 2.2.6. Take 7 = A + p?\ € NI. R; has generators e(\, p?N), e(p®\, \), o1, 29,

o1. We can represent this algebra with the following quiver.
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01

T
1,22 e(\ p*A) e(p®\,\) | z1, 22
~_

01

Indeed, the path algebra of this quiver modulo the given relations is the KLR algebra R.

Example 2.2.7. Take 7 = A 4+ p?\ + p*)\ € NI. R; is the path algebra of the following
quiver modulo the relations. To reduce notation the paths of x1, x9 and z3 at each e(i)

have been omitted.

o)
e(A,pZ/\,p4©>\,p4A,p2/\)
o1 o1 o2 o1 01
e(p?\, A\, p*)) e(p*\, A\, p?))
09 092 - 02 02
e(P*A.p'A, Op“/\, P°A )
o1

Example 2.2.8. In each of the examples above, 7 has multiplicity one. Now take 0 =
2M + p?)\ € NI , in which A appears with multiplicity two. The corresponding quiver is,

again with the generators z; omitted at each idempotent e(i),

09 01
/\ /\
a1 | e\ p*\) e(A, p?X,\) e(p? X\, A, \) | 02
\_/ \_/
o2 01

Example 2.2.9. Take v = n)\ € NI, for some n € N. The associated KLR algebra Ry

has generators e(n\),z1,...,Tn,01,...,0n—1, with the following relations.
_ 2 _
T;x; = T4, o; =0,
005 = 04504 for ‘Z - j’ > 1, 0;0i410; = 0j4+10304+1,
—e(n\) ifl==~k
(Ukl‘l . xsk(l)ak)e(n)\) = e(n)\) ifl=k+1
0 else.

In this case, R is isomorphic to °H,,, the affine nil Hecke algebra of type A,,.
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At this point we introduce some notation. Take any ©# € NI, of height |#| = n, and
the associated KLR algebra R;. Whenever we work with the KLR algebra R;, for each
w € &,, we must choose and fix a reduced expression of w, say w = s;, ---S;, where

1 <y < mn, for all k. Then define o, € Ry as follows.

ope(i) = 0,05, - 04,.e(i)
oie(i) = e(i)

where 1 denotes the identity element in &,. Note that reduced expressions of w are not
always unique and so g, depends upon the choice of reduced expression of w. For example,
$iSi+18; = Si+18iSi+1 in &, whereas the defining relations for the KLLR algebra state that
we do not always have 0;0;110,€e(i) = 04410;0;+1€(i). In particular, this means that for

elements wy, ws € &, w1 = wy does not necessarily imply o, e(i) = oy, e(i).

Note 2.2.10. If we have fixed a reduced expression for w we will usually omit the dot

and write o, for oy .

Lemma 2.2.11 (Basis Theorem for KLR. Algebras). [[KL09], Theorem 2.5] Take v € NI

with |0| = m. The elements
{opa* - atme(i) | w € Gy, i€ IV, n; € Ny Vi}

form a k-basis for R;.

2.2.1 Root Partitions Associated to R;

To each i € I we associate an integer n; the power of p at that vertex. For example, to
P2\ we associate 2. To p~%\ we associate —4. If p € I; to the vertex p**1, k € Z we
associate 2k + 1. So i € I is identified with an integer and refers to the power of p at that
vertex. The order on I is the natural order on Z.

As discussed in Section 1.6, given this data we can define a Cartan matrix (a;;); el
Consider the Lie algebra associated to this Cartan matrix. We have simple roots in type

A given by {«; | i € f}, and positive roots oo 1= o + aiqa + - + Qiqor, k € Z>o.

Given 7 € NI it is now clear what we mean by a root partition of 7. A root partition of
v is a tuple of positive roots (81, B2, B3, ..., Br) such that o = 51 + fa + f3 + - - + [, and
such that 81 > 82 > 83 > -+ > f;.

A root partition of 7 will often be denoted by 7w and the set of all root partitions of
v will be denoted by II(7).

Example 2.2.12. Take 7 = A + p2\ + p*\ € NI,. Put 81 = p?A +p*\ and 82 = \. Then
(B1, B2) is a root partition of . Setting 51 = p*A and B2 = A + p?\ gives another root
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partition of .

Example 2.2.13. Take 7 = A+p? A4+p*A+pOX € NIy, (A+p2A+p* A+05N), (99X, A+p2 A+
p*A), (9N, P2\ +p* A, \), are root partitions of 7. Denote them as 7y, 7o, 73, respectively.
We have

m < o < T3
and i7r1 = (A7p2)‘7p4)\7p6)‘)7 i7T2 = (pG)‘v )\7p2)‘7p4)\)7 i7r3 = (p6)‘7p2)\ap4)‘7 )\)

Given 7 € NI and the associated KLR algebra Ry, we have a set {e(i) | i € I} of idem-
potents. Each e(i) is labelled by a sequence of integers i = (iy,...,%,) € I"™ which may
or may not correspond to a root partition in the way we describe above. So, associated to
each KLR algebra Ry we obtain a set of root partitions of 7. In fact, since all permutations
of (i1,...,1m,) lie in I™, we obtain a complete set of root partitions of 7. If i = (i1, yim)
corresponds to a root partition m € II(7) then we will sometimes write e(ir) = e(i) to

emphasise this.

Example 2.2.14. Consider the KLR algebra associated to the dimension vector v =

A+ p?X + p*A. Tt has the following quiver presentation (with the generators z; omitted):

02
/\
(A PP, p*A) (A, p*A, p2N)
\_/
02
o1 o1 o1 g1
(P2, A, M) (P* X, A\, p?A)
o9 o9 o) 02
01
/\
(P°X, p*\ ) (P, P2\, A)
\/
01

The set of root partitions associated to Ry is,
II(7) = {(0,2,4),(2,4,0), (4,0,2),(4,2,0) }

with (0,2,4) < (2,4,0) < (4,0,2) < (4,2,0).

Example 2.2.15. Consider the KLR algebra associated to the dimension vector v =

2\ + p?\. It has the following quiver presentation (with the generators x; omitted):

()] o1
/\ /\
o1 @ A pPA) e(X, p?\, ) e(p?, @ P
\_/ \_/
09 01
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The set of root partitions associated to R is
II(7) = {(0,2,0),(2,0,0)}

with (0,2,0) < (2,0,0).

2.3 VYV Algebras

In this section we define the family of algebras of which this thesis is concerned; the VV

algebras. They were introduced by Varagnolo and Vasserot in [VV11a].

Fix elements p,q € k*. Assume that p is not a power of ¢ and that ¢ is not a power

of p. Define an action of Z x {£1} = Z x Zy on k* as follows.
(nye) - A= PPN,
Let I be a Z x {£1}-orbit. So I = I} is the Z x {£1}-orbit of A.
I=1I,={p" | nez}.

To I we associate a quiver I' = I'; together with an involution #. The vertices of I" are the
elements i € I and we have arrows p%i — i for every i € I. The involution 6 is defined
by

O(p*i — i) =p %t «— it foralliel

We always assume that +1 ¢ I and that p # £1. This implies that 6 has no fixed points
and that I has no loops (1-cycles).

Now define NI := {v =

particular, for each v € NI, the coefficients of i and i~! in v must be equal. Elements

ser Vit | v has finite support,v; € Z>o,v; = vy Vip. In

v € NI are called dimension vectors. For v € NI the height of v is defined to be,

lv| = Z V.

el

The shape of I depends on whether p € I or p & I, as well as whether or not p is a root

of unity.

e Suppose p & I. Let I} := {p*"\ |n € Z}, I, := {p"A\"' |n€Z}. Sol\ =1, UI.

If p is not a root of unity then I'; has the form,
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P2 A P2\
. ‘7]?_2)\_1 - )\—1 (;pZ)\—l - ...
If p™ = 1 for some positive integer m then I'; is of the form,

N RN
T l | T

e Now suppose p € I. Let I := {p*"*! | n € Zx}, I, := {p*" ' | n € Z<}. So
I, = I, UL}, provided p is not a root of unity in which case we have I, = LF. If p

is not a root of unity then I'; is of the form,

If p™ =1 for some positive integer m then I'; has the form,

3/p\m—1
| |

Note that for v € NI, |v| = 2m for some positive integer m. For v € NI with |v| = 2m,
define

m m
9[” = {i: (Zl,,’Lm) cl™ | Zlk—kZ’lel = 1/}'
k=1 k=1

Definition 2.3.1. A dimension vector v = >, ;i € °NI is said to have multiplicity
one if y; <1 for every ¢ € I. We say that j € I has multiplicity one in v, or j appears

with multiplicity one in v, if the coefficient of j in v is 1, i.e. if v; = 1.

Example 2.3.2. The dimension vector v; = p~2¢ ' +q ' 4+q+p?q € 6’NIq has multiplicity
one, while vy = p~2¢~ ! + 2¢~! + 2¢ + p?q does not have multiplicity one. In the latter

example, p?q appears with multiplicity one in vs.
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Remark 2.3.3. We remark here that, given this data, we can again define KLR algebras.
That is, given a Z x Zs-orbit Iy and associated quiver I';, we can pick v € NI, which
yields a KLR algebra Rj. This KLR algebra is defined by the generators and relations
given in 2.2 with the understanding that there are no arrows between vertices belonging

to different branches of I'y,.

Definition 2.3.4. For v € 'NI with |v| = 2m the V'V algebra, denoted by 20, is the
graded k-algebra generated by elements

{x1,..,xm}U{o1,...,om_1}U{e(i)|ieT"}U{n}

which are subject to the following relations.

L. e(i)e(j) = de(i), oxe(i) =e(ski)ok, D jcop e(i) =1,

zie(i) = e(i)z;, 7e(i1,...,im) =e(0(i1),iz. .. im)T = e(i iz .. im)T.
zre(i) i1=gq
2. 7['2e(i) = —I’le(i) ’L'1 = q_l
e(i) 11 7é qil.

3. The x;’s commute.

e(i) ik > Tpt1
(Zht1 — zr)e(i) i 4 Tyt
4. ote(i) =< (2 — zpp1)e(i) U — Tht1

—~

Tpp1 — o) (T — Thr1)e(d) ik < kg

0 i = Tg41
ojo = ooy for j#Ak=+1
0 ik 7 k42 OF g ¢ Tpy1
. e(i) 1 = ik+2 and 1 — ik+1
(Ok+10k0k 11— 0Ok 10k )e(i) = ) o S
—e(i) i = g2 and i < igq1
(2.%'k+1 — Tk42 — xk)e(i) 1 = ik+2 and 1 < ik+1.
5. Tr, = —I 1T
wx; = xyw for all [ > 1.
0 iyt # g or if iy # ¢!
6. (o1m)%e(i) — (ro1)%e(i) = ¢ ore(i) ift=ig=q!
—oe(i) z'l_l =iy3=gq
woy = o for all k # 1.
—e(i) ifl =k, i =i
7. (kal — :rsk(l)ak)e(i) = e(i) ifl=k+ 1,ik = ik+1

0 else.
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The grading on 27, is defined as follows.

deg(ze(i)) =2
1 fi1 = gtl
deg(me(i)) = e
0 if il 75 qj:1
. i = k1] + lig+1 — ikl if iy # gy
deg(ore(i)) = o
—2 if i = gy

where |ix, — ip11| denotes the number of arrows from i to ix11 in the quiver I
If v =0 we set 20, = k as a graded k-algebra.

These relations indicate that VV algebras are closely related to KLR algebras. Each
VV algebra has an additional generator m which we can think of as being analogous to

the Weyl group of type B, having one more generator sg than the symmetric group &,,.

Examples

Example 2.3.5. Take v = A~! 4+ )\ € INI. 20, is generated by e(\), e(A™}), z1, 7. 2,

is the path algebra of the following quiver, modulo the defining relations.

Example 2.3.6. Take v = p2A71 + A1 + A+ p?\ € NI. 20, is the path algebra of the
following quiver, modulo the defining relations. Note that we have omitted the loops z

and zy at each idempotent e(i).
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01
/—\
e\, p?A) e(p\, \)
\_/
> i
m T m T
e(A\1 p*A) e(p?A71N)
o1 > o1 01 01
e(p?A A1) e\, p~2A7Y)
T > T o T T
/—\
e(p A AT e(A\"Lp2AT)
\_/
01

Example 2.3.7. Take v = 2p~' + 2p € GNIp, so p appears with multiplicity two. The

corresponding quiver is, again with paths x; and xo omitted,

/\ /\ /—\
e(p,p e(p L p) e(p,p!) e(p~l,p7t) o1
\_/ \/
01 T

Remark 2.3.8. Every v € 'NI can be written as

v = Zl/ﬂ+ Z V;t.
iel+ iel—
Setting o = Y o+ vii € NI T defines a KLR algebra. Denote the KLR algebra associated
tor € NIT™ by RIJ{. For the remainder of this thesis, for v = > .+ vii+) ;o1 vii € NI, v

will be used to denote ..+ vs@ € NIT. Sometimes we write 7 = 0" to make this explicit.

Similarly, setting 7~ = > . ;- vy € NI~ also defines a KLR algebra. Denote the KLR
algebra associated to v~ € NI~ by R

The relations above, and therefore the algebras 20, depend on the following four cases.

1. The case p, q € I. In this setting I';, is of type A U AL if p is not a root of unity,
as shown below. If p? is an 7! primitive root of unity then I' 1, is of type A7(~1) L A&l).

2n+1

Note that we do not allow p = 1 since +1 ¢ I. For now, we name this particular

setting the ME setting.
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P2 A P2\

“7]9_2)\_1 (7)\—1 (7])2)\—1 - ...

2. The case p € I and q € I. If p € I and p is not a root of unity then I';, has type
A

s
S|
S

o

[y, is of type A7 if p? is an r*" root of unity. For example, if p® = 1 then T 1, is of the

form,

3. The case q € I and p € I. In this setting I';, is of type A L A if p is not a root

of unity;

b q q p q

2, —1

e p 2t g 1

If p is a root of unity then I'y, is of type Aﬁl) L Agl);

SN PN

q P °q p q

T | l T
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4. The case p,q € L. In this case I, = I,. That is,
P nezy =g | nel).

If ¢ = p*>", for some n € Z, then +1 € I, which we have ruled out. So we must have

q = p*"*! for some n € Z.

Here we introduce some notation similar to the notation used for KLR algebras. Take any
v € NI, of height |v| = 2m, and the associated VV algebra 20,. Whenever we work with
the VV algebra 20, for each w € Wnlf, we must choose and fix a reduced expression, say

w = 8; - -8;, where 0 < < m, for all k. Then define o, € 27, as follows.

owe(i) = 04,04, -~ 04,€(i)

oie(i) = e(i)

where 1 is the identity element in W,2. As with elements of the symmetric group, reduced
expressions of w € W5 are not always unique and so o, depends upon the choice of

reduced expression of w.

Note 2.3.9. If we have fixed a reduced expression for w € WmB we will usually omit the

dot and write o, instead of oy;.

For each v € NI, with |v| = 2m, define °F, to be a polynomial ring in the x; at each
e(i). More precisely,

F, = P klzie(i),. .., zme(i)].

ief v
Proposition 2.3.10 ([VV11a], Proposition 7.5). The k-algebra 28, is a free (left or right)
O F,-module on basis {0y | w € WPBY. It has rank 2™m!. The operator o e() is homoge-

neous and its degree is independent of the choice of reduced expression of w.

That is,

27, = @ F,,.

{ow|lweWE}
Then we have a k-basis for VV algebras, as follows.
Lemma 2.3.11 (Basis Theorem for VV Algebras). Take v € NI with |v| = 2m. The

elements
{opx! - alme(d) |we WB il ny, € Ny Vk}

m

form a k-basis for 20,,.

2.3.1 KLR Algebras as Idempotent Subalgebras

The following lemma provides more of an understanding of the relationship between KLR

algebras and VV algebras.
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Proposition 2.3.12. For any v € NI we can write v = > ;. vii + Y ;e vii ' and set
U= Vil Ifi+i~ ' is not a summand of U, for any i € I, then ¥ yields an idempotent
subalgebra Ry of 27,.

Proof. We will show that there is an algebra isomorphism

e, e = Ry where e = Z e(i).
ierv
Let D, := D(W,2/&,,) denote the minimal length left coset representatives of &,, in W.5.
Fix a reduced expression § for every s € S,,. It is well-known (see [GP00] Proposition
(2.1.1), for example) that every w € W2 can be written uniquely in the form s, for
N € D, 5 € Gy, with £(ns) = £(n) + £(s). For every w € WP fix a reduced expression
w = 10s. By the basis theorem for VV algebras 2.3.11, any element v € 2, can be

expressed in the following form.

v = Z owpi(z)e(d) = Z Cfnffsil---s”pi(@e(i)

weWwzp $i, €6m
ief v n€Dm,
ief1v
where = (z1,...,%m), and pi(z) € k[zie(i),...,zme(i)]. Then

eve = Z eaneash...sirpi(g).
SikGGm
UEDm
ier”
Claim 2.3.13. Forn € D(WB/&,,),
{ e ifn=1
eo,e =

0 else.

This is clear when 7 = 1. So suppose that n # 1. We prove by induction on m that

eoye = 0.

For m = 1 we have D; = {1,s0} and 7 = a € NI. Clearly ecpe = ere = 0. Now

for any v € NI of height £ < m assume eo,e = 0 for all € Dj,.

Take v € NI of height m and 1 € D, \ Dy,—1. So, by Lemma 1.4.8, n = 7Sy,—1 - * 5150,

for 7 € Dy,—1. Consider one summand of e, say e(ai,...,an). Then,
eope(al,...,am) = €0pom_1---o1me(al, ..., an)
_ -1
=eope(as, ... ,am,a] )Om—1 " O1T.

1

Since a; is a summand of 7, by assumption, a; " is not an entry of any (i1,...,imn) € 17

(otherwise a; + a; ' would be a summand of 7). Also, o; does not affect the entry aj*, or
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its position, in e(ay, ..., any, afl). Hence we have
eope(as, ..., am, al_l) =0, and so edye(ay,...,am) = 0.

This is true for every summand of e and so eo,e = 0, for n # 1.

Then,

ZSEGW ospi(z)e ifn=1
eve = ier”

0 if £ 1.

Now define a map

f : eQH,,e — Rf,
eve — Z ospi(x)e.

SE€G,

ier”
From 2.2.11 we know {osz]* - -azme(i) | s € &,,,i € I”,ny € NgVk} is a basis for Ry
and so f is an isomorphism of k-vector spaces. On inspection of the defining relations of
the KLR algebras and VV algebras it follows that f is in fact a morphism of algebras.
This completes the proof. O

Remark 2.3.14. Using the notation from Remark 2.3.8, every VV algebra 20, has idem-
potent subalgebras R and Rj{.

Example 2.3.15. Take v = p 22X\~ + A1 + X\ + p?\ € NI from Example 2.3.6. Rg,
corresponding to 7 = \ + p? ), is always an idempotent subalgebra of 20, as is R, which
is the KLR algebra corresponding to 7 = A~ +p~2A\~1. But R,,, R,, are also idempotent
subalgebras for v; = A~! 4 p?X and for 15 = A + p~2A~!. In this example 20, has four
KLR algebras appearing as idempotent subalgebras.

Example 2.3.16. Take v = 2p~ ! + 2p € HNIp, as in Example 2.3.7. Then Ry, for

1

U =p+p -+, is not an idempotent subalgebra of 20,. In this example, the only idempotent

subalgebras isomorphic to KLR algebras are R;r and R .

2.3.2 W,e is a Free R;-Module

Take v € NI, |v| = 2m and the corresponding VV algebra 20,. Write v = D iert Vit +
Yicr-vitand set U=, 10 € NIT, as in Remark 2.3.8, so that Rlif is an idempotent
subalgebra of 207,,.

Let e = ) ;cpe(i). Then 20,e has the structure of a right R} -module; e2,e = RY

and the action of R;{ on W,e is given by multiplication from the right.
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As before let D,, := D(WB/&,,), the set of minimal length left coset representatives
of &, in WB.

Proposition 2.3.17. As a right R;{-module, W, e is free on a basis given by minimal

length left coset representatives of &, in W5,

Proof. First fix reduced expressions §, n for every s € &,,, 7 € D;,. Then for every

w € WP fix a reduced expression of the form = 3.

Recall from Lemma 2.2.11, that the elements
{ogal" - alme(i) | s € Gy, i€ IV, n; € Ny Vi}
form a k-basis for R;. Recall from 2.3.11 that the elements

{opat - ame(i) |w e WE ie T n; € Ny Vk}

m

form a k-basis for 20,.

Using that w = ns with £(w) = £(n) + £($), W, e has a k-basis
{oposat - alme(i) | w € WE i€ T, ny, € Ny Vk,e(i)e # 0}.

Consider the map
¢:We — P Ry
N€Dm
which is defined on basis elements as follows. The map ¢ maps oyosz7" - - - zjme(i) to the
element 027" - - - zjuve(i) lying in the copy of Ry indexed by 7. Extend this map linearly.
This is an isomorphism of k-vector spaces. It follows from the defining relations of 20,

and R that this is also a right Ry-module morphism. O
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Chapter 3

Morita Equivalences Between
KLR and VV Algebras

3.1 Morita Theory

Morita equivalence is an equivalence relation between rings and is one which preserves
many ring-theoretic properties, such as semisimplicity. It is named after the mathemati-

cian Kiita Morita who introduced the idea.

Definition 3.1.1. Rings A and B are said to be Morita equivalent if their respective
module categories are equivalent, i.e. there exists functors F' : A-Mod — B-Mod and
G : B-Mod — A-Mod such that F'G = 1p.0m0q and GF = 1 4.Mod-

Rings are often studied in terms of their modules and so the existence of a Morita equiva-
lence between rings A and B may provide a wealth of information about ring A if ring B
is one which is already well-understood. It can be shown that the left module categories
A-Mod and B-Mod are equivalent if and only if the right module categories Mod-A and
Mod- B are equivalent, so one does not need to specify left or right Morita equivalence. If F'
is an equivalence of categories then F' is an exact functor since « is a monomorphism (resp.
epimorphism, isomorphism) if and only if Fa is a monomorphism (resp. epimorphism,

isomorphism).

Definition 3.1.2. Let A and B be rings and M € A-Mod-B. We say that M is faithfully
balanced if the natural maps A — End(Mp) and B — End(4M) are both ring

isomorphisms.

Lemma 3.1.3 ([Lam99], Lemma 18.41). Let AMp be faithfully balanced. Then Z(A) =
Z(B) and both rings are isomorphic to End(aMp).

Proof. Define f : Z(A) — End(4Mp) by z — f(z), where f(z)m = zm. Since z € Z(A)
it is clear that f(z) € End(aMp). One can also easily check that f is a ring homomor-
phism.
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Since End(q4Mp) C End(Mp) we know that f is injective. To show surjectivity, take
g € End(4Mp). Since g € End(Mp) = A, we know that ¢ corresponds to left multiplica-
tion by some a € A, i.e. g(m) = am for all m € M. But we also know that g € End(4M)
so that g(aym) = a1g(m), for every a; € A,m € M. But then,

glaim) = a1g(m) = aaym = ajam

for all a; € A,m € M. Since aaj,a1a € A and A = End(Mp) we have that aa; = a1a
for every a; € A. In other words, a € Z(A) and f is surjective, meaning that we have
a ring isomorphism Z(A) = End(4Mp). By symmetry, we also have Z(B) = End(4Mp)
and hence Z(A) = Z(B). O

Definition 3.1.4. P € R-Mod is a generator for R-Mod if Hompg(P, —) is a faithful
functor from R-Mod to Ab, the category of abelian groups. That is, when f, = g, if and

only if f =g.

Example 3.1.5. An example of a generator is the left regular module grR. In this case,
Homp(R, M) = M for any R-module M. So Hompg (R, —) is the forgetful functor, which
is faithful.

Theorem 3.1.6 ([Lam99], Theorem 18.8). The following are equivalent for P € R-Mod.
1. P is a generator for R-Mod.

2. trp(P) = R, where trpP =3 cyyom ,(p,r) 9(P) is called the trace ideal.

3. There exists n € N such that R | PP".

4. R| @;c; P for some set I.

5. For every M € R-Mod there exists a surjection ¢ : @, P — M.

So, for example, R ® M is a generator for any M € R-Mod.

Definition 3.1.7. P € R-Mod is a progenerator for R-Mod if P is a finitely generated
projective generator. So then, P | @, ; R for some I and R | @, ; P for some J.

Example 3.1.8. It is clear that gR is a progenerator in R-Mod. This means that, since
being a progenerator is a categorical property, F(grR) is a progenerator in S-Mod, for

F : R-Mod — S-Mod an equivalence of categories.

Remark 3.1.9. Let 1 = e; +---+ e, € R be a decomposition of 1 into primitive or-
thogonal idempotents. Suppose that Re;,, ..., Re;, is a complete list of non-isomorphic
indecomposable projectives. Then, using Theorem 3.1.6, an arbitrary finitely generated
projective module P = (Re;, )¥"i1 @ - @ (Re;, )¥™* is a progenerator if and only if n;, > 0
foralll <r <k.
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Remark 3.1.10. Let R be a ring and e = ¢? € R a non-trivial idempotent. Then Re is

a finitely generated projective R-module since
rR=Re® R(1 —e),

i.e. Reis a direct summand of a free R-module. Consider trr(Re) = }_/ctomp(re,r) 9(F€)-
Take any g € Homp(Re, R) and any r € R. Then, g(re) = reg(e) = res, for some s € R, so
g(Re) € ReR. Hence, trg(Re) C ReR. Conversely, for res € ReR define g5 : Re — R
as multiplication on the right by res, i.e. gpes(te) = teres. Then g,.s € Homp(Re, R)
and there is an injection ReR < trr(Re). So ReR = trr(Re). By Theorem 3.1.6 (2), it
follows that Re is a generator, and hence a progenerator, if and only if ReR = R, i.e. if

and only if e is a full idempotent in R.

3.1.1 Morita Contexts

Let R be a ring. For P € R-Mod, let @ = P* = Hompg(P, R) and S = Endg(P). Then P
is an R-S-bimodule where the action of S is given by p-g = g(p), for p € P and g € S,

and @ is an S-R-bimodule via

SxQ—Q
(s,f) = sf :p = f(s(p))

and

QxR—Q
(f,r) = frip—rf(p)

Lemma 3.1.11 ([Lam99], Lemma 18.15). We have the following bimodule morphisms.
1. a: PRsQ — R, p® f — f(p) defines an R-R-bimodule morphism.

2. 0:QerP — S, fep— fp:p — f(p)p defines an S-S-bimodule morphism.

(9

M is a ring, called the Morita ring associated with P. The multiplication and addition

Let

is given by usual matrix multiplication and matrix addition. The 6-tuple (R, P, @, S, «, 3)
is the Morita context associated with P. Fixing such a Morita context, we have the

following results.
Proposition 3.1.12 ([Lam99], Proposition 18.17).
1. P is a generator <= « 1is onto.

2. Assume P is a generator. Then,
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(a) a: P®gQ — R is an R-R-isomorphism.

(b) Q = Homgr(P, R) = Homg(P,S) as S-R-bimodules.
(¢) P = Homg(Q,S) as R-S-bimodules.

(d) R = Ends(P) = Ends(Q) as rings.

Proposition 3.1.13 ([Lam99], Proposition 18.19).
1. P is a finitely generated projective module if and only if B is onto.
2. Assume P is a finitely generated projective module. Then,

(a) B:Q®r P — S is an S-S-isomorphism.
(b) Q = Homp(P, R) as S-R-bimodules.

(¢) P = Homp(Q, R) as R-S-bimodules.

(d) S = Endr(P) = Endg(Q) as rings.

Proposition 3.1.14 ([Lam99], Proposition 18.22). Suppose rP is a progenerator. Then

Ps, sQ and Qg are also progenerators and o, 8 are isomorphisms.
Proof. This follows immediately from Proposition 3.1.13 and Proposition 3.1.12 above. [
We now state two of Morita’s Theorems.

Theorem 3.1.15 (Morita’s First Theorem). Let P € R-Mod be a progenerator and
(R, P,Q,S,a, ) the Morita context associated to rP. Then,

1. Q ®r — : R-Mod — S-Mod and P ®g — : S-Mod — R-Mod are mutually inverse

equivalences of categories.

2. —®r P : Mod-R — Mod-S and — ®s Q : Mod-S — Mod-R are mutually inverse

equivalences of categories.
Proof. See [Lam99], Theorem 18.24. O

Remark 3.1.16. For any left R-module, M one can check that

BM : Q®RM — HomR(P,M)

q@m—qm (p+ q(p)m)

is an isomorphism of left R-modules. So we have a natural isomorphism
Q ®p — = Homp(P, —).

Similarly, P ®g — = Homg (@, —). A similar note can be made for the functors of right

module categories.
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Theorem 3.1.17 (Morita’s Second Theorem). Let F' : R-Mod — S-Mod and G :
S-Mod — R-Mod be mutually inverse equivalences of categories, with F(grR) = Q and
G(sS) = P. Then we have bimodule structures rPs and sQgr. Using these we have
natural isomorphisms F 2 Q ®r — and G = P ®g —.

Proof. See [Lam99], Theorem 18.26. O

Corollary 3.1.18. Rings R and S are Morita equivalent if and only if S = Endgr(P), for
some progenerator P € R-Mod.

Proof. Suppose first that R and S are Morita equivalent. Let F' : R-Mod — S-Mod and
G : S-Mod — R-Mod be mutually inverse category equivalences and let F(R) = @ and
G(S) = P. P and @ are progenerators in their respective categories. By Morita’s Second
Theorem together with Remark 3.1.16, we have F' =~ Q ® g — = Homp(P, —). Notice then
that Q = Hompg (P, R) so that using Proposition 3.1.13 for the third isomorphism,

F(P) §Q®RP%JEHdR(P) =S,

Suppose now that S = Endg(P) for some progenerator P € R-Mod. Since P is projective,
it is a direct summand of a free R-module, i.e. R" = P & P’. We also identify End(R"™)

with M, (R), the ring of n x n matrices with entries in R. Let e be the map,

e:R" — R"

(r1,72) = (71,0)
for 1 € P and ry € P’ using that R = P @ P’. Then e(R") = P, e is an idempotent
element of M,,(R), and one can show that M,,(trr(P)) = M,(R)eM,(R). But trr(P) = R
since P is a generator, and so we must have that e is a full idempotent in M, (R). Now
define

A:Endgp(P) — e-Endg(R") -e =eM,(R)e
[ AS)

where A\(f)|p = f and A(f)|pr = 0. One can check that A is an isomorphism so that

S = Endg(P) = eM,(R)e. Since e is full in M,(R), S is Morita equivalent to M, (R)
which is Morita equivalent to R. O

We now know that if zpPg is a progenerator then R = End(Ps) and S = End(gP). So we

have the following corollary of Lemma 3.1.3.

Corollary 3.1.19. If R and S are Morita equivalent then Z(R) = Z(S). In particular,
for commutative rings R and S we have, R ~yp S <= R=S.

A generalized Morita context, or pre-equivalence, is nothing but a ring with a distin-

guished idempotent. This can be seen in the Morita context above when arranging the
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data into a 2 x 2-matrix.

Let R be a ring with an idempotent e € R. Let f = 1 — e be its complementary idempo-
tent. The Pierce decomposition R = eRe ® eRf & fRe ® fRf allows us to write R as an

(eRe eRf)
R
fRe [Rf

The diagonal entries A = eRe and B = fRf are rings with multiplicative identities 14 = e

algebra of 2 x 2-matrices

and 1p = f, respectively. Note that they are not unital subrings of R. Then @) = eRf is
an A-B-bimodule and P = fRe is a B-A-bimodule. To emphasise this let us write again

RgeReengAQ
~\fRe fRrRf) \P B)

Multiplication in R induces a pair of bimodule homomorphisms,

f:Q@BP—)A
g:P®aQ — B.

Conversely, as we saw above, we can arrange a Morita context into a 2 X 2-matrix to obtain
a ring R with the distinguished pair of complementary idempotents e = 14, f = 1. We

will also make use of the following results.

Proposition 3.1.20. Let e, f be idempotents in a ring R. Then the following statements

are equivalent:

1. eR = fR as right R-modules.

2. Re= Rf as left R-modules.

3. There exists a € eRf and b € fRe such that e = ab and f = ba.
4. There exists a,b € R such that e = ab and f = ba.

Proof. See [Lam99], Proposition (21.20). O

If any two idempotents e, f € R satisfy the above conditions then we say that they are
isomorphic idempotents and write e = f. Note that the isomorphism of left R-modules is

given by

0: Re; — Rey =t Rey —> Req
r—ra 5+ sb
Lemma 3.1.21. Let A be a finite-dimensional algebra over a field k. Suppose A = Aey &
-+ @ Ae, is a decomposition of A where each submodule Ae; is indecomposable. Then

every simple left A-module is isomorphic to one of S1 = top(Aey),..., S, = top(Ae,) and
S; =2 85 if and only if e; = e;.
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Proof. See [ASS06]. O

Proposition 3.1.22 ([Lam01], Proposition 21.6). Let e,e’ € A be idempotents, and M a
left A-module. There is a natural additive group isomorphism X\ : Homgp(Re, M) — eM.

In particular, there is a natural group isomorphism Homp(Re, Re') = eRe’.

Corollary 3.1.23 ([Lam01], Proposition 21.7). For any idempotent e € A, there is a

natural ring isomorphism Enda(Ae)°P = eAe.

3.2 DMorita Equivalence in the Separated Case

Let R and S be k-algebras with M € R-Mod, N € S5-Mod. The outer tensor product of
M and N is denoted M X N and is defined to be M ® N as a k-vector space, considered
as an R® S-module. Recall that a HZ-module is said to be of type I if all X;-eigenvalues,
1<i<m,liein I.

Lemma 3.2.1 ([EK06], Lemma 3.5).

1. Let N’ be a simple HE -module of type I and N” a simple HE,-module of type J. Then

HB/ 1 . .
N'& N" is a simple Hf, ® HE,/—module and Ind gﬁB N’ N" is a simple Hf’urn,,—
module of type I U J. T

2. Conversely if M is a simple HE -module of type I U J then there evists a simple
HB-module N' of type I and a simple HE _ -module N" of type J such that M =

Ind§§ s N'EN.

m—n

HB/ "
n'4+n N/IE
HP b,

N" e HE 4nr-Mody is simple. Moreover, every simple HB 4no-module of type TU.J arises

in this way. In [EKO06] they conclude that it suffices to study HZ-modules of type I. In

In other words, for N’ € HZ-Mod; simple and for N” € H5,-Mod; simple, Ind

this chapter we provide more of a categorical justification of this fact.

Recall, from Section 2.3, we fixed an element p € k* in order to define an action of
Z x Zo on k*. We then fixed a Z x Zo-invariant subset I, of k™, for some A € k*, and
defined a family of VV algebras from this data. In this section we will define families of VV
algebras in a slightly more general setting and then show that in fact it suffices to study
the families of VV algebras as defined in Section 2.3. We again fix elements p, ¢ € k™ and

keep the action of Z x Zs on k* as before, namely,
(n,e) - A= p?"\°.

Let I,J C k* be Z x Zo-orbits with I NJ = (). To I UJ we associate a quiver I' = 'y

together with an involution 6. The vertices of I" are the elements ¢ € I U J and we have
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arrows p?i — i for every i € I U .J. The involution 6 is defined as before;

O(p*i — i) =p % ' e— it forallie TU.JL

Define °N(I U J) := {v = 3_,c;, vt | v has finite support,v; € Zso,v; = vp;) Vi}. For
v € 'N(I' U J), the height of v is defined to be

vi= 2w

i€luJ

and is equal to 2m, for some positive integer m. For v € *N(I U J) of height 2m, define

YUy i ={i= (i, im) € U™ ig+ Y it =v}h
k=1 k=1

Definition 3.2.2. For v € PN(TU.J) with |v| = 2m the separated VV algebra, denoted
2], is the graded k-algebra generated by elements

{z1,...,zmy U {01, ...,om1}U{el) |ic(TUT)}U{r}

which are subject to the following relations.

L. e(ie(j) = diye(i), oxre(i) =e(ski)on, Doy e(i) =1,

zie(i) = e()z;, 7e(it,. .. im) =e€(0(i1),iz. .. in)T = €(i] iz .. in)T
zie(i) i1=gq
2. m’e(i) = —me(i) i1=q"
e(i) i1 # qT!

e(1) ik > 'L'k—f—l
(karl — xk)e(i) 1k ikJrl
4. ofe(i) = (x — zpe1)e(i) ik = k41

(Thy1 — o) (T — 2pg1)e(d)  dg ik

L 0 ik = Tg41
00 = 005 forj;ék:lzl
0 ik 7 k42 OF Gg ¢ Ty
. e(1) i = ik+2 and 1 — ik+1
(Ok4+10k0k41—0kOk110k)e(i) = ) o S
—e(i) i = igyo and ig < gy
(2a:k+1 — Tk42 — a:k)e(i) 1 = ik+2 and 1 < ik+1

D. T™Ir] — —X1T

max; =y forall [ >1
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0 ig # 1o or if iy # ¢!
6. (o1m)%e(i) — (mo1)%e(i) = ore(i) ip =1i2 and i} = ¢
—oe(i) ip =19 and i} = ¢~
oy = opm for all k # 1
—e(i) ifl =k, ip =ik
7. (opT — w5, yok)e(i) = ¢ e(i) ifl=k+1,ip =ik
0 else

The grading on 20, is defined as follows.

deg(e(i)) = 0

if iy # ¢+
(opeli)) = { ik = k1] + |ik41 = ikl if i # gt

—2 if g, = g

1 if 41 = +1
deg(we(i»:{ o

where |i — ik11| denotes the number of arrows from iy to ik in the quiver I'zy .

If v =0 we set 20, = k as a graded k-algebra.

Remark 3.2.3. Take v € °N(I U J) and the separated VV algebra 20,. We remark here
that there are no arrows between any ¢ € I and j € J. So, for some e(i) with ¢ = i and

ix+1 = J, it is always the case that o7e(i) = e(i).

Note 3.2.4. Fix v € (’N(I UJ). We can write v = v; + 1o, for v; € NI and s € NJ.
We note here that (i1, ..., 0m,, 71, - -, jmy) € P(IUJ) for any (iy,...,im,) € 1" and any
(s -+ -5 Jmy) € 0J72. We will write (ij) for such a tuple, where i = (i1,...,im,) € °I"* and
i= 1y dmg) €072

Example 3.2.5. Fix Zx {£1}-orbits I and J,,. Take v; = p2A~ 1+ A"1+ A +p2) € UNI,,
vy = ;Fl +pu e GNJM and put v = v1 + 1vs.

In an effort to reduce notation let us write 0 for X, 2 for p?\, ¢ for u, 0 for A71, 2
for p~2A~! and ¢ for p~!. The vertices e(iy, 42,3) in the following quiver will be written
1172t3. The arrows will be represented by a labelled line with the understanding that each
line represents two arrows; the source of each one being the target of the other. As usual

the x; arrows have been omitted. Then the quiver associated to 2J, is below.
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20¢ .
T (o}
™ = o1 =, o2 / = ™ =, = o1 == ™
02¢ 02¢ 20¢ \2§[)0 2¢0 @20
o1 02¢ 02
s o2
206 ——1306 —— 02¢ —Z— 042 \—— 062 ——— $02 —~
P o2 /Q@O
s o2
200 — - 260 —— $20 =2 \¢02 $02 — 21— 042 — =
o2 o1 o2 Q;[)O o2
s o2
s - o1 - 0/2 - = = o1 ~— bis
¢20 ¢20 2¢0 20¢ 20¢ 02¢
[op) g2 ();{)2
s o2
$02 —= 302 — 21— g2 =2 \Ongb T 026 —— 204 —~
o1 $02 o2
s o2
™ = o1 = 0/2 = T —ar 01 == T
0¢2 02 @02 @20 @20 2¢0

Let e = Y ;cops €(ij). So, in the example above, e is the sum of the idempotents high-
jelgre
lighted in red in the quiver. In this section we will see that 20,e is a progenerator in

20,-Mod such that e20,e = 20, ®x 20,,, from which it follows that 20,, and 20,, ®k 20,,

are Morita equivalent.

From here until the end of this section we fix the following notation. Let I,J C k*
be Z x {£1}-orbits with IN.J = (. Take v € *N(I U.J) and write v = vy + v, for vy € NI
with 1] = my and vy € NJ with |va] = ma. Let m = mq 4+ ma. Set e := > ;.0 €(ij),

jel g2
using the notation as in Note 3.2.4.

— B .
Let Q = <80,81,---,8m1—1,8m1 ---313031'--sm1,3m1+1,...,sm1+m2_1> C W, , a quasi-
parabolic subgroup of W5,

Lemma 3.2.6. There is a group isomorphism ng X W£2

It
©

Proof. Let
. B B
¢ W, xWo, — Q

49



Morita Equivalence in the Separated Case

be the group homomorphism defined on generators as follows.

One can check that ¢ really is a well-defined group homomorphism by checking the rela-

tions. In particular,

o((e1,50515051)) = &((e1, s1505150))-

The homomorphism ¢ is surjective since it is surjective on the generators of (). Then,
since |W .5 L X W£2| = |Q], it follows that ¢ is bijective and we have a group isomorphism
WE xwh ~qQ. O

Proposition 3.2.7. There is a k-algebra isomorphism 20, @20, = e, e.

Proof. Define a map ¢ : 0, ®x 0, — €, +.,e by,

e(i) @ e(j) — e(ij)
rre(i) @e(j) — xre(ij) 1<k<my
ore(i) @e(j) — ore(ij) 1<k<m;—1
me(i) ®

extending k-linearly and multiplicatively. Then, by inspection of the defining relations,
one can see that 1 is well-defined and is therefore a morphism of k-algebras. Let () =
<so,sl, ey Smy—1,8my - S15051°* Smys Smy+1s - - .,sm,1> C Wﬁ be the subgroup of WmB

as in Lemma 3.2.6. For each w € @, fix a reduced expression and consider
B = {ouz!---ame(ij) |w e Q,ny € Ng Vk,ie 1" je 2.

This set is linearly independent because it is a subset of the basis given for VV algebras in
Lemma 2.3.11. B’ spans e2J,,,,e because the w € Q are precisely the elements of W2
that permute the (i1, ..., 4y, ) and the (j1,..., jm,), and which do not intertwine elements

ir € I with elements j, € J. So B’ is a k-basis for €20, y,,e.
We can now calculate the graded dimension of these algebras and show that they are

indeed equal. First we calculate the graded dimension of e, e using B’. Referring back

to Example 1.1.10, we know that the polynomial part of this basis contributes a factor of
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W to this graded dimension. Then,
: 1 deg(owe(ij))
dimg(eve) = T v Y gieslene,
weR
icf 1
jelgva

Consider oe(ij), for some w € Q. Note that

deg(asm1-~~818081--~sm1e(ij)) = deg(os.€e(j))
deg(0s,,, ., €(ij)) = deg(0s,(j))
deg(osmlerQfle(ij)) = deg(08m271e(j))'

Similarly, deg(os,e(ij)) = deg(os,e(i)) for all 0 < i < m; — 1. Hence,

deg(owe(ij)) = deg(oue(i)) + deg(ove(j))

for some u € WE v e W£2. Then,

mi?

S gleslowel@) = 3 gdestone(i)deg(oveli)
weQ u€W£1 ,UEWB

ieZ[“l ief11

3 v

Je Jv2 jEQJVQ

On the other hand, for 20, ® 20,,,

dimy (20, ® W,,) =

Z qdeg oue(i)) Z qdeg ove(j))

uEWB veWB
lEele JEQJVQ

1
= (1 _ q2)m1+m2 Z q

uewps UEWB

’VVLI
ief 1
jelva

1—q

deg(aue(i))+deg(ove(j))

Hence, we have shown

dimy (e, e) = dim,(2W,, ® W,,).

To prove the claimed result it now suffices to prove that ¢ is surjective.

Rename the generators of ) as follows. Put,

Smy 515081 Smy T =mq
Cit+1

S; i;éml

so that @ is generated by {ci, ¢, ..., ¢m +m,}- Define £g : Q — Ny in the following way.
For the identity element 1 € @ put g(1) = 0. Any w € @ can be written as a product

w = ¢, -~ ¢,,. Pick these generators in such a way that k& is minimal. Then {g(w) = k.
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For example, ¢g(c;) = 1 for every i. We say that w = ¢;, ---¢;, € @Q is an {g-reduced

expression for w if lg(w) = k.

Let £ : WB — Ny be the usual length function on W2 as defined in Section 1.2. The
isomorphism ¢ from Lemma 3.2.6 demonstrates that any £g-reduced expression ¢;, - - - ¢;,
is also a reduced expression with respect to £. For every w € @) fix an {g-reduced expres-

sion w = ¢;, -~ ¢;,.. Then oye(ij) = oc,, - o, e(ij) for each i € O jefge.

It is clear that ¢ is surjective on elements e(ij) and z;e(ij), for all i € 911, j € 0>,

Notice that

Y(ore(i) ® e(j)) = 0¢,e(ij) for0<k<m;—1

Y(e(d) @ ore(j)) = Ucmﬁkﬂe(ij) for 0 <k <mo—1.
Therefore v is surjective on the basis B’ and hence on €20, 1,,e. O
Lemma 3.2.8. Let e= ), 0, €(ij). Then e is full in the separated VYV algebra 20,,.

jebgve

Proof. We must show 20, = 20,e20,. We take any idempotent e(k) € 20,, not a sum-
mand of e, and show that e(k) € 20,e20,. Suppose k; =i € I (the same argument holds
if ki =j € J). Let e1,...,&, denote the positions of entries belonging to I, and assume
€1 < -+- < égp. Since k; =i € I, we have 1 = 1. Let w1 = $25354 - Szp—1 € S,y,, Where

the s; are the generators of &,,. Then,

T4, owr (k) = e(k)

2

Ze(i) = e(i) when there are no arrows between i, and i,.

because o

Suppose oy, e(k) = e(ki)ow,. Then the first two entries of k; are elements of I. Let

Wo = 838485 - Sgq—1 € S,,. Then,
of owe(ky) = e(ky)

for the same reasoning as above. Suppose oy,e(ki1) = e(ka)oy,. Then the first three

entries of ko are elements of I.

Continuing like this we obtain oy, ..., 0w, , with o, 0u,e(ki—1) = e(ki—1), for ¢t with

2 <t <r—1. Then we have,

Uipllla’LpUQ e O',Z)r_le(ij)O'wT71 U Uw2awle(k> = e(k)7

and e(ij) is a summand of e. Hence e(k) € 27,20, so that 20, = 20,e20,, as required.
O
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Corollary 3.2.9. 20, and 20, ®;W,, are Morita equivalent.

Proof. Using Lemma 3.2.8 and Remark 3.1.10, we have that 2J,e is a progenerator in
20,-Mod. By Corollary 3.1.18, it remains to show Endgy, (20,e) = 20, ® 25,,. But, by
Proposition 3.2.7 and the fact that Endgy, (20,e) = €20, e, we are done. O

Remark 3.2.10. In this section we have defined families of VV algebras arising from
unions of Z x {£1}-orbits. But in fact Corollary 3.2.9 shows that in order to study these
VV algebras it suffices to study the families of VV algebras arising from a single Z x {+1}-
orbit, as we defined in Section 2.3. A slightly modified version of this theorem, using the

same proof, explains why we may assume that v has connected support.

An Alternative Proof

Originally, we wanted to provide more of a categorical proof of 3.2.9. However, we could
only obtain a sketch of proof for one of the results leading up to this proof. We include

this approach here because we like the methods involved.

Let A be any algebra over a field k, and let 0 # e € A be an idempotent. Let F :
A-Mod — eAe-Mod be the following functor. On modules we have F' : M — eM, and if
g : M — N is a module morphism then F(g) : eM — eN is the restriction of g. Note
that eM is a well-defined eAe-module. We now state and prove the following well-known

result which can be found in the literature.

Proposition 3.2.11. If S € A-Mod is simple then eS € eAe-Mod is either a simple

module or is zero.

Proof. Let L be any non-zero e Ae-submodule of eS. Then L = eL. Therefore AL = Ael,
which is a non-zero A-submodule of S, and so S = AL = AelL. So

eS =e(Ael) = (ede)L C L.

So, if €S is non-zero then it is a simple eAe-module. O

We can also define a functor in the opposite direction G : eAe-Mod — A-Mod sending M
to Ae ®c4e M. This is well-defined since Ae is a left A-module and a right eAe-module,
and M € eAe-Mod. In general, for S € eAe-Mod simple, G(S) is not a simple module.
The following well-known result can be found in most algebra textbooks. We state it here

and will make use of it in the lemma to follow.

Lemma 3.2.12 (The 5-Lemma). Let A be a ring. In any commutative diagram of A-

modules
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A/ B/ C/ D/ El
a |~ b ~ C d ~ el ~
A B C D E

with exact rows, if a,b,d and e are isomorphisms then c¢ is also an isomorphism.

Lemma 3.2.13. Let A,B be k-algebras. Suppose we have exact functors

G
A-Mod = B-Mod
F

each of which send simple modules to simple modules and such that (F,G) is an adjoint

pair. Then A and B have equivalent categories of finite length modules.

Proof. Let A= A-Mod and B = B-Mod. Since (F,G) is an adjoint pair we have, for any
M e A, N € B, the following isomorphism.

aOM,N

Homp(FM,N) — Hom(M,GN).
In particular,
Hompg(FGN,N) = Hom4(GN,GN) and Homg(FM, FM) = Hom(M,GFM)

For any M € A-Mod and any N € B-Mod let o, par(1pn) = gar and let a&}VN(lGN) =

hx. By induction on the length of M we prove that these morphisms are isomorphisms.

If M is simple then GFM is simple and gy € Homa(M,GFM). By Schur’s Lemma
and the fact that gas # 0, we have that gps is indeed an isomorphism. Now assume that

they are isomorphisms for all modules of length less than r. Take M € A with {(M) = r.

For any maximal submodule L of M and simple module S = M /L, we have the following

diagram of morphisms, where the top row is a short exact sequence.

) S

L M S

gL |~ gm gs |~

GFL ——— GFM

GFi GF's GES

In fact, since GF' is exact, both rows in this diagram are short exact sequences. By the
inductive hypothesis, g5 and gg are isomorphisms. We can prove that this diagram com-

mutes (see below). Hence, by the 5-Lemma, we know that g/ is also an isomorphism.

Now, for any morphism Bj LN Bs in B
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By b By
kp, kp,
FGB; FGBy

is a commutative diagram and for any morphism A; —— A, in A

A a A,
gA, gA,
GFA,; GF A,

a

is a commutative diagram. See below for proofs of this. Hence F'G = 1p.moq and

GF = 14.moq so that A and B are Morita equivalent.

It remains to show that the above diagrams commute. Since (F,(G) is an adjoint pair

we have the following commutative diagrams.

(Fi)*

Hompg(FM, FM) Hompg(F L, FM)
QN FM ar FM
Hom (M, GF M) ——— Hom (L, GF M)
i
(i)

Homp(FL,FL)

Hompg(FL,FM)

QL FL AL,FM

Hom 4(L, GFL)

Hom (L, GFM
CF). Al )

The first square gives

7" OO[Mij(lFM) = L, FM © (FZ)*(lFM)

= gM ol = OzL7FM(Fi>.

From the second square we get

(GFi)* o OéLyFL(lFL) = Q[ FM © (FZ)*(lFL)

= GFiogr = OéL,FM(FZ').

Together, these give GFi o g;, = gas o 4. Similarly, we can show that GF's o gpy = gg o s.

Hence all aforementioned squares commute and the proof is complete. ]
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The following discussion follows [GP00], Chapter 1. For m > 1, let W,,, be the subgroup
of GL;,(R) consisting of matrices with exactly one non-zero entry in each row and column.
Let this entry be either 1 or -1. Then W, is a finite group of order 2"m)!.

Let S,, C W,, be the subgroup of all permutation matrices. That is, those matrices with
precisely one non-zero entry in each row and column, that entry being 1. For 1 <i < m—1,
let s; € S,, be the matrix obtained from the identity matrix by swapping the i and
(i + 1)™ columns. Then {s1,...,5,_1} generate Sy, and it is clear that S, can be iden-
tified with &,,.

Let N,, C W,, be the subgroup consisting of all diagonal matrices. Then N, is an

abelian group with |N,,| = 2™. Moreover, since N,,, NSy, = {1}, we have

[Non[[Sml|

Ny - Spp| = —mi2mi
| | | N N Sy

2"m! = |W,|
S0 Ny, - Sy = Wi,

For 0 < i < m — 1, let 7; be the diagonal matrix whose diagonal entries are all 1 ex-
cept the (i + 1) diagonal entry which is —1. Then 79,71, ..., 7Tm_1 generate N,,. Note

also that the elements 7; are conjugate in Wp,:
T; = 8;T;i—18; = S;+++S17081---8; for1<i<m—1.

Thus, the elements {7, s1,...,S$n—1} generate W,,, and one can check that the following

relations hold

m=1=s? for1<i<m-—1
T0S17T0S1 — S17T0S170

T0S; = ;70 fori > 1

SiSi+1S; = Si+1SiSi+1 for 1 < ) <m — 1

sisj = sjs; for |t — j| > 1.

So W, is a Weyl group of type B,,. This shows that every element w € W,],f can be

. Em—
expressed uniquely as w = s7507' -7, "

for some s € &, and ¢; € {0,1}, for all
0 <i<m—1. Let (m1,mz2) be a partition of m. Since every s € &, can be written
uniquely as s = nw, for n € D(6,,/(Gpmy X Gmy)) and w € G,y X &y, every w € WB

can be expressed uniquely in the form

Em—
w = Nyl T

forn € D(6,,/(Gmy XGimy)), w € Gy XSy, and g; € {0, 1} Vi. But, since (&, X Sy, ) -
Ny = Wiy X Wiy, we can write, for any w € W2, w = nf for n € D(6,,/(Gpmy X Gpny))
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and 0 € Wy, x W,,.
Proposition 3.2.14. 20, e is free as a right €20, e-module on basis D(Sp, /(Spmy X Gpy))-

Proof. From the discussion above, we have seen that every w € W2 can be expressed in

uniquely the form w = né for some n € D(S,, /(G X Sy, )) and some 6 € Wy, X Wiy,.

By Proposition 1.4.1, every 6 € Wﬁl X Wni

X ED((WE xWE)/(WE x&,,)) and 7 € WE x &,n,. For every 6 € WE x WE  fix

mi mi mi m2?

can be expressed in the form 6 = y7, for some

a reduced expression of this form. For every w € W5 fix a reduced expression of the form

w = nf. Then every w € W,B has a reduced expression of the form,
w=nl =nxr

where ¢(x7) = £(x) + £(7).
Claim 3.2.15. o,ge(ij) = o,00e().

Proof. Note that, in the expression o,0¢e(ij), o, does not depend upon the choice of
reduced expression of n € D(6,,/(Sm, X Gpy,)). To see this, first note that oge(ij) =
e(i'j')og, for somei € 91", € 9172 since € Wy, xWn,. So opoge(ij) = ope(i'j’)oge(ij),
and we know that o, interchanges elements i, € I with elements j; € J, since n €
D(Gn/(Gmy X Gpy)).

We write e instead of e(ij) to reduce notation.

From Proposition 1.5.22 we have

D(Gn/(Gm, % sz))p((WB

mi

X W) (Wi X Gpy)) S DWW/ (WE % &)

Hence, nx = £ € DIWE /(WE x&,,,)) and nf = nxT = £7. Note that £(67) = £(€) +L(T).

So, it suffices to prove oy e(ij) = oyoe(ij).
Subclaim 3.2.16.

(i) oye(ij) does not depend on the choice of reduced expression of x € D(WE x
W)/ (Wi, x Gmy)).

mi

(it) oee(ig) does not depend on the choice of reduced expression of & € D(WE/(WE x
Sm,))-

Sketched Proof of Subclaim. For a parabolic subgroup Wy in a Coxeter group W let wy
denote the longest element in W, and let w; denote the longest element in W;. By Lemma
1.4.6, dj := wowy is the longest element in D(W /W) and every element in D(W/Wj) is
a prefix of dj.
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(i) Applying Lemma 1.4.6 to W = W£1 x WB

, and W; = Wﬁl X G, we find the
longest element in (W2 x WE )/ (WE x &,,,)) to be

mi mi
dj = StoSmy+15t9Smi+25m1+15ty """ Sm—1""* Smy+15¢,

where tg = Sy, -+ - $150S1 * - * Sm,. Every other element of D((ng X Wﬁz)/(Wﬁl X
G, )) is a prefix of d;. Thus it suffices to prove that o4, e(ij) is independent of the

choice of reduced expression of d;. We make three observations at this point:

— 10 = Smy -+ - 515051 - * - Sm, is the unique reduced expression of #g.

— Sequences of the form s,,, 1% - - Sm,+1, for some k& > 1, are also unique reduced

expressions.

— toSr = Spto unless ¥ = mq + 1.
Hence, the only non-trivial braiding arises from tgsm,+1to-
L0Smy+1t0 = Smy ** S1S0S1* " Smy—1Smy * Sma+1 * SmySmy—1°" " S15051 " ** Smy
= Smq " S15051 " Sm1—1Sm1+1Sm1Sm1+1Sm1—1 - S15051 * - Smy

= Smy " S515051 " Smy4+15m1—15m1 Sm1—1Sma+1 " - 515051 * * Smy

= Smy """ 518051 " Smy4+15m1 Sm1—1Sm1Smy+1 - 515051 * 1 Smy

= Smy """ 5180Sm 41 - 525152 Sm 415051 Smy -

We now check that elements 0,0, +101,€(ij) € 20, also braid in this way.

Ot50m,1+10¢
T (3.2.1)

=0,y O1TOL " Omy—10my * Omy+1 * Omy Omy—1°* O1T07 « = - Oy €(1]).

. . . —1 - - . —1 7 . th
Consider 0y, 0my+10m, €01, - -« s imy—15J1 5 masJ2s - - -, Jb), where j; lies in the my

entry of the tuple. Since ¢,,,—1 and j; ! belong to different orbits I and J respectively,

there are no arrows between them. Then, according to the relations, we can rebraid:

. . 1 . . .
0m10m1+10m1e(11, ey Zml—lmjl ytmyyJ2y - - - 7.717)

. . 1 . . .
=01 410m1 Omi4+1€(01,  « s imy—15 01 5 imas 25 -+ Jb)-

Now equation 3.2.1 becomes

OtyOmy+10ty = Omy ** = O1TO1 " Omy —10m; +10my Omy +10my —1 * * * 0170 * - - Oy (1))

= Omy = O1TO1 " Oy 410m; —10my Omy —10my 41 1701+ - - Oy €(i)

where, in the second equality, we have used o;0; = o;0; for |i — j| > 1.

. . 1 . .. . —1 ..
Consider oy, —10m,0m,—1€(%1, -+ -, 1+ imi—1,J2, bmys - - -5 Jb), Where ji = now lies in
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(i)

the (my — 1)™ entry of the tuple. Again, since 4,,,_; and jfl belong to different
orbits I and J respectively, there are no arrows between them. Then, according to

the relations, we can rebraid:

O’ml_lUmldml_le(il, ce 7]1 ,iml_l,jg, iml, Ce ,jb)

=01 Omy—10m1 €41, - -, J1 s fma—15 025 bmys - - -5 Jb)-

Now equation 3.2.1 becomes

OtoOmy+10ty = Omy =+ O1TO1 = Oy —10my +10m, Omy+10my —1 -+ - 01701 - Oy €(if)
=0Omp " 01701 Omi4+10m1;—10m10m;—10my+1 - 01707 * 'Umle(lJ)
= Omy " O1TOL *** Oy 4+10m1 Omy—10my Omq+1 - * * O1T07 + = - Oy €(1])
=0Omq " 01T01 " Omy+10m10m1—20m1—10m1—20m1Omy+1 " " *

c OO - Oy €(1]).

Continuing in this way we see that we can always rebraid and so oe(ij) does not

depend on the choice of reduced expression of .

Applying Lemma 1.4.6 to W = W2 and W; = Wnljl X G, we find the longest
element in D(WE/(WE x &,,,)) to be

mi
dj = StoSmi+15m+2 " Sn—15toSmi+15m1+2 " * Sn—2 * " * St Smy+1Smy+25to Smi+15t,

where tg = Sy, ++- 515081 - Sm, . Every other element of D(WE x WE ) /(W] x
Gm,)) is a prefix of d;. Thus it suffices to prove that o4,e(ij) is independent of the

choice of reduced expression of dy. The argument now follows in the same way as
in (7).
O

We now proceed by induction on £(n). When n = 1, clearly o,0ye(ij) = oy e(ij). Now

assume oyoye(ij) = opye(ij) for all n with £(n) < k.

Take n with £(n) = k. Let n = s;, ---s;, be a reduced expression. Let x = sp, --- s

U

be a reduced expression of x. Note that n' = s;,7 = si, -+ i, € D(S/(Smy X Spyy))-
We have,

opoye(ij) = o4, 00 e(ij)

= 0y, 0ye(ij)

where the second equality uses the inductive hypothesis. If £(s;,1'x) = £(si,) +4(n'x) then

we are done, so assume otherwise.

By the Exchange Condition 1.3.5, 'y has a reduced expression beginning with s;,, say
y g 1
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Iy —
n'X = 8§84 -+ 8j,. Then,

T/X — Sil ...Sikshl ...shu
= ‘91'177/)(
= Sj " S
By Subclaim 3.2.16, o,/,e(ij) is independent of the reduced expression of & = 7'y €
DWE/(WE x&p,)) so that o,y e(ij) = 04,0, - - - 0j,e(ij). Since o, interchanges vertices
from different orbits,
onoye(ij) = oi, o 0ye(ij)
= oi,0ye(ij)
= 0, -+ 0j,e(1j)
= oyye(ij)-
We are now in a position to prove the original claim.
0y09€ = 0poyOre
= Oy 0r€
= Onxr€
= Opg€

where, in the third equality, we use the fact that £(nx7) = £(nx) + £(7). O

Writing D for D(6,,/ (G, X Spy)), define the map,

P W,e — @ e, e
neD

as follows. For each basis element oy,gx]" - - - zjme(ij) of W, e, let

Dol - - alme(ij)) = (ogat™ - - - ame(ij)) ,

where |, indicates that the element lies in the n*™® copy of e20,e. Extend this linearly. So
1 is an isomorphism of k-vector spaces. By Claim 3.2.15, v is also a right €2, e-module

morphism and is clearly bijective. O

Note 3.2.17. Proposition 3.2.14 shows that 2,e is a right projective e2J, e-module so
that 20, e is flat. That is, 20, € ey, e (—) is an exact functor. Since 2, e is also a left

projective 20,-module, the functor Homgy, (20, e, —) is exact.
We now collect these results and again prove the main result of this section.

Theorem 3.2.18. 20, and W, ®W,, are Morita equivalent.
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Proof. Define functors

G
e, e-Mod = 20,-Mod
F

as follows. Set F'(—) = 20, ®eny,e (—) to be the induction functor and set G(—) = e-(—)
to be restriction. Note that, since 20, ® 0, = e, e as shown in Proposition 3.2.7,
it suffices to prove that these functors are equivalences of categories. These functors are
both exact and, since induction is left adjoint to restriction, by Lemma 3.2.13, it suffices

to prove that F' and G take simples to simples.
This follows immediately for G using Proposition 3.2.11.

We now go on to show that F(.S) is simple, for S € e2,e-Mod a simple module. Suppose
S has k-basis B = {b1,...,b,}. Then, by Proposition 3.2.14, F'(S) has a k-basis

B' = {oe@bi | 1€ D(Gm/(Gmi X Gmy)),1 <i < n}

Note that the e ® b; generate W, e ® S as a W,-module. Let S’ = F(S) = W, e Regy, e S,
and suppose S C S’ is a non-zero 2J,-submodule. Pick a non-zero x € S. Since
B’ is a k-basis of S’ we have z = vai apiope @ b;, for a,; € k and such that each
N € D(Gm/(Gmy X Gmy)).

Take e(j) such that e(j)x # 0. Then, for some 7,

e(j)r = Z anione @b, = ope ® Z an,ib;i € S.

i i
oy is invertible in 20, since n € D(6,,/(Gm; X Gppyy)), and so
(on) ez =e® Y aybi€S
i

Since S € e, e-Mod is simple, it follows that

{e®@b |1<i<n}CS= 9 CS=S5=9
so that F(S) = S’ is simple, as claimed. Then by Lemma 3.2.13 the result is proved. [J

3.3 Morita Equivalence in the Case p,q ¢ [

In this section we assume p,q &€ I. Then I = I is the Z x {#1}-orbit of A € k*, for some
A#Diq.

For the convenience of the reader let us briefly recall the form of I'y, from Section 2.3. We
have I} := {p*"X | n € Z}, I} = {p*" X~ | n € Z}. So I, = I, UI). If p is not a root of
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unity I'7, has the form,

P2A A PN — -

X (7])—2)\—1 (7)\—1 ‘7]72)\_1 - ...

If p™ =1 for some positive integer m then I'7, has the form,

N RN

by p72/\71 p27m)\71

T l | T

The defining relations of 20, are dependent on whether or not ¢ is an element of I. In

particular, in this case, for every idempotent e(i), we have

7'('28

(i) = e(i)
woymoie(i) = oymoyme(i)

deg(me(i)) =0

For any VV algebra 20, we can consider various idempotent subalgebras e2J,e, for dif-
ferent choices of e. Each of these idempotent subalgebras may or may not be isomorphic
to a KLR algebra (see Proposition 2.3.12). Among these KLR algebras we can always
distinguish RIJ{ and R;, as mentioned in Remark 2.3.14. Here we show that the VV
algebras arising from the setting p,q ¢ I are Morita equivalent to KLR algebras of type
A. Namely, for any v € NI, 20, and RZJ{ are Morita equivalent, as are 2, and R, . We
show this here for RY. Let |v| = 2m. Again, we are using the notation as in Remark

2.3.8. To stress this point; for v =3 . ;v vii + >, vit weset U =), 1 i € NIT.
Theorem 3.3.1. 27, and R; are Morita equivalent.

Proof. Using Corollary 3.1.18, it suffices to find a progenerator P € 25,-Mod such that
R} = Endy, (P).

Let

e:= Z e(i)
ier?

From Remark 3.1.10, 2J,e is a progenerator if and only e is full in 207, i.e. if and only if
2,e00, =20,

Clearly 20,20, C 20,. So it remains to show 20, C 27,e20,. We do this by show-
ing that every idempotent e(i) lies in 20,e20,. Then, since ) ;.07 (i) = 1, it follows
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that 1 € 290,e20, and so 20,e20, C 27,,.

If e(i) is a summand of e then it is clear that e(i) € 20,e20,. Take e(i) € 20, not a
summand of e. Then there are finitely many entries of i, say ix,,...,%,, with ix, € I~
forall 1 < s <7, and with k; < ko < -+ < k.. Let n be the minimal length left coset

representative of &, in W2 given by
n:skl_l...slso ...... Skr,l—l"‘slsoskr—l‘"5150

Fix this reduced expression of 1. Fix the reduced expression

-1
77 :5051...Skr_lsosl...skr_l_l ...... SOSl"'Skl_l.

Then e(i)o, = o,e(j) for some e(j), where j € I” so that e(j) is a summand of e, and

ope(j)o,— = e(i).

Hence e(i) € 20,20, as required. It follows now that e is full in 20, so that 20,e is a
progenerator in 20,-Mod.

It remains to show R} = Endgy, (20,e). Using Corollary 3.1.23, Endgy, (20, €) = e, e
and, by Proposition 2.3.12, e, e = R;r. By Corollary 3.1.18, 20, and R;“ are Morita

equivalent. 0
Note that the dual proof shows Morita equivalence between 20, and R, for 7 € NI™.

Remark 3.3.2. The functors between the two module categories are given by,

W,e® — : Rz-Mod — 20,-Mod
e-—:20,-Mod — R;-Mod.

KLR algebras of type A have been studied extensively over the past decade or so. For
example; they are Morita equivalent to affine Hecke algebras of type A on the level of finite
length modules, there exists a parametrisation of simple modules (see [KR11]), and they
are affine cellular (see [KLM13]). Much of the information and many of the properties
that we have for KLR algebras can be taken across the Morita equivalence and applied to
this family of VV algebras. For this reason it is perhaps more interesting for us to focus

on other cases, where either p or ¢ lie in I.

Note that the proof of e, e = R; does not use the fact that p,q € I. One can therefore
ask why this proof fails for either p or ¢ in I.
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A Note on the Cases: pel,qel
Case: q€1

Consider first the case g € I, p &€ I. Take v € QNIq and consider the associated VV algebra
20,. Note that many of the relations now depend on whether or not i; = ¢*!. If we pick
v so that ¢ is not a summand then of course we always have i; # ¢%!. Hence, in this
case, the relations are exactly the same as those in the ME setting so that 20, is Morita
equivalent to Rg. From now on, when we work in the setting ¢ € I, we assume ¢ (and

hence ¢~ ') is a summand of v. That is, v, > 1.

The proof of Theorem 3.3.1 fails to show Morita equivalence in the case ¢ € I because, in
this case, e is not full. In particular, we no longer have e(i) = o,e(j)o,-1, for e(j) € R}
and some minimal length left coset representative n € D(W,5/&,,). Let us see this explic-

itly with an example.

Example 3.3.3. Take v = p2¢ '+ ¢ ' +q+pPq € QNIq. The corresponding quiver is,

again with the generators z; omitted,

g1
/\
e(q,p*q) e(pq,q)
f\_/
o1
i T T e
e(q,p%q) e(p~2q7 ', q)
o1 o1 01 o1
e(p®q,q ") e(q,p2q1)
T > T T v
g1
/\
e(p~2q~t,q71) e(¢g l,p2q71)
(\_/
o1

m’e(q” ', p*q) = —x1e(q ", p%q)
¢,p 2q7") = z1e(q,p 3¢
m?e(q ', p ¢ ") = —21e(q”,p g )

Set e := e(q,p*q) +e(p?q, ). We want to show e(i) € 20,e20, for every e(i) € 2J,. Take,
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for example, e(q,p~2¢~1) and n = s159 € D(WF/S3). Then,

o1me(p’q, q)mo1 = o1mle(p 3¢, q)on
=o1e(p ¢ . q)on
= ote(q,p*q ")
=e(q,p%q"")

Since e(p?q,q) is a summand of e, we have e(q,p~2¢"!) € W,eW,. Let us now take
e(¢7!,p72¢7 1) and try to show e(¢~!,p~2¢"!) € W,eW,. The minimal length left coset

representative we need to take is n = sgs150, with e(j) = e(p?q, q). But,

2

7r0171'e(p2q, qQ)ToiT =1 e(q_l,p_Qq_l)

=-—mzie(¢,p %3¢

This example demonstrates that e is not full in 20, which is why Morita equivalence fails

in this case.

Case: pel

Now consider the case p € I, ¢ ¢ I. Take v € QNIP and the associated VV algebra 25,,.
The defining relations do not explicitly depend on whether or not p € I, but the subtle
difference arises when we examine the underlying quiver I'y,. Locally, with regards to
the relations, I'y, is exactly the same as I'y,, for some A # p,q, except in the following

neighbourhood of Iy, .

In other words, I' I and I’ [ are not two disjoint connected components of I'y,. If we
choose v € NI with v, < 1 the defining relations of 20, are exactly those in the ME
setting. So again, in this case, 20, and R; are Morita equivalent. From now on, when we
work in the setting p € I, we assume v, > 2 (and hence v,-1 > 2).

The proof of Theorem 3.3.1 fails to show Morita equivalence in the case p € I because e

is not full in 20,,. We see this explicitly in the following example.

Example 3.3.4. Take v = 2p~ 1 + 2p € HNIP as in Example 2.3.7. The corresponding

quiver is, again with paths x; and x2 omitted,

™ g1 s
T RS .
-1 —1 -1 -1
o1 e(p,p) e(p~',p) e(p,p™") e(p~,p7") |o1
s g1 s
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Set e := e(p,p). Take e(p,p~!) and n = s150 € D(WL/Ss). Then,

orme(p, p)ror = oyrle(p~t, p)oy

= oie(p t,p)o
=ote(p,p”")
= (z1 — x2)e(p,p~ ")

This demonstrates why e is not full in 20, and hence why the Morita equivalence does

not hold in this setting.

3.4 Morita Equivalences in the Case q € |

For the remainder of this chapter, unless stated otherwise, we assume that p is not a root

of unity.

3.4.1 Affine Cellularity of Classes of VV Algebras

Graham and Lehrer defined the notion of cellularity for finite-dimensional algebras in
1996 [GL96]. They defined these algebras in terms of a basis satisfying various combi-
natorial properties. Showing that an algebra is cellular gives rise to a parametrisation
of its irreducible modules. Typical examples of algebras which are cellular include Ariki-
Koike algebras and Temperley-Lieb algebras. Cyclotomic KLR algebras, which will be
discussed later in this thesis (see Chapter 4), are also cellular. In [KX98] Koenig and
Xi give an equivalent definition of a cellular algebra in terms of so-called cell ideals and

a cell chain, which they show is equivalent to the original definition of Graham and Lehrer.

Here we define what it means for an algebra to be affine cellular. The notion of affine
cellularity was introduced by Koenig and Xi in [KX12], and extends the notion of cel-
lularity to algebras which need not be finite-dimensional. Analogous to the finite case,
showing affine cellularity enables one to classify irreducible modules. There are also in-
teresting homological features of affine cellular algebras; for example, if the cell chain (to
be defined) of an affine cellular algebra over a field consists of idempotent ideals then the
algebra has finite global dimension. Examples of algebras which are currently known to
be affine cellular include affine Temperley-Lieb algebras, affine Birman-Murakami-Wenzl

algebras and KLR algebras of finite type.

Although throughout this thesis we have fixed k to be a field of characteristic not equal
to 2, we note here that the following definition is valid for any Noetherian domain k. The

main results of this chapter will be that certain classes of VV algebras are affine cellular.

Definition 3.4.1. A k-involution of a k-algebra A is a k-linear anti-automorphism w

with w? = idy4.
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By an affine algebra we mean a commutative k-algebra B which is a quotient of a

polynomial ring k[z1, ..., z,] in finitely many variables.

Definition 3.4.2 ([KX12], Definition 2.1). Let A be a unitary k-algebra with a k-
involution w on A. A two-sided ideal J C A is called an affine cell ideal if and only if

the following data are given and the following conditions are satisfied.
1. w(J)=J.

2. There exists a free k-module V of finite rank and an affine commutative k-algebra B
with identity and with a k-involution i such that A := V ®y B is an A-B-bimodule,
where the right B-module structure is induced by that of the right regular B-module.

3. There is an A-A-bimodule isomorphism « : J — A ®p A/, where A’ = B®y V is
a B-A-bimodule with the left B-structure induced by the left regular B-module. The

right A-structure is induced via w. That is,
(b®v)a:=s(w(a)(veb)) forac A,be BjveV

where s : V@B — B®V, v®b— b® v is the switch map, such that the following

diagram commutes:

J Axpg A
w RV Quw i wei(h)®i(b) ®wv
J Awp A

Definition 3.4.3 ([KX12], Definition 2.1). A k-algebra A, with a k-involution w, is called
affine cellular if there is a k-module decomposition A = J|; @ --- @ J},, for some n, with
w(J}) = J; for each j and such that setting J; = @{:1 J| gives a chain of two-sided ideals
of A,

0)=JdoCc i C---Cdp=A4,

and for each j the quotient J; = .J;/.J;_1 is an affine cell ideal of A/J;_1 (with respect to
the involution induced by w on the quotient). This chain is called a cell chain for the

affine cellular algebra A. The module A is called a cell lattice for the affine cell ideal J.

Remark 3.4.4. In [Klel5], Kleshchev gives graded versions of Definitions 3.4.2 and 3.4.3

in which all algebras, ideals, etc. are graded and the maps w, ¢ are homogeneous.

In this section we fix the following setting. Assume ¢ € I, p € I, p not a root of unity
and take v € QNIq with multiplicity one and |v| = 2m, for some m € N. Suppose we have
fixed a reduced expression s;, -- - s;, for some w € Wnlf so that oy, = 0y, - - - 0y,. Define

oP

o 1= OGOy
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Let IIT denote the root partitions of the idempotent subalgebra R;{ C 2, and let 11~
denote the root partitions of the idempotent subalgebra R, C 20,. Put O+ =10+ ull-.
Throughout this section let e := ), -7+ e(in) where e(iy) denotes the idempotent associ-

ated to the root partition A € II*, as discussed in 2.2.1.

Define II(m) to be the following set. II(m) := {(a1,...,am-1) | a; € {1,2} Vi}. There is

a bijection,

0: 1" — I(m)
(3.4.2)
A= (al,...,am_l)

1 if p*~2q appears before p*q in iy
where a; = ) )
2 if p*~2q appears after p*q in iy.
Similarly there is a one-to-one correspondence between II™ and II(m).
The next lemma states that every idempotent e(i) € 20, is isomorphic to either an idem-
potent in RIJ{ or to an idempotent in R .

Lemma 3.4.5. Take e(3) € 20, with i ¢ 1”7 UI”" . Note that precisely one of q,q~* will

appear as an entry in i.
(i) If q is in position k (i.e. iy = q) then e(i) = e(j) for some j€ I”".
(ii) If ¢=1 is in position k (i.e. i, = ¢~ ') then e(i) = e(j) for some j€ I”" .
Proof. For (i), assume ¢ is in position k, i.e. iy = ¢. By Proposition 3.1.20, we require

a € e(i)W,e(j), b € e(j)W,e(i) such that ab = e(i) and ba = e(j), for some j € 17"

Since i ¢ I”" UT”" there is a non-empty subset {e1,...,eqa} € {1,...,m}, with e, <e&,41
for all 7, such that i., = p*"r ¢!, where n, € Z \ {0} for all 7. Note also that ¢, # k for
all r since 1, = q. Put,
a=e(i)oe 1 O1MOeye1 - 1T -0 —1 - o17€(j) € €(1)2We(j)
b=e(j)mo1: 0cy1TO1 Oy -1 TO1 0, —1€(1) € e(j)W,e(i).
Then e(j) € 2, is such that j € I”" and, from the relations, we know that ab = e(i) and
ba = e(j) so that e(i) = e(j). A similar argument is used for (ii) when i, = ¢~ 1. O

Corollary 3.4.6. Every idempotent e(i) € 2, is isomorphic to some e(jy), A € I+,

Proof. By Lemma 3.4.5, it suffices to prove that every e(i), with i € 17" or with i e I7”,
is isomorphic to some e(j,), A € II*. Suppose i € Iz (the proof for when i € I”” is the

same). Let |v] = 2m so that |77 | = m.
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Take any i € I”". Associate to i the (m — 1)-tuple (ay, .. .,am_1) € II(m), where

1 if p¥—2¢ appears before p%q in i
a; = ) ,
! 2 if p?~2¢ appears after p*q in i.

Then there exists a surjection,

g: 17" — II(m)

i (ag,...,am).

We have seen already from 3.4.2 that there is a one-to-one correspondence between II(m)
and root partitions associated to 7. Now, g(i) € II(m) and therefore corresponds to some
root partition A € IIT, i.e. g(i) = §(\). This means we have e(i) = e(iy), because when
we permute entries of i which do not affect g(i), we are permuting entries of i in such a
way that neighbouring vertices of I'; never switch position, by definition. Hence we can
permute entries of i in this way to obtain a root partition, e(iy). In other words, there

exists an element w € &,, such that alye(iy)o,e(i) = e(i). O
Corollary 3.4.7. The idempotent e =, .+ €(4y) is full in 20,.

Proof. 1t is clear that 20,e20,, C 20,. To show 20, C 20,e20, it suffices to show e(i) €
205,e20,, for every idempotent e(i) not a summand of e. Let e(i) be such an idempotent.
By Corollary 3.4.6, e(i) = e(iy) for some A\ € ITI*. That is, there exists a € e(i)2,e(iy),
b € e(iy)2W,e(i) such that

e(i) = ab = ae(iy)b € 2, €20,.

Then 20, = 27,20, as required. O

Let A and A be the isomorphic path algebras of the following quivers, respectively.

Uq U1
/_\ /\
U2 V2

A and A are graded k-algebras via

deg(e;) = deg(a;) =0
deg(uje;) = deg(vja;) =1

for i,5 € {1,2}.

Theorem 3.4.8. 20, and A®(™1) @ A are Morita equivalent.
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Proof. Define a map
¢: A¥M D 9 A s e, e

as follows.

mtifi=1
- ifi=2
and 9<)\) = (j17 cee 7jm—1)

e, @ ®ej, , ®a; — e(iy) for)\e{

€j) @ @ ejruges, @ ... @ ej,  ®ai—> e(iy)ope(iy) for the unique
w € G, such that
G(A) = (j17 ce ajk? cee ajmfl)
0()\/) = (jlv s 7j;4;7 s 7jm—1>

ej, ® - ®ej, | @uvia; — ope(iy) where n € D(W,E/&,,) is the longest element
and 9()\) = (jl, ve 7jm—1)-

Extend this map k-linearly and multiplicatively. Since ¢ is defined on the generators of
A®(m=1) & A and the commutativity of elements in each tensor factor is preserved, the

map ¢ is well-defined and is an algebra morphism.

We claim that ¢ is an isomorphism of k-algebras. We first check surjectivity. Since
there is a bijection between IT1(m) and IIT we have that ¢ is surjective on idempotents
e(iy). The map ¢ is also surjective on elements e(i, )ope(ir), w € WE. To see this, take

any e(i, )owe(iy) € e, e. We have

0(>\) = (jb cee 7jm71)

9()‘ ) = (jl’ cee 7jm—1)
for some (1, ..., Jm—1)s (j1s---»Jm_1) € H(m). Then
p(uslej, ®uilej, @ - ® ui" e, @v5ia;) = e(iy)owe(iy),

Im—1

where, for 1 < j <m —1,
{1 if j1 # Jy
€j =

0 if 51 =7,

0 if AN et or A\ ell”
g =
‘ 1 else.

It remains to check surjectivity on the zje(iy), 1 < j <m.
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Take any A € II* with #(\) = (j1,...,Jm_1). For an entry a € iy let ¥(a) denote its
position in iy. Let us assume that ¢ is an entry of iy since the same argument holds when

¢~ ! is an entry of iy. Then

(25(6]'1 Q- Rej, 1 & 772ai) = l‘w(q)e(i)\).
Now consider z;e(iy), for any j # 1(g). Let i; be the 5 entry of iy. Note that

rje(iy) = (zj — zp + z)e(in)

2

where k = 1(p~2i;) is the position of p~2i; in i,.

But note that

(z; — zp)e(in) = ope(iv)owe(iy)

for some w € &,,, where X' € IT* is the root partition in which simple roots appear in the
same order (possibly with different position) as in A, except for i; and p~2i;. In particular,
ON) = (Jis---sJkr--rJm—1) and O(N) = (j1,.. ., Jps---Jm—1) for some 1 < k < m — 1.

We can repeat this until we get
zje(ir) = (zj —zp +ap — -+ —zg+ xe)e(in)

where £ = 1(q). So zje(in) = (00, 0w, + - + O, 0w, + Ty(g))e(ir). Since ¢ is surjective

on the e(iy)o,e(iy) we have ¢ surjective on the zje(iy).

We complete the proof by comparing the graded dimensions of A®(m—1) g A and e20,e
and showing that they are equal.

Consider first the graded dimension of A. There are two elements in degree 0: e; and
eo. There are two elements in degree 1: uje; and uges. Indeed we have two elements in
each degree and so dimgA = 2 + 2q + 2¢*> +2¢3 + -+ = %ﬂ}, Noting that A = A, we

therefore have
2m

dimg (A®M D @ A) = =
ol ) (1—q)m
Claim 3.4.9. dim,(e2,e) = dim,(A®™~D @ A).
For every w € W2 fix a reduced expression of the form w = s, for n € D(W,B/&,,) and
s € 6G,,.
First we show that ¢ is degree-preserving. This is clear on idempotents and zpe(iy).
Now take e(i,’)owe(iy), for some w € WE.
e Suppose first that A\, \' both lie either in II* or in II". Then w = s € &,,,. Let

s = s;, - -~ i, be the fixed reduced expression for s so that ose(iy) = oy, - - - 0s,€(ir).
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Now, deg(c;;e(i)) is 1 if 0;, swaps i; and p*2i;, and is 0 otherwise. Then deg(ose(iy))
is the number of pairs (ij,p*%i;) in e(iy) which appear in the opposite order in
e(iy). Letting (ai,...,am—1)x, (a1,...,am—1)x be the elements of II(m) corre-
sponding to A, N € IIT respectively, we find deg(ose(iy)) is the number of entries
in (ay,...,am—1)y different to entries in (ay,...,am—1)y, i.e. the number of wy

appearing as tensorands in ¢! (e(iy/ )owe(iy)).

e Now suppose one of A\, X' lies in II™ and the other in II". Then w = 7ns, where
s € &,, and n € D(W,Z/&,,) is the longest element, and o,e(iy) = o,05e(iy). Since
we always have deg(o,e(iy)) = 1 it follows that deg(e(i,/)owe(iy)) = deg(oye(iy))+
deg(ose(iy)) = 1 + deg(ose(iy)), for some root partition A"

Hence deg(e(iy/)owe(in)) = #{u;, v, appearing in ¢~ (ce(iy))} and so ¢ is degree-preserving.

This means we have a bijection
{e(iy)owe(i) [N A ETTF} e {11@ - @y € A2 V@ A | degy <1 Vi)

Put o := A®(m=1) @ A and let geg<1 be the vector space (y1 @ -+ ® v, | degy; < 1).
Each tensorand has two elements in each degree. Then the graded dimension of .@jeg<1
has a factor of 2. In each degree k we choose k tensorands from a possible m. There are
2m (76‘) elements in degree 0. There are 2™ (m) elements in degree 1. In degree k there are

1
om (T]:) elements.

Then,

dimg g1 = 2™ ) <k>q =2"(1+4q)™ queg(e Jowe(in))

k=0

where we have used the above bijection for the third equality. Then we have

d (el Yowe(iy)) 1 _ 2m
(€)= 2 I e~ g

and hence dim,(e20,e) = dim,(A®("™ 1D ® A) so that e, e = A®("~ D@ A. This, together
with the fact that e is full in 20, by Corollary 3.4.7, proves Morita equivalence between
20, and A®(m~1) @ A using Corollary 3.1.18. O

We compare this result to a result of Brundan and Kleshchev. Pick 7 € NI, with multi-
plicity one, and || = m. Let Ry be the corresponding KLR algebra.

Theorem 3.4.10 ([Brul3], Theorem 3.13). R and A2 V@ k[z] are Morita equivalent.

3.4.2 Affine Quasi-Heredity

The notion of quasi-heredity for finite-dimensional algebras was first defined by Cline, Par-

shall and Scott in 1987. The motivating reasons came from the study of highest weight
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categories arising in the representation theory of semisimple complex Lie algebras and
algebraic groups. They proved that every quasi-hereditary algebra has finite global di-
mension and showed that a finite-dimensional algebra A is quasi-hereditary if and only if
A-mod is a highest weight category. A quasi-hereditary algebra with an involution ¢ has
been shown to be cellular, a notion defined for finite-dimensional algebras by Graham and
Lehrer in [GL96]. Showing that an algebra is cellular gives rise to a parametrisation of

simple modules, as discussed in 3.4.1.

In [KLM13], Kleshchev, Loubert and Miemietz proved that KLR algebras R in type
A are affine cellular. Following this, Kleshchev and Loubert generalised this result for
all finite types in [KL]. Kato and Brundan, Kleshchev, McNamara showed that the cat-
egory of finitely generated Rp-modules has features similar to that of a highest weight
category, indicating that one could define the notion of an affine highest weight category.
Indeed, in 2014, Kleshchev introduced affine quasi-heredity and the definition of an affine
highest weight category, see [Klel5]. In particular, he proves an affine analogue of the
Cline-Parshall-Scott Theorem; an algebra A is affine quasi-hereditary if and only if the
category A-mod of finitely generated graded A-modules is an affine highest weight cate-
gory. Kleshchev also shows that if A is an affine quasi-hereditary algebra together with
an anti-involution w, then A is affine cellular. In [Klel5], Kleshchev defines these notions
in a more general setting, but for our purposes we take % to be the class of all positively

graded polynomial algebras. The definitions that follow are taken from [Klel5].

A graded vector space V is said to be locally finite-dimensional if each graded compo-

nent V,, is finite-dimensional.

Definition 3.4.11. A graded vector space V is called Laurentian if it is locally finite-
dimensional and bounded below. A graded algebra A is Laurentian if it is Laurentian as

a graded vector space.
Lemma 3.4.12 ([Kle|, Lemma 2.2). Let H be a Laurentian algebra. Then,

(i) All irreducible H-modules are finite-dimensional.

(ii) H is semiperfect (every finitely generated (graded) H-module has a (graded) pro-
jective cover); in particular, there are finitely many irreducible H-modules up to

isomorphism and degree shift.

Definition 3.4.13. Let A be a Noetherian Laurentian graded k-algebra. A is said to be
connected if A, =0 foralln <0 and Ag =k 1.

For example, all algebras in 4 are connected.

For a left Noetherian Laurentian algebra A let
{L(m) | = € 1T}

73



Morita Equivalences in the Case ¢ € 1

be a complete irredundant set of simple A-modules up to isomorphism and degree shift.
For each 7 € II, let P(m) be the projective cover of L(m). That is, P(m) is a projective
A-module and there is a surjection 6 : P(7) — L(m) with ker(6) negligible, i.e. whenever
N C P(r) is a submodule with N + ker(§) = P(x), then N = P(x).

We let ¢ be both a formal variable and also a degree shift functor. If V = @,., Vi
then (¢V), = V,—1. For the remainder of this chapter all algebras will be Noetherian,
Laurentian and graded and we will only consider finitely generated modules over these

algebras.
Definition 3.4.14. A two-sided ideal J C A is an affine heredity ideal if
(SI1) Homu(J,A/J) = 0.

(SI2) As a left module, J = m(q)P(r) for some graded multiplicity m(q) € Z[q,q~!] and
some 7 € II, such that B, := End4(P(7))° € A.

(PSI) As a right By-module, P(r) is finitely generated and flat.

Remark 3.4.15. For a connected algebra, a finitely generated module is flat if and only
if it is free. For B, connected, the (PSI) condition can be reformulated: as a right B-

module, P(7) is free finite rank.

Lemma 3.4.16 ([Klel5], Lemma 6.5). Let J be an ideal in the algebra A such that the
left A-module aJ is projective. Then the condition (SI1) is equivalent to the condition
J? = J, which in turn is equivalent to J = AeA for an idempotent e € A.

Lemma 3.4.17 ([Klel5], Lemma 6.6). Let J C A be an affine heredity ideal. Write
J = AeA for an idempotent e, according to Lemma 3.4.16. Then the natural map Ae ®c e
eA — J is an isomorphism. Moreover, we may choose an idempotent e to be primitive

so that, using the notation of Definition 3.4.14, we have Ae = P(7) and B, = eAe.

Definition 3.4.18. An algebra A is affine quasi-hereditary if there exists a finite chain
of ideals
O)=h&h&Ch=A

with J;y1/J; an affine heredity ideal in A/.J;, for all 0 < i < n. Such a chain of ideals is

called an affine heredity chain.

Proposition 3.4.19. If A and B are two affine quasi-hereditary k-algebras then the tensor
product A Ry, B is affine quasi-hereditary.

Proof. Let,

(O)ZA()CA1C'-'CAn:A
(0)=ByCB;C--CBp=8B

(3.4.3)

74



Morita Equivalences in the Case ¢ € 1

be affine heredity chains for A and B, respectively. We claim that
(0) C A1®B1 C A1®By C --- C A1QB C Ay®B1+A190B C As®Boy+A10B C --- C ARB

is an affine heredity chain. We fix m > 1 and proceed by induction on n.

When n = 1, A has affine heredity chain (0) = Ay C A} = A and we claim that A ® B
has affine heredity chain,

(0)CA®B i CA®ByC---CA® B, =A®B.

We must show that each (A ® B;)/(A® Bi—1) C (A® B)/(A® Bj_1), for 1 < i <
m, is an affine heredity ideal. Note that, (A ® B;)/(A ® B;i—1) & A ® B;/B;—1 and
(A®B)/(A® Bi—1) 2 A® B/B;_1. Since A and B;/B;_; are both idempotent ideals, we
know that A ® B;/B;_1 is an idempotent ideal. Then, by Lemma 3.4.16, to show (SI1) it
suffices to show that A ® B;/B;_1 is projective as a left A ® B/B;_j-module.

Since A C A is an affine heredity ideal we have A = m(q)P(w) € A-proj, for some
graded multiplicity m(q) € Z[q,q"!], such that B, := End(P(r))°® € %#. By Lemma
3.4.17, P(m) = Ae for some idempotent e € A. Then we have B, = ede € A.

Similarly, since B;/B;_1 C B/B;_1 is an affine heredity ideal we have B;/B;_1 = n(q)Q(0) €
B/ B;_1-proj, for some graded multiplicity n(q) € Z[q, ¢ '], such that B, := End(Q(c))°P €

%. Again by Lemma 3.4.17, Q(0) = B/B;_1f for some idempotent f € B/B;_ 1. Then

we have B, = fB/B;_1f € AB.

Hence, A® B;/B;_1 = m(q)n(q) - P(7) ® Q(0) € A® B/B;_1-proj, so that (SI1) holds.
Moreover,

So Bro = Endugp/p, ,(A® B/Bi—1-e® [)? = ede® fB/Bi_1f € #, so (S12) also
holds. We have so far shown that (SI1) and (SI2) hold. It remains to show (PSI). We
know that P(7) is free finite rank as a right Br-module and that Q(o) is free finite rank as
a right B,-module. That is, P(7) = (eAe)* and Q(o) = (fB/B;_1f)!, for some k,I € N.
Hence,

P(n) ® Qo) = (eAe ® fB/B;_1f)*.

Then, as a right By ;-module, P(1) ® Q(o) is free finite rank and the statement of the

theorem holds for n = 1.

Suppose now that the result holds whenever A has an affine heredity chain of length
k <n. Then let A and B be affine quasi-hereditary with affine heredity chains 3.4.3. One
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can easily verify that
(0) C AQ/Al c--- C An/Al = A/A1

is an affine heredity chain. It is a chain of length n — 1 < n so, using induction,
the statement of the theorem holds for (A/A;) ® B. Hence it suffices to prove that
(A1 ® B;)/(A1 ® Bi—1) C (A® B)/(A1 ® Bi_1), for 1 <i < m, is an affine heredity ideal.
Note that (A; ® B;)/(A1 ® Bi—1) &2 A1 ® (B;/Bi-1).

A; and B;/B;_; are both idempotent ideals so that A; ® B;/B;_1 is an idempotent ideal.
Then, by Lemma 3.4.16, to show (SI1) it suffices to show that A; ® B;/B;_1 is a projective
(A® B)/(A1 ® B;_1)-module. Firstly, note that A; ®(B/B;_1) € (A®B)/(A1® B;_1)-proj
because

A1 ® (B/Bi-1) =2 ((A® B)/(A1 ® Bi—1)) ®agp A1 ® B

and, since A; ® B € A ® B-proj, it follows that A; ® (B/B;_1) is a direct summand of a

free (A ® B)/(A1 ® B;_1)-module. That is,

(A1 ® (B/Bi-1)) & N =2 ((A® B) /(A1 ® B; 1)),
iel

for some module N. We also know that B;/B;_1 € B/B;_1-proj, so that B;/B;_1 & M =
Drcx B/Bi-1, for some module M. Then,

@(Al ® B/Bi1) = (A1 ® Bi/Bi—1) ® (A1 ® M).
keK

Then we have,

EB @((A ® B)/(A1 ® Bi—1)) =2 (A1 ® B;/Bi—1) ® (A1 @ M) & EB N.

keK i€l keK

That is, A1 ® (B;/Bi—1) € (A® B)/(A1 ® B;j_1)-proj. It follows that (SI1) is satisfied. We
now show (SI2) holds.

Note first that Ay C A is an affine heredity ideal. So

for some 7 € II, graded multiplicity m(q) € Z[q,q '], and e € A a primitive idempotent,
where we have used Lemma 3.4.17, for the second isomorphism. Similarly, B;/B;_1 C

B/B;_1 is an affine heredity ideal so

Bi/Bi—1 = n(q)Q(0) = n(q)B/Bi-1 - f,

for some o € ¥, graded multiplicity n(q) € Z[q,q7'], and f = f + B;_1 a primitive

76



Morita Equivalences in the Case ¢ € 1

idempotent, again using Lemma 3.4.17, for the second isomorphism. Then,

A1 ®@ Bi/Bi—1 = m(g)n(q)P(m) @ Q(o)
~m(q)n(q)A® B/Bi_1- (e® f) € (A® B)/(A ® B;_1)—proj,

and is the projective cover of a simple A ® (B/B;)-module. However, we need these facts

for (A® B)/(A1 ® Bi_1). There is a short exact sequence of A ® B-bimodules,
0 —> ker(g) — (A® B)/(A1 ® Bi-1) - (A® B)/(A® B;_1) — 0,
where ker(g) 2 (A® B;—1)/(A1 ® B;—1) = (A/A1) ® B;—1. So the short exact sequence is
0— (A4/A) ®@B;1 — (A B)/(A1 ® B;_1) <+ (A® B)/(A® B;i_1) — 0.

We now apply the functor — ® 4o (Ae ® Bf), which we know to be right exact. But
(A/A1) ® B;_1 vanishes under this functor, since Ae C Aj. This means we obtain an

isomorphism,
(A®B)/(A1®Bi1) (e® f) = (A® B)/(A® Bi-1) - (e ® [).
So,

A1 ® (Bi/Bi-1) = m(q)n(q)(A® B)/(A1 ® Bi—1) - (e ® f)
m(q)n(q)(A® B)/(A1 ® Bi1) - (e ® [),

which is the projective cover of a simple (A® B)/(A; ® B;_1)-module. Let P(m,0) := (A®
B)/(A1 ® Bi_1) - (e® f). For (SI2) it remains to check that By , := End(P(m,0))° € A.

By = End(P(r,0))” = (e % f) - (A® B)/(41 ® Bi1) - (@ f)
=(e®f) (A®B)/(A® Bi-1) - (e® f)
~ede® f(B/Bi-1)f € A,

since ede, f(B/B;_1)f € #. This proves (SI2). We now show (PSI).

Ae is free finite rank as a right eAe-module, i.e. Ae = (edAe)k. Similarly, B/B;_1f is
free finite rank as a right f(B/B;_1)f-module, i.e. (B/B;_1)f = (f(B/B;_1)f)". This
implies,

A® (B/Bi1)(e® f) = (ede® f(B/Bi-1)f)™.
This proves (PSI) so that (41 ® B;)/(A1 ® Bi—1) C (A® B)/(A1 ® Bi_1), for 1 <i <m,
is an affine heredity ideal. Thus, using induction, we have shown that A ® B is affine

quasi-hereditary. O

Let A be the path algebra of the following quiver, as in 3.4.1.
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u
7
€1 €2
N
Uz

A is a graded algebra with deg(e;) = 0, deg(use;) = 1, for ¢ € {1,2}. In this case,

IT = {1,2}. There are two simple graded modules denoted L(1) and L(2), with projective
A,

where A,, is the subspace of A spanned by the two degree n elements. So A is a Laurentian

covers P(1) = Ae; and P(2) = Aeg, respectively. As a k-vector space, A = P

TLGZZO

algebra. Consider Ae; as a left A-module. Since it is a uniserial module, every submodule
is finitely generated and so Ae; is left Noetherian. Similarly, Aes is left Noetherian. Hence
A = Aeq P Aes is left Noetherian, using the fact that the direct sum of two left Noetherian

modules is again left Noetherian.
Proposition 3.4.20. A is affine quasi-hereditary.

Proof. Consider the following chain of ideals
(0) g_ A€1A g A.

We first take Ae;j A C A and show it is an affine heredity ideal.

(SI1) As a k-vector space A/Ae;A = (e2). We have Hom(Ae; A, A/Ae; A) = 0; for any
f € Homa(Ae1 A, A/Ae1A) and any a1,a2 € A, f(aieiaz) = arerf(eraz) = 0, so
that Homy(Ae1 A, A/Ae1A) = 0.

(SI2) We have Aej A C Ae; + Auges. But clearly Ae; + Auges C Aej A and so Aej A =
Aey + Auges. Since Ae; N Augey = {0}, we have AejA = Aey @ Auges. So
mi(q) =1+ q and P(1) = Ae;.

P(1) = Aey so By = Endg(Ae;)? = ejde; = kx|, a polynomial algebra. So
indeed we have B € £.

(PSI) As aright e; Aej-module, Ae; = e -e1Aey +ujeq - e1Aeq and so is finitely generated.
Also, e1 - e Ae; Nuje; - egAe; = {0}. Then, Ae; = @{ehulel}elAel as a right

e1 Aei;-module and so is projective, which implies Ae; is flat.

This shows that Ae; A is an affine heredity ideal in A. It remains to show that A/Ae; A is an
affine heredity ideal in A/Ae; A. But this is immediate: for any ring R, Homg(R, R/R) = 0
so that (SI1) is satisfied. A/Ae; A has one simple module with IT = {2}. In fact, since

A/Ae; A~k

we have that the regular representation A/Ae; A is a simple A/Ae; A-module with projec-
tive cover P(2) = A/Ae1A. So ma(q) = 1. Also, End g s, a(A/Ae1 A)P = A/Ae; A = k
which lies in Z so (SI2) is satisfied. Since A/Ae;A = key = ezk, A/Ae1 A is finitely
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generated as a right k-module and clearly A/Ae; A is flat.

Then (0) € Ae;j A C A is an affine heredity chain and hence A is affine quasi-hereditary

as claimed. 0
Combining Proposition 3.4.19 with Proposition 3.4.20 we obtain the following Corollary.
Corollary 3.4.21. The k-algebras A®™Y @, A, m € N are affine quasi-hereditary.

Corollary 3.4.22. For any v € GNIq with multiplicity one the V'V algebras 25, are affine

quasi-hereditary.

Proof. Kleshchev proves, in [Klel5], Theorem 6.7, that an algebra R is affine quasi-
hereditary if and only if R-Mod satisfies certain properties, in which case he calls R-Mod
an affine highest weight category. This characterisation of affine quasi-heredity is purely
categorical, meaning that affine quasi-heredity is a Morita invariant property. Morita
equivalence between A®(™~D @ A and 20, together with Corollary 3.4.21, proves the

claim. O

Corollary 3.4.23. Suppose now that p,q & I. For any v € °NI the VV algebras 20, are

affine quasi-hereditary.

Proof. Using Theorem 3.3.1 together with the fact that the algebras R are affine quasi-
hereditary, when p is not a root of unity, (see [Klel5], Section 10.1) immediately gives the
result. O

3.4.3 Balanced Involution

Let A be a left Noetherian Laurentian algebra and let 7 : A — A be a homogeneous
anti-involution on A. That is, 7 is an anti-automorphism of A such that 72 = id4. Given
a left A-module M € A-Mod, we can define a right A-module M7 via ma = 7(a)m.
Given a graded module M € A-Mod with finite-dimensional graded components M,, we
can define its graded dual M® € A-Mod. As a graded vector space, M;¥ := M*  for all
n € Z, and the action is given by af(m) := f(r(a)m), for f € M®, m € M and a € A.
Note that (¢"V)® = ¢ "V® and dimgV® =dim,-1V.

Definition 3.4.24. The homogeneous anti-involution 7 of A is called a balanced invo-

lution if, for every 7 € II, we have that L(m)® = ¢"L(r) for some even integer n.

As before, let A be the path algebra A = k(e; &= e2). Define the following algebra

morphism on A.

7:A— A
ej—~e fori=1,2
Ul — u9

U9 = Uq.
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The map 7 is an anti-involution on A. Now consider L(7)® for 7 = 1.

Hom(L(1), k) ifn=0
0 if n #0.

As a k-vector space Hom(L(1),k) = (f) where f(e;) = 1. Hom(L(1),k) is an A-module
with the action given by (af)(m) = f(v(a)m), for all a € A and m € L(1). Then,

(e1f)(er) = f(e1) so that erf = f. (e2f)(er) = f(eze1) = 0 s0 epf = 0. Similarly,
urf =0 = uaf. Then Hom(L(1),k) = L(1), under the A-module isomorphism f — ey,

and hence L(m)® = L(r) so that 7 is a balanced involution.

Remark 3.4.25. This also applies to A so we can extend 7 to a homogeneous anti-

(m—1)

involution 7™ on A® @k A, for any m € N. Indeed, 7®™ is also a balanced involu-

tion.

Now we have shown the algebras A®(™=1) @, A, m € N, are affine quasi-hereditary we
can use the following result of Kleshchev to deduce that A2~ @ A, m € N, are affine

cellular.

Proposition 3.4.26 ([Klel5], Proposition 9.8). Let B be an affine quasi-hereditary algebra

with a balanced involution 7. Then B is an affine cellular algebra.

Corollary 3.4.27. The algebras A®M=1) & fl, m € N are affine cellular with respect to
TOm

Lemma 3.4.28 ([Yanl4], Lemma 3.4). Let A be an algebra with an idempotent e € A and
a k-involution i such that i(e) = e. Suppose that AeA = A and eAe is an affine cellular
algebra with respect to the restriction of i to eAe. Then A is affine cellular with respect to
i.

Let us now recall the following notation. Suppose we have fixed a reduced expression

Si; - -+ 84, for some w € W,f so that oy, = o0y, - - - 05,. We have defined oh = Oiy, Oy

Corollary 3.4.29. For any v € QNIq with multiplicity one the V'V algebras 23, are affine

cellular.

Proof. Fix v € GNIq with multiplicity one and take the associated VV algebra 20,. Fix
e:= ) \cm= €(ixn) and define a k-involution on 27, by,

190, — 25,
Tk > Tk

Oy — of)

e(i) — e(i)

forall 1 <k <m,w € WE, ic1”. Then i(e) = e and, from Corollary 3.4.7, 20,e20, =
25,,. Using Corollary 3.4.27 and Theorem 3.4.8, e, e is affine cellular with respect to the
restriction of 7. Then, by Lemma 3.4.28, 2, is affine cellular with respect to 1. O
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Corollary 3.4.30. The V'V algebras 20, in the setting p,q ¢ I are affine cellular.

Proof. Fix v € °NI, and take the associated VV algebra 20,. Fix e := Y ; ;s e(i) and
let ¢ be the k-involution on 20, from Corollary 3.4.29. Then i(e) = e and, from Theorem
3.3.1, 2,e2, = 2,. From [KLM13] we know that KLR algebras of type A are affine
cellular. This means that e2J, e is affine cellular with respect to the restriction of i. We

now use Lemma 3.4.28 to conclude that 20, is affine cellular with respect to i. ]

3.4.4 Conjecture - An Affine Cellular Basis of 20,

In this small subsection we conjecture an affine cellular basis of 20, in the setting v € QNIq

with multiplicity one.

Let |v| = 2m, m € N. The VV algebra 20, has idempotent subalgebras R} and R; .
Denote the corresponding root partitions by II'™ and II™. Since v has multiplicity one, we
have |TTT UTT™ | = 2. Order these root partitions lexicographically, i.e. for root partitions
m = (B1,...,Br), T2 = (M,...,7s) we have m < my if and only if 3; < ~v;, where j is
smallest index with 8; # ;.

For i € °I” and a € I an entry of i, let ¢(a) denote the position of a in i.

Every root partition m = (8, ..., 3.) defines a parabolic subgroup of W,2;
6, = 6|51| X e X G‘m‘

and a subalgebra A; C k[x1,...,zy], where

A= K[, 1o, 418als 2 T 151

For = € IIT define
Bl = {oye(is) | n € DW,/Sx)}.

For m € II~ define

By =D, )e(in) UDq,s, e(min) U UDq, 5 ye(niir)

e(nkix

where 71, ..., € D(6,,/6,) and where

n € D(WE/&,,) such that so appears at most }

D, =< opeli
o) { ne(d ©(q~") — 1 times in a reduced expression
Take the following chain of ideals

(0) g I>7r2m,1 g te g I>7r2 g I>7r1 g mu
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where I, =20, (e(ir,,,) + e(ir,_,) + - + €(irym))2W,. Then set
I =I5y, /Isy,,, for cach i.

s

Conjecture 3.4.31. The given chain of ideals is a cell chain for 20, and each I.. has a

basis given by

Br = {ane(i,r)ag

Bl if meIl™
oy, 0¢ € « Um NS
B- ifmell™

T

3.4.5 Morita Equivalence Between 20, and R ®y A

In this subsection we loosen the restriction on multiplicity by enforcing a multiplicity re-
striction only on ¢; we take v € NI, |v| = 2m, in which ¢ appears with multiplicity one.

We also allow p be to a root of unity in this subsection.

Let A be the path algebra of the quiver described in 3.4.1. Then A is a left k[z]-module
via
Z a1 = vav1aq

Z-ag = —vV10209.

We can also put the structure of a right k[z]-module on R, the action of z on R} being

multiplication by » ;5 24, (g)€(i), where ¢j(q) denotes the position of ¢ in i.

Lemma 3.4.32. For every v € NI with |v| = 2m there is an isomorphism of KLR
algebras, R; = R, given by

Y: R — R

e(%) — e(n1)

and extending k-linearly and multiplicatively, where n € D(W.2 /&,,) is the longest ele-

ment.

Proof. One can use the relations to check that ¢ is indeed an algebra morphism and it is

clear that this map is a bijection. O

Let e := ), »+ €(i) + > ;.5 e(i). Considering 20, e yields the following result.
Lemma 3.4.33. In the setting described above, dimy(e20,e) = dimg(R} @y A).

Proof. From Lemma 2.2.11 we have a basis

B = {oupai* - alme(i) | w € G,p,i€ IV, n; € Ny Vi}

m
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of R

=, and A has basis {a1,ag,via1,v2a2,v2v1a1, V10209, ...}. Since za; = vovia; and

zag = v1v2a9, we have the following basis for RIJ{ ®Kklz] A.
B = {b®a1,b®a2,b®v1a1,b®v2a2 | be B}.
So the graded dimension of Rg Qx[z] Ais

dimg (R} ®yp) A) = 2dimg (R} ) + 2¢dim, (R
= 2(1 + q)dim,(R7).

For each w € W2 fix a reduced expression w = ns, for n € D(W2/&,,), s € &,,. Take

any basis element eaww?l --xime € e, e. Note that
eoy,xyt - apme = eopeoxyt -z,

For this expression to be non-zero either 7 = 1 or 7 is the longest element in D(W.2/&,,).
If n = 1 then eoy,e has degree 0. If 7 is the longest element in D(W,2/&,,) then ec,e
has degree 1. This is because o, starts at an idempotent in Rg and ends at one in R

so that there is precisely one factor of o, which contributes to the degree of o, namely

me(qt!,...). So,

Sierr (Sace,, 1757°0 + ¢ 3 s, 09700
1 —g)m

= 2dim,(R}) + 2qdim,(R})

= 2(1 + ¢)dimg(R])

= dimq(R;L k2] fl)

dim, (e, e) =2

where we have used

- degose(i)
dimy(R}) = el (2185275)1

in the second equality. Hence we have shown dim,(e20,e) = dimg (R} @y, A). O

Theorem 3.4.34. 20, and RIJ{ Q2] A are Morita equivalent.

Proof. Let e := ), -+ €(i) + > ;.o €(i) and define a map

o : R;r Oklz] A— e, e
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as,

e(i) ifi =1
e(ni) if i =2

) ®a; = {
| @ zje(i) if i =1
—Zm—j1e(ni) if ¢ =2
N1
oreli) © a; ore(i) if ¢
Om—ke(ni) if i =2
ope(i)ifi=1

ope(ni) if i = 2,

e(i) ® via; — {

for 1 <j<m,1<k<m-—1and where n € D(W}5/S&,,) is the longest element, ex-
tending k-linearly and multiplicatively. We must show that ¢ is well-defined so that ¢ is

a morphism of k-algebras.

Clearly ¢ preserves relations when we restrict the second tensorand to a;. That is, ¢|z+ ®ay

yields an injective morphism RIJ{ — e, e, so the relations are preserved.

Now consider restricting the second tensorand to as. The restriction of ¢ to R;r Qk[z] @2
also yields an injection Rf{ — e, e, with image R, using Lemma 3.4.32. So the rela-

tions are also preserved in this case.

We must also show ¢(e(i) ® za1) = ¢(e(i)z ® aq) and p(e(i) @ zaz) = ¢(e(i)z ® ag). Firstly,

o(e(i) ® za1) = ¢(e(i) ® vav1a1)
= ¢(e(i) ® voaz)p(e(i) ® viay)
= Jgane(i)
= Ty, (g)e(i)
= ¢(zgygreli) ® ar)
= de(i)z ® ar).
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Secondly, noting that ¢,;(¢™1) =m — ¢i(q) + 1,

Hleli) ® 2as) = B(e(i) & —vrva)
= —¢(e(i) ® via1)p(e(i) ® vaas)
= —oyone(ni)
~Zy,(q-1) ()

= ~Tmgi(g)+1€(7)
= Py gye(i) ® az)
= ¢(e(i )Z ® az).

The multiplicative identity element in R} O] Ais (Zielﬁ e(i)) ® (a1 + az) and €W, e

has identity element e. We have,

¢<( Z e(i)) ®(a1—|—a2)) = Z p(e(i) ® ar) Z p(e(i) @ az)

iervt

iervt icrt

= > e(i)+ Y e(ni)
iervt iervt

=) e+ > el
iervt ierv~

=e.

So ¢ is indeed a k-algebra homomorphism. Now to show that ¢ is surjective. This is

clear for idempotents and for elements z;e(i) € e2,e. For every w € W2 fix a reduced

expression of the form w = s, for s € &,, and n € D(&,,\W,2) the longest element in the

set of minimal length right coset representatives of &,, in W.2. Take e(i)o,e(j) € e, e,

for some w = sn € WB.

o If e(i),e(j) € RY then n = 1 so that w = s € G, and ¢(o,e(j) ® a1) = ope(j) =

e(i)oywe(j).

e Similarly if e(i),e(j) € R, then n = 1 and w = s € G,,. Let s = s;,---5;

be a reduced expression for s. Note that e(ni) € R since e(j) € R,. Then

Use(j) =04 "

-oj.e(j) and

(Om—iy ** Om—ipe(n)) ® az) = 0, -~ 0,€(j)
= Use(j)'

e Suppose now that e(i) € RY and e(j) € R;. Then w = sn and oye(j) = os0,e(j

)-
Suppose s has fixed reduced expression s = s;, - -+ s;,. Again note that since e(j) €
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R, we have e(nj) € RY. Then

¢(0iy -+ - 05 e(nj) ® vaaz) = ¢(0i, -+ o e(nj) @ ar)p(e(n) ® veasz)
=0y, -+ 0y, e(nj)ome(§)
= Usdne(j)

= e(i)oye(j).

The case e(i) € R, and e(j) € R} is similar.

It remains to show that ¢ is injective. Since ¢ is surjective and, by Lemma 3.4.33,
dim,(eW,e) = dimq(Rg ®Kklz] A) injectivity follows immediately and we have a k-algebra

isomorphism e, e = RIJ{ Q2] A.

The proof of e full in 27, follows precisely the same reasoning as in the proof of Lemma
3.4.5, so we omit this here and instead refer the reader to Lemma 3.4.5. Then 20 e is a
progenerator for 2J,-Mod and, by Corollary 3.1.18, we have Morita equivalence between
2, and R} @y, A. O

3.5 Morita Equivalence in the Case p € I

In this section we fix the following setting; assume p € I, ¢ € I, p is not a root of unity.
As noted in 3.3, we take v € QNIP so that p always appears with multiplicity greater than
1,i.e. v, > 1. In this section we impose a further restriction on our choice of v € HNIp; we
pick v so that p appears with multiplicity exactly 2, i.e. v, = 2. As before, I denotes
the root partitions of R;r and II™ denotes the root partitions of R . Put I+ =TT ull~.

As before, let A be the path algebra of the following quiver.

U1
7
ai a2
~___—
V2

We define the structure of a left k[z]-module on A via

Z- a1 = vav1aq

Z - ag = v10v2a9.

We also define the structure of a right k[z]-module on R}. The action of z on R} is
multiplication by . o+ (T, | (p) T Ty 2(p))€(1), Where @i 1(p) denotes the position of the
first p appearing in i and ¢; 2(p) denote the position of the second p appearing in i.

Using the definition of I, we note here that for any given i € ?I” we have either p

appearing twice in i, p~! appearing before p in i, p appearing before p~' in i, or p—!

appearing twice in i.
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Lemma 3.5.1. Take e(i) € W, with i ¢ 7" UI” .

(i) If p appears twice in i or if p~*

jer’’.

appears before p in i then e(i) = e(j) for some

1

(ii) If p~' appears twice in i or if p appears before p~t in i then e(i) = e(j) for some

jerr .

Proof. For (i) assume first that p appears twice in i, say iy, = ix, = p. By Proposition
3.1.20, we need a € e(i)2,e(j), b € e(j)W,e(i) such that ab = e(i) and ba = e(j), for

some j € .

Since i ¢ I”" UI” there is a non-empty subset {e1,...,eq} € {1,...,m}, with &, < &,41
for all r, such that i., = p_(2”7‘+1), where n, € Z~o for all r. Note also that &, # k1, ko

for all r, since we start with the assumption that p appears twice in i. Put,

a=-e(i)oe 1 OOy 1T 0cy—1 - o17€(j) € €(1)2We(j)

b=e(j)nor - 0cy1mO1+ 0ey 1 TOL - 0z —1e(1) € €(j)Wye(i).

Then e(j) € 2, is such that j € I”" and, from the relations, we know that ab = e(i)

and ba = e(j) so that e(i) = e(j). The same argument can be used for the case when p~*

appears before p in i. A similar argument is used for (i7). O
Lemma 3.5.2. For every i € I”" and n € D(WE/S,,), the longest element, we have

(i) onone(d) = (T, (p) + Tpy () (D)

(ii) ononeni) = — (T, . (p-1) + Ty, (p-1)) €N9).

Proof. These equalities are immediate consequences of the relations and the fact that I',

has an arrow p — p~ L. O
Theorem 3.5.3. 0, and R;“ Q2] A are Morita equivalent.

Proof. Let e =3 .5+ (i) + >, 5 e(i). Define a map

o : R;r Oklz] A— e, e
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as,

e(i) ifi =1
e(ni) if i =2

{ zje(i) ifi =1
—Zm—j1e(ni) if ¢ =2

i) ®a; —
i) ®a; —

ope(i) if i =1
ake ® a; —
Om—ke(ni) if i =2
ope(i)ifi=1

ope(ni) if i =2

e(i) ® via; — {

for 1 <j<m,1<k<m-—1and where n € D(W}5/S&,,) is the longest element, ex-
tending k-linearly and multiplicatively. We must show that ¢ is well-defined so that ¢ is

a morphism of k-algebras.

Firstly, when we restrict the second tensorand to a; or to as, ¢ preserves the rela-
tions using the same argument as in the proof of Theorem 3.4.34. It remains to check
o(e(i) ® zap) = ¢(e(i)z ® ay), for k = 1,2. We have, using Lemma 3.5.2 in the fourth
equality,

o(e(i) ® zar) = ¢(e(i) ® vaviar)
= ¢(e(i) ® vaaz)g(e(i) ® viay)
= opoye(i)
= (o1 (p) + T 0(p))€(1)
= (T 1 (p) T Ty a(p))e(l) © a1)
= ¢(e(i)z ® ay).

Secondly, noting again from Lemma 3.5.2 that ofjo,e(ni) = =@y (0 1) T T (p1) ) €M)

and m — i k(p71) + 1 = pix(p) for k = 1,2 we have

¢(e(i) ® zaz) = ¢(e(i) ® vivaaz)

= ¢(e(i) ® viar)g(e(i) ® vaas)

= apope(ni)

= (%m L) T Ty a(p-1)) ()
(T 1 (p) Ty o(p)) (1) © a2)

e(i)z ® ag).

¢(
¢(
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The same calculation from the proof of Theorem 3.4.34 shows

o (( Z e(i)) ® (a1 + a2)) =e.

ieret

Then ¢ is indeed a well-defined k-algebra morphism.

Now to show that ¢ is surjective. This is clear for idempotents e(i) and for z;e(i) € e20,e.
For every w € WP fix a reduced expression of the form w = sn, for s € &,, and
n € D(&,,\W,B) the longest element in the set of minimal length right coset representa-
tives of &,, in W,2. Take e(i)o,e(j) € e, e, for some w = sn € WE.

e If e(i),e(j) € R then n = 1 so that w = s € &,, and ¢(o,e(j) ® a1) = ope(j) =
e(i)owe(j).

e Similarly if e(i),e(j) € R; thenn =1 and w = s € &,,. Let s = s, ---5;, be a

reduced expression for s. Then ose(j) = 0y, - - - 04,€(j) and

¢<Um—i1 o 'Um—ike(nj) ® az) = Oiy " Ulke(-]>
= Use(j)'

e Suppose now that e(i) € RY and e(j) € R;. Then w = sy and oye(j) = os0,e(j).
Suppose s has fixed reduced expression s = s;, - - - s55,. Again note that since e(j) €
R, we have e(nj) € RY. Then

¢(oi, -~ oie(ni) ® vaaz) = ¢(0i, -+~ 04,€(nf) ® ar)d(e(nj) ® vaaz)
=0y, -+ oy, e(nj)one(j)
= O'SUne(j)

= e(i)owe(j).
The case e(i) € R, and e(j) € R is similar.

It remains to show that ¢ is injective. Since ¢ is surjective we can show injectivity by
showing equality between the graded dimensions of R;{ Qklz] A and e20,e. This follows
from the analogue of Lemma 3.4.33 applied to the current setting. Hence ¢ is an isomor-

phism.

By Lemma 3.5.1 we have e full in 20,,. Morita equivalence between e2J, e and Rf{ Ok [a] A
then follows from Corollary 3.1.18. O
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Chapter 4

Finite-Dimensional Quotients of

W,

In this chapter we aim to define certain finite-dimensional quotients of VV algebras. We
first discuss finite-dimensional quotients of KLR algebras, known as cyclotomic KLR al-
gebras, and explain why they are important. We then go on to describe the various
difficulties encountered when trying to define analogous quotients of VV algebras. Finally,
in 4.3, we are able to define a family of finite-dimensional quotients of VV algebras in a

particular case and show how they relate to cyclotomic KLR algebras.

4.1 Cyclotomic KLR Algebras

Recall from Section 2.2, when defining KLR algebras, we started with a loop-free quiver

f‘j, of type A, with vertex set I and arrows p% —s 4, for all i € I. Fix such a quiver fj.

ﬁ:@ZAi.

Let ]5+ denote the subset of P consisting of elements with non-negative coefficients with

To I we can associate a lattice

respect to basis elements. Let (-,-) : P x NI — Z be the bilinear map defined by
(As, j) = 045, for i,j € I. For 7 € NI and A € Py, the level of A, denoted L(A), is defined
by
LA) = (A, ).
JeI
The height of 7 € NI, defined in Section 2.2, is given by

7| = Z(Ai,ﬂ)-

iel

Definition 4.1.1. The cyclotomic KLR algebra of type fi associated to A € ]5+ of
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level [ and 7 € NI of height m is the k-algebra, denoted R/V}, generated by elements
{z1,.. ., 2y U{o1,...,0m_ 1} U{e(i)|ic I"},

subject to the relations given in Definition 2.2.3 together with the following additional
relation.
ng’il)e(i) =0 foralliel”. (4.1.1)

That is, R} = R;/J® where JA is the cyclotomic ideal,
JA = (@ Me(i) e 7).

One can think of this quotient in the following way. We start with a KLR algebra Ry to
which we associate a quiver whose vertices are idempotents of the form e(i). A cyclotomic
KLR algebra Rf;\ is obtained from R by choosing nilpotency degrees of x; at each vertex

e(i). This nilpotency is dependent upon i; at each e(i).

Example 4.1.2. Consider the KLR algebra from Example 2.2.7. So 7 = A+p?A\+p?) € NI
and R can be represented by the following quiver, where the x; paths have been omitted

to reduce notation.

P
e(\, p?A, piA) e(\, p*A, p?))
\_/
02
o1 o1 01 01
e(p?X\, A\, p*A) e(p*\, A, p?))
09 o9 o1 (o)) g2
/_\
e(p? A, pIA, \) e(p*\, p?\, \)
f\_/
o1

Let A = Ap4)\ + 3Ap2)\ + 9Ap—6)\, SO f(A) = 13. Then,

(A,0) =0
(A7p2)‘) =3
(A>p4)‘) =1

and the cyclotomic ideal is

e(\, P2\, p*N), e\ p?A p?N),
Jh =< zie(p® X\, A, ptN), xle(p?A,piA,N), >
5619(174)\,)\,172)\), $1e(p4>‘7p2)‘7>‘)
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Brundan and Kleshchev proved that in fact all z;, 1 < i < m, in RQ are nilpotent and

used this to show that the algebras R2 are finite-dimensional.
Lemma 4.1.3 ([BK09a], Lemma 2.1). The elements x; are nilpotent, for all 1 <i < m.
Corollary 4.1.4 ([BK09a], Corollary 2.2). R2 is a finite-dimensional algebra.

Proof. For each s € &,, fix a reduced expression. Using Lemma 2.2.11 we know that
{osa - alme(i) | s € Gy, i€ I, n; € Ny Vi}

is a basis for Ry, and hence a spanning set for R/}. Now using Lemma 4.1.3 we have that

this spanning set is finite so that R~ is finite-dimensional. O

Let Hﬁb denote the affine Hecke algebra of type A, from Definition 1.2.6. Fix ¢ € k*.

Definition 4.1.5. The cyclotomic Hecke algebra associated to A € lf’+ of level [,
denoted H2 | is defined to be the following quotient of HA.

_HA/<H Xl_q (AZ)>
iel

Remark 4.1.6. There also exists a degenerate affine Hecke algebra when ¢ = 1, with

analogous cyclotomic quotients.

It can be shown that H) is a finite-dimensional algebra and that there exists a set {e(i) |
i € I} of mutually orthogonal idempotents in H2. Fix # € NI with |#| = m. Setting
er =) e e(i) € HA it follows that e; is either zero or is a primitive central idempotent

; A
in H;, and so

is a block of HA, or is zero.

In [BK09a] Brundan and Kleshchev prove that these blocks of cyclotomic Hecke algebras
are isomorphic to cyclotomic KLR algebras in type A.

Theorem 4.1.7 ([BK09a], Main Theorem). The algebra H2 is generated by elements

{z1,...,2m}U{0o0,...,om 1} U{e(d) | i€ I”}

subject to the relations given in Definition 2.2 together with 4.1.1, for I = I';.

Using this isomorphism, together with the fact that KLR algebras are naturally Z-graded,
we now have a grading on the blocks of cyclotomic Hecke algebras which was not known
prior to this work of Brundan and Kleshchev. When ¢(A) = 1, HY is isomorphic to the
group algebra of the symmetric group &,, when ¢ = 1 or the associated Iwahori-Hecke
algebra for arbitrary gq. Hence we have an interesting Z-grading on blocks of symmet-

ric groups and Iwahori-Hecke algebras. This also provides a link between KLR algebras,
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the LLT conjecture and the categorification theorems discussed in Section 2.1 of this thesis.

Another interesting feature of cyclotomic KLR algebras is the cellular structure which
they possess. In 2010 Hu and Mathas constructed an explicit cellular basis for R,[;‘, prov-
ing that cyclotomic KLR algebras are cellular algebras. Among other properties, this gives

a parametrisation of simple modules over R2. See [HM10] for details.

Because of the close relationship between KLR algebras and VV algebras, it is a natural
question to ask whether one can define a quotient of a given VV algebra 20, analogous
to the cyclotomic quotient of Ry. In the following sections we investigate the result of
taking quotients of VV algebras by certain ideals with the overall aim of trying to find a
finite-dimensional algebra which, in some sense, is induced from a cyclotomic KLR algebra.

That is, we hope to find a quotient that agrees with the quotient of the KLR algebra.

4.2 Cyclotomic VV Algebras

Recall from Chapter 2.3 that in order to define VV algebras we first fix a quiver I'; with

vertex set I. To I we can associate a lattice
P =PzA..
el

Let P, denote the subset of P consisting of elements with non-negative coefficients with
respect to basis elements. As in Section 4.1, let (+,-) : P x NI — Z be the bilinear map
defined by (A;,j) = d;5, for ¢, j € I. In particular, this defines a map (-,-) : P x ‘NI — Z.
Each v € 'NI defines a VV algebra, 20, Fix such a v. Let 20Y be the k-algebra generated

by elements
{z1,...,2m}U{0o1,...,om_ 1} U{e(d) |icT"}U{n}

subject to the relations given in Definition 2.3.4 together with the additional relation
zNe(i) =0 for allic 1",
for some non-negative integer N. This is the k-algebra constructed as the quotient of 20,

by the ideal (zNe(i) | i€ ?17).

The proof of the following lemma is a replica of the proof of [BK09a], Lemma 2.1. We use
it to prove the analogous result for VV algebras; imposing a nilpotency degree on x; at

every idempotent e(i) € 20, yields a finite-dimensional algebra.
Lemma 4.2.1. The elements x; € ?ZB{,V are nilpotent, for all 1 <i < m.

Proof. 1t suffices to show that each z,e(j) is nilpotent since 1 = 3 ;e(j). We do this by
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induction on r. We know this holds when r = 1 since
(z1e(i)Y = aVe(i) = 0

where we have used the relation zje(i) = e(i)z1, Vi. Assume now that x,e(i) is nilpotent
for each idempotent e(i). This is equivalent to assuming x, nilpotent. We will show that

xyy1€(i) is nilpotent. There are two cases.

If iy = 4,41, set 7. := 0p(x, — 2,41) + 1. Then, 72e(i) = e(i) and 7.z, 7e(i) = . 11e(i).
Then we have that z,1e(i) nilpotent because (z,41e(i))" =z e(i) = ,zl re(i) = 0.

If 4, # ip41 then multiplying the equation z,0,e(i) = o,x,11e(i) on the left by o, we
get o,zr00e(i) = £(x, — 2p41) 2,1 1e(i) for some k € {0,1,2} and some choice of sign.
Then,

mﬁille(ﬂ = x'l“fe(l) + J’r‘rro—re(i)

for some polynomial f € F[z,,x,4+1] and some sign. z, is nilpotent and hence, using the
relations, we see that o.z,0,€e(i) is also nilpotent. Note also that x,f is also nilpotent.
Since we find that z,fe(i) and o,z,0,e(i) commute, we have that xfille(i) is nilpotent

too. Hence, z,1€e(i) is nilpotent as required. O
Corollary 4.2.2. 20% is a finite-dimensional algebra.

Proof. For every w € Wnlf , fix a reduced expression, say w = s;, ---s;,, so that o, =
04, -+ - 0;,.. From Lemma 2.3.11 we have the following k-basis of 27,

(o]t - alme(i) | w e WE, ie T, ny, € Ny Vk}.

m

Then we know that this set is a k-linear spanning set of 202. By Lemma 4.2.1, all but

finitely many elements of this set are zero so that 207" is finite-dimensional. 0

Remark 4.2.3. Although Lemma 4.2.1 proves that all x; are nilpotent, it does not provide
a way of calculating the minimal nilpotency degrees. So, although we know that this basis

of 202 must be finite, we do not know the dimension of 202

The two results above show that imposing a nilpotency degree on x1, at every idempotent
e(i) € 20, yields a finite-dimensional quotient of 20,. There is no particular reason why
x1 is chosen. One can show, using the same arguments as above, that for any 1 < k < m,
putting a nilpotency degree on xj, at every e(i) implies that all ; are nilpotent and hence

the algebra is finite-dimensional.

Note also that the ideal which we took in the above is generated by z\e(i), i € I".
Lemma 4.2.1 and Corollary 4.2.2 clearly also hold when N depends upon the idempotent

e(i) because, in that case, max{N; | i € °I”} is a nilpotency degree for every zie(i),
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i € %I”, so we can apply the same arguments with N = max{Nj | i € °I”}. This means
we can attempt to mimic the ideal used to define the cyclotomic KLR algebra and insist

that the nilpotency degree of zje(i) depends upon 7.

Example 4.2.4. Consider the setting ¢ € I, p & I. Take v = 2¢ 4+ 2¢”' and the VV

algebra 2,. The associated quiver, with paths x; omitted, is

T 01 T
- T 21
e(q,q) \/e(q 7q)\_/e(q7q )\/e(q q)
™ 01 m

Let us now impose nilpotency degrees on x1 at each idempotent e(i) which depend upon
i1. Let the nilpotency degree of z1e(i) be 2 when i; = ¢ and let the nilpotency degree of
z1e(i) be 4 when i; = ¢~1. That is,

zte(¢,q) =0  afe(g'¢') =0
x%e(q,q_l) =0 x%e(q_l,q) =0.

According to Lemma 4.2.1 and Corollary 4.2.2, all z; are nilpotent and the resulting

algebra is finite-dimensional. However, note that

-1 3

0 = zie(q, q) = mate(q, q)m = wzie(q ', q) = —zfe(q™ ', q).

This demonstrates that the nilpotency degrees we put on the zje(i) are not necessarily

minimal nilpotency degrees.

We want to extend the notion of a cyclotomic quotient to VV algebras. We start in the
setting p,q € I, where we have established Morita equivalence between KLR. algebras
and VV algebras. So, until stated otherwise, we assume p,q € I. In this case we have
m2e(i) = e(i) for all e(i) € 1. Recall that the cyclotomic ideal in Ry is defined by
JA = <x§A’i1)e(i) |ie j:’7>. The nilpotency degrees at each idempotent e(i) = e(i1,...,im)
are dependent upon i;. We want a function f : I — Ny which picks a nilpotency degree
based on i at the chosen idempotent e(i). But note that, if x{(il)e(il,ig, ceayim) =0
then,

0= w2 We(iy, ig, ... im)m = —21MWeliy! ia, ... im).

This suggests that the natural way of extending this cyclotomic ideal to VV algebras is

by defining a function,
f: 1T — Ng such that f(i) = f(i"') VieI,
and then defining the cyclotomic ideal for 20, as follows.

J' = (@l ™e(i) | i € 17).
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Let YP, denote the subset of P, consisting of elements A = > iermil\i € Py with the

property n; = ng;), for all 7.

Note 4.2.5. The function f is equivalent to (A, —) : I — Ny, for a unique A € P,
So, choosing a function f with the property f(i) = f(0(i)), for all i € I, is equivalent to
choosing A € P,. Note also that any A € P, can be expressed as,

Let the corresponding ideal in 20, be denoted by J* and let 202 := 20, /J*. We fix the

notation, A* := 3", ;1 niA.

However, defining the quotient in this way poses the following problem. This definition
allows us to choose a non-zero A € P, such that the associated quotient of 20, is zero,
whereas when we consider restricting A to AT, taking the quotient of RIJ{ with JAT =
<x§A+’i1)e(i) |liel f’> yields a non-zero quotient. The following example demonstrates

this.

Example 4.2.6. Take the algebra used in Example 2.3.6. We are in the setting p,q & I
and we take v = p2A7L + X7+ A 4 p?X € INI,. The associated VV algebra, 20, is
the path algebra of the following quiver modulo the defining relations. As usual, we have

omitted the x; paths at each e(i).

01
/—\
e(\,p*)) e(p*A, \)
\_/
> k
™ T ™ T
e\, p*A) e(p2A1 )
o1 > o1 01 01
e(p?A, A7) e(\,p A1)
™ < > T o1 ™ T
/\
e(p2A~L A7 e(A\™hp2A7)
\_/
01

Take A = 10A, + 10A, 1 € 9P,

Let JA = (mgA’il)e(i) | i€ 1), an ideal of 20,. Now consider the quotient 202 = 920, /JA.

For a € 20,, let @ denote the image of a in 20%. In this quotient we have,
e(p’\\\) =e(p AL ) =e( A ) =e(p i) =0,
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But, using these equalities, this means that we also have, for example,
e\ pPN\) =a%e(\ L pPA) = de(p® A\ AT = 0.

Similarly, we find that all other remaining idempotents vanish in this quotient and hence,
8 = 0.

In this example,
AT = 10A,.

Recalling Remark 2.3.8, we can define a KLR algebra R;, which is in fact an idempotent
subalgebra of 20,. Consider the quotient of R by JAT = <x§A+’i1)e(i) |ieI”). We have
71%(\, p?\) = 0 and &(p?)\, \) = 0 in the quotient Rf;\+ = RIJ{/J/H. Since &(\, p?\) # 0
we have le;ﬁ # 0.

We do not want this situation to arise. Our aim is then to define a finite-dimensional,
cyclotomic quotient of 20, which is compatible with the cyclotomic KLR algebra in the
following way. Recall from 2.3.12, R;r is an idempotent subalgebra of 20,,. We would like
to define a cyclotomic quotient 202 in which Rf;\+ lies as an idempotent subalgebra. More

specifically, take A € P, and let

e:=> (e(i)+J4) €W
ielv

With At =3,/ niAj, we want to define 204 such that there is an algebra isomorphism
Ao o~ RAT
eW,e=R; .

Conversely, one could start with a KLR algebra Ry, take a cyclotomic ideal I* C Ry

and induce this up to an ideal in 27, using the following theorem.

Theorem 4.2.7 ([Lam01], (21.11)). Let e be an idempotent in the ring R and let I be an
ideal in eRe. Then e(RIR)e = I. In particular, I — RIR defines an injective map from
ideals of eRe to ideals of R. This map respects multiplication of ideals, and is surjective
if e is full in R.

1 is not a summand of

Fix a dimension vector o = >, ;75 € NI, such that ni + ni~
U, together with the corresponding KLR algebra R;. By Proposition 2.3.12, Ry is an
idempotent subalgebra of 2, where v = >, ;Ui 4> ;g 7;i~! € NI. Take a cyclotomic
ideal J* of Ry as described in Section 4.1. Theorem 4.2.7 applied here tells us that
20, J490, is an ideal in 20,, such that e(20,.J%90,)e = JA. It turns out that taking the
quotient of 20, by the ideal 20,.J90, in the setting p,q ¢ I yields a finite-dimensional

algebra. Note that,

JA _ Rgng’in)e(il)Rﬂ 4+t Rﬂng’ikl)e(ik)Rp

i~ eﬁﬂyeng’i“)e(il)eimye + o4 eﬁﬂyeng’i“)e(ik)eQUVe.'
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From this we have, using the fact that e is full in 27, from Section 3.3,

25, J49, = Qﬂyeﬂﬂyeng’i”)e(il)eQﬂyeQﬂy + -+ Qﬁyeﬁﬂyeng’i“)e(ik)ei)ﬂyei)ﬂu
= QﬁngA’i”)e(il)Qﬁy +-+ ?Zﬁyang’i’“l)e(ik)QHl,.

where i = (ij1,...,%jm), for 1 < j < k.
Proposition 4.2.8. 2 =29, /%, J9,, is finite-dimensional.

Proof. To free up notation, let us omit the bar above elements which belong to the quotient
Qﬂf} That is, all elements are considered modulo the ideal 25, JA90,,. Using Lemma 4.2.1
and Corollary 4.2.2, it suffices to show that ze(i) is nilpotent, for all i € 1%, 1 < k < m.
By definition of 202, the elements ze(i), i € I"" 1<k <m, are nilpotent. So we want
to show zye(i) is nilpotent, for some i ¢ I”", and any k, with 1 < k < m. In this setting

we know that e(i) is isomorphic to some e(j), j € 7" by the following reasoning. Since

i & I”" there exists {e1,...,eq} € {1,...,m} with &, < e,41 and i € I” for all 7.
Then,

0-61*1 .« 0'17T ...... O-Edfl « e O'lﬂe(j)ﬂ'o'l « e O‘Ed*l ...... 7'[‘0'1 e O-Elfle(i) = e(i)

7'('0'1 O-Edfl ...... 7'('0'1 “ e o'slile(i)o'glil “ e Ulﬂ' ...... O-Ed*l 0'17'['8(‘]) = e(J)’

where we are using that 72e(k) = e(k), for every k € ?I”, and that each o, interchanges
vertices from I”" and I”” so therefore squares to the appropriate idempotent. This shows
that e(i) is isomorphic to some e(j), j € I”". Then, using the defining relations of 20,,,

we have
.'L'ke(i) g 0‘5171 “ e 0'171' ...... O-Edfl “ e o'lTrl'k_,e(j)ﬂ'o'l PR O-Edfl ...... 7'['0'1 PN U€1fle(i)7

for some k', 1 <k’ < m. Since zye(j) is nilpotent, it follows that zxe(i) is nilpotent. This

proves the claim. O

The following example should provide a clearer picture of what happens when we induce

a cyclotomic ideal in a KLR algebra up to an ideal in the corresponding VV algebra.

Example 4.2.9. We remind the reader that we are in the setting p,q & I. Let 7 = A\+p?\
so that R is an idempotent subalgebra of 20, for v = p2A~1 + A= + A+ p?X. The VV
algebra 20, has the following quiver associated to it. As usual in this thesis, the z; paths
have been omitted. The idempotents in Ry are coloured red here, to emphasise that Ry

is an idempotent subalgebra.
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01
/—\
e(\, p?A) e(p\, ))
\_/
> i
m T m T
e(A\1 p*A) e(p?A71N)
o1 > o1 01 01
e(p?A A1) e\, p~2A7Y)
T > T o T T
/—\
e(p A AT e(A\"Lp2AT)
\_/
01

Suppose we take the cyclotomic ideal in R to be J* = (z1e(), p?)\), 22e(p?\, \)). Using
the relation o1z2e(i) = zyo1e(i), for i € {(p?\, A), (A, p?\)}, we find z3e(\, p?)\) = 0 and
x%e(p2)\, A) = 0. Inducing this ideal up to one in 20, and then taking the quotient we

have, with elements of the quotient written in the same way as those in 20,

0 = mz1e(\, p? M) = —m?z1e(A 71 p?A) = —z1e(A 71, p))
0 = oyase(\, p° Aoy = zie(p? A, A7)

0 = noyrrse(\, pPNmorm = nrie(p? \, A Hr = —zde(p2A7L A7)

Similarly, using the nilpotency degrees of 21 and x5 at e(p?), ) one can check that zp is
nilpotent at the remaining idempotents. Then x; is nilpotent at every idempotent and,
using Lemma 4.2.1 and Corollary 4.2.2, 25, /20, J A9Y, is finite-dimensional.

The following examples should give some idea of why, in other settings, we cannot use

these methods to show that the induced quotient is finite-dimensional.

Example 4.2.10. Suppose now that ¢ € I. Let us take o = g + p?q so that R; is an
idempotent subalgebra of 20, where v = p~2¢~' + ¢~ + ¢+ p?q. The quiver associated to
920, is similar to the one above in Example 4.2.9. Let J* = (z1e(q, p?q), z3e(p?q, q)) and
consider 202 := 20, /2, J220,,. Note that z3e(q, p?q) = 0 = z3e(pq, ¢). In the same way
as in Example 4.2.9, we can show that z1e(i) is nilpotent, but here we can do this only at

some of the idempotents e(i). For example,

a:%e(p2q, q) =0= ﬂ'azfe(p2q, q)m =0

= —aie(p 3¢t q) = 0.

However, this does not work for every idempotent since, in this example, we now have 4

isomorphism classes of idempotents in 2, and the idempotents associated to R lie in

99



Defining 2023

only 2 of these isomorphism classes. For example,

x%e(q,p2q) =0= ammg’e(q,qu)ﬂal =0
= alwlxge(qfl,ﬁq)al =0

= pozie(p’q,q ') =0,

so that we do not have x; nilpotent at e(p?q, ¢~ !). It is a similar story for other idempo-

tents in this quotient.

Example 4.2.11. Suppose now that p € I. Take 7 = 2p so that Rj is an idempotent
subalgebra of 20, v = 2p~! + 2p, which has the following associated quiver. As usual in

this thesis, the z; paths have been omitted. The idempotent in R is coloured red here.

e(p,p) e(p L.p) e(p,p!) e(p~l,pt) |o1
~_ \/

loal T

Let JA = (x1e(p, p)) be the cyclotomic ideal in Rj. One can show that xoe(p,p) = 0 in
R;. We again induce this up to an ideal in 2, and take the quotient. Now if we try to
show that zie(p, p~!) is nilpotent we find the following.

xoe(p,p) = 0 = o1mzoe(p,p)mo; =0
— o?z1e(p,p ') =0

= z1(21 — 22)e(p,p~ ') =0

1

Similarly, z1 is not nilpotent at e(p~—!,p~!) and so QI],//\ is not a finite-dimensional algebra.

4.3 Defining 204

Case: qe€l

In this section, until stated otherwise, we fix the following setting. Assume q € I, p & I
and, whenever we take v € QNIq, we assume that ¢ has multiplicity one in v. We assume

lv| = 2m, for some m € N.

Here we show how one can define finite-dimensional quotients of the algebras 20, such
that truncating at a certain idempotent e yields a cyclotomic KLR algebra, i.e. we define
a finite-dimensional algebra 202 such that eWle = Rf;ﬁ. We do this using the Morita
equivalence in Subsection 3.4.5. In this subsection we have seen that 2, and R;{ Q2] A
are Morita equivalent. Our strategy is to choose the ideal J* C 20, by working backwards;

we define a finite-dimensional quotient of R;r ®Kk(z] A and pass this information through
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the Morita equivalence. We show that this defines a finite-dimensional quotient 252 of
20, such that e20e = RA", where e = > iepot (e(i) + TN,

Fix v € NI, with |v| = 2m, so that the multiplicity of ¢ in v is 1. By Lemma 2.3.14, we
have an algebra 20, and a distinguished idempotent subalgebra R;. Take a cyclotomic
ideal JAT of R;, for some AT € P, as described in Section 4.1, and take the quotient of

RIJ{ by J A" to obtain a cyclotomic KLR algebra Rf;ﬁ. There is a canonical surjection,
R} —»R)".
The functor — @y, A is right exact so we get a surjection,
R @y A RY @y A,
so that R§+ ®Klz] A is a quotient of RIJ{ Qx[z] A. Tt has a spanning set,
B ={b®a1,b®as,b®@via;,b@vas | b€ B}

where B is the spanning set of R/V} given in Corollary 4.1.4. Finitely many of the elements
in B are non-zero so that finitely many of the elements in B’ are non-zero. Then Rg QR[] A

is finite-dimensional.

From Theorem 3.4.34 we have R} O[] A =~ e, e, where e := D icrot (1) + 2o e(d).
We now show how to pick J* C 920,, which defines 202, using this isomorphism. In
[BK09a] Brundan and Kleshchev showed that, in R2, all z;, 1 <4 < m are nilpotent.

v

Write the minimal nilpotency degrees of z1e(i), z2e(i), ..., znme(i) as an m-tuple,

((n1)ei)> (M2)e(i)s - - - » (Mm)e(i))-

It should be noted here that, for any given example, we only know (n1)en) = (A,71) at
each idempotent e(i). Minimal nilpotency degrees (1n2)e(j); - - - » (m)e(i) €Xist at each e(i)
but it is unknown how to calculate them. In the proof of Theorem 3.4.34 we defined a

map ¢ such that,

¢ xie(i) ®ar — xje(i)

¢:xje(i) ®ag = —xm—jr1e(ni).

This map tells us how to pick nilpotency degrees of the x; in 2,,. It follows that we should
define the ideal J* C 20, as,

TN = (2Me(i), 2B e () i€ 175 e I77).

Note that (nk)e(ni) = (nm—k+1)e(i)-
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Proposition 4.3.1. 203 =90, /J% is finite-dimensional.

Proof. Using Lemma 4.2.1 and Corollary 4.2.2, it suffices to show that xpe(i) is nilpotent,
foralli € 917, 1 < k < m. First note that all z1e(i), i € I?" | are nilpotent, by definition of
208, Using the same argument as in Lemma 4.2.1, it follows that all z3e(i) are nilpotent
for1l<k<m,iel”. Similarly all z,,e(i), i € I?” are nilpotent, by definition of 2023,
and again using the argument from Lemma 4.2.1, it follows that all zie(i) are nilpotent
for 1 <k <mandieI” . Now take any idempotent e(i) € 204 with i ¢ I”" UI” . By
Lemma 3.4.5 we know that if ¢ lies in position k in i € " then e(i) is isomorphic to an
idempotent e(j), j € I°". In the proof of Lemma 3.4.5 we saw that there exists w € W5
with ofe(j)o, = e(i). In fact, w € D(W,P/&,,). Then,

zke(j) =0 = ofxiFe(j)ow =0.
Using that of,e(j)o, = e(i) together with the relations,

oirge(j) = sti(k)az‘e(j)
zrme(j) ifk>1
—zme(j) if k=1,

it follows that, since all x are nilpotent at e(j), all z are nilpotent at our chosen e(i),
which was chosen arbitrarily. A similar line of reasoning applies when ¢~! lies in position

k. This proves that 202 is finite-dimensional. O

We remind the reader here that for any A € 9P+ we can write A = Zie 7+ i\ +
> ier- nil\i, and we set the notation A* := 3. ;4 n;A;. The next result states that
this finite-dimensional quotient of 20, contains the cyclotomic KLR algebra R£+ as an

idempotent subalgebra.

Proposition 4.3.2. Let e = ).+ (e(4) + JMN). Then, e} e = R£+.

Proof. To reduce notation, we again omit the bar above elements which belong to the
quotient QI]/V\ All elements are considered modulo the ideal J*. For every element w € WTE
we fix a reduced expression w = ns, where n € D(W,2/&,,), s € &,,. We want to prove
this result in the same way as in Proposition 2.3.12. That is, we know that every element

eve € e20%e has the form,

Y ose6, ospi(z)e  ifnp=1
eve = i6117+

0 ifn # 1.
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Then we want to define a map,

f:eWre — RA"

eve — Z ospi(x)e,

Seem

ier’™
and show that this is an isomorphism. Except now we must ensure that a = 0 in eQB/V\e
if and only if f(a) = 0 in R2". It is clear from the way A is defined that, if f(a) = 0
then a = 0. This a € eW)e will be of the form e(i1)oy, 2te(h)oy,e(iz), some n € N
and e(i1), e(iz) summands of e. Let n1s; and n2s2 be our fixed reduced expressions for
wy, W € WTE , respectively. There are two cases to consider; either ¢ is an entry of h or

¢! is an entry of h.

e Suppose first that ¢ is an entry of h. We know from Lemma 3.4.5 (i) that e(h) = e(j),
for some j € I”". That is, there exists n € D(W5/S,,) such that ohe(h)o,e(j) =
e(j) and oye(j)one(h) = e(h). In this case, the nilpotency degrees of the z; at e(h)
arise from nilpotency degrees of x; at e(j), j € . Hence, if a = 0 in e20%e then

a=0¢ Rl/~,\+. Explicitly, we have,

e(ir)ow, rie(h)ou,e(iz) = e(i1)ow, rie(h)oy,05e(iz)

e(il)aun xze(h)gnzeo)o'w

e(il)lee(h)Um x:)lg~ke(j)as2 :

But 27 ,e(j) =0in R,/;H, i.e. the nilpotency degree of zie(h) was induced from the
nilpotency degree of x,,.; at e(j) € Rf;ﬁ. Hence we have eoy, zje(h)o,,e = 0 in

AT
RA".

l'is an entry of h. Using Lemma 3.4.5 (i), we know that

e Now suppose that ¢~
e(h) = e(j), for some j € I” . So, without loss of generality, we can assume that
h = j. This means that 17, = 72 = 17, where 7 is the longest element in D(W,2/&,,).
Let ((n1)e(nj)s - - - » (m)e(n;)) be the minimal nilpotency degrees at e(nj) so that
((7m)e(j)s - - -» (M1)ej)) are the minimal nilpotency degrees at e(j). Then, for any

1 < k <'m and any summands of e, e(i;) and e(iz), we have

e(in)ow 2, " " Ve(j)owelis) = e(i)ow " *Ve(j)o,ose(iz)
. N — (k— . .
= e(n)awl%xmf@’lf; e(nj)os,e(iz),

where we have used that x;0, = 0Ty, _(i—1), 7 € D(WB/G,,) is the longest element,

m—(k—1)

in the last equality. But we know, by definition of J%, that xzi(kfl)e(nj) =0in

RA". So e(ig)owl:L‘me(k*l)e(j)aw?e(il) =0in R

We can now prove that the map f is an isomorphism, as in Proposition 2.3.12. O
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Case: pel

We now fix the following setting for the remainder of this section; assume p € I, ¢ & 1,
p is not a root of unity. As in 3.5, we take v € QNIp so that p always appears with
multiplicity 2, i.e. v, = 2. Then, from Theorem 3.5.3, we have that 20, and R; ®Kklz] A
are Morita equivalent. In exactly the same way as in the subsection above, we use this

Morita equivalence to define the following ideal J* C 20,. We define
TN = (2Me(i), 2B e () i€ 175 e I77).

Proposition 4.3.3. 2% =90, /J% is finite-dimensional.

Proof. Using Lemma 4.2.1 and Corollary 4.2.2, it suffices to show that xpe(i) is nilpotent,
for all i € 17, 1 < k < m. Using the same argument from Proposition 4.3.1, the ze(i)
are nilpotent, for all i € I and 1 < k < m. Now take any idempotent e(i) € 202 with
id . By Lemma 3.5.1 we know that if p appears twice in i or if p~! appears
before p in i then e(i) 2 e(j) for some j € I”". In the proof of Lemma 3.5.1 we saw that

there exists w € W2 with of,e(j)o, = e(i). In fact, w € D(W,B/&,,). Then,
zre(j) =0 = ofa*e(j)o, =0.
Using that of,e(j)o, = e(i) together with the relations,

oizre(j) = zs,moie(j)
xrme(j) itk>1

mxrpe(j) =
el { —zpme(j) if k=1,

it follows that, since all xj are nilpotent at e(j), all zj are nilpotent at our chosen e(i),

1

which was chosen arbitrarily. A similar line of reasoning applies when p~* appears twice

1

in i or when p appears before p~! in i. This proves that 202 is finite-dimensional. O

The next proposition states that, as in the ¢ € I setting, the algebra 202 contains a

cyclotomic KLR algebra as an idempotent subalgebra.

Proposition 4.3.4. Let e = ).+ (e(4) + JMN). Then, e} e = R§\+.

Proof. The proof uses the same method as in Proposition 4.3.2 together with Lemma
3.5.1. 0

Final Remarks

In this thesis we have studied various classes of VV algebras and have shown how their
module categories relate to module categories over KLR algebras. We have proved that
certain classes of VV algebras are affine cellular and affine quasi-hereditary. Ultimately,

we would like to show that all VV algebras exhibit these properties. We have considered
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various cases, depending on the parameters p and ¢. In many cases we imposed restrictions
on these parameters. It is a natural question to ask how these algebras behave when we
remove these restrictions. We did not treat the case p,q € I here and we hope that this

will form part of our future work.

Question 1. In the case p,q € I, what is the relationship between module categories over

VV algebras and module categories over KLR algebras?

We have also defined finite-dimensional quotients of VV algebras in certain cases. We
would like to be able to do this for VV algebras in all settings. Another very interesting
question to ask is whether we have a type B analogue of the famous Brundan-Kleshchev

isomorphism.

Question 2. How does this quotient relate to the affine Hecke algebra of type B? Can
we find an explicit isomorphism between 202 and a quotient of the affine Hecke algebra

of type B, as Brundan and Kleshchev do in the type A setting?

In 2007 Kashiwara and Miemietz stated conjectures relating to canonical bases and branch-
ing rules of affine Hecke algebras of type D. In particular they introduce a By(g)-module
Vp, where By(g) is an algebra defined previously by Enomoto and Kashiwara, which, for
a specialization of Vj, they conjecture the finite-dimensional H”-modules categorify. In
2010 Shan, Varagnolo and Vasserot proved this conjecture by introducing a graded alge-
bra °R(T"), associated to a quiver I', with involution €, and a dimension vector v (see
[SVV11]). For a particular choice of I' and 6 they prove that °R(I"), is Morita equivalent
to the affine Hecke algebra of type D. Similarly to VV algebras, the algebras °R(T"),
are defined by generators and relations and depend upon I' and the choice of dimension

vector.

Question 3. What is the connection between °R(I"), and VV algebras? How are the

module categories over these algebras related?
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