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We present a bifurcation approach which delivers
two-dimensional travelling hydroelastic water waves
propagating at the free surface of a rotational ideal
fluid of constant vorticity and finite depth, covered
by a thin ice sheet which is modelled by using
the special Cosserat theory of hyperelastic shells
satisfying Kirchhoff’s hypothesis. The approach is
based on a reformulation of the water wave problem
as a pseudodifferential equation for a function of
one variable, giving the elevation of the free surface
(allowed to have overhanging profiles). Moreover, the
involved method permits the existence of stagnation
points whose existence in the resulting solution flows
is then proved rigorously.

1. Introduction
During the last decades, hydroelasticity—the study of
elastic body deformations induced by hydrodynamic
forces and the reciprocal influence of these deformations
on the flow—has seen significant advances (see [1] for
a review). In particular, the propagation of hydroelastic
waves beneath ice covers has received considerable
mathematical attention. As noted in [2], these waves are
especially relevant in cold regions (e.g. Canada, Russia,
Alaska and Antarctica), where frozen surfaces serve as
transport routes or runways, and where air-cushioned
vehicles are used to break the ice.
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Most of the existing literature is concerned with hydroelastic waves on elastic plates on top
of inviscid fluids and irrotational flows. However, there is substantial evidence of currents and
vorticity under floating ice. For example, Menemenlis & Farmer [3] measured the velocity of
currents and the vorticity under the eastern Arctic Ocean. A recent analytical investigation of
near-surface ocean currents near Antarctica was performed by Abrashkin & Constantin [4].

In the same vein, several measurements of horizontal and vertical currents at various depths
under the flat thin ice were performed in the shallow Lake Saroma (or Saroma-ko Lagoon), which
is located on the Okhotsk Sea coast of Hokkaido, Japan [5,6]. In this lagoon hydroelastic waves
generated by moving loads (snowmobiles) were observed in field experiments performed in 1981
by Takizawa [7,8].

Some studies have explored linear hydroelastic waves in flows with vorticity from various
perspectives. Marchenko & Prokhorov [9] identified several types of travelling hydroelastic
waves with the same frequency on the surface of a finite-depth fluid with constant vorticity,
covered by a thin elastic plate. They derived the dispersion relation for this case and examined
wave diffraction at the edge of a semi-infinite elastic plate over such a fluid. Also, Bhattacharjee
& Sahoo [10] investigated the effects of shear currents in finite-depth fluids on linear hydroelastic
waves within the shallow-water approximation.

More recently, asymptotic and nonlinear results have been obtained for fully nonlinear
hydroelastic waves in the presence of a constant vorticity in the underlying fluid. Gao et al.
[11] computed travelling solitary hydroelastic waves for different vorticities in infinite-depth
fluids and examined their stabillity using fully nonlinear time-dependent computations based
on conformal mappings. Gao et al. [12] derived nonlinear Schrödinger-type equations using
multiple-scale analysis for weakly nonlinear hydroelastic waves on fluids of finite depth
and constant vorticity, and investigated various resonances and the modulational instability
phenomenon. They also calculated solitary waves and generalized solitary waves for the full
nonlinear problem and performed time-dependent computations to study their dynamics and
the Benjamin–Feir instability in this case. Wang et al. [13] used a third-order Stokes expansion
and fully nonlinear computations to calculate travelling hydroelastic waves on a linear shear
current in a finite-depth fluid and to study the global bifurcation of periodic waves of the fully
nonlinear equations. Particle trajectories and the flow structures beneath the elastic plate were
also computed.

The existence of exact solutions is based on (equivalent) reformulations of the problem over a
fixed domain. Then, bifurcation theory in the spirit of Crandall–Rabinowitz [14] is a very effective
tool to prove existence results pertaining to the water wave problem, cf. the pioneering approach
by Constantin & Strauss [15], see also [16,17]. For useful reformulations used when constructing
rotational water waves in a wide range of physical regimes, we point to other studies [18–23].

Regarding the utilization of the bifurcation method for proving exact solutions in the
hydroelastic scenario, we refer the reader to other works [24–26]. The existence of solutions for
the hydroelastic problem was also considered from a variational perspective, cf. [27,28] as well as
by spatial dynamics techniques [29].

A common feature of the aforementioned approaches to hydroelastic waves is that they do
not account for stagnation points—locations where the gradient of the stream function vanishes.
Physically, these points correspond to fluid particles with zero vertical velocity and horizontal
velocity equal to the wave speed. In a reference frame moving with the wave, such particles
appear stationary, hence the term stagnation points. The approach we use here allows us to prove
that constant vorticity yields the emergence of stagnation points (cf. condition equation (4.21)
below), which is a phenomenon that gives rise to critical layers. The latter are closed streamlines—
that is, closed level sets of the stream function—enclosing the stagnation points, which do not exist
in the irrotational setting. The critical layers were anticipated by a formal argument of Kelvin
[30] and proved rigorously by Wahlén [31], see also [32,33]. For insightful numerical studies
concerning stagnation points and overhanging profiles we refer the reader to the recent paper
by Doak et al. [34]. Other studies on flows displaying stagnation points can be found in other
works [31,35–37].
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We adapt to our setting a method used by Constantin & Vărvărucă [38] to produce local curves
of solutions admitting overhanging profiles and stagnation points in the setting of gravity surface
waves over flows of constant vorticity. The method from [38] was shown to bear relevance to the
case of capilary–gravity water waves over flows with constant vorticity, cf. [23]. We also employ to
our hydroelastic scenario the methods developed in [23] when applying the Crandall–Rabinowitz
theorem in §4.

Note that the assumption of constant vorticity is not merely a mathematical convenience but is
physically relevant in a range of scenarios. For example, constant vorticity is meaningful when the
waves are long compared with the water depth since in this case the existence of a non-zero mean
vorticity is more important than its specific distribution, cf. the discussions in [39,40]. Moreover,
tidal flows which are the most regular and predictable currents [41], are considered to be two-
dimensional flows of constant vorticity: they feature negative constant vorticity when the flow of
the current is directed towards the shore (flood) and positive constant vorticity when the current
is directed out to the sea (ebb) [40].

The global bifurcation picture in the constant vorticity setting was presented by Constantin
et al. [39,42], while the case with general vorticity was treated in [36]. The approach by Constantin
& Vărvărucă [38], utilized first for the problem of waves on flows of infinite depth [43–45], uses
the Babenko [46] reformulation of the water wave problem as a pseudodifferential equation for
a function of one variable, giving the elevation of the free surface when the fluid domain is the
conformal image of a half-plane.

Central to the bifurcation approach employed in this paper are the periodic Dirichlet–
Neumann operator and the periodic Hilbert transform associated with a strip. These tools play a
pivotal role in our analysis. The significance of the Dirichlet–Neumann operators is underscored
by the surge of interest in recent years in both the full nonlinear water wave problem and various
approximate nonlinear water wave models. This progress is driven by a combination of methods
focussing on Dirichlet–Neumann operators and Hamiltonian systems, cf. [47–60], as well as
methods for numerical computation of quantities, expressed by Dirichlet–Neumann operators
[61–63], following the pioneer work of [64].

Following the presentation of the physical problem in §2, we provide in §3 a suitable
reformulation of governing equations as a quasilinear pseudodifferential equation for a periodic
function of one variable representing the free surface. The analysis is concluded in §4 by proving
the existence of exact solutions, describing steady periodic hydroelastic waves, of (conformal)
mean depth h (for some constant h> 0), and possessing a smooth profile with one crest and one
trough per period, monotonic between crests and troughs and symmetric about any crest line.

2. The presentation of the problem
The object of interest is the free-boundary problem of steady periodic travelling hydroelastic
waves with constant vorticity in flows of finite depth over a flat bed. We denote with (X, Y) the
independent variables, where X stands for the direction of propagation, and Y represents the
height variable. The water flow domainΩ in the XY-plane is bounded below by the impermeable
flat bed B = {(X, 0); X ∈ R}, and above by an a priori unknown curve S(t) = {(u(t, s), v(t, s)); s ∈ R},
for all t ≥ 0, with

(us(t, s))2 + (vs(t, s))2 > 0 for all s ∈ R, t ≥ 0 (2.1)

and
u(t, s + L) = u(t, s) + L, v(t, s + L) = v(t, s) for all s ∈ R. (2.2)

The curve S represents the a priori unknown free surface of the water domain, is L-periodic in the
X direction and admits overhanging profiles. Moreover, the free surface is considered as a thin
elastic plate satisfying Kirchhoff’s hypothesis, cf. [65–67]. (see [68,69] for a related model).

In addition, we assume that the water flow domain Ω ⊂ R
2 to be an L-periodic strip-like domain

which means that Ω is contained in the upper half (X, Y)-plane and that its boundary is built of
the real axis B and of a parametric curve S satisfying equations (2.1) and (2.2). If for some d> 0, we
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denote with Rd = {(x, y) ∈ R
2 : −d< y< 0} the horizontal strip of height d, then for the L-periodic

strip-like domain Ω specified earlier, its conformal mean-depth is defined to be the unique positive
number h such that there exists an onto conformal mapping Uh + iVh : Rh →Ω which can be
extended to the closures of the domains Rh and Ω , respectively, with onto mappings

{(x, 0) : x ∈ R} → S and {(x, −h) : x ∈ R} → B,

and such that

Uh(x + L, y) = Uh(x, y) + L and Vh(x + L, y) = Vh(x, y) for all (x, y) ∈Rh.

Since under consideration are steady periodic waves travelling with speed c> 0 we make
(as customary) the substitution x = X − ct, y = Y and so the free surface S can be described by
an implicit equation of the form S(x, y) = 0, for some diffferentiable function S. Denoting with
(U ,V) the velocity field, with P the pressure, with g the acceleration of gravity and considering
a homogeneous flow of normalized density, the equations of motion are the momentum
conservation equations,

(U − c)Ux + VUy = −Px

and (U − c)Vx + VVy = −Py − g,

}
(2.3)

and the equation of mass conservation

Ux + Vy = 0, (2.4)

which are complemented by the kinematic boundary conditions,

Sx(U − c) + SyV = 0 on S

and V = 0 on B,

}
(2.5)

and—owing to the Cosserat’s theory of hyperelastic shells—by the dynamic condition

P =D
(
κss + 1

2
κ3
)

on S, (2.6)

where D = Ed3/12(1 − ν2) is a constant representing the coefficient of the flexural rigidity of
the ice sheet, d is the ice thickness, E denotes Young’s modulus, ν is the Poisson’s ratio
for ice, κ is the curvature of the fluid-ice interface, s represents the arclength along this
interface and κss denoes the second derivative of κ with respect to the arclength, that is κss =
(1/
√

u2
s + v2

s )∂s((1/
√

u2
s + v2

s )∂sκ). From the equation of mass conservation we infer the existence
of the stream function ψ which recovers the velocity field as

∇ψ = (−V ,U − c).

Furthermore, setting

m =
∫ v(t,s0)

0
(U(u(t, s0) − ct, y) − c) dy,

(with u(t, s0) − ct, v(t, s0)) being the location of the wave trough) we have that m is a constant,
cf. [70] and

ψ = 0 on S

and ψ = −m on B.

}
(2.7)

Further, if γ = Vx − Uy denotes the (constant) vorticity, then from the momentum conservation
equations (2.3) we obtain Bernoulli’s law asserting that the expression

E = |∇ψ |2
2

+ P + gy + γψ (2.8)

is constant within the fluid domain.
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Choosing now a parametrization of the free surface S such that u and v are independent of t in
the moving frame, writing the Bernoulli relation equation (2.8) on the free surface and utilizing
equation (2.7) we obtain that the stream function ψ satisfies the boundary value problem,

�ψ = −γ ,

ψ = 0 on S,

ψ = −m on B

and |∇ψ |2 + 2D
(
κss + 1

2
κ3
)

+ 2gv = Q on S,

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(2.9)

where Q := 2E is the hydraulic head. Note that, in terms of u and v, it holds that

κss = u′v(4) − u(4)v′ + u′′v(3) − u(3)v′′

(u′2 + v′2)5/2 − 7
(u′v(3) − u(3)v′)(u′u′′ + v′v′′)

(u′2 + v′2)7/2

− 3
(u′v′′ − u′′v′)((u′′)2 + (v′′)2 + u′u(3) + v′v(3))

(u′2 + v′2)7/2 + 18
(u′v′′ − u′′v′)(u′u′′ + v′v′′)2

(u′2 + v′2)9/2 , (2.10)

where the upper index (j), for j = 3, 4, indicates j times differentiation with respect to s.

3. Reformulation of the free-boundary problem as a pseudodifferential
equation

The goal of this section is to reformulate the free-boundary problem equation (2.9) as a quasilinear
pseudodifferential equation for a periodic function of one variable representing the height of the
free surface. The main tools to achieve the proposed task are the periodic Dirichlet–Neumann
operator Gd and the Hilbert transform Cd associated to a strip of finite width. The previously
mentioned transforms act on suitable Hölder spaces that we introduce now. Note that we only list
here the properties of the Dirichlet–Neumann operator and of the Hilbert transform. For detailed
proofs, the reader is referred to [38].

Definition 3.1. For an integer p ≥ 0 and α ∈ (0, 1) we let Cp,α denote the standard Hölder space
of order p with exponent α over their domain of definition. By Cp,α

loc we refer to the space of
functions of class Cp,α over any compact subset of their definition domain. To refer to 2π periodic
functions and of class Cp,α

loc in R we use the notation Cp,α
2π . Finally, by Cp,α

2π ,o we denote the functions

that are in Cp,α
2π and have zero mean over one period.

(a) The Dirichlet–Neumann operator
For any d> 0 let Rd := {(x, y) ∈ R

2 : −d< y< 0}.
Definition 3.2. For w ∈ Cp,α

2π let W be the unique solution of

�W = 0 in Rd,

W(x, −d) = 0, x ∈ R

and W(x, 0) = w(x), x ∈ R.

⎫⎪⎪⎬
⎪⎪⎭ (3.1)

It holds that the function (x, y) → W(x, y) is 2π -periodic in x throughout Rd. Then, for p ∈ Z, p ≥
1 and α ∈ (0, 1) the periodic Dirichlet–Neumann operator Gd, associated to the strip Rd is defined
through the formula

Gd(w)(x) := Wy(x, 0), x ∈ R. (3.2)

Remark 3.3. The Dirichlet–Neumann operator Gd satisfies the following properties.

(i) For all p ≥ 1, Gd : Cp,α
2π → Cp−1,α

2π is a bounded, linear operator.
(ii) If c is a real constant, then Gd(c) = c/d.
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(b) The Hilbert transform
For w ∈ Cp,α

2π ,o we define the periodic Hilbert transform Cd(w) of w (relative to the strip Rd) by the
formula

Cd(w)(x) := Z(x, 0),

where Z(x, y) is the unique (up to a constant) harmonic conjugate of W from equation (3.1). It
follows that (x, y) → Z(x, y) is 2π -periodic in x. By specifying the constant in the definition of Z
by the requirement that x → Z(x, 0) has zero mean over one period we obtain that Cd has the
following properties.

Lemma 3.4. Let d> 0. Then for the Hilbert transform corresponding to the strip Rd it holds:

(i) The mapping Cd : Cp,α
2π ,o → Cp,α

2π ,o is a bounded linear operator for all integer p ≥ 0. Furthermore,

C−1
d = −Cd : Cp,α

2π ,o → Cp,α
2π ,o is also a bounded linear operator.

(ii) If w ∈ Cp,α
2π ,o for p ≥ 1, then Gd(w) = (Cd(w))′ = Cd(w′).

(iii) If w ∈ Cp,α
2π ,o for p ≥ 1, and [w] denotes the average of w over one period, then Gd(w) = [w]/

d + Cd(w′).

An explicit formula for calculating the Hilbert transform holds for those w which belong L2
2π ,o,

that is, the space of 2π -periodic locally square integrable functions (of one real variable) having
zero mean over one period.

Lemma 3.5. Let w =∑∞
n=1 an cos(nx) +∑∞

n=1 bn sin(nx) be the Fourier series expansion of w ∈ L2
2π ,o.

Then,

Cd(w) =
∞∑

n=1

an coth(nd) sin(nx) −
∞∑

n=1

bn coth(nd) cos(nx). (3.3)

We are now ready to establish the equivalence of the free-boundary value problem
equation (2.9) with a problem on the fixed strip Rkh, where k is the wave number and h is the
conformal mean-depth, introduced earlier in §2.

Theorem 3.6. Let k = 2π/L. Then, if (Ω ,ψ) of class C4,α is a solution of equation (2.9), then there
exists a positive number h, a positive function v ∈ C4,α

2π with [v] = h and a constant a ∈ R such that

[
m
kh

+ γ

(
Gkh

(
v2

2

)
− vGkh(v)

)]2

= (Q − 2D(P(v) + R(v)) − 2gv)(Gkh(v)2 + v′2), (3.4)

the mapping x 	→
(x

k
+ Ckh(v − h)(x), v(x)

)
is injective on R, (3.5)

v′(x)2 + Gkh(v)(x)2 
= 0 for all x ∈ R, (3.6)

S =
{(

a + x
k

+ Ckh(v − h)(x), v(x)
)

: x ∈ R

}
, (3.7)

where

P(v) = Gkh(v)v(4) − Gkh(v(3))v′ + Gkh(v′)v(3) − Gkh(v′′)v(2)

(Gkh(v)2 + v′2)5/2

− 7
(Gkh(v)v(3) − Gkh(v′′)v′)(Gkh(v)Gkh(v′) + v′v′′)

(Gkh(v)2 + v′2)7/2

− 3
(Gkh(v)v′′ − Gkh(v′)v′)(Gkh(v′)2 + (v′′)2 + Gkh(v)u(3) + v′v(3))

(Gkh(v)2 + v′2)7/2

+ 18
(Gkh(v)v′′ − Gkh(v′)v′)(Gkh(v)Gkh(v′) + v′v′′)2

(Gkh(v)2 + v′2)9/2 (3.8)
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and

R(v) = 1
2

(Gkh(v)v′′ − Gkh(v′)v′

(Gkh(v)2 + v′2)3/2

)3

. (3.9)

Vice versa, let h> 0 and let v ∈ C4,α
2π be a positive function which satisfies equation (3.4) with

equations (3.5) and (3.6), and Ω be the domain whose boundary consists of the bottom B and
of the surface S defined by equation (3.7). Then there exists a function ψ in Ω such that (Ω ,ψ) is
a solution of class C4,α of equation (2.9).

Proof. If (Ω ,ψ) is a solution of class C4,α of equation (2.9) and h is the conformal mean depth
of Ω , then let Uh + iVh be the conformal mapping associated to Ω . Then the mapping U + iV :
Rkh →Ω (for k = 2π

L ) defined through

U(x, y) = Uh

(x
k

,
y
k

)
, V(x, y) = Vh

(x
k

,
y
k

)
, (x, y) ∈Rkh, (3.10)

has the property that U, V ∈ C4,α(Rkh) and U + iV is conformal mapping from Rkh onto Ω

which extends homeomorphically to the closures of Rkh and Ω , respectively, and, moreover, the
mappings {(x, 0) : x ∈ R} 	→ S and {(x, −kh) : x ∈ R} 	→ B are onto. Setting

u(x) = U(x, 0), v(x) = V(x, 0), x ∈ R, (3.11)

we have from lemma 3.4,

u = Ckh(v), u′ = Gkh(v), u′′ = Gkh(v′), u(3) = Gkh(v′′), u(4) = Gkh(v(3)). (3.12)

Following the method of proof from [38] it follows that v is a strictly positive function with mean
h and which belongs to C4,α

2π . Furthermore, the mapping x 	→ (x/k + Ckh(v − h)(x), v(x)) is injective
and the free surface is given as S = {(t + x/k + Ckh(v − h)(x), v(x)) : x ∈ R} where t is a constant
that arises from the invariance of the free-boundary problem equation (2.9) under horizontal
translations. Setting now

Ξ (x, y) :=ψ(U(x, y), V(x, y)), (x, y) ∈Rkh, (3.13)

we obtain a function Ξ : Rkh → R which has the property that Ξ + γV2/2 is a harmonic function
in Rkh, the last assertion being true by the harmonicity of the function (x, y) →ψ(x, y) + γ y2/2 and
the invariance of harmonic functions under conformal mappings. By the chain rule applied to the
functionΞ we obtain (via the Cauchy–Riemann equations) from the last formula in equation (2.9)
and equation (3.12) that

Ξ2
x +Ξ2

y = (Q − 2D(P(v) + R(v)) − 2gv)(Gkh(v)2 + v′2), (3.14)

with P and R being the polynomials defined in equations (3.8) and (3.9), respectively. Defining
now Θ : Rkh → R by Θ :=Ξ + m + γV2/2 it follows that Θ satisfies the system

�Θ = 0 in Rkh,

Θ(x, −kh) = 0 for all x ∈ R,

Θ(x, 0) = m + γ v2(x)
2

all x ∈ R

and Θy − γVVy)2 = (Q − 2D(P(v) + R(v)) − 2gv)(Gkh(v)2 + v′2) at (x, 0) all x ∈ R

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(3.15)

which can be reformulated by means of the Dirichlet–Neumann operator and its properties (cf.
lemma 3.4) as

[
m
kh

+ γ

(
Gkh

(
v2

2

)
− vGkh(v)

)]2

= (Q − 2D(P(v) + R(v)) − 2gv)(Gkh(v)2 + v′2). (3.16)
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To prove the sufficiency, let h> 0 and let v ∈ C4,α
2π satisfy equations (3.4)–(3.7). We denote with

V : Rkh → R the harmonic function for which it holds that

V(x, −kh) = 0 and V(x, 0) = v(x), (3.17)

for all x ∈ R. Now let U : Rkh → R such that U + iV is holomorphic. Then U + iV ∈ C4,α(Rkh). Since
[v] = h we apply the reasoning from [38] and obtain

U(x + 2π , y) = U(x, y) + 2π
k

, V(x + 2π , y) = V(x, y) for all (x, y) ∈Rkh. (3.18)

From the injectivity of the map equation (3.5) we deduce that the curve given through
equation (3.7) is non-self-intersecting and from the positivity of v it follows that equation (3.7)
is contained in the upper-half plane. Denoting with Ω the domain which has S as its upper
boundary and B as its lower boundary, theorem 3.4 from [71] yields that U + iV : Rkh →Ω is
an onto conformal mapping, which extends to a homeomorphism between the closures of these
domains, and the mappings {(x, 0) : x ∈ R} 	→ S and {(x, −kh) : x ∈ R} 	→ B are onto. The previous
arguments and equation (3.18) show that Ω is an L-periodic strip-like domain, for L = 2π/k.
Setting now Uh(x, y) := U(kx, ky), Vh(x, y) := V(kx, ky) we notice that the properties of the conformal
mapping Uh + iVh : Rh →Ω yield that h is the conformal mean depth of Ω . We now let Θ be the
unique solution of

�Θ = 0 in Rkh, Θ|y=−kh = 0, Θ|y=0 = m + γ v2(x)
2

. (3.19)

Then Θ ∈ C4,α(Rkh) ∩ C∞(Rkh). Now let Ξ :=Θ − m − γV2/2 and let ψ be defined by
ψ(U(x, y), V(x, y)) :=Ξ (x, y). We readily see that ψ satisfies

�ψ = −γ , ψ |S = 0, ψ |B = −m. (3.20)

Invoking now equation (3.4) and utilizing the properties of the Dirichlet–Neumann map Gkh
(cf. remark 3.3 and lemma 3.4) we see that ψ also satisfies the fourth formula in equation (2.9). �

4. Exact solutions and their properties

(a) Local bifurcation
To prove the existence of solutions to equation (3.4) we use the reformulation equations (3.4)–(3.7)
in conjunction with the Crandall–Rabinowitz theorem on bifurcation from simple eigenvalues for
whose proof we refer the reader to [14]. The applicability of the Crandall–Rabinowitz theorem to
our hydroelastic setting hinges upon some technical lemmas whose proofs rely partly on methods
developed in [23].

Theorem 4.1 (Crandall–Rabinowitz). Let X and Y be Banach spaces, I be an open interval in R

containing an element λ∗ and F : I × X → Y be a continuous map with the properties

(i) F (λ, 0) = 0 for all λ ∈ I.
(ii) The partial derivatives Fλ, Fu, Fλu exist and are continuous.

(iii) The spaces Y/Im(Fu(λ∗, 0)) and ker(Fu(λ∗, 0)) are one-dimensional, the latter being generated
by an element u∗.

(iv) The transversality condition holds, that is, Fλu(λ∗, 0)(u∗) /∈ Im(Fu(λ∗, 0)).

Then there exists a continuous local bifurcation curve {(λ(s), u(s)) : |s|< ε} for some ε > 0 sufficiently small
such that (λ(0), u(0)) = (λ∗, 0) and there exists a neighbourhood O of (λ∗, 0) such that

{(λ, u) ∈O : u 
= 0, F (λ, u) = 0} = {(λ(s), u(s)) : 0< |s|< ε}.
Moreover, for all s with |s|< ε we have

u(s) = su∗ + o(s) in X.
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In order to apply the Crandall–Rabinowitz theorem in our setting, we need first a few
preparations. Since [v] = h it follows that w := v − h satisfies [w] = 0. Utilizing remark 3.3 and
lemma 3.4 we have

u′ = Gkh(v) = Gkh(w + h) = Ckh(w′) + [w]
kh

= Ckh(w′) + 1
k

,

u′′ = Gkh(v′) = Ckh(w′′),

u(3) = Gkh(v′′) = Ckh(w(3))

and u(4) = Gkh(v(3)) = Ckh(w(4)).

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(4.1)

Therefore, we can write equation (3.4) as

[
m
kh

+ γ

(
[w2]
2kh

− w
k

− h
2k

+ Ckh(ww′) − wCkh(w′)

)]2

= (Q − 2gh − 2D(P(w + h) + R(w + h)) − 2gw)

[
w′2 +

(
1
k

+ Ckh(w′)
)2
]

,

[w] = 0,

w(x)>−h for all x ∈ R,

the mapping
(x

k
+ Ckh(w)(x), w(x) + h

)
is injective on R

and w′(x)2 +
(

1
k

+ Ckh(w′)(x)
)2


= 0 for all x ∈ R.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.2)

To prove the existence of solutions w ∈ C4,α
2π to equation (4.2) for fixed γ ∈ R, k> 0, h> 0, we regard

m and Q as parameters. We note first that w = 0 ∈ C4,α
2π ,o is a solution of equation (4.2) if and only

if Q − 2gh = (m/h − γ h/2)2. The latter equality suggests to introduce parameters λ, μ defined as

λ := m
h

− γ h
2

and μ := Q − 2gh −
(

m
h

− γ h
2

)2
. (4.3)

Note that (λ,μ) : R
2 	→ R

2, is a bijection as a function of (m, Q). With the transformation
equation (4.3), we can rewrite equation (4.2) as

[
λ

k
+ γ

(
[w2]
2kh

− w
k

+ Ckh(ww′) − wCkh(w′)

)]2

= (λ2 + μ− 2D(P(w + h) + R(w + h)) − 2gw)

[
w′2 +

(
1
k

+ Ckh(w′)
)2
]

. (4.4)

To put the previous equation into a functional analytic setting we define the Banach spaces

X = R × Cp+4,α
2π ,0,e and Y = Cp,α

2π ,e,

where

Cp,α
2π ,0,e := {f ∈ Cp,α

2π ,o : f (x) = f (−x) for all x ∈ R},

and

Cp,α
2π ,e := {f ∈ Cp,α

2π : f (x) = f (−x) for all x ∈ R}.
Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0372/5634170/rspa.2025.0372.pdf
by University of East Anglia user
on 07 August 2026



10

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20250372

..........................................................

We notice that we can further rewrite equation (4.4) as F (λ, (μ, w)) = 0 where F : R × X → Y is
given by

F (λ, (μ, w)) = γ 2

(
[w2]
2kh

− w
k

+ Ckh(ww′) − wCkh(w′)

)2

+ 2γ λ
k

(
[w2]
2kh

− w
k

+ Ckh(ww′) − wCkh(w′)

)

− (μ− 2D(P(w + h) + R(w + h)) − 2gw)

(
w′2 +

(
1
k

+ Ckh(w′)
)2
)

− λ2
(

w′2 + 2
k
Ckh(w′) + (Ckh(w′))2

)
. (4.5)

We first note that F (λ, (0, 0)) = 0, which means that the first condition from the local bifurcation
theorem checks out. Let us compute

F(μ,w)(λ, (0, 0))(ν, f ) = lim
t→0

F (λ, t(ν, f )) − F (λ, (0, 0))
t

.

Using the representation f =∑∞
n=1 an cos(nx), it follows from lemma 3.5 that

F(μ,w)(λ, (0, 0))(ν, f ) = − 2
k2

(
λγ f − gf + λ2kCkh(f ′) − Dk4f (4))− ν

k2

= − 2
k2

∞∑
n=1

(kn coth(knh)λ2 + γ λ− g − Dk4n4)an cos(nx) − ν

k2 . (4.6)

Thus, we infer from lemma 3.4 that the bounded linear operator F(μ,w)(λ, (0, 0)) : X → Y is
invertible if and only if kn coth(knh)λ2 + γ λ− g − Dk4n4 
= 0 for all integers n ≥ 1. Thus, the
bifurcation points are to be found among the solutions of the equation

kn coth(knh)λ2 + γ λ− g − Dk4n4 = 0, (4.7)

for some integer n ≥ 1. Given that our interest lies in solutions of equation (4.4) of minimal period
2π we take n = 1 in equation (4.7). We denote by

λ∗n
± = −γ tanh(knh)

2kn
±
√
γ 2 tanh2(knh)

4k2n2 + tanh(knh)
kn

(g + Dk4n4),

the two solutions of equation (4.7).

Remark 4.2. The purpose of the next lemma is to show that the kernel of F(μ,w)(λ∗, (0, 0)) is at
most two-dimensional if λ∗ is among the solutions of equation (4.7). A criterion that ensures the
one-dimensionality of the kernel of F(μ,w)(λ∗, (0, 0)) also emerge. In carrying out the following
considerations it will be useful to use that λ∗1± (kn) = λ∗n± (k) for all integers n ≥ 1 and all k> 0.

Lemma 4.3. If λ(k) := λ∗1+ (k). Then λ has a maximum at k = 0 and a unique local extremum which is
a local minimum at k = k0 > 0. Furthermore, there exists a strictly decreasing sequence (kn)n≥2 such that
λ(k) = λ(nk) for k> 0 if and only if k = kn.

Proof. To begin with we note that a computation shows that λ′(0) = 0, and for all γ and all h it
holds that

λ′′(0) = h3

3
(γ
√
γ 2h2 + 4gh − γ 2h − 2g)< 0,

showing that λ has at k = 0 a local maximum. Denoting now q(k) = k coth(hk) we have λ= −γ /2q +√
γ 2/4q2 + (g + k4D)/q which yields the relation

λ2q = k4D + g − λγ . (4.8)
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Figure 1. Graph ofλ.

Differentiation of equation (4.8) gives

(γ + 2λq)λ′ = 4k3D − λ2q′, (4.9)

and

(γ + 2λq)λ′′ = 12k2D − λ2q′′ − 4λλ′q′ − 2(λ′)2q. (4.10)

If k0 is a potential critical point of λ, then equation (4.9) yields the relation λ2(k0) = 4k3
0D/q′(k0)

and so it follows from equation (4.10) that

(γ + 2λ(k0)q(k0))λ′′(k0) = 4k2
0D

(
3q′(k0) − k0q′′(k0)

q′(k0)

)
. (4.11)

We claim now that

3q′(k0) − k0q′′(k0)> 0. (4.12)

To this end note that

3q′(k) − kq′′(k) = 3 sinh2(kh) cosh(kh) − kh sinh(kh) − 2(kh)2 cosh(kh)

sinh3(kh)
,

an expression which suggests investigation of the sign of the function

x 	→ τ (x) := 3 sinh2(x) cosh(x) − x sinh(x) − 2x2 cosh(x).

A computation shows that τ ′(x)> 0 for all x> 0, and thus τ (x)> 0 for all x> 0. Thus, the
inequality equation (4.12) is proved and since q′(k0)> 0 and γ + 2λ(k0)q(k0))> 0 we conclude from
equation (4.10) that λ′′(k0)> 0. Since λ has a local maximum at k = 0 and limk→∞ λ(k) = ∞ we infer
that λ has a unique local minimum at some k0 > 0. To prove the existence of the sequence kn with
the claimed property, for a k ∈ (0, k0) let k̂> k0 be the unique element such that λ(k) = λ(k̂), cf.
figure 1. We define F : (0, k0) 	→ (1, ∞) by F(k) = k̂/k. We readily see that F is strictly decreasing and
limk→0 F(k) = ∞ and limk→k0 F(k) = 1. Since F−1 is decreasing, it follows that the sequence kn is
well-defined and limn→∞ kn = 0. If k is such that λ(k) = λ(nk) then F(k) = nk/k = n which shows
that k ∈ F−1({n}) = {kn}.

�

Applying a similar reasoning as in lemma 4.3 we can prove the following result.
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±(k) versus k for D= 2.35 × 105 N m, h= 6.8 m, ρ = 1026 kg m−3, g= 9.8 m s−2 (note thatD =

D/ρ), corresponding to Takizawa’s experiments [7,8] at Lake Saroma in 1981. We choose hereγ = 1 s−1 for illustration. In this
case k0 = 0.275 m−1, k̃0 = 0.392 m−1.

Lemma 4.4. Let λ̃(k) := λ∗1− (k). Then λ̃ has minimum at k = 0 and a unique local extremum (which is
a local maximum) at k = k̃0 > 0. Furthermore, there exists a strictly decreasing sequence (k̃n)n≥2 such that
λ̃(k) = λ̃(nk) for k> 0 if and only if k = k̃n.

We plot λ∗1± (k) from lemma 4.3–4.4 in figure 2 using the physical values of parameters
corresponding to Takizawa’s experiments at Lake Saroma [7,8].

Lemmas 4.3 and 4.4 supply us with a necessary and sufficient condition for the one-
dimensionality of the kernel of F(μ,w)(λ∗, (0, 0)). We state this condition in the following
proposition.

Proposition 4.5. Let λ∗1 be a solution of equation (4.7), i.e.

λ∗1
± = −γ tanh(kh)

2k
±
√
γ 2 tanh2(kh)

4k2 + tanh(kh)
k

(g + Dk4).

Then ker F(μ,w)(λ∗, (0, 0)) is one-dimensional if and only if k 
= kn and k 
= k̃n for all n ≥ 2. In this
situations, ker F(μ,w)(λ∗, (0, 0)) is generated by (0, w∗) ∈ X, where w∗(x) = cos(x) for all x ∈ R.

To ensure the applicability of the Crandall–Rabinowitz theorem and prove thus the existence
of exact solutions to equation (4.2) it remains to ensure the Fredholmness of F(μ,w)(λ∗, (0, 0)) as
well as to show that the transversality condition holds. These aspects are treated in the next
Proposition.

Proposition 4.6. Let R(F(μ,w)(λ∗, (0, 0))) denote the range of F(μ,w)(λ∗, (0, 0)). Then the following are
true.

(i) R(F(μ,w)(λ∗, (0, 0))) = {{ ∈ Y :
∫π

−π {(x) cos(x) dx = 0}.
(ii) R(F(μ,w)(λ∗, (0, 0))) is a closed subspace of Y.

(iii) The quotient Y/R(F(μ,w)(λ∗, (0, 0))) is the one-dimensional subspace of Y generated by the
function w∗(x) = cos(x).

(iv) The transversality condition Fλ,(μ,w)(λ∗, (0, 0))(0, w∗) /∈R(F(μ,w)(λ∗, (0, 0))) holds.
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Proof. We see that (i), (ii) and (iii) are true by glancing at equation (4.6). To prove (iv), note that
by equation (4.6) we have

Fλ,(μ,w)(λ
∗, (0, 0))(0, w∗) = −2γw∗

k2 − 4λ∗k
k2 Ckh((w∗)′)

= − 2
k2 (γ + 2λ∗k coth(kh))w∗ /∈R(F(μ,w)(λ

∗, (0, 0))) (4.13)

since γ + 2λ∗k coth(kh) = 1/λ∗(g + k4D + (λ∗)2k coth(kh)) 
= 0. �

Theorem 4.7. Let kn (respectively, k̃n) be the sequence from lemma 4.3 (respectively, lemma 4.4). Then,
for all h> 0,D> 0, m, γ ∈ R and all k> 0 with k 
= kn(n ≥ 2) and k 
= k̃n(n ≥ 2) there exist steady periodic
waves of small amplitude, with period 2π/k and conformal mean depth h, which have a smooth profile with
one crest and one trough per period, monotonic between crests and troughs and symmetric about any crest
line. These non-trivial solutions are triggered by the laminar flows with horizontal speeds at the flat free
surface given by

λ± = −γ tanh(kh)
2k

±
√
γ 2 tanh2(kh)

4k2 + tanh(kh)
k

(g + Dk4), (4.14)

and whose mass flux equals

m± = γ h2

2
− γ h tanh(kh)

2k
± h

√
γ 2 tanh2(kh)

4k2 + tanh(kh)
k

(g + Dk4). (4.15)

Proof. From lemmas 4.3, 4.4, propositions 4.5 and 4.6 it follows that (λ∗, (0, 0)), (with λ∗ := λn±(k)
solution of equation (4.7) for some integer n ≥ 1 and k 
= kn, k 
= k̃n) are bifurcation points in the
spirit of the Crandall–Rabinowitz theorem 4.1. Since we are looking for solutions of equation (4.4)
of minimal period 2π we set n = 1 in equation (4.7) and obtain the bifurcation values given in
equation (4.14). These solutions describe trivial flows in the fluid domain bounded below by the
rigid bed Y = 0 and above by the free surface Y = h, having as stream function

ψ(X, Y) = −γY2

2
+
(

m
h

+ γ h
2

)
Y − m, X ∈ R, Y ∈ [0, h], (4.16)

and velocity field

(ψY, −ψX) =
(

−γY + m
h

+ γ h
2

, 0
)

, X ∈ R, Y ∈ [0, h]. (4.17)

Appealing now to the Crandall–Rabinowitz theorem 4.1 we derive the existence of a local curve,

{(λ(s), (0 + o(s), s cos(x) + o(s))) : |s|< ε} ⊂ R × X,

consisting of solutions of equation (4.4) emerging from the bifurcation points (λ±, (0, 0)) where λ±
are given by equation (4.14). A schematic of the previous situation is presented in figure 3. Since

w(x; s) = s cos(x) + o(s) in Cp+4,α
2π , (4.18)

we have from lemma 3.4 (choosing also ε > 0 small enough) that

w(x)>−h and
1
k

+ Ckh(w′)(x)> 0 for all x ∈ R.

The latter implies that the corresponding non-flat surface S given by equation (3.7) where v =
w + h is the graph of a smooth function, symmetric with respect to the points corresponding to
x = nπ , n ∈ Z. To complete the proof of the statement of the theorem we note that s dw

dx (x; s)< 0 for
all x ∈ (0,π ) and all s with 0< |s|< ε for ε > 0 small enough and p ≥ 1. Together with the eveness
of the function x → w(x; s) we infer that S has one crest and one trough per minimal period and is
monotonic between consecutive crests and troughs.

�
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Figure 3. A schematic of the local bifurcation curves ensuing fromλ± given by equation (4.14).

Figure 4. Sketch of a typical flow pattern (streamlines) with stagnation points: Kelvin’s ‘cat’s eye’ flow pattern.

(b) Existence of stagnation points
The purpose of this section is to show that the trivial flows equation (4.16) contain stagnation
points, that is, points where the horizontal velocity equals the wave speed. Since the flows are
laminar, the stagnation points form, in fact, horizontal lines. Then an analysis like in [31] shows
that the non-trivial flows bifurcating from the trivial solutions have critical layers which are
closed level sets of the stream function enclosing stagnation points, a scenario depicted in figure 4
showing the typical ‘cat’s eye’ flow pattern of Thomson (Lord Kelvin) [30]. To prove that the flows
equation (4.16) contain stagnation points we note first that equations (4.14) and (4.17) yield

(ψY, −ψX) = (γ (h − Y) + λ±, 0), X ∈ R, 0 ≤ Y ≤ h. (4.19)

The previous relation shows that the necessary and sufficient condition for the occurrence of
stagnation points is that the equation

λ± + γ (h − Y) = 0 (4.20)

admits a solution Y in [0, h]. Since λ+ > 0 and λ− < 0 (cf. equation (4.14)), we notice immediately
that irrotational flows (γ = 0) do not feature stagnation points. For γ 
= 0 we argue by continuity
and see that, in order for equation (4.20) to admit a solution in [0, h], it is sufficient that the
inequality

λ±(λ± + γ h) ≤ 0 (4.21)

holds. To find scenarios in which equation (4.21) holds we split the discussion concerning the
fulfilment of equation (4.21) into two cases according to the sign of γ .

Case (i): γ > 0.
We immediately notice that, if γ > 0, then equation (4.21) does not hold for the flow

corresponding to λ+. Since λ− < 0, in the case of the flow corresponding to λ−, condition
equation (4.21) is equivalent to λ− + γ h ≥ 0, which can be reformulated as
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k = 1.

tanh(kh) ≤ kγ 2h2

g + Dk4 + γ 2h
. (4.22)

We notice that inequality equation (4.22) is satisfied if, for instance,

γ 2h(kh − 1) ≥ g + Dk4. (4.23)

Note that, given h> 0, the inequality equation (4.23) is satisfied if and only if

k>
1
h

and γ 2 >
g + Dk4

h(kh − 1)
=: f (k). (4.24)

A few remarks are in order.

Remark 4.8. If Y = h0 is a solution of equation (4.20), then the flow has a line of stagnation
points given as Y = h0, with h − h0 = − λ±

γ
. Therefore, whenever inequality equation (4.24) is

satisfied there is (in fact) a line of stagnation points Y = h0 with

h − h0 = tanh(kh)
2k

+
√

tanh2(kh)
4k2 + g + Dk4

γ 2
tanh(kh)

k
, (4.25)

representing the distance from the line of stagnation points to the surface. We see from
equation (4.25) that the distance from the stagnation line to the free surface decreases with γ 2.
Furthermore, |h − h0| approaches 0 if and only if γ > k2 and k → ∞.

The following remark addresses the plausibility of conditions equations (4.24) and (4.25) from
the physical point of view.

Remark 4.9.

(1) Taking h = 6.8 m, which is the depth of Lake Saroma, we see from figure 5 that condition
equation (4.24) is ensured by values of the wave number k and of the vorticity γ expected
at Lake Saroma.

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2025.0372/5634170/rspa.2025.0372.pdf
by University of East Anglia user
on 07 August 2026



16

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20250372

..........................................................Figure 6. Graph of h − h0 given by equation (4.25) versus k for D= 2.35 × 105 N m, h= 6.8 m, ρ = 1026 kg m−3,
g= 9.8 m s−2 for different values of γ . From top to bottom γ = 0.6; 1; 1.145; 2; 5 s−1. The dashed line corresponds to h=
6.8 m, the Lake Saroma‘s depth in the area of Takizawa’s experiments.

(2) While constant vorticity is not explicitly measured, the slow stratification, the wind-
sheltered conditions under the flat homogeneous ice cover together with the absence
of wind forcing found by the Slope 2019 field campaign [5] suggest the idea that large
regions of Lake Saroma might exhibit nearly uniform vorticity.

(3) Using again the physical values corresponding to Takizawa’s experiments [7,8], we plot
in figure 6 the distance h − h0 (from equation (4.25)) versus k for different values of γ .
Setting hS = 6.8 m to be the Lake Saroma’s depth, we observe that for small γ it holds
that h − h0 > hS = 6.8 m, which means that there are no stagnation points in the fluid. For
γ greater than a critical value γc, which in this case is γc = 1.145 s−1, there is an interval
k1 < k< k2 where h − h0 < hS, so the stagnation line Y = h0 is in the fluid.

Case (ii): γ < 0
This discussion in this case is similar to the precedent one, in the sense that the flow

corresponding to λ− does not present stagnation points and the flow whose speed at the free
surface is λ+ has stagnation points if equation (4.21) holds. In this case the stagnation line is
Y = h0 with h0 satisfying equation (4.25).

5. Conclusion
We have considered the two-dimensional hydroelastic water wave problem in a rotational ideal
fluid of constant vorticity and finite depth, covered by a thin ice sheet. The model is based on
the special Cosserat theory of hyperelastic shells satisfying Kirchhoff’s hypothesis [65–69]. By
conformally mapping the fluid domain to a horizontal strip we were able to reformulate the
hydroelastic boundary value problem as a quasilinear pseudodifferential equation for a periodic
function of one variable representing the height of the free surface. Employing the Crandall–
Rabinowitz theorem of bifurcation from simple eigenvalues [14] we prove existence of free surface
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travelling hydroelastic water waves in constant vorticity water flows allowing for stagnation
points and overhanging profiles. Following the existence proof we show that for certain values
of the wave number and of the vorticity (cf. condition equation (4.24)) the solutions contain
stagnation points and critical layers. To the best of our knowledge, the existence of stagnation
points in the hydroelastic context has not been proved elsewhere.
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