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Abstract

This paper considers the case of non-conjugate prior distributions for
Bayesian model averaging (BMA). Although the natural conjugate setting
is the default choice for BMA, mainly for reasons of analytical tractability,
it has come under considerable criticism due to its unrealistic assumptions
about prior information, among others. In this study, we extend the liter-
ature by considering two special cases of the multivariate Student-t distri-
bution. We obtain closed-form solutions using Laplace approximations and
apply our techniques to a controlled numerical experiment and cross-country
growth regressions. Our results show that, under fine tuning of the hyperpa-
rameters, the proposed approach has similar performance to the conjugate
alternatives on synthetic datasets, whereas in real data it favors, on average,
more parsimonious models than the conjugate alternatives and also exhibits
superior predictive performance.
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1. Introduction

Model uncertainty is an issue that has attracted considerable attention
from econometricians, with solutions ranging from stepwise regression to
model averaging techniques. The Bayesian approach to the problem is to
treat the model itself as a random variable and calculate posterior prob-
abilities, which can then be used as weights to obtain an average (or the
best) model, a technique known as Bayesian Model Averaging (BMA) (or
in the case of model selection, BMS). Since the pioneering work of Leamer
(1978), Raftery (1988), and Raftery et al. (1997), a voluminous literature
has emerged around BMA and its applications to various problems.! The
seminal papers by Fernandez et al. (2001a,b) are among the most influen-
tial studies in this subject. Fernandez et al. (2001a) propose benchmark
priors for BMA and model selection based on a natural conjugate specifica-
tion, whereas Fernandez et al. (2001b) apply the methodology to the study
of cross-country growth regressions and showcase its superior performance.
Sala-i Martin et al. (2004) re-examine the determinants of long-term growth
using Bayesian Averaging of Classical Estimates (BACE). Still in the con-
text of growth regressions, Ley and Steel (2007) examine the case of jointness
in variable selection, Salimans (2012) extends the methodology of BMA to
variable and functional form uncertainty, whereas Mirestean and Tsangarides
(2016) introduce a modified BMA method, the limited - information BMA
(LIBMA) dealing with issues of model uncertainty, dynamics and endogene-

ity. In the context of a dynamic setting, Raftery et al. (2010) introduce

!For a recent review of the literature, see Steel (2020). The excellent tutorial by Hoeting
et al. (1999) is also worth mentioning.



Dynamic Model Averaging (DMA) and Koop and Korobilis (2012) adapt
DMA and showcase its superior performance in forecasting inflation.

A problem that is common in Bayesian analysis, but becomes even more
important for BMA is the selection of prior distribution. Indeed, posterior
model probabilities are more sensitive to prior assumptions than is posterior
analysis for a given model, see the discussion in Steel (2020, Section 3.4).
Fernandez et al. (2001a) examine the effect of different choices for the prior
parameters in the natural conjugate setting, with Ley and Steel (2009) and
Eicher et al. (2011) expanding the envelope of choices. Ley and Steel (2012)
examine hyperprior assumptions and conclude that they can have a big in-
fluence on model complexity.

Nevertheless, despite its obvious virtues in terms of analytical conve-
nience, the decision to adopt a conjugate prior setting has itself received
criticism. One important reason is that a conjugate prior embodies the as-
sumption that prior information comes from a previous sample of the same
process, which means that it does not distinguish between prior and sam-
ple information (Leamer, 1978). Moreover, the priors of slopes and scale
parameters in the natural conjugate setting are not independent, which is
not always a credible assumption. In addition, when one sets the degrees of
freedom and the precision matrix equal to zero to obtain the limiting dis-
tribution of the normal-(inverse) gamma prior, the resulting ignorant prior
is different to the usual diffuse prior and the posterior distribution has dif-
ferent degrees of freedom (Judge et al., 1985). Another important criticism
is that, as Dawid (1987) posits, the natural conjugate prior encompasses an

implicit determinism, a belief that one may accomplish arbitrarily high pre-



dictive accuracy by adding a sufficiently high number of variables to a model.
Therefore, using a conjugate prior can lead to overfitting and poor predictive
performance (Fang and Dawid, 2002).

In this article we address these issues and extend the BMA literature
by considering cases where the prior information is assumed to be non-
conjugate. Leamer (1978) and Judge et al. (1985) suggest a prior proposed
by Dickey (1975), which assumes a multivariate-t prior for the slope and
inverted-gamma prior for the scale parameter. Motivated by this suggestion,
we consider two non-conjugate priors for the slope parameters which can be
deemed as special cases of a multivariate student-t distribution. In the first
case, we assume that the prior degrees of freedom tend to infinity, where
the resulting prior is a non-conjugate multivariate normal distribution and
in the second case, that they are equal to one, where the resulting prior is
a multivariate dependent Cauchy distribution. This setting addresses all of
the criticism on conjugate priors as we treat the slope and scale parame-
ters independently and implicitly assume prior and sample information to
be different. Moreover, as Fang and Dawid (2002) point out, the use of
non-conjugate priors does not incorporate determinism and can avoid the
problem of overfitting.

One caveat of our setting is that we cannot obtain analytical expressions
namely, for the marginal likelihood of the data, the predictive density and the
moments of the parameters under consideration. One way to deal with this
issue is through the use of numerical methods, but these come with a heavy
computational cost, which would make the proposed setting impractical. A

more practical solution is to apply approximated methods, as the MC (3)



algorithm (Markov Chain Monte Carlo Model Composition) works faster,
when the marginal likelihood can be deployed in a closed (or approximated
in our case) form. We therefore adapt the method of Laplace approximation
as proposed by Tierney and Kadane (1986) and Tierney et al. (1989) to a
multivariate setting.?

We undertake a controlled simulation experiment similar to Fernandez
et al. (2001a) and show that our non-conjugate priors perform as well as
the conjugate alternatives (comparing favorably to them under certain mea-
sures) on synthetic data. We also apply these techniques to the cross-country
growth regressions data set of Fernandez et al. (2001b) and find that, under
fine tuning of the hyper parameters, the non-conjugate case results to (on
average) more parsimonious models compared with the conjugate case. By
estimating the predictive posteriors for the two cases under consideration
we show that our non-conjugate specification outperforms the conjugate al-
ternative in terms of predictive performance. A series of robustness checks
(including different model-space priors and different model sampling proce-
dures) verify that our setting is robust to variations of our empirical design.

The paper is organized as follows: Section 2 discusses the BMA setting,
Section 3 presents the non-conjugate setting, Section 4 presents our simula-
tion experiment, Section 5 presents empirical results on the growth dataset

and Section 6 concludes the paper.

2We derive a multivariate version of Theorem 3, of Tierney et al. (1989) for the esti-
mation of the moments.



2. Bayesian Model Averaging and Selection

Assume the model Space M = {Mj, ..., Myx}, where K is the number of
covariates. Our task is to choose the best subset among these K covariates
from the following set, X = {Xj,..., Xk}. In situations where the highest-
posterior model has very low posterior probability and the mass is spread over
many competing models, it is natural and, under standard predictive loss
functions, optimal to use Bayesian model averaging instead of conditioning
on a single model, even if that model has the highest posterior probability.3
In BMA methodology the averaging over models arises in a natural way since
we use as weights the probability of each model. Assume A is a quantity of
interest and p (Aly,M;) its posterior probability, then by averaging across all

potential models

p(Aly) = Zp (Aly,M;) p (M;ly) (1)

where p (M;]y) is the model’s j posterior probability,

p (y|M;) p (M;)
Z] 1p(Y|M) (M)

p(M;ly) =
and p (y|M;) is the marginal likelihood of the data, which is equal to

p(y|M;) = / p (y16,M,) p (8,1M;) d6

3See the discussion in Fernandez et al. (2001a), p.383, first paragraph and the references
therein.



0; is the vector of parameters included in model j.* The posterior moments

of A are

E(Aly) = ZE (Aly,M;) p (Mjly) (2)
Var (Aly) = ZE (A%y, M) p (M;ly) — E (Aly)? (3)

In practice, it is impossible to construct all 2% models, so we apply MC(3) it-
erations (model draws). The most popular algorithm for BMA is the Markov
Chain Monte Carlo Model Composition or MC' (3) by Madigan and York
(1995). This can be regarded as a Metropolis-Hastings algorithm applied to
the discrete model space M = {Mj, ..., Myx}, from which we obtain sam-
ple draws (model indices) from a total number of S simulations. The model
space of the selected models Mg, = {M;,..., Mg,} C M and Sy < S. One
of the advantages of this algorithm is that we do not need to consider all 2%
models but only a small portion of them, since the algorithm samples from
regions with high posterior probability. For example, if the posterior proba-
bility of model M* is higher than that of model M’ then model draws of M’
are not as many as those of M*. To focus on the effect of the non-conjugate
priors on the model selection process, we apply a Random Walk (or Birth -
Death) Metropolis-Hastings algorithm, following Fernandez et al. (2001a,b).

The algorithm works as follows: Assume that MY is the current model
in the chain, then choose randomly one of the K potential explanatory vari-

ables. If it is already in the model, delete it (Death step) else, add it (Birth

“Throughout this paper, we prefer the notation f (y|M;) to p(y|M;) to denote the
marginal likelihood of the data.



step) and this is how the candidate model M* is constructed. The acceptance

is based on the posterior odds, so

o (M(sfl)’M*) — min (1’ P(Mib’) )
p(MEVly)
If S is the number of simulations and J is the number of M; models drawn
from M then J/S converges to p (M; |y). As a measure of convergence FLS
(2001a, 2001b) propose the correlation between simulated and theoretical
model posterior probabilities to be close to 1. The algorithm is also useful
to estimate the Marginal Posterior Probability of Inclusion variable X; :
p(vi = 1|y), where 7, is a Bernoulli variable taking the value of one when the
it" variable is included in model M; and zero otherwise. It is straightforward
to realize that the sum of the posterior probabilities of all models that contain

this covariate is the marginal posterior probability of including this variable

in a model, so
2K

p(%zlb’):ZP(Mj ly, Xi € Mj) (4)

j=1
In the next sections we assume that the prior model probabilities are

equal for all models, so the simulations are based solely on the Bayes factor.”

5By default, we assign equal prior probability for a variable to be included or not,
that means p(y; = 1) = 0.5. In Appendix F.2, we relax this assumption by considering
alternative model-space priors.



3. The Non-conjugate Setting

3.1. Posterior Inference

In this section we estimate the marginal likelihood of the linear regression
model assuming two different non-conjugate priors for the slopes. In general

the models we consider have the following structure:

y = at,+ZB+u (5a)

u ~ N(0,0°L,) (5b)

ple) o 1 (5¢)
B/ bo

plo) = QWO’( ) exp <—@> (5d)

b(® - e "

I'(v/2) (yﬁ)k/2 ‘wQK‘l/Q <1 + i,@’ (u;QK)f1 B)

The above mean that the constant term obtains a flat prior, which is a
standard approach in the BMA literature (Fernandez et al., 2001a,b). This
seems realistic, since there is not much information for the intercept relative
to the slopes and the fact that the vector of y is untransformed. The re-
gressors Z (n x k,k < K) are demeaned,® a standard practice in Bayesian
Model Selection procedure (for instance, Fernandez et al., 2001a,b), and

X :< R / ) where ¢ is a vector of ones. It is also reasonable to use

6We suppress the index j for ease of exposition. Notice that k is the number of regressors
Z, where the formal notation should be k; and Z; respectively. By “demeaned”, we mean
that each column of Z is centered by subtracting its sample mean. This is a standard
normalization that separates the intercept from the regressors and does not affect model
comparisons or BMA results, indicator (dummy) variables can be treated in the same way
(or left uncentered), with only the intercept reparameterized.



non informative priors for parameters that are common in all models, al-
though for o we assume an Inverse-Gamma(ag,by) type prior like in (5d),
which becomes proportional to the flat prior of dispersion (¢~!), when the
hyper-parameters tend to zero. Equation (5e) is a general form of the non-
conjugate priors we consider in this paper. In what follows we assume two
special cases of p(3), namely case one, when v tends to infinity, where we
obtain the non-conjugate normal prior and case two, when v is equal to one,
where we obtain the multivariate dependent Cauchy distribution.

In the non-conjugate case the marginal likelihood of the data (or inte-
grated likelihood) cannot be computed analytically. We can either integrate
for the slopes (regression coefficients) or the scale parameter, but not for
both of them. Since no analytical solutions are available, we estimate the
marginal likelihood by applying the method of Laplace Approximation, by
Tierney and Kadane (1986) and Tierney et al. (1989). Specifically, we apply
the following approximations:

Univariate Integral Approrimation

/ exp (Ahy (x)) dx%\/Qﬂ/)\ (—h5 (%)) exp (Ahy (z7)) (6)
R
Multivariate Integral Approximation
/ exp (Ahy (x)) dx = (2 /N2 =72 exp (Ahy (x*)) (7)
R

where hy (x) or hy (x) is the function of interest and A is a large number.
Finally, z* = argmax h) (z) (or x* = argmax h, (x)) and A} (z*) is the sec-

ond derivative at the maximum. In the multivariate case H* is the negative

10



Hessian evaluated at the maximum.
For the approximation of the moments of vector 3 we extend Tierney
et al. (1989) by deriving a multivariate version of their theorem 3. The

moment generating function (hereafter MGF') can be approximated by:

/\ /b\N|HN\_% exp (—n?zN>
M ~

bp |Hp| 2 exp (—nhD)

(8)

We use the full exponential form where, by = bp and in particular by = bp =
1. The moments are obtained through the multivariate versions of Theorems
2a and 3 of Tierney et al. (1989):

Theorem 1 (Multivariate Version of Theorem 2a of Tierney et al. (1989))

1 0ln|Hy|

E (g (8)ly, M;) = g (BD> 2 0s

s=0

where ¢;(3) is a general function of the parameter vector, H, = % 55,
B; = argmax (—h;) for i = s, N, D, and hy = hy , h = hp , hs(B) =
h(B) — %sgl (B), for | = 1,...,k and nh(B3) is the negative log-posterior.
Next, we proceed to the multivariate version of theorem 3 of Tierney et al.
(1989):

Theorem 2 (Multivariate Version of Theorem 3 of Tierney et al. (1989))

E (9. (8) ly, M) = g (BD)—% ((g—%)/ﬁ_l <%> - vec(Gl)'> vec <ﬁ_1>

@ frng % - — 82h(ﬁ) N — 82gl(ﬁ)
98 = 9Blgp, = g, O 908 |,

The derivatives that arise are based on matrix differential calculus, and

where

~

11



the proofs are presented in the Appendix, section Appendix C.

3.1.1. Non-Conjugate Normal Prior
Given the aforementioned criticism about the use of conjugate priors,
a reasonable choice for prior of B should be (5e) when v — oo, i.e. the

non-conjugate normal prior:

p(ﬂ)z( : )k/z A exp (—@> 9)

2mw? 2w?

We can set A = I, without loss of generality. The joint posterior of all param-
eters is p(o, B,0 | y, M;) < L(a, B,0 |y, M;)p(B)p(c)p(e) and the resulting
marginal likelihood is f (y; M) oc [ _, [ar Jp £(o, B,0 |y, M;)p(B)p(o)p(a)dadBdo.
It is obvious that we cannot derive an analytical expression for marginal like-
lihood with non-conjugate priors. We can analytically integrate either the
location parameter or the scale parameter and then use an approximation
method for the remaining one. The integration of the slopes has the ad-
vantage that we can use a univariate approximation for the scale parameter.
Under these circumstances, we apply the Laplace approximation (6) to the
marginal posterior of o after the transformation 7 = Ino.” The resulting
log-marginal likelihood (or log-evidence) is

1

Inf(y; M;) xInc,« — = In

2 XX, T

*2

- 1@0’* + bO
2 0-*2

(10)

o w?

“This transformation improves the approximation; it is explained in Section 3.3.

12



—-1/2

where ¢o- = wF (=h"(6%)) " gao(0*)/2*~ (") is a component of the

normalising constant, and gs(c) = %, with A" (o*) denoting the second
derivative of the transformed log-marginal posterior of o, evaluated at its
maximiser 0* (7" = Ino*), Qu = (y — Jtn) Mo+ (¥ — Jtn), and M, =

) -1
I, — X (X’X + < Ik+1) X’. The analytical derivations of the marginal

w2

likelihood are provided in Appendix Appendix B.1.

3.1.2. Non-Conjugate Dependent Cauchy Prior
The other prior we consider is the multivariate dependent Cauchy distri-
bution or the multivariate Student’s t-distribution with one degree of freedom

(i.e., v = 1), which simplifies equation (5e) to the following:

_ 1tk

p(B) =T ((k+1)/2)n =02 K] (148 (w*A) ' 8) © (1)

Related default Cauchy priors in regression go back at least to Zellner
and Siow (1980), who use a multivariate Cauchy prior (scaled using an
information-matrix-type choice) to derive posterior odds ratios, Bayes fac-
tors for exclusion restrictions and to screen variables for inclusion. Our use
differs in purpose and structure: we work in a BMA setting and, in line with
the motivation for non-conjugate priors, treat slope and scale parameters
a priori independently. Incorporating an information-matrix-based scaling
within (11) would be a natural extension, but is not pursued here. As in the
previous case, we assume that A = I;,. By marginalizing over the intercept a
from the joint posterior distribution of («, 3, o), we derive the joint posterior
distribution for 8 and o. In this case, we are able to integrate out only o,
and then apply the multivariate version of the Laplace approximation for

multivariate integrals to integrate over (3, as stated in equation (7). The

13



marginal posterior of 3 is:

e B\ 7z o)
s o 8 (o )
(12)

where vs? = WU+by, 8= (ZZ) " Z'y, 4 = (y—mn - ZE) and v = n+ag—

(k + 1). This distribution kernel is a member of a wider class of distributions
known as poly-t distributions. Poly-t distribution kernels are products, ratios
or products and ratios of student-t distribution kernels, see Dreze (1977)
and Richard and Tompa (1980). In general the normalizing constant and
the moments of the poly-t distribution are not known so we proceed to the
integration of (12) through (7). There are also many other approximations
one can apply for poly-t distribution, see Box and Tiao (1992), Press (1982),
Guttman and Menzefricke (1983), Broemeling and Abdullah (1984), but as
discussed in the latter paper, in the case of poly-t 2/0 distribution when
the location parameters of the student-t distributions are "close" then the
distribution is unimodal.®
Therefore, the marginal log-likelihood with dependent Cauchy priors is
In f (y; Mj) ocIncg — # In (vsj,) — %ln |H?| 4 nh¢ (E) (13)
where ¢z = n~(FtD/2 (2/w)*?D((k 4+ 1)/2) is a component of the nor-
malising constant, 8 = arg gﬁg}g h¢(B), with h¢(B) denoting the marginal

log-posterior of B, and H; is the negative Hessian evaluated at [; The

8In cases where multiple isolated maxima exist, a possible solution would be to use a
multi-modal (“multi-Laplace”) approximation by applying the multivariate Laplace expan-
sion around each mode and summing the resulting contributions; see, e.g., Chapter 4 of
De Bruijn (1981).

14



analytical derivations of equation 13 can be found in Appendix B.2.

3.2. Predictive Inference

In this part we estimate the predictive posterior distribution of the models
with non-conjugate prior to assess the performance on out of sample data.
According to Fernandez et al. (see 2001a, p. 396), the purpose of the re-
searcher is to provide a prediction for the observable rather than to reveal
its structure, thus our goal is to estimate the posterior distribution of the
unobserved variable y;. Assuming that y; is unobserved response at the time

the sample was collected, then the predictive posterior is equal to

p (ysly.z;.M;) = /p(yf‘y7zf7Mj90)p(9|y,Mj)d0

0c®

/ p(yr |y, 2;,M;,0) L(8ly, M;)p(6)

f (y; M) 10 14

P (ysly,zp,M;) =
0cO
where, p (yf !y, zf,Mj,O) is the conditional predictive posterior of y, p (8]y.M;)
is the posterior distribution of the parameters vector 8 = (a, 8,0), © = RF!x
R%, zy is a k x 1 vector of future observations of the exogenous variables.
Following Fernandez et al. (2001a,b), we assume that the conditional density

of a new observation is

_ 1 PR ,
P (yf |y,zf,Mj,0) = (27ra2) 1/2 exp <_Tc2 (yf —a— sz) (yf —a— zf,B))

15



Since we obtain the conditional density of the new observation, next we are
going to estimate the predictive posterior of the non-conjugate cases under

consideration.

3.2.1. Non-Conjugate Normal Prior
Assuming the non-conjugate normal prior (9) and the assumptions stated

in subsection 3.1.1, the predictive posterior (14) becomes,

< Q,J;‘Fbo)
exp | ——%=—— | do

VI

g I N nz;z’

o?  w? 202

p(yf‘Ysz,Mj) oc/a(n+a0+1)

+

(15)
where, Q] = ((yf — 7 — z’fﬂ*/az)2/ (1 +n 40?2 (g—?—%%)fl Zf>> +
Q,, B = (%—f—%)le’y, recall that Q, = (y—7¢t)' M, (y—7¢) and 7 =
n + 1. We apply Laplace approximation to (15), by setting ¢ = exp (7).
After the approximation is employed, we replace o} = exp (T}“), where 7} =
arg max hJ (7). The replacement is valid due to the continuity of the trans-

formation. In appendix Appendix D we show that by applying the Sherman-

Morrison formula and Matrix Determinant LLemma, we obtain

_1 f
*—(n+a %\ 0. £\ — X'X I 2 Qg*+b0
P (urly 2 M) o o7 " gy (05)2 g1 () T S5 | -
f f
(16)
= —2, (Z'Z | L\"! . .
where g (0) = 1+ (n/n)o~"z} (22+%) z;. Finally, by plugging the

marginal likelihood implied by (10) into (14), equation (16) becomes

16



X'X | Inp1
T+

*
o w
f

-1 Q1. +bo
exp |~

P (yrly, 25, M;) = cos

_ 0,5
h;”N 0.5 O_;:—(n—i—ao) o (0’})
" - 05 1 ;
hﬁ/}N o*—(n+ao) g2 (0%) 5 exp (_ngigbo)

(17)

X'X | Iigr
3+

o*

where, c;» =n/n 2m)"° ¢ (0})_0'5 is a part of the normalising constant.”

3.2.2. Non-Conjugate Dependent Cauchy Prior

Assuming the dependent Cauchy prior (equation 11), and after integrat-
ing over the constant and scale parameters, the predictive posterior (equation
14) is obtained as

k

p(yrly, 2z, Mj) o< 6 (yy) / (1+i]§)_2 <1+U10(ﬂ_3f)/s?z(/3_ﬁf>> s

,b
BeRF fibo

(18)

—(vo+k)/2
where, § (y;) = (Uos?bo) (vok)/

’
~\ 2

U08?7b0 = ((yf -7 — z’f,6'> / (1 +n 4+ Z}Dzlzf)> +u'u+ by, vo =
n+ag—k, D, = Z'Z+ 22y, By = D' (Z'y+22¢ (y; — 7). Notice that &
is the residual vector of the regression of y on X. The integral above cannot
be solved analytically, so we employ the multivariate Laplace approximation

(7) to proceed. Finally, by plugging the marginal likelihood implied by (13)

9The analytical derivations of equation 17 can be found in section Appendix D.1 of the
Appendix.

17



into (14), equation (18) becomes

gy o ) s i (3)
vy 2, M;) = 5

~ (19)
o (vszo)_(v+k)/2 \H;|71/2 exp <nhg (ﬁ))

_ _ 1 K
Wherecﬁf—ﬂ i
d

1/2 N((n+ap—1)/2)
constant, he’ (3)

n

(Rtao—1)/2) (")(Hl)/2 is a component of the normalising

enotes the log-integrand in (18), B; = arg max ht(B),
BERF

and H; is the negative Hessian evaluated at B;.10

3.3. Laplace approzimation error evaluation

There are three Laplace approximation templates used throughout this
paper.!! (i) Univariate Laplace: For marginal likelihoods like in eq. 6 (e.g.,
under the non-conjugate normal prior), we approximate a one-dimensional
integral with respect to the transformed variance parameter 7 = logo. The
approximation is obtained via a one-dimensional Laplace expansion about
the mode 7. (ii) Multivariate Laplace: For marginal likelihoods of the form
in 7 (e.g., under the independent Cauchy-inverse-gamma prior), we integrate
out o analytically. The remaining marginal likelihood is a multivariate in-
tegral over the k non-constant regression coefficients, which we approximate
using a multivariate Laplace expansion around the posterior mode B (iii)
Ratios of Laplace approximations: Posterior moments and predictive quan-
tities are evaluated by expressing them as ratios of integrals and applying

Laplace methods to the numerator and denominator. In particular, poste-

19The analytical derivations of equation 19 can be found in Appendix D.2.
1Tn the discussion in this sub-section, we suppress the subscript j (denoting model 7)
in k, 7, and 3 for ease of exposition.
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rior moments are obtained from ratios derived from the moment-generating
function (MGF, see equation 8) using fully exponential Laplace expansions,
while predictive quantities are expressed as ratios of integrals of the form 6
or 7, following Tierney and Kadane (1986) and Tierney et al. (1989).

For regular parametric models with fixred parameter dimension, Laplace
approximations to integrals of the form 6 and 7 are accurate to relative order
O(n™'), and that ratios of Laplace-approximated integrals typically enjoy
higher-order cancellation, see e.g. Tierney and Kadane (1986), Kass and
Vaidyanathan (1992), and Kass and Raftery (1995). In particular, Tier-
ney and Kadane (1986) show that the leading error terms cancel in Laplace
ratios, yielding O(n™2) accuracy for posterior expectations under standard
regularity conditions, and Tierney et al. (1989) obtain O(n™2) accuracy for
expectations and O(n~3) for variances using the fully exponential form (see
e.g. Tierney and Kadane, 1986 and Tierney et al., 1989). In our setting,
these results apply directly to the predictive density and moment approxi-
mations developed in Theorems 1 and 2. Rue et al. (2009) further connect
these expansions to the Laplace approximations used in Integrated Nested
Laplace Approximations (INLA) and emphasize that they rely on the same
local Gaussian expansion around the posterior mode. They report that, un-
der normalization, the Laplace approximation to marginal likelihoods and
posterior marginals has relative error of order O(n=%/2).

When the dimension of the integral increases with sample size, the accu-
racy of Laplace approximations can deteriorate. Shun and McCullagh (1995)
develop high-dimensional Laplace expansions and show that the standard

Laplace formula remains reliable only when the dimension grows sufficiently

19



slowly relative to n (their expansions make the dependence on k explicit).
In particular, their results suggest that the usual Laplace approximation is
asymptotically valid only if k grows slowly enough, roughly if k*/n — 0,
and they provide examples in which the approximation error becomes non-
negligible when this condition is violated. To address this breakdown, they
reorganize the expansion on the log integral scale and place the leading correc-
tion term in the exponent (a fully exponential Laplace form), which restores
o(1) relative error in regimes where the standard multiplicative correction
fails as k increases. For example, in Appendix E we show that for the growth
regression application (n = 72), posterior mass is concentrated on models
with moderate k, the largest benchmarked models have k£ < 16, placing the
empirical application well within the low-to-moderate dimensional regime
where Laplace diagnostics can be meaningfully assessed numerically.
Laplace approximations are local expansions around posterior modes and
are most reliable when the likelihood-prior product is unimodal and the log-
posterior is well approximated by a quadratic in the region that carries most
posterior mass. In particular, the key regularity condition in the fully ex-
ponential Laplace framework is that the likelihood times prior be unimodal,
and the usual Laplace approximation “will produce reasonable results as long
as the posterior is unimodal or at least dominated by a single mode” (Tier-
ney and Kadane, 1986). Two standard remedies help when local Gaussianity
is threatened. First, reparameterisation can reduce skewness and boundary
effects for positive scale parameters: in the non-conjugate normal case we
integrate in 7 = log o, mapping the support to R and typically yielding a

more symmetric local shape. This is consistent with the well known sensitiv-
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ity of Laplace methods to parameterisation. Tierney et al. (1989) explicitly
note that the parameterisation in which Laplace/MGF approximations are
applied is very important, and demonstrate sizeable accuracy gains from
simple log-transformations of parameters. Second, multimodality is handled
diagnostically: because Laplace methods assume (effective) unimodality, one
should check for multiple modes by running the mode-finder from dispersed
starting points and verifying that the optimiser converges to the same solu-
tion. If several well separated modes contribute non-negligibly, a pragmatic
extension is to approximate the integral by summing separate Laplace contri-
butions computed at the dominant modes (a multimodal /mixture Laplace,
see De Bruijn, 1981), and to validate key cases using simulation based bench-
marks (e.g., bridge sampling) on a manageable subset of models. This em-
phasis on checking (and not assuming) unimodality is also echoed in the
Laplace/INLA literature, where concerns are raised that priors can induce
multimodality even in simple variance-component settings (see the discussion
in Rue et al., 2009).

In order to evaluate the transformation o = exp (1) to the Laplace ap-
proximation we apply a simple exercise where we show that the approxima-
tion error with the transformation is smaller than it is without the trans-
formation: we apply the Laplace approximation to estimate the normaliz-
ing constant of (5d); recall that prior (5d) has a constant term equal to
[opo @ Wexp (—2%) do = L@0/2) Iy Figure 1 we examine the fol-

202 2(bo/2)70/2 "
lowing three cases:'? 1) Integration with truncated (half) normal on o > 0

2For this example, we set b = 155 however, it can be easily shown that the third case

yields the smallest error for any positive value of b.

21



Approximation Error Functions
0

Functions
— Eermor,

error,

Error value
1
5

— efmor,

03 0.6 09
g

Figure 1: Error Graph

(Blue Line), 2) Integration with normal (Green Line), and 3) Use the trans-
formation ¢ = exp (7) and integrate with normal (Red Line). In terms of
the approximation error, it is easy to see that case (3) obtains the smallest
one. Given this result, we apply the Laplace approximation to estimate the
marginal likelihood using the transformed scale parameter. This approach

also applies to the approximation of predictive density and moments.

4. Simulation experiment

4.1. Introduction

In this section we study the behavior of the non-conjugate priors in a
controlled Monte Carlo experiment in the style of Fernandez et al. (2001a).
We contrast the performance of the non-conjugate priors with the two best
performing priors from their experiment (their priors a and 7). We focus on
their Model 1, which has a sparse coefficient vector with five non-zero coeffi-

cients and K = 15 potential regressors. The experiment is used to compare
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the four priors in terms of model selection and predictive performance.

4.2. Data generating process

For each replication we generate data from the normal linear regression
model given in (5a). The design matrix Z is obtained in two steps. First
we construct an n x 15 “raw” regressor matrix R = (r1,...,715), which, for
j=1,...,10, the j-th column r; has independent N (0, 1) entries. To induce
strong correlation among some regressors, we define for each observation ¢ =
L...,nyu; = 03751 +0.570+0.7r;3+0.974+1.17;5, and set r;; = u; + ey,
j = 11,...,15, where e;; ~ N(0,1) are independent of all other random
quantities.

Second, each column of R is centred to have sample mean zero, and the
resulting matrix is denoted by Z = (z1,...,215).The true coefficient vector
[* is sparse with five active regressors, so that the conditional mean can be

written explicitly as

E(yz | Zi) =4 + 221'1 — Zi5 + 1.52’2'7 + Zi11 —+ 0.522‘7137 1= ]_7 o, n. (20)

The remaining ten coefficients are equal to zero. The disturbance standard
deviation is fixed at ¢* = 2.5. Hence the true DGP consists of a moderate
signal in a subset of regressors, combined with sizeable noise and substantial
collinearity between some of the candidate covariates. We consider three
sample sizes, n € {50,100,1000}, so that the experiment covers a range
between a small sample and a situation where the likelihood dominates the
prior more strongly. For each (n, prior) combination we generate independent

pairs (y, Z) from (5a) and (20) and treat the corresponding model with five
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active regressors as the true model, M,.

4.3. Priors and model space

The set of candidate models M = {M;, ..., Myx} is defined by all subsets
of the K regressors, as in the general BMA setup in Section 2. For the prior
over model space we adopt the Uniform specification used by Fernandez
et al. (2001a): P(M;) = 27X, We compare the following four priors for the

regression parameters:

1. Fernandez et al. (2001a) prior a (FLS a) (conjugate g-prior). This
is the standard g-prior of Zellner, applied to the slopes in M; with
g = n and the usual improper prior for (a, 0?) used in Fernandez et al.
(2001a).

2. Fernandez et al. (2001a) prior i (FLS i)(conjugate g-prior). This is the
prior which, together with prior a, had the best overall performance in
the Fernandez et al. (2001a) experiment. For this prior g = 1/K?.

3. Non-conjugate Normal prior (NCN). The first non—conjugate prior is
the dependent Normal prior for the slopes discussed in Section 3.1
(equation 9).

4. Non-conjugate Cauchy prior (NCC). The second non—conjugate prior
is the multivariate dependent Cauchy prior, as discussed in section 3.2

(equation 11).

4.4. Simulation design and performance measures

For each prior and each sample size n, the simulation proceeds as follows:

1. Generate a design matrix Z and response vector y from (20).
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2. Compute the marginal likelihood of each visited model under the prior
under consideration using the analytical expressions for the conjugate
priors and the Laplace approximations for the NCN and NCC priors.

3. Explore the model space using the MC? algorithm of Madigan and
York, with a single-variable flip proposal.!®* The chain is run for a
burn-in period of 20,000 iterations and then for a sampling phase of

50,000 iteration, identical to the Fernandez et al. (2001a) setting.

This procedure is repeated independently for 100 replications for each (n, prior)
combination. All summary statistics reported in the next subsection are
based on averages (and selected quantiles) over these Monte Carlo replica-
tions. For each replication we calculate the following measures related to
Model-selection accuracy: 1) The posterior probability of the true model:

Porue = P(M, | y), 2) The ratio between the posterior probability of the true

model and that of the best incorrect model: R = — p(MJy) — which
XM £ My p(M;ly)
is a measure of separation of the true model from the closest competitor,
3) The number of models visited, 4) The posterior inclusion probabilities of
each regressor, from which we derive the expected number of false positives
(irrelevant regressors included) and false negatives (true regressors omitted),
5) The Mean squared error of the coefficient vector relative to the true DGP
coefficients M SE(S), and 6) the ¢; norm (Euclidean norm) of the estimated

coefficients on irrelevant (“noise”) regressors, which measures how well a prior

shrinks noise.

13A single-variable flip proposal means that, at each MC? iteration, one covariate is
randomly selected and its inclusion indicator is switched, so the proposed model differs
from the current model by adding or removing exactly one variable.
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To evaluate predictive performance we follow Fernandez et al. (2001a)
and construct a set of ¢ = 19 out—of-sample design points z](cl), ey zj(tq) from
the same distribution as the rows of Z. For each design point z; we consider

future observations

vl zp ~ N(a® + 2587, (0")?) |

and generate, for each replication, v independent draws yj(cl), e ,y(v) from
this conditional distribution. Predictive ability is summarised by the log

predictive score (LPS),™ evaluated at each design point z;:

1 v
LPS(zf) = —Ezlogp(yfi | 25,y), (21)
i=1

where p(ys | zp,y) is the BMA predictive density under the prior under
consideration. For the non-conjugate priors, the estimation of p (y|y) comes

from (1), by setting A = yy, so that

2k
p(ysly) =Y v (usly 245.M;) p (My)
j=1

14 Assume two probability distributions P and @, the Kullback-Leibler divergence is
a measure of the distance of how much an approximating probability distribution @ is
different from a true probability distribution P, and defined as KL (p||q) = E, (Inp) —
E, (Ing¢), where the first term of the RHS equation is the negative Entropy and the second
term is the theoretical counterpart of LPS. It is reasonable to prefer distributions @ for
which KL (p|q) is minimized. When comparing two different distances from the same
origin, say KL (p|q,) against KL (p|q), it is easy to show that the comparison reduces
to minimizing —F, (Ing;), ¢ = a,b. In empirical cases the comparison can be done through
the LPS.
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Notice that, LPS is the sample analog of the expected loss with a logarith-
mic rule. Smaller values of LPS, mean that p (ys|y) is closer to the true
predictive distribution. For comparability with Fernandez et al. (2001a) we
pay particular attention to three design points: zmin, Zmeq and zpax, corre-
sponding to the smallest, median and largest values of the true conditional
mean a* + 233" among the 19 design points. In addition, we compute sum-
mary measures of predictive performance that aggregate the LPS over all 19

design points.

4.5. Simulation Results

In this section we report Monte Carlo summaries of the model selec-
tion and predictive criteria described above for the four priors and the three
sample sizes. This provides a controlled comparison of the conjugate and
non-conjugate specifications. As in Fernandez et al. (2001a), we begin by
examining the posterior probability assigned to the data generating model,
Pirue = P(M, | y) (Table 1). In absolute terms, pgye is small for n = 50 and
n = 100 under all priors, which is unsurprising given the size of the model
space (2! = 32,768 models), the sizable noise variance, and the induced
collinearity among candidate regressors. Nevertheless, the posterior proba-
bility of the true model is orders of magnitude above its prior probability
271% and increases sharply with sample size for all priors.

A more nuanced pattern emerges across priors. For small and moderate
samples (n = 50,100), FLS prior ¢ (FLS-i) places the highest average mass
on the exact true model, consistent with its strong small sample parsimony.
For n = 1000, however, the ranking changes: the non-conjugate Normal prior

(NCN) yields the highest pyye (0.568), followed by FLS-a (0.505), while NCC
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assigns less mass to the exact DGP model (0.407) and FLS-i remains the low-
est (0.288). Thus, in this DGP the NCN prior becomes clearly favorable in
terms of posterior concentration on M, once the likelihood is sufficiently infor-
mative. At the same time, the heavier-tailed NCC prior remains competitive
but appears to spread posterior probability more across close competitors,
which mechanically lowers pi,,. even when the true model is strongly favored
in relative terms.

Table 1: Means and Stds of posterior probability of the true model (Prior 1 = FLS a,
Prior 2 = FLS i, Prior 3 = NC Normal, Prior 4 = NC Cauchy)

n = 50 n = 100 n = 1000
Prior Mean Std Mean Std Mean Std
1 0.0122 0.0167 0.0729 0.0735 0.5049 0.1735
2 0.0190 0.0316 0.1019 0.0956 0.2878 0.1310
3 0.0136 0.0194 0.0849 0.0893 0.5682 0.1786
4 0.0086 0.0115 0.0481 0.0472 0.4072 0.1611

Since a low pyye can still be compatible with correct model ranking (if
posterior mass is spread over near equivalent competitors), Table 2 reports
quartiles of the separation ratio. Across all priors and sample sizes, the
quartiles lie comfortably above one, indicating that the true model is typically
favored over the best incorrect alternative even when its posterior mass is
diluted over many close substitutes. For n = 50 and n = 100 the ratios
remain moderate, reflecting the fact that, under strong collinearity, several
models can approximate the true conditional mean nearly equally well. This
is also consistent with the inclusion probability patterns below: regressors
with relatively weaker signals and/or high correlation are intrinsically harder

to identify in small samples, so posterior mass is naturally distributed across
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models that swap correlated regressors.

For n = 1000, separation becomes strong for all priors, with particularly
large ratios under NCN and FLS-a (median R ~ 21 and R = 18, respec-
tively). NCC also yields clear separation (median R =~ 14), while FLS-i
exhibits markedly weaker separation (median R ~ 9), which aligns with its
lower pgue at n = 1000: rather than concentrating on the exact DGP model,
it assigns non-negligible probability to close competitors, especially models

that augment the true specification with additional regressors.

Table 2: Quartiles of ratio of posterior probabilities (true model vs best incorrect)

n = 50 n = 100 n = 1000
Prior Q1 Q2 Q3 Q1 Q2 Q3 Q1 Q2 Q3
1 1.398 3.029 6.501 1.835 5.797 10427 8.716 18.430 28.810

1.808 4.826 11.696 2.248 6.096 12.670 4.232  9.125 13.997
1.155 3.520 6.145 1.848 5.694 10.452 10.454 21.205 31.733
1.261 2.826 4.534 2.361 4.503 6.698 5.194 14.291 20.573

=~ W N

Table 3 provides additional insight into posterior concentration through
the number of distinct models visited by the MC? chain. For n = 50 and
n = 100, the chain explores a large subset of the model space under all priors,
reflecting weak sample information. In this regime, FLS-¢ visits the fewest
models, consistent with its stronger shrinkage toward parsimonious specifi-
cations and its relatively higher pi.,. in small samples. NCC, by contrast,
visits substantially more models when n is small, suggesting a flatter poste-
rior landscape and more posterior uncertainty about model composition, an
effect that is in line with its heavier-tailed slope prior.

For n = 1000 the situation changes: posterior concentration becomes

much tighter, but the degree of concentration varies. NCN visits the fewest
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models on average (about 118), followed by FLS-a (about 147), whereas NCC
and FLS-i explore noticeably larger sets (about 234 and 305, respectively).
Taken together with Tables 1 and 2, this indicates that NCN delivers the
sharpest posterior concentration around the exact DGP model in large sam-
ples, while the heavier tails in NCC (and the relatively weak penalty implied
by FLS-i) tend to keep more models in play.

Table 3: Means and Stds of number of models visited (Prior 1 = FLS a, Prior 2 = FLS i,
Prior 3 = NC Normal, Prior 4 = NC Cauchy)

n = 50 n = 100 n = 1000
Prior Mean Std Mean Std Mean Std
1 2367 643 1170 325 147 42
2 1173 349 713 203 305 67
3 2226 718 984 307 118 35
4 3428 1100 1690 491 234 67

Turning to variable level inference, Table 4 confirms that the strongest
signals are learned quickly under all priors: regressors 1 and 7 have posterior
inclusion probabilities near one even at n = 50. The more subtle differ-
ences across priors emerge for the weaker (or more collinear) true regressors
(notably regressors 5 and 13) and for the noise regressors. In small sam-
ples, FLS-7 tends to downweight noise variables most aggressively, but it also
assigns somewhat lower inclusion probability to the weaker true regressors,
which is reflected in Table 5: FLS-i achieves the lowest false positives for
n = 50 and n = 100, but at the cost of the highest false negatives. The
non—conjugate Normal prior (NCN) occupies an intermediate, and arguably
attractive, position in finite samples: relative to FLS-a, it yields fewer false

positives and a smaller /5 norm of posterior means on noise coefficients (Ta-
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ble 6), while maintaining broadly similar inclusion probabilities for the key
signals.

The non—conjugate Cauchy prior (NCC) exhibits a different tradeoff in
small samples: it produces the lowest false negatives (i.e., it is most reluctant
to omit true regressors), but it pays for this with the highest false positives
when n = 50 and n = 100. At n = 1000, all priors essentially eliminate false
negatives, but they continue to differ in how aggressively they exclude noise
regressors. In particular, NCN now achieves the lowest false positives (0.55
on average) and the smallest noise ¢, norm (0.043), with FLS-a close behind.
NCC is somewhat less parsimonious in this configuration, which is consistent
with its lower pine and larger number of visited models.

The coefficient accuracy measure in Table 7 reinforces this interpretation.
In small and moderate samples (n = 50, 100), NCC yields the lowest MSE for
[, consistent with the idea that heavier tails can reduce shrinkage-induced
bias for non-zero coefficients. For n = 1000, however, NCN attains the lowest
MSE (0.00237), with FLS-a close behind; NCC and FLS-i are somewhat
higher, though differences are small in absolute terms once the likelihood
dominates.

Finally, Tables 8 and 9 report predictive performance via the log predic-
tive score. Here, differences are generally modest, and all priors approach
the entropy lower bound as n becomes large, implying that the predictive
distributions become very close to the true Gaussian sampling distribution.
For n = 50 and n = 100, NCN achieves the best overall LPS (albeit by a
small margin), indicating that the additional flexibility of the non-conjugate

Normal prior can translate into slightly improved predictive density fit in
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Table 4: Posterior inclusion probabilities by regressor (1 indicates true regressors. (Prior
1 = FLS a, Prior 2 = FLS i, Prior 3 = NC Normal, Prior 4 = NC Cauchy)

Reg. Prior 1 Prior 2 Prior 3 Prior 4
Mean Std  Mean Std  Mean Std  Mean Std

BI 0.988 0.038 0.979 0.060 0.986 0.049 0.990 0.031
B2 0.264 0.190 0.179 0.192 0.230 0.154 0.309 0.183
B3 0.255 0.172 0.172 0.173 0.222 0.153 0.305 0.163
Ba 0.276  0.179  0.190 0.177 0.240 0.147 0.332 0.158
Bg 0.488 0.279 0.389 0.293 0476 0.276  0.540 0.246
Be 0.207 0.157 0.122 0.133 0.180 0.143 0.244 0.143
6; 0.948 0.124 0.917 0.167 0.944 0.143 0951 0.114
Bs 0.212 0.147 0.126 0.127 0.186 0.124 0.251 0.143
Bo 0.220 0.139 0.129 0.116 0.198 0.124 0.257 0.138
B1o 0.201  0.110 0.115 0.105 0.174 0.092 0.242 0.106

L 0.788 0.260 0.752 0.306 0.759 0.278 0.792 0.252
B2 0.238 0.162 0.152 0.164 0.184 0.154 0.244 0.151
613 0.397 0.269 0.313 0.287 0.341 0.261 0.406 0.259
B4 0.217 0.119 0.135 0.127 0.165 0.102 0.228 0.113
B1s 0.213 0.147 0.131 0.125 0.161 0.129 0.221 0.137

I 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
B2 0.193 0.168 0.154 0.162 0.171 0.160 0.245 0.170
B3 0.216 0.167 0.168 0.162 0.186 0.124 0.272 0.160
Ba 0.223 0.171 0.169 0.162 0.191 0.158 0.295 0.164
5;[ 0.668 0.280 0.622 0.293 0.656 0.278  0.721  0.242
Be 0.176 0.138 0.135 0.127 0.150 0.127 0.221 0.145
Bi 0.988 0.057 0.986 0.066 0.987 0.063 0.991 0.046
Bs 0.172  0.173  0.128 0.137 0.149 0.161 0.215 0.171
Bo 0.153 0.114 0.111 0.110 0.130 0.108 0.196 0.124
B1o 0.156  0.112 0.115 0.112 0.133 0.100 0.202 0.120
BL 0.945 0.147 0.942 0.155 0.945 0.147 0.957 0.128
B2 0.142 0.101  0.100 0.093 0.106 0.074 0.162 0.084
613 0.461 0.310 0.385 0.308 0.461 0.310 0.545 0.297
B1a 0.142 0.093 0.096 0.083 0.125 0.095 0.190 0.117
B1s 0.138 0.119 0.092 0.090 0.128 0.126 0.193 0.142

n = 1000

ﬁ;r 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
B2 0.059 0.093 0.107 0.103 0.052 0.091 0.085 0.100
B3 0.078 0.103 0.134 0.127 0.073 0.101 0.115 0.122
Ba 0.062 0.079 0.112 0.098 0.065 0.082 0.105 0.102

Bg 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
Be 0.065 0.089 0.116 0.118 0.054 0.080 0.087 0.106
ﬁ; 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000

Bs 0.071  0.100 0.126 0.123 0.059 0.092 0.095 0.111
Bo 0.055 0.052 0.104 0.081 0.044 0.043 0.076 0.065
B1o 0.063 0.074 0.115 0.105 0.051 0.064 0.085 0.088

Il 1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
B2 0.063 0.065 0.117 0.095 0.044 0.050 0.076 0.074
ﬁ;ra 1.000 0.001 1.000 0.000 1.000 0.001 1.000 0.001
B4 0.079 0.121  0.132 0.141  0.059 0.107 0.091 0.125
B1s 0.065 0.103 0.114 0.114 0.048 0.099 0.076 0.105
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Table 5: Means and Stds of expected number of false negatives (missed true regressors)
and false positives (included noise regressors) (lower is better

False Negatives False Positives
n = 50 n =100 n = 1000 n =50 n = 100 n = 1000
Prior Mean  Std Mean  Std Mean Std  Mean Std  Mean Std Mean  Std

1 1.391 0.460 0.865 0.478 0.000 0.001 2.302 0.488 1.783 0.445 0.660 0.320
2 1.649 0.481 0.977 0.515 0.000 0.000 1.454 0.453 1.370 0.456 1.178 0.418
3 1.505 0.443 0.951 0.490 0.000 0.001 1.994 0.435 1.531 0.461 0.550 0.295
4 1.321 0.416 0.785 0.448 0.000 0.001 2.633 0.455 2.191 0.524 0.890 0.395

Table 6: Means and Stds of £ norm of posterior mean on noise coefficients (lower is better)

n = 50 n = 100 n = 1000
Prior Mean Std Mean Std Mean Std
1 0.618 0.351 0.362 0.238 0.048 0.059
2 0.503 0.366 0.319 0.268 0.070 0.066
3 0.573 0.350 0.338 0.269 0.043 0.057
4 0.613 0.321 0.389 0.259 0.059 0.065

Table 7: Means and Stds of coefficient MSE (MSE(S) (lower is better)

n = 50 n = 100 n = 1000
Prior Mean Std Mean Std Mean Std
1 0.1212 0.06383 0.05956 0.04404 0.002422 0.001663
2 0.1241 0.06477  0.06157  0.04493 0.002670 0.001813
3 0.1195 0.06226 0.06059 0.04434 0.002372 0.001636
4 0.1125 0.05608 0.05665 0.04087  0.002555 0.001767
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finite samples. NCC performs worse in small samples, consistent with a pre-
dictive distribution that is somewhat too diffuse when information is limited:
by n = 1000 the gap narrows substantially, though NCC still remains slightly
behind the other priors in overall LPS. Overall, this controlled experiment
suggests that the non-conjugate priors, and especially NCN; can deliver (i)
predictive performance comparable to benchmark conjugate priors and (ii)
at least as good, and in some cases better, behavior in terms of posterior
concentration and parsimony. NCC continues to provide a distinct small
sample tradeoff (fewer missed signals but more noise inclusion), but in this

configuration it is somewhat less concentrated than NCN in large samples.

Table 8: Overall predictive performance (LPS all19) (lower is better)

Prior n = 50 n = 100 n = 1000
1 2.4298 2.3839 2.3360
2 2.4324 2.3860 2.3362
3 2.4257 2.3829 2.3356
4 2.4870 2.4146 2.3389

Table 9: Conditional predictive performance (LPS at zmin, Zmed, #max) (lower is better)

n =50 n = 100 n = 1000
Prior Zmin Zmed Zmax Zmin Zmed Zmax Zmin Zmed Zmax
1 2.4851 2.4381 2.4433 24169 2.3844 24199 2.3438 2.3497 2.3308
2 2.5109 2.4452 2.4484 24178 2.3878 2.4208 2.3420 2.3482 2.3312
3 2.4923 2.4356 2.4450 2.4189 2.3855 24197 2.3441 2.3496 2.3306
4 2.5336  2.4977 2.5026 2.4549 2.4188 24459 2.3470 2.3529 2.3338

It is worth emphasizing that this is a deliberately well behaved synthetic
setting: the DGP is linear and Gaussian, so conjugate priors are naturally

well aligned with the likelihood. In that sense, the relatively small predictive
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differences (and the broadly similar qualitative behavior across priors) can be
interpreted as a conservative benchmark: even in a setting that is favorable
to conjugate analysis, the proposed non-conjugate priors remain competi-
tive and, in the case of NCN, exhibit clear and interpretable advantages in

posterior concentration and noise control.

5. Empirical Results on Growth Data

5.1. Posterior Analysis

In this section we present estimation results on the benchmark growth
dataset of Sala-i Martin (1997) based on the MC (3) algorithm. The dataset
is a cross-sectional collection of economic, social, and political variables de-
signed to identify robust determinants of long-term economic growth. It
covers 140 countries, with average per capita GDP growth computed over
the period 1960-1992 used as the dependent variable. We follow the design
of Fernandez et al. (2001b) and retain the same 41 explanatory variables
in our empirical design. We compare the estimation output of the non-
conjugate with the conjugate case. For the latter case we replicate the results
of Fernandez et al. (2001b). We conduct two million MC(3) iterations/model
draws (the chain is over model indices only), using a burn-in sample of one
million for the estimation of (marginal) probabilities of inclusion (4), BMA
moments of the regressor coefficients (mean (2) and standard deviation, the
square root of (3)). The algorithm converges since the correlation between
the approximated (analytical) numerical model probabilities, for both of the
non-conjugate cases is greater than 99.5%.

We find that in the non-conjugate cases the average model size is between 6

35



to 7 variables, with acceptance rate 16% for the normal and 13% for the
Cauchy priors, while the acceptance rate of the conjugate normal is about
17%. The conjugate prior is favorable to larger models on average, since the
expected number of covariates is between 10 to 11. These results are in line
with most researchers in regard to the (average) number of the determinants
in a growth regression e.g. see Sala-i Martin (1997) and Sala-i Martin et al.
(2004). It is clear that the non-conjugate setting results to more parsimo-
nious models. These results are in line with Dawid (1987) and Fang and
Dawid (2002) who promulgate the view that the non-conjugate setting does
not suffer from determinism which may induce overfitting.

Tables 10 and 11 present the 10 best determinants of growth, according
to the marginal probability of inclusion of each case under consideration.
Table 10 reports the results of conjugate (C'N) against the non-conjugate
(NCN) normal and Table 11 the output of conjugate normal against non-
conjugate Cauchy (NCC'). It is obvious that the conjugate and the non-
conjugate case share only 5 common variables among the 10 best. These
are the GDP level in 1960, Fraction Confucian, Equipment Investment, Sub-
Saharan Africa and No. Years Open Economy. The conjugate case also
includes Life expectancy, Fraction Muslim, Rule of Law, Degree of Capitalism,
Fraction of GDP in mining. On the other hand the non-conjugate cases share
8 common variables among the 10 best. The non-conjugate normal includes
also Fraction Protestant, Population Growth, Non-Equipment Investment,
Public Education Share, Fraction Buddhist. In the Cauchy case Population
Growth and Public Education Share are replaced by Fraction Muslim and
Life Expectancy.
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Table 10: Ten Best Determinants - Conjugate agst. Non-Conjugate Normal

CN NCN

Ranking Growth Determinant PIP  Growth Determinant PIP
1  GDP level in 1960 0.998800 Equipment Investment 0.995750
2 Fraction Confucian 0.989000 Fraction Confucian 0.966590
3 Life expectancy 0.931500 No. Years Open Economy 0.513320
4 Equipment Investment 0.922600 Fraction Protestant 0.467870
5 Sub-Saharan Africa 0.735400 GDP level in 1960 0.429240
6 Fraction Muslim 0.645200 Population Growth 0.428830
7 No. Years Open Economy 0.514600 Sub-Saharan Africa 0.385850
8 Rule of Law 0.490000 Non-equipment Investment 0.361280
9 Fraction GDP in Mining 0.459200 Public Education Share 0.334550
10 Degree of Capitalism 0.455400 Fraction Buddhist 0.265820

Table 11: Ten Best Determinants - Conjugate agst. Non-Conjugate Cauchy

CN NCC

Ranking Growth Determinant PIP  Growth Determinant PIP
1 GDP level in 1960 0.998800 Equipment Investment 0.978890
2 Fraction Confucian 0.989000 Fraction Confucian 0.977540
3 Life expectancy 0.931500 No. Years Open Economy 0.601550
4 Equipment Investment 0.922600 GDP level in 1960 0.527490
5 Sub-Saharan Africa 0.735400 Fraction Protestant 0.456510
6 Fraction Muslim 0.645200 Non-equipment Investment 0.427980
7 No. Years Open Economy 0.514600 Sub-Saharan Africa 0.419610
8 Rule of Law 0.490000 Life expectancy 0.242090
9 Fraction GDP in Mining 0.459200 Fraction Muslim 0.230790
10 Degree of Capitalism 0.455400 Fraction Buddhist 0.216390
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Table 12 reports the results ranked by the probability of inclusion of the
non-conjugate normal case. The hyperparameters are set to (ag, by, w™2) =
(0.01,0.001, 10) and (ag, by, w=2) = (0.01,0.001, 3) for the normal and Cauchy
case, respectively. The results are robust to alternative values of the hyper-
parameters and the prior elicitation procedure is based on the fact that the
following assumptions should hold simultaneously: The acceptance rate of a
new variable is roughly 15% — 20%, the total probability of the total number
models visited should be roughly 7% to 10% and finally the convergence
criterion should be greater than 99%. The choice of these criteria is made so
as to be close to the conjugate case, for the results to be comparable.

Table 12 shows that, there are just three common variables between
the best models of conjugate and non-conjugate cases (conjugate and non-
conjugate cases includes 10 and 4 variables, respectively). These are Equip-
ment Investment, Fraction Comfucian and Fraction Protestant. Despite the
fact that the GDP level in 1960 has almost a 50% probability of inclusion in
the non-conjugate case, it is not included in the best model. Life expectancy,
a variable with very large probability of inclusion according to Fernandez
et al. (2001b) and Sala-i Martin (1997) is not only missing from the list but
also obtains a very low probability in the non-conjugate case (5.5% for the
Normal case and 24.2% for Cauchy). Instead, the number of years of open
economy is included in both non-conjugate models but this is not the case
for the conjugate one, despite the fact that in all cases (conjugate included)
the marginal probability of inclusion is very close. One may also note that
in the non-conjugate normal case, there are 15 variables with probability of

inclusion greater than 10% , 17 for the NC'C and 20 for the conjugate normal
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case.

tabularxtabularx

Table 12: Marginal Posterior Probabilities of Inclusion and

Best Models*

Index Regressor NCN BM- NCC BM- CN  BM-CN
NCN NCC

1 Equipment Investment 0.996 1 0.979 1 0.923 1

2 Fraction Confucian 0.967 1 0.978 1 0.989 1

3 No. Years Open 0.513 1 0.602 1 0.515 0
Economy

4 Fraction Protestant 0.468 1 0.457 1 0.451 1

5 GDP level in 1960 0.429 0 0.527 0 0.999 1

6 Population Growth 0.429 0 0.173 0 0.037 0

7 Sub-Saharan Africa 0.386 0 0.420 0 0.735 1

8 Non-equipment 0.361 0 0.428 0 0.442 1
Investment

9 Public Education Share  0.335 0 0.204 0 0.028 0

10 Fraction Buddhist 0.266 0 0.216 0 0.198 0

11 Primary School Enroll. 0.196 0 0.176 0 0.204 0

12 Higher Education 0.188 0 0.130 0 0.045 0
Enroll.

13 Fraction Muslim 0.163 0 0.231 0 0.645 1

14 Rule of Law 0.140 0 0.195 0 0.490 1

15 Fraction GDP in Mining 0.109 0 0.200 0 0.459 0
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Table 12 - Continued
Index Regressor NCN BM- NCC BM- CN  BM-CN
NCN NCC

16 Latin America 0.083 0 0.107 0 0.207 0

17 Fraction Catholic 0.071 0 0.076 0 0.131 0

18 Fraction Hindu 0.059 0 0.074 0 0.127 0

19 Primary Exports 0.058 0 0.064 0 0.100 0

20 Ratio Workers to 0.056 0 0.041 0 0.044 0
Population

21 Life expectancy 0.055 0 0.242 0 0.931 1

22 Fraction Jewish 0.052 0 0.041 0 0.034 0

23 Degree of Capitalism 0.048 0 0.077 0 0.455 1

24 Revolutions and Coups 0.028 0 0.026 0 0.031 0

25 % of Pop. Speaking 0.027 0 0.023 0 0.069 0
English

26 Ethnolinguistic 0.026 0 0.021 0 0.057 0
Fraction.

27 Spanish Colony 0.025 0 0.021 0 0.057 0

28 Black Market Premium  0.023 0 0.035 0 0.179 0

29 Outward Orientation 0.020 0 0.017 0 0.038 0

30 Civil Liberties 0.016 0 0.020 0 0.131 0

31 War 0.016 0 0.016 0 0.076 0

32 % of Pop. Speak. For. 0.015 0 0.021 0 0.070 0
Lang.

33 French Colony 0.015 0 0.016 0 0.052 0
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Table 12 - Continued
Index Regressor NCN BM- NCC BM- CN  BM-CN
NCN NCC
34 British Colony 0.012 0 0.010 0 0.037 0
35 Political Rights 0.010 0 0.012 0 0.097 0
36 Latitude 0.001 0 0.005 0 0.044 0
37 Age 0.001 0 0.003 0 0.086 0
38 Exchange Rate 0.001 0 0.003 0 0.082 0
Distortions
39 S.D. of Black Market 0.000 0 0.001 0 0.050 0
Prem.
40 Area 0.000 0 0.000 0 0.030 0
41 Size of Labor Force 0.000 0 0.000 0 0.080 0

* The regressors are ranked according to Normal Non-Conjugate probabilities of inclusion.

The values of the hyper-parameters of the Non-Conjugate Normal and Non-Conjugate

Cauchy are (ag,bo,w™2) = (0.01,0.001,10) and (ag,bg,w=2) = (0.01,0.001,3), respec-

tively. The estimation is based on 2 million draws, after discarding 1 million draws as

burn-in sample. BM stands for Best Model, i.e. the model with the highest posterior

probability.
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Table 13 displays the BMA-Moments and the variables included in at least
one of the 10 best models. One can see that the conjugate case includes, at
least one time, 15 variables, while in the non-conjugate there are 13 variables.
In NOCN and NCC cases all 13 variables that are included at least once in
the ten best models are identical. The fact that the conjugate case obtains
10-11 variables on average in the 10 best models, while the non-conjugate
cases about 6-7 and in conjunction with the total number of variables that
appear at least once in the 10 best models, means that the models in the
non-conjugate case are diversified. This evidence also supports our claim

that the non-conjugate case is favorable to more parsimonious models.

tabularxtabularx

Table 13: BMA Posterior Mean, SD and Variables Included in 10 Best Models

NCN NCC CN
Index Regressor M SD BM* M SD BM* M SD BM*
1 Equipment Investment 0.243  0.245 1 0.216  0.069 1 0.160  0.069 1
2 Fraction Confucian 0.065  0.067 1 0.063  0.020 1 0.057  0.015 1
3 No. Years Open Economy 0.009 0.015 1 0.010  0.009 1 0.007  0.008 1
4 GDP level in 1960 -0.005 0.010 1 -0.007  0.007 1 -0.016  0.003 1
5 Fraction Protestant -0.009 0.016 1 -0.009 0.010 1 -0.006  0.007 1
6 Population Growth -0.044  0.120 1 -0.001  0.065 1 0.005  0.047 0
7 Sub-Saharan Africa -0.006  0.013 1 -0.007  0.009 1 -0.011  0.009 1
8 Non-equipment 0.021  0.042 1 0.024 0.033 1 0.025 0.032 1

Investment

9 Public Education Share -0.002  0.055 1 0.003  0.058 1 0.001  0.024 0

10 Fraction Buddhist 0.006 0.014 1 0.004  0.009 1 0.003  0.006 1
11 Primary School Enroll. 0.005 0.016 1 0.004 0.011 1 0.004 0.009 0
12 Fraction Muslim 0.002  0.008 1 0.003  0.006 1 0.009  0.008 1
13 Higher Education Enroll. -0.008 0.027 1 -0.005 0.019 1 -0.002  0.011 0

Continued on next page
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Table 13 — Continued

NCN NCC CN
Index Regressor M SD BM* M SD BM* M SD BM*
14  Rule of Law 0.002  0.008 0 0.003  0.007 0 0.007  0.008 1
15  Fraction GDP in Mining 0.003  0.011 0 0.007  0.016 0 0.019  0.023 1
16  Latin America -0.001  0.004 0 -0.001  0.003 0 -0.002  0.004 0
17 Fraction Catholic -0.001  0.003 0 -0.001  0.003 0 0.000  0.003 1
18  Life expectancy 0.000  0.000 0 0.000  0.000 0 0.001 0.000 1
19  Fraction Hindu -0.001  0.005 0 -0.001  0.006 0 -0.004 0.012 1
20  Primary Exports -0.001  0.004 0 -0.001  0.003 0 -0.001  0.004 0
21 Ratio Workers to -0.001  0.004 0 0.000  0.003 0 0.000  0.002 0
Population
22 Degree of Capitalism 0.000  0.001 0 0.000  0.001 0 0.001 0.001 1
23  Fraction Jewish 0.000  0.003 0 0.000  0.004 0 0.000  0.003 0
24 Black Market Premium 0.000  0.001 0 0.000  0.002 0 -0.001  0.003 0
25  Revolutions and Coups 0.000 0.001 0 0.000 0.001 0 0.000 0.001 0
26 % of Pop. Speaking 0.000  0.001 0 0.000  0.001 0 0.000  0.002 0
English
27  Ethnolinguistic Fraction. 0.000  0.001 0 0.000  0.001 0 0.000  0.002 0
28  Spanish Colony 0.000  0.001 0 0.000  0.001 0 0.000  0.002 0
29  Outward Orientation 0.000  0.001 0 0.000  0.001 0 0.000 0.001 0
30  Civil Liberties 0.000  0.001 0 0.000  0.000 0 0.000 0.001 0
31 % of Pop. Speak. For. 0.000  0.001 0 0.000  0.001 0 0.000 0.001 0
Lang.
32  French Colony 0.000  0.000 0 0.000  0.001 0 0.000 0.001 0
33  War 0.000  0.001 0 0.000  0.001 0 0.000 0.001 0
34  Political Rights 0.000  0.000 0 0.000  0.000 0 0.000  0.001 0
35  British Colony 0.000  0.000 0 0.000  0.000 0 0.000  0.001 0
36  Latitude 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0
37  Exchange Rate 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0
Distortions
38  Age 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0
39  S.D. of Black Market 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0
Prem.

Continued on next page
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Table 13 — Continued

NCN NCC CN
Index Regressor M SD BM* M SD BM* M SD BM*
40  Area 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0
41  Size of Labor Force 0.000  0.000 0 0.000  0.000 0 0.000  0.000 0

* M stands for BMA Posterior Mean and SD for BMA Posterior St.Dev., see (2) and (3)
in conjunction with Theorems 1 and 2 and Appendix Appendix C. BM* stands for the 10
best models with highest posterior probability and equals 1 if the regressor is included in

at least one of the 10 best models.

5.2. Predictive performance

We measure predictive performance using the Log Predictive Score, (equa-
tion 22) defined in section 4.4. Following Fernandez et al. (2001a,b), we split
the sample in two parts n = nj,s + Neos, Where n;,s is regarded as the in-
sample observations where the posterior analysis is conducted and n,s is
regarded as the unobserved future observations (see Zellner, 1971, p. 28),

necessary to evaluate the out-of-sample performance of the model:

1 TNoos
LPS =———2> Inp(yly) (22)
00s le

We set nyos = n/4, where n = 72. In the empirical study we proceed to
20 random partitions of the original sample to in-sample and out of sample
observations. Finally, in Table 14, we present the mean, the minimum and
maximum values of the 20 scores. It is clear that the non-conjugate prior
cases obtain better predictive performance in terms of LPS. NCN has the
best overall performance, with the lowest LPS minimum, mean and maxi-

mum values, followed by the NCC, with the conjugate prior in the last place.
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These results are somewhat different to the ones produced by the numerical
experiment, where conjugate and non-conjugate priors had roughly similar
predictive performance. This fact indicates that in real datasets with a large
number of diverse types of covariates that are not necessarily Normally dis-
tributed, the flexibility of the non-conjugate priors allows them to obtain

superior predictive results, in line with the thesis in this paper.

Table 14: Logarithmic Posterior Score*

Min Mean Max
Conjugate Normal -3.335 -2.559 -1.217
Non-Conjugate Normal -6.225 -5.105 -4.340
Non-Conjugate Cauchy -3.716 -3.543 -3.407

* We proceed to 20 different partitions of the original sample, where n,,s = 18 observations.
We report the minimum, maximum and mean values of the estimated 20 logarithmic
predictive scores.

5.8. Approximation and robustness diagnostics

In the Appendix we provide a detailed analysis of the Laplace approxi-
mation error (in Appendix E), as well as other variations of our empirical
design for robustness purposes (in Appendix F). The main conclusions are
as follows. First, a bridge sampling benchmark confirms that the Laplace ap-
proximations used for the non-conjugate marginal likelihoods deliver stable
posterior model summaries.'® For the non-conjugate Normal prior, the mean

log-evidence discrepancy between Laplace and bridge sampling is modest,

15Bridge sampling is a simulation-based method for estimating ratios of normalising
constants, and hence marginal likelihoods, by linking the target posterior density to a
proposal density through a bridge identity (see, for example Meng and Wong, 1996).
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and posterior summaries are almost unchanged: the posterior mean model
size changes only from 5.65 to 5.76, the top-10 posterior mass is virtually
identical, and eight of the ten highest-probability models are common across
the two methods. For the non-conjugate Cauchy prior, the raw log-evidence
discrepancy is larger, but it is mainly an additive shift that has limited im-
pact on Bayes factors and posterior odds; the posterior mean model size
changes from 5.75 to 6.06, and the top-10 model overlap is again eight out
of ten. The resulting posterior inclusion probabilities remain close to the
Laplace-based estimates, with maximum absolute differences below 0.05 for
the non-conjugate Normal prior and below 0.10 for the non-conjugate Cauchy
prior. Second, the empirical conclusions are robust to alternative MC(3)
proposal mechanisms. An extended sampler that combines single-variable
Birth-Death moves with grouped-covariate and swap moves produces virtu-
ally the same posterior output as the baseline Birth—Death sampler. For the
non-conjugate Normal prior, the posterior mean model size and top-10 poste-
rior mass are identical across the two samplers; for the non-conjugate Cauchy
prior, they are almost unchanged. Posterior inclusion probabilities differ by
less than one percentage point, and the ranking of the main growth determi-
nants is unaffected. Third, the results are not driven by the baseline uniform
model-space prior. Replacing it with Beta-Binomial, loss-based, and Poisson
model-size priors affects the overall degree of sparsity, as expected, but does
not alter the main ranking across parameter priors. Under all model-space
priors considered, the two non-conjugate specifications select more parsimo-
nious models than the conjugate Normal benchmark, while also delivering

better predictive performance. The non-conjugate Normal prior remains the
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best-performing specification, followed by the non-conjugate Cauchy prior,

with the conjugate Normal prior performing worst.

6. Conclusion

In this paper we highlight the effects of prior assumptions on model un-
certainty in the linear regression model, by employing non-conjugate priors
for the parameters of the explanatory variables in a BMA setting. We use
two different priors which can be regarded as two limiting cases of the mul-
tivariate student-t distribution. In the first case we assume that the degrees
of freedom tend to infinity so, a non-conjugate multivariate normal arises
and in the second case we set the degrees of freedom equal to one, where
the resulting prior is a multivariate dependent Cauchy distribution. We es-
timate the approximated marginal likelihoods, necessary for the efficiency of
the MC' (3), the BMA moments and predictive posterior. We apply the pro-
posed methods to a controlled numerical experiment, as well as the growth
regressions data of Fernandez et al. (2001b). Our results indicate that, while
in the context of a synthetic dataset the non-conjugate priors perform sim-
ilarly to the conjugates, while outperforming them in some metrics, they
clearly outperform the conjugates in the growth dataset. Specifically, we
find some striking differences regarding the factors that determine growth.
The non-conjugate approach is more stringent, in the sense that the aver-
age number of covariates is less than that of the conjugate case (this holds
for the best model, as well as the 10 best models), which suggests that the
non-conjugate case is in favor of selecting more parsimonious models. In line

with criticisms of the natural conjugate setting, we find that the predictive
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criteria support the superiority of the non-conjugate choice vs the conjugate
alternative for the growth data. The superior predictive performance of the
proposed setting, in conjunction with the efficiency of the adopted approxi-
mation methods, make the results presented in the paper relevant not only

to academics, but to practitioners as well.

Appendix A. General Rules

In the appendix, we derive the proofs of the algebraic results presented

in the main text. First, we expose some propositions.'6

Proposition 1. Assume the following invertible matrices A = A’, B = B'.
Define a function on ¢ : R — R and the matriz C, = ¢ (1) A+ \I. Then
the following derivatives hold:

-1
%ﬁ _ _80, (7_) r ( C;IB CT—IA) (AppendiX A.l)
T
81% Cr|_ (1) tr ( CI1A) (Appendix A.2)
T
-1 -1
otr CTaB C; A: —20/ (1) tr C:'B ( CT—lA)2 (Appendix A.3)
T

16For the application of the necessary matrix calculus techniques, the reader may refer
to Turkington (2002) and Magnus and Neudecker (2007).
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Proof:

otr C-'B dvec (C,) dvec C;1 otr C-'B
or or  Ovec(C;) dvec C1
= ¢ (1)vec(A) (- C;'®@ C;')vec(B)

= —¢'(r)tr C.'B C'A

MI;—\CT\ = ¢ (1)vec(A) vec C;' = (1) tr C;'A
-
otr C-'B C'A dvec (C,) dvec C;1 otr C-'B CTA
or or  Ovec(C;)  Ovec C;1
= ¢ (r)vec(A) (- C;'®@ C;') (2vecA C;'B)

= —2¢'(1)vec(A) ( C;'® C;')vec (A C;'B)
= 20 (r)tr C;'B C_'A C'A
— 2/ (r)tr C;'B( C;'A)°

Proposition 2. Assume that Ay = A}, and f: R*¥ — R. Set the function
®(8)=f(B) (A (B—a)(B-a) Ay})

then:

D® (B)=Df (B)2(Ax (B—a) (B - ) AL+ (B) (Ar(B- ) @1+10@ Ay (B - a)) Ay

where, D s the matrix derivative operator.

Proof: see Turkington (2002) page 83, Table 4.1 (General Rules).
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Appendix B. Marginal Likelihood Estimation

Appendiz B.1. Non-Conjugate Normal Prior

In this part we derive of the algebraic results for the estimation of the

marginal likelihood of the data, given the assumptions stated in section 3.1.

rvan) = [ [ [ £(.8.0ly. ) p(8)p(0)p (o) dadBds

Notice that the likelihood function is

)n/2 - (_ (y—ow — ZB) (y—aw — Zﬁ))

202

£ (Oé,ﬂ,O"y, Mj) - <27T0'2

Assuming a flat prior, we integrate over the intercept, yielding the joint
posterior distribution of the regressor coefficients and the scale parameter,

as shown in equation (Appendix B.1), which we rewrite below.

202

p(B.0ly, My) o p(8) p (o) o™ exp (—i (v - 28 (y — Z8) - ng?))

The marginal posterior of the scale parameter, o|y, M;, is obtained by in-
tegrating equation (Appendix B.1) with respect to the vector 3, under the
assumption of a non-conjugate normal prior for 3, as specified in equation
(9) of the main paper. Using the properties of the multivariate normal dis-
tribution, we derive the following expression:

7’7 1,

=+

p(oly, Mj) oc o=t | =2~

o (<52 @+ o)

The following properties can be easily demonstrated:
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Thus, the marginal posterior is given by:

_1
2

XX Ly

p(0ly, Mj) o go ()" o~ (oot | =2 20

o

exp (= 0z (o )

Given the transformation 7 = In o, the transformed marginal posterior of

o becomes:

X;X+Ik—;1
e<T w

p (rly, My) o g2 ()% exp ( — (n + a0) 7) e (—QL ©. + bo>)

According to (6) we set the following function:

1

1 (n+ap)T 1
2ne?

N _ _ _
hy (1) = 5 Ings (7) - 5 In

X'X Ty
627‘ w?

(QT + bO)

In order to estimate 7* = arg max hY (7), we proceed to numerical optimiza-
tion procedures based in proper MATLAB routines. By applying proposition

1, we obtain the first and second derivatives of hlY (7):

N
dhzl (7) = le’QT (bo+y'y — 2 7trC ' X'yy' X + e trC; ' X'yy' XC; 'X'X
T n == = ==
+trC'X'X) + €7 /n (nw? 4+ €*7) — (n+ag) /n
d*h¥ (1
— 5 2( ) (—=2¢7% (b0 +y'y) Tps1/ (k + 1)) + 8 C ' X'yy'X

—10e~%7C- ' X'yy'XC ' X X +4¢ ¥ C; X 'yy'X (C1X'X)

—2e 7 (C;'X'X) +2¢* (C;'X'X) 2) + 2w?e”™/ (nw® + 627)2
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X'X+Ik+1

where, C, = “5>+-"% is a part of the normalising constant. The marginal

likelihood through equation (6) of the main paper becomes

f(y|M;) /Rp(7'|y,Mj)dT = / expnhff (1)dr =~ \/Qw/n(—h,ﬁv” (7*)) exp (nhﬁ[ (T*))

R

and after the proper replacements we obtain

~1/2 1
exp ((— So2r (Qr+ +bo) — (n+ ap) T*>)

where, ¢« = w™F (=hL" (T*))_0'5 g2 (7)°? is a part of the normalising con-

X'X I

627* CUQ

[ (yIM;) o ¢

stant.!”. Taking the log of this expression gives equation (10) of the main

paper.

Appendiz B.2. Non-Conjugate Dependent Cauchy Prior

The other prior we consider is the multivariate dependent Cauchy distri-
bution, equivalently a multivariate Student’s ¢ distribution with one degree
of freedom (i.e., v = 1), which simplifies as (5e) in the main paper. By
marginalizing over the intercept « from the joint posterior distribution of

(v, B,0), we obtain the joint posterior distribution of (3, ¢), given by:

p(8.0ly, M) o p (B) (o)~ exp (5 (v = 28) (v - 28) ~ 1)
(Appendix B.1)

"Throughout this paper, after computing the functions of interest, we report the re-
maining constant term, which is not necessarily the integrating constant. We include this
because part of the constant depends on the specific model j, and it is essential to account
for this in numerical computations.
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The marginal posterior of 3 can easily be derived after the integration of
(Appendix B.1) with respect to 0. Using the properties of inverse gamma

distribution, we obtain (13) of the main paper.

p(Bly, M;) o (vs3,) ( ﬂﬁ) (1+%<ﬁ—ﬁ>/

According to (7), we set the following function:

h§<ﬂ>:n—11n<(1+ig)1#( ! o ﬂ),z, o ﬁ>)v;k>

we also estimate, numerically, E = argmax h¢ (3) using the suitable MAT-

v+k
/

%2 (3-5))

LAB routines. From the application of proposition 1, we obtain the first and

second derivatives of h< (3).

ohS (B) vtk Zs(ﬁ—a) 1tk B
B magi(p-p)z.(p-p) " IHEANS
PhS(B) vtk Z, LUtk Zs(ﬁ—ﬁ)(ﬁ—@lzs
P o) w8 () (o 5))
1tk L 1+k BB

W 1+ BBt (14 @8y

Z
52

where Z; = . Finally, we obtain the marginal likelihood, whose logarithm

bo
is given in (13).

f(y; M;) 5 (vs%o) (/2 |H |71/2 exp <nhg (B))
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Appendix C. Moments Estimation

Appendiz C.1. MGF Approzimation and Approzimated Posterior Moments

Our task is to approximate the moments of vector B (see section 3.1 of
the paper), following Tierney et al. (1989). The moment generating function
(hereafter MGF) can be approximated by

o /b\N|HN‘_% exp <—nﬁN>
M —

s) = — - —
bp [Hp| 2 exp (—nhp>
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We use the full exponential form where, by = bp and in particular by =

bp = 1, so we obtain that
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Theorem 1 (Multivariate Version of Theorem 2a of Tierney et al., 1989)
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where H; = 8855(56:) g B; = argmax (—h;) for i = s, N, D, and hy = hy ,

— M

h=hp, hs(B)=h(B)— %sgz (B), for Il =1,...,k and nh (B3) is the negative

log-posterior.

Proof: Like Tierney et al. (1989), we proceed as follows:
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93



then

. S1n TF
E (g (B)ly, M;) = %9(3)

s=0

0 (1n [HL,|"* —nh, (8))
0Os

s=0
ohy(B)| 1 om|H,|
0s |,y 2 Os

- () - 24

s=0

s=0

since,

ahs (135) _ (ah (ﬁs) 6135 S 391 (ﬁs) 8/65 1 )
s=0

s 88. 0s n 0B, O0s — 0 (Bs)

s=0

Bs=0 = BD = argmax (_hD)
Oh, (B 1 ~
(5.) =9 <;6D>

O0s o0

Theorem 2 (Multivariate Version of Theorem 3 of Tierney et al., 1989)
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then the following holds
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Taking the second derivative of h, with respect to 3
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finally,
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thus,
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In the subsequent section, we estimate the moments for the 3 parameters
given two assumptions about the prior distributions. For this purpose, we
construct the auxiliary variable-vector A, for the estimation of the expecta-
tion of the function ¢;(83), for { = 1,...  k, which is not necessarily positive.

For this purpose, ¢;(3) should either be equal to A\;3 = f; for the approx-
imation of the mean, or 3'A\;\;3 = 7 for the approximation of the variance.

The auxiliary vector A; is defined as:

1 at position [
A= forl=1,...,k.

0 at all other positions

¢ 0H

Finally, for the calculation o 95"

we apply Proposition 2 from section Ap-

pendix A.

Appendiz C.2. Application to Non-Conjugate Normal Prior

In order to estimate the moments for the non-conjugate normal case we
integrate the scale parameter from (Appendix B.1), assuming the normal

non-conjugate prior (9), and obtain the joint posterior distribution of vector

o6



p(Bly. 3 o (o) (144 (8-B) B (8-B) ) T exn (55

(-9 (@) -5) ()
fo (142 (0-8) (2) (9-8))  ew(-2as

According to Tierney et al. (1989), we obtain:
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In the final equation, we set by = bp = 1, since we apply the full exponential

form and ignore the error term O (n™?).

Mean Approximation. According to the multivariate version of Theorem 3
of Tierney et al. (1989), theorem 2, and by setting ¢, (3) = A8 = 5, we

obtain:
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applying proposition 2, we obtain:

oH _ oH
and 58 = 98|45

Variance Approzimation. By setting g; (8) = BN\ = 57 the variance is

equal to

war (Grly. M) = B (5 y. M) — (B (8 ly. ;)

Where from equation (Appendix C.2) we obtain:
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Appendiz C.3. Application to Non-Conjugate Dependent Cauchy Prior

From equation (12), we obtain the posterior of 3 parameters:
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Appendix D. Predictive Posterior Estimation

Appendiz D.1. Non-Conjugate Normal Prior

In this section we show the algebraic derivation of equation (17) in the
main paper. We can easily derive the joint posterior of (ys, 3, 0) after the

integration of the constant term, where we obtain

“n Q .
P (yf,ﬁ, oly, zf,Mj) x o "p(o)exp (—70 (Appendix D.1)

where,
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After performing these algebraic manipulations, we integrate the vector 3

using the normal distribution kernel, yielding the joint posterior distribution
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of (yg,0).
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Next, we present some key properties utilized in our calculations::

g

D1. Sherman-Morrison formula: Suppose A is an invertible square matrix

and u, v are column vectors and that 1+v'Au # 0. Then the Sherman—

Morrison formula states that: (A +uv’)™' = A~ — ﬁi,lf—xﬁ:

D2. Matrix Determinant Lemma: |A +uv’| = (1+ v/ A7) |A]

We apply property (D2) to the following determinant
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From Property (B1) in Appendix Appendix B, we obtain,
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Upon completing the square with respect to ys, we derive (15).
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For the approximation of predictive distribution we apply the transformation
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Notice that, we can split the term Q/, to Qf = Q, + Qg;, where the function

(@), corresponds to @),, introduced in Section 3.1, under the transformation

o = exp(T). ,
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The function hl} (7) can be decomposed in two parts, so kY, (1) = h (7) +

@2 (1) where,
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notice that hY (7) share the same functional form with h) () , with respect

to 7 and in case of n replace with 7, so
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Since the derivatives of hY (1) are the same with those of hY (7), by replacing

n with 72, we just have to calculate the derivatives of ¢ (7). We replace Q.
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with the following equivalent expression:

/ -1 2
N R A e IA C)
or — n
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With this substitution, estimating the derivative becomes more straightfor-
ward by applying the rules of standard calculus and matrix calculus, as out-
lined in Propositions 1 and 2. We proceed by defining the following functions.,
po (1) = e, (1) = (yr =7 — o (1) trC5 A1) , Cir = o (1) Botw ™Iy,
Cor = wo (1) Aotw ™Iy, Ay = Z'Z, A, = Zyz}, B = z;7; and By =

Ay + 2B. In order to obtain compact algebraic results we transform g; (7)
|ClT|

using the Matrix Determinant Lemma, property (D2), so ¢; (1) = G, and
Ing; (1) =In|Cy;| —In|Cy;| where
2
e Q= 90027) f(7)
w1 (7)
1 n _
) = =g (1G] - lCu |+ 2 1Cul O 0 (1) £ (7))

To simplify the analysis, we define the following univariate functions. How-
ever, their differentiation requires the use of matrix differential calculus. The
first two derivatives, which are needed for applying the Laplace approxima-
tion, are derived as a function of the derivatives of ¢4, ..., ¢4 and f, which are

presented below. The proof is based on Appendix A (General Rules). So we
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@i (1) = @ (1) tr (Ci;By)

W (1) = (1) tr (C3 Ag)

A (7) = ¢ (7)]Corl tr (C3Ay)

Pi(r) = ¢ (r)|C tr (Ci,Bo)

F(r) = =) (1) tr (CrAL) + o (1) @) (1) tr (CotA1C Ay)

(1) = ¢ (r) tr (Ci'Bo) — (¢4 (1))” tr (C'Bo)”

ey (1) = ¢ (r) tr (C3rA0) — () (7)) tr (C37 Ay)”
A (1) = @l (7)|Carltr (C3 Ao) + |Car| (2 () tr (C5 Ao))” = (¢ (7)) |Car | tr (C5,! M)
Fi(r) = ¢ (1)|CoH1r (CirBy) + [CLY (¢4 (1) tr (C1-By))’ — (4 (1)) |CL | tr (Crr Ap)?
1) = = () tr (CEAL) + (¢ (7))° + 20 (1) tr (C3 A1 CZ! Ag)

~2(¢h (M) tr (5 A4 (5 A0)”)

Where, 7} = argmax hlY (), then by continuity we obtain (16), and finally
we obtain (17) in the main paper. The expression 4b2°/? /a2(+a0)/2k 7 (T=2)/2T (g, /2)

is part of the normalising constant.

Appendiz D.2. Non-Conjugate Dependent Cauchy Prior

Based on the assumptions and definitions outlined in Subsection 3.1.2 and
Section 3.2 of the paper, we now proceed to derive the predictive posterior,
equation (19) in the paper. After integrating out the constant term, we

obtain the joint posterior distribution of (y¢, 8, 0) as follows:
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p(yf,,B,U | Y7Zfan) X O_np (/670) exp (_%)
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Qc = 5

g

Next, we integrate out the scale parameter ¢ by applying the properties
of the Inverse Gamma distribution:

_'U0+k

P Bly,zs, M) xp(B)(Qc) >

By completing the square, we express Q¢ as:

Qe = (5 - Bf)lDz (5 — B\f) + Vo574,

Substituting this into the equation above, we proceed with the integration
of equation (18). Since this integral does not have a closed-form solution,
we employ the multivariate version of the Laplace approximation, similar to
previous cases.

We define Ef = arg gneaﬂghgf (B), where H,, is the negative Hessian eval-

uated at 8. The function hST (B) is given by:

_ vtk

o ((22) 7 (tom) B oa)

frbo

Notice that the functional form of hﬁcf (B) is the same as that used for
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the estimation of the moments hp (3), implying that the first and second

derivatives are identical. Thus, we have:

vo

+k
2 *
[H

p(yr |y, zp, M;) (vos?,bo)_ 12 exp (ﬁhgf (B}))
(Appendix D.2)
Finally, after making the necessary substitutions and dividing equation
(Appendix D.2) by the marginal likelihood implied by equation (13) of the

paper, we obtain equation (19) of the paper. Additionally, the expression
F(%)F(Wrrzo%)bgo/?ﬁ/z

ﬂﬁ/%ﬂ“ﬁk:rfl T ( %)

is part of the normalising constant.

Appendix E. Assessing approximation error

Appendiz E.1. Benchmark design.

After running the MC? algorithm using Laplace-based log-marginal like-
lihoods in the Metropolis-Hastings acceptance ratios, we record, for each
distinct model visited post burn-in, its inclusion pattern +;, its Laplace log
marginal log Eap (y) and its size k;. Computing bridge sampling estimates for
every visited model is computationally infeasible, so we benchmark Laplace
on a representative subset of visited models: (i) the Ny, = 500 models
with highest Laplace-implied posterior mass under a uniform model prior,
and (ii) among the remaining visited models, up to 100 additional models
sampled without replacement within each model size k;. This yields 1,619
benchmarked models for the normal prior and 1,765 for the Cauchy prior.

For each selected model we compute a bridge sampling log marginal

log ]/C;Br(y): for the normal prior we bridge sample the one-dimensional latent

69



7 = log o posterior, for the Cauchy prior we bridge sample the k;-dimensional
B; posterior after integrating out o. In both cases, posterior draws are gen-
erated by long random walk Metropolis chains and the bridge proposal g;
is Gaussian, centered at the Laplace mode and scaled using local curvature
(mode based variance in the univariate case and a mode based Gaussian
covariance proxy in the multivariate case). We define the model-wise log
evidence error:

A; =log f{*(y) — log f*(v), (Appendix E.1)

J

summarize A; over the benchmark subset, and examine its dependence on

model size k;.

Appendiz E.2. Normal prior benchmark.

Table Appendix E.1 reports overall error summaries for both priors. For
the non-conjugate normal prior, A; is concentrated and mildly negative,
with mean —0.5405, median —0.4819, standard deviation 0.2530 and range
[—1.815, —0.111]. Figure Appendix E.1 shows a smooth, monotone pattern in
the average error by model size: the mean error decreases from about —0.18
at k; = 2 to about —0.96 at k; = 13, with fewer sampled models in the largest
size classes. Despite these non-zero errors, posterior sumimaries computed
from the bridge-based weights remain close to those based on Laplace: on
the benchmark subset, the posterior mean model size changes from 5.65
(Laplace) to 5.76 (bridge), and the maximum absolute difference in posterior

inclusion probabilities across regressors is below 0.05.
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Appendiz E.3. Cauchy prior benchmark.

For the independent Cauchy prior, the Laplace log marginals display a
larger negative shift: mean A; = —4.579, median —4.352, standard devi-
ation 1.071 and range [—9.708, —2.795]. Figure Appendix E.2 shows that
the mean error becomes more negative with k; in this case as well. Since
model comparison depends on differences in log marginal likelihoods, it is
useful to decompose log E“ap(y) = log f;(y) + ¢+ ¢, into an additive shift ¢
and model-specific residual errors €;. The constant component cancels ex-
actly in all Bayes factors and Metropolis-Hastings acceptance ratios, so only
the residual differences €; — ¢ can affect posterior odds. To illustrate the
relative magnitude of the residual component, we also report mean-centred
errors Aj = A; — A (where A is the benchmark-sample mean) and plot
ﬁj against k; in Figure Appendix E.3. The centered plot confirms that the
dominant discrepancy is an approximately additive downward shift, while
the remaining %; dependent component is materially smaller in magnitude.
Consistent with this, posterior summaries remain stable: on the benchmark
subset, the posterior mean model size changes from 5.75 (Laplace) to 6.06
(bridge), and the maximum absolute inclusion probability difference across

regressors is below 0.10.

Appendiz E.4. Implications for MC® and the S — oo limit.

Because MC? uses log J/”}ap(y) in the acceptance probability, the chain
targets the Laplace-induced model posterior ﬁ(]\/[] | y) J?J-Lap(y) Pr(M;),

not the exact Pr(M; | y) o« f;(y)Pr(M;). As S — oo, Monte Carlo er-

ror vanishes but the approximation error in ﬁap (y) persists. The bridge
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Table Appendix E.1: Bridge-sampling benchmark summary for the growth-regression ap-
plication. Errors are A; = log f;fap(y) — log J/‘Fr(y) over the selected benchmark subset.
Mean model size k excludes the intercept.

Prior neay  mean(A)  sd(A)  min(A)  max(A) flap EPr Jrad PE T 0 T8
Normal (non-conjugate) 1619  —0.5405 0.2530 —1.8150 —0.1113 5.6506 5.7596 0.17077 0.17084 8
Cauchy (non-conjugate) 1765 —4.5790 1.0713 —9.7078 —2.7953 5.7525 6.0588 0.22405 0.17883 8

Note: For each prior, ng,, is the number of models in the benchmark subset. The
log-evidence discrepancy is A; = log J?jLap(y) —log ;" (y), and the table reports its em-
pirical mean, standard deviation, minimum, and maximum across the benchmarked
models. £“*P and kB" are posterior mean model sizes (number of regressors, excluding
the intercept) computed on the benchmark subset using, respectively, Laplace-based
and bridge-based posterior model probabilities under a uniform prior over the bench-
marked models. PlLOa P and PJr are the posterior masses of the top-10 models under
the Laplace-based and bridge-based posteriors (restricted to the benchmark subset).
7—115ap and 78" denote the corresponding top-10 sets; the last column reports the size
of their intersection (how many models appear in both top-10 lists).

benchmark directly quantifies this discrepancy: the observed model-wise er-
rors are systematic but smooth in k;, and the resulting changes in posterior
inclusion probabilities, mean model size and top model posterior mass are
small on the benchmark set (Table Appendix E.1). This evidence supports
the numerical reliability of the BMA summaries reported in the paper. In
principle, one could embed a fast approximation within a delayed-acceptance
MCMC scheme (Christen and Fox, 2005). In large model spaces, however,
repeatedly computing high-accuracy “exact” marginal likelihoods is typically

prohibitive, motivating the diagnostic benchmark approach adopted here.

Appendix F. Robustness

Appendiz F.1. Ezxtended MC(3) sampler with grouped covariate moves

In very large model spaces a one at a time Birth-Death M C(3) sampler
may, in principle, move slowly between regions in which groups of covariates

tend to enter or exit jointly. Min and Sun (2016) address this by specifying
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Table Appendix E.2: Normal prior: error summaries by model size k; (benchmark subset).
k; mean(A;) sd(4A;) count

—0.1758 0.0361 3
—0.2170  0.0361 62
—0.2648 0.0513 136
—0.3434 0.0721 204
—0.4195 0.0979 266
—0.5022 0.1253 228
—0.5491 0.1350 153

9 —0.6044 0.1473 105
10 —0.6808 0.1659 100
11 —0.7568  0.1980 100
12 —0.8411 0.1861 100
13 —0.9624 0.2107 100
14 —0.9643 0.2221 51
15 —0.8879 0.2197 8
16 —0.7513  0.0000 1

O~ O O = W o

Note: k; is model size (number of included regressors excluding the intercept). For
each kj, the table reports the mean and standard deviation of A; = log f;“p(y) —

log J?]Br(y) across benchmarked models of that size, along with the number of bench-
marked models (count) in that size class.

grouped g-priors in normal linear models, where regressors are partitioned
into prespecified groups and model selection proceeds over group inclusion
indicators with group-level marginal likelihoods. Chen et al. (2017) extend
this idea in an econometric application on the determinants of the 2008 finan-
cial crisis, introducing a hierarchical prior with separate indicators for groups
and individual variables and a group-wise Gibbs sampler that updates group
and within group inclusion states jointly. In both papers, grouped covariates
are built directly into the prior and the posterior model probabilities.

Our approach is complementary. We retain the prior structure and Laplace
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Normal Prior Laplace vs Bridge log-marginal error by model size k; (subset)

* Individual models
—o— M y ki

. | | |
2 8 10
Model size k; (number of regressors)

Figure Appendix E.1: Normal prior: A; against model size k; for the benchmark subset.
Points show individual models; the line connects mean errors by k; (Table Appendix E.2).

approximations of Section 3.1, so the posterior model probabilities underly-
ing our BMA results are unchanged. Grouped covariates are used only at
the proposal level, by enriching the M (C(3) kernel on model space. Let X
denote the n x K matrix of demeaned regressors used in the MC/(3) imple-
mentation (n = 72, K = 41). We compute the pairwise correlation matrix
of the columns of X and identify connected components at the threshold
|p| > 0.80, which yields three empirical groups of highly correlated regres-
sors, G = {5,6,11,21,30, 35,36}, Go = {18,41} and G35 = {16,27}, where
indices refer to the column numbers of X (and to the variable numbering
in Table 12). These groups define additional proposal moves in the MC(3)
sampler.

The extended sampler mixes three symmetric move types: (i) single vari-

able Birth-Death moves, which randomly flip one inclusion indicator as in
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Cauchy prior: Laplace vs Bridge log-marginal error by model size k; (subset)

log faridge
T N

* Individual models
Mean error by k; . . s
. . .

A = 1og fLaplace -

|
0 . 0 A
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Figure Appendix E.2: Cauchy prior: raw log-evidence errors A; against model size k; for
the benchmark subset.

the baseline algorithm, (ii) group moves, which randomly select one G, and
jointly toggle the inclusion indicators of all regressors in that group, and (iii)
swap moves, which randomly select one included and one excluded regressor
and swap their inclusion states. Let (Psingle, Paroup, Pswap) denote the proba-
bilities of proposing a single, group or swap move. In the growth application
we take (0.6,0.3,0.1) whenever at least one group is available and (0.9,0,0.1)
otherwise. Each move type is constructed to be symmetric, and the mixture
weights do not depend on the current model, so the overall proposal is sym-
metric. The Metropolis-Hastings acceptance probability therefore remains

M*
a(M(S_l),M*) — mlIl {1’ p( _1‘ y) } ’
p(ME=D | y)

and the stationary distribution of the extended chain is identical to that of
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Cauchy prior: mean-centred Laplace vs Bridge error by model size k; (subset)
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Figure Appendix E.3: Cauchy prior: mean-centred errors ﬁj =A;—- A against model size
k; for the benchmark subset.

the original Birth-Death sampler; any differences in Monte Carlo output are
due solely to mixing behaviour.

We keep the same simulation design as in the baseline analysis, with a
burn-in of one million iterations and Sy = 2 x 10° post-burn draws. Results
are presented in table Appendix F.1. For the non-conjugate normal prior
(NCN), the original Birth-Death sampler yields an acceptance rate of 15.6%
and a posterior mean model size of 7.66 regressors. The extended sampler
has an overall acceptance rate of 10.9%, with move-specific rates of 15.6%
(single), 1.5% (group) and 11.1% (swap), an almost identical mean model
size of 7.66, and a top-10 posterior mass of 7.7% in both implementations.
For the non-conjugate Cauchy prior (NCC), the extended sampler exhibits an

overall acceptance rate of 9.1%, a mean model size of 7.9 regressors, a top-10
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mass of 11.4%, and a correlation of 0.997 between analytical and numerical
top-10 model probabilities. Across both priors, posterior inclusion proba-
bilities from the extended sampler are virtually identical to those from the
original Birth-Death sampler, with maximum absolute differences below one
percentage point and an unchanged ranking of the most important growth
determinants. Since BMA summaries (posterior means, variances and pre-
dictive quantities) are simple functionals of the posterior model probabilities
and model-specific moments, this close agreement in model posterior output
implies that the corresponding BMA moments and predictive distributions
would also be numerically indistinguishable. For this reason we report BMA
results only once, based on the original Birth-Death sampler. Overall, the di-
agnostics indicate that, even in the presence of empirical group structures of
the type emphasised by Min and Sun (2016) and Chen et al. (2017), the one
at a time Birth-Death M (C(3) sampler explores well the regions of high pos-
terior probability and our empirical conclusions are not driven by deficiencies

of the proposal distribution.

Appendiz F.2. Sensitivity to the choice of Model Space Prior

In the baseline specification we follow the conventional BMA literature on
growth regressions and impose a uniform prior over the model space, which
corresponds to independent Bernoulli inclusion with w = 1/2 for each of the
K = 41 regressors and thus a prior mean model size of E(|M|) = wK = K/2
(see Steel (2020)). To assess the sensitivity of our results to this choice, we
compare it with three alternative priors on model space that are standard in

the literature discussed by Steel (2020) and the references therein.
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Let M; denote a model including k; regressors. Our baseline prior is
p(Mj [ w) ocw® (1 —w)™h w= g,

which we denote by Fixed-w. As noted by Steel (2020), values w > 1/2
(w < 1/2) favor larger (smaller) models. We then consider: (i) a Beta-
Binomial prior (Betabinom) obtained by placing a Beta(a, b) prior on w, with
a = 1 and b chosen so that the implied prior mean model size is approximately
K /4, (ii) a loss-based prior (Loss) of the form p(M;) o exp(—ck;), calibrated
to yield a similar prior mean model size, and (iii) a Poisson model size prior
(Poisson) where |M;| has a truncated Poisson distribution with parameter
A = K/2, following Womack, Fuentes and Taylor-Rodriguez (2015). All four
priors enter the MC? sampler used in the paper by adding the corresponding
log prior-odds term in the Metropolis-Hastings step; marginal likelihoods for
the non-conjugate priors are still computed using the Laplace approximations
described in Section 3.1.

Table Appendix F.2 reports the posterior mean model size for each com-
bination of parameter prior (conjugate Normal, non-conjugate Normal, non-
conjugate Cauchy) and model space prior. As expected, priors centered on
smaller models (Betabinom, Loss) yield noticeably more parsimonious pos-
teriors than Fixed-w and Poisson, which are centered on k/2. More impor-
tantly, for every model space prior, both non-conjugate specifications lead
to smaller posterior model sizes than the conjugate Normal prior, confirming
the parsimony result obtained under the baseline uniform prior.

Table Appendix F.3 shows posterior inclusion probabilities (PIPs) for se-

lected regressors under the two non-conjugate priors across the four model-
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space priors. The model prior mainly shifts the overall level of PIPs: priors
favouring larger models (Fixed-w, Poisson) increase PIPs, whereas sparsity-
inducing priors (Betabinom, Loss) reduce them, especially for borderline
variables. The ranking of regressors, however, is remarkably stable, and
key variables retain very high PIPs under all priors for both non-conjugate
specifications.

Finally, Table Appendix F.4 reports the mean log predictive score (LPS).
Within a given parameter prior, changing the model space prior affects
LPS only modestly (by at most a few tenths), whereas differences across
parameter priors are much larger. For all four model space priors, the
non-conjugate Normal prior yields the best (highest) average LPS, the non-
conjugate Cauchy prior comes second, and the conjugate Normal prior per-
forms worst. Thus, while alternative priors on model space predictably influ-
ence posterior model size and PIPs, our main conclusions, that non-conjugate
priors produce more parsimonious models and dominate the conjugate Nor-
mal prior in terms of predictive performance, are robust across all model

space priors considered.

79



Table Appendix E.3: Cauchy prior: error summaries by model size k; (benchmark subset).

Mean-centred errors are A; = A;— A, where A is the overall mean of A; on the benchmark
subset.

k; mean(A;) mean(4d;) sd(4d;) count
1 —2.8750 1.7040  0.0000 1
2 —3.2411 1.3379  0.4556 7
3 —3.3544 1.2245 0.4517 70
4 —3.7494 0.8296 0.5576 140
3 —4.1257 0.4533  0.8690 190
6 —4.4448 0.1341 0.7627 225
7 —4.6691 —0.0901 0.9007 202
8 —4.6988 —0.1199 1.0666 181
9 —4.6260 —0.0470 1.0089 144

10 —4.9871 —0.4081 1.2157 107
11 —5.0140 —0.4350 1.1290 101
12 —4.9936 —0.4146 1.1219 100
13 —4.9871 —0.4081 1.1379 100
14 —5.0434 —0.4644 1.1087 100
15 —5.2542 —0.6752 1.1242 86
16 —5.4237 —0.8447 1.0775 10
17 —4.3282 0.2508  0.0000 1

Note: k; is model size (number of included regressors excluding the intercept). For
each k;, the table reports the mean and standard deviation of A; = log ffap(y) —

log f; (y) across benchmarked models of that size, along with the number of bench-

marked models (count) in that size class. mean(A;) reports the within-class mean
of centred errors A; = A; — A, where A is the overall mean error across the full
benchmark subset. The centering removes any approximately constant additive shift
in log-evidences, isolating the model-specific component that affects Bayes factors and
Metropolis-Hastings acceptance ratios.
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Table Appendix F.1: MC(3) sampler diagnostics for the growth data under non-conjugate

priors.
Prior Sampler Overall acc. Single Group Swap Mean Top-10 mass Corr.
(%) (%) (%) (%)  model size
NCN  Birth Death 15.61 15.61 6.66 0.077 0.996
NCN  Single/Group/Swap 10.87 15.55 1.48  11.06 6.66 0.077 0.996
NCC Birth-Death 12.92 12.92 - - 6.87 0.113 0.998
NCC  Single/Group/Swap 9.08 12.95 1.35 9.02 6.88 0.114 0.997

Note: Overall acc. is the unconditional (marginal) acceptance rate over all proposed
moves. Single/Group/Swap report move-specific acceptance rates (in percent). Top-
10 mass is the estimated posterior probability mass covered by the ten highest poste-
rior probability models, computed as the fraction of post-burn-in iterations in which
the chain is in one of these models. Corr. is the correlation between analytical and
numerical posterior probabilities for these top models.

Table Appendix F.2: Posterior mean model size by parameter prior and model-space prior.

Model space prior  Conjugate Normal Non-conjugate Normal Non-conjugate Cauchy

Fixed-w (w =1/2) 10.45 6.66 6.87
Beta-Binomial 6.04 2.89 2.57
Loss-based 9.80 6.14 6.10
Poisson 12.40 9.09 10.11

Note: Entries report the posterior mean number of regressors (“mean model size”) for
each combination of parameter prior (columns) and prior over model space (rows).
The fixed-w prior with w = 1/2 corresponds to equal prior probabilities on all mod-
els. The Beta-Binomial and loss-based priors are calibrated to favor smaller models,
while the Poisson prior is centered on larger model sizes, as discussed in Section Ap-
pendix F.2
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Table Appendix F.3: Posterior inclusion probabilities for selected covariates under non-
conjugate priors across model-space priors.

Prior Covariate Fixed-w (w =1/2) Beta-Binomial Loss-based Poisson

NCN  z5 0.429 0.020 0.350 0.748
NCN  z3 0.513 0.132 0.491 0.550
NCN x4 0.996 0.996 0.996 0.991
NCN 27 0.386 0.053 0.328 0.579
NCN x5 0.967 0.983 0.971 0.953
NCN 24 0.468 0.201 0.484 0.408
NCC x5 0.533 0.010 0.400 0.909
NCC z3 0.593 0.100 0.575 0.573
NCC x4 0.980 0.994 0.985 0.951
NCC  z7 0.427 0.037 0.343 0.686
NCC  x9 0.973 0.982 0.979 0.970
NCC x4 0.455 0.138 0.479 0.411

Note: Entries are posterior inclusion probabilities (PIPs) for selected covariates under
the two non—conjugate priors for the regression coefficients (NCN: non—conjugate
Normal; NCC: non—conjugate Cauchy), for different priors over model space. The
subscript of each variable x; denotes its ranking according to Table 12. The variables
x1, T2, X3, g, Ts and x7 are those with high PIPs in the baseline specification. For both
non—conjugate priors, PIPs move up (down) when the model-space prior favours larger
(smaller) models, while the ranking of these covariates remains essentially unchanged.

Table Appendix F.4: Mean log predictive score (LPS) by parameter prior and model-space
prior.

Model-space prior  Conjugate Normal Non—conjugate Normal Non—conjugate Cauchy

Fixed-w (w = 1/2) -2.559 -5.105 -3.543
Beta—Binomial -2.843 -4.775 -3.421
Loss-based -2.655 -5.098 -3.521
Poisson -2.391 -5.330 -3.691

Note: Entries report the mean log predictive score (LPS) over the predictive replica-
tions for each combination of parameter prior (columns) and prior over model space
(rows). Higher LPS (less negative values) indicates better out-of-sample predictive
performance. For all model-space priors, the non—conjugate Normal prior yields the
best predictive performance, followed by the non—conjugate Cauchy prior and then
the conjugate Normal prior.
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