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Abstract: The concept of piecewise-functional spectra is introduced as a tool for modeling
autocorrelation statistics in the context of reflectance and color-signal spectra. By considering an
infinite set of such spectra that satisfy any target statistics, a closed-form expression is obtained
for the autocorrelation matrix. Significantly, the model only contains a single tuning parameter
that enables the degree of correlation to be adjusted. Interestingly, if the autocorrelation statistics
do not vary as a function of wavelength, then the model spectra become piecewise constant.
The utility of the idea is demonstrated in the context of camera color characterization. Here a
model of the reflectance spectra can be exactly characterized, which is important because it is not
possible to measure or numerically calculate all reflectances that might be encountered in the
real world.
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1. Introduction

Many color and image processing algorithms are trained using a set of reflectance, illumination,
or color-signal spectra. Typically, such datasets are relatively small, ranging from the few chips
available on a color-checker chart to a few thousand real-world measured spectra, e.g. [1-5].
However, the ranking of algorithms in terms of performance can change depending on the dataset
used [6]. Although measured datasets can be ideal for controlled applications, for example the
rendering of skin color under studio lighting, spectra in the real world often mix together and a
device such as a camera may record any convex mixture of measured spectra [6]. Mathematically,
taking all mixtures means all convex combinations, which rapidly becomes intractable [6,7].

As a way forward, let us consider piecewise functions, which have a long history in mathematics
and science. In the context of color, Schrodinger’s optimal object colors [8] are based upon
binary piecewise-constant reflectance spectra, and more recently Logvinenko used a specific type
of piecewise-constant function to model metameric reflectance spectra [9]. In this paper, the
concept of piecewise-functional (PF) spectra is introduced, and such spectra can be randomly
generated according to a desired statistical model. For example, the mean and standard deviation
can be varied as a function of wavelength. Significantly, the model uses a single parameter, «, to
control the degree of correlation between the spectra, which can also be varied as a function of
wavelength if required. An important property of the construction is that an infinite set of such
spectra can be analytically integrated over to obtain a closed-form solution for the associated
autocorrelation matrix, which is central to a variety of color and image processing algorithms,
e.g. [10-12].
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An important application is camera characterization, also referred to as color correction,
where the reflectance autocorrelation matrix is the central object of interest. For a camera to be
colorimetric, its spectral responsivities must be a perfect linear combination of the human eye
response functions, which is known as the Luther-Ives condition [13]. In general, this condition
is not satisfied, however the color error can be minimized. Although camera characterization
methods remain an active area of research [14—17], the fundamental method for transforming
from the linear camera raw space to the CIE XYZ reference color space is a 3 X 3 linear
matrix transform based upon least-squares regression [17—19]. There are two main approaches
to determining the matrix transform, both of which are described in the ISO 17321 standard
[12]. One approach is to photograph a color-checker chart under specified illumination. The
disadvantage is that only a relatively small number of reflectance spectra can be included in the
optimization, and an experimental set-up is needed for the illumination. However, an alternative
statistical (computational) approach can be taken provided we have knowledge of the camera
spectral responsivities, in which case any number of spectra can be included in the optimization,
including models for an infinite set of spectra. The power of this approach is that desirable
characteristics can be imposed on the set of spectra that could, for example, be related to assumed
real-world conditions [20].

It is the above computational approach to camera characterization that provides the first
application for the PF spectra introduced in this paper. Previous models for the autocorrelation
matrix based upon an infinite set of spectra include Maximum Ignorance (MI) [20] and Maximum
Ignorance with Positivity (MIP) [21,22]. MIP assumes that all random spectra normalized to the
range [0,1] are equally likely, which means that the statistics cannot be varied and correlations
between spectra are not included. The Minimal Knowledge I (MK-I) model for the autocorrelation
matrix enables a measure of correlation to be included, albeit via an arbitrary Cauchy function
[23], and Minimal Knowledge II (MK-II) enables the spectral statistics to be varied as a function
of wavelength [24], but the underlying spectra themselves cannot be specified. Recently, a
model for the autocorrelation matrix based upon piecewise-constant spectra was introduced [25].
However, the use of so-called normalized illumination [26] was required in order that the spectral
statistics could be varied as a function of wavelength. On the other hand, the method introduced
in the present paper is a much more flexible and useful approach since the piecewise-functional
(PF) spectra directly generate the autocorrelation matrix.

Section 2 below begins by briefly summarizing the meaning of autocorrelation in the
current context, and then provides a brief summary of the computational approach to camera
characterization. The concept of PF spectra is then developed in Sec. 3, and an expression for the
autocorrelation matrix is derived using a truncated normal probability distribution. Special cases
are then discussed, including the case of piecewise-constant spectra. Section 4 demonstrates the
flexibility of the model by tuning it to closely reproduce the autocorrelation matrices of several
widely-used small real-world spectral reflectance datasets. In other words, it is shown that the
autocorrelation matrices of such datasets can be represented by those of PF spectra. Although
the PF autocorrelation matrices are generated by (trained upon) an infinite number of spectra,
the color characterization performance is found to be almost as good as when using the dataset
matrices themselves.

2. Background

Before developing the concept of PF spectra in Sec. 3, it is useful to review the meaning of
autocorrelation in the current context, and to briefly summarize the computational approach to
camera characterization.
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2.1. Autocorrelation

Consider a 1 X m row vector s, where the elements s; are spectral values (such as reflectance)
sampled at a set of m wavelengths, 1 < i < m. The sample autocorrelation matrix, s's, contains
the autocorrelations between all pairs of elements of the vector. Given a set of n such spectra, an
n X m matrix S can be constructed, where each row contains a spectrum. In this case the elements
of the sample autocorrelation matrix are defined by

n

1
[STS]; =~ > s (1)

k=1

where normalization by the number of spectra, n, has been implicitly included. The sample
autocorrelation matrix quantifies the similarity between values at different wavelength sample
locations. Its matrix elements can alternatively be expressed in the form

[STS]U. =0+ i My (2a)

T = pij Oi " T (2b)

where y; and y; are the means at sample locations 7 and j, while oy; is the autocovariance between
the spectra at these locations. The latter can be expressed in terms of Pearson’s correlation
coeflicients, p;;, where oy and o7 are the standard deviations [23]. Since p; = 1 when i = j, the
diagonal matrix elements are o7 + 47

If the number of spectra n — oo, then the sample autocorrelation matrix becomes the true
autocorrelation matrix of the underlying stochastic process, STS — Zgs. In Sec. 3, a method for
finding Zs in closed form is developed.

2.2. Camera characterization

Given the notation listed in the first ten lines of Table 1, let us assume that we have a set of n
color-calibration reflectance spectra contained in an n X m matrix S, where each of the m columns
represents a wavelength sample in the spectral passband. Given a characterization illuminant,
which can be mathematically modeled by an m x m diagonal matrix E containing power per
wavelength values, the color signal matrix can be defined as C = SE [23,26]. Now consider the
following,

Ax CVT (3a)

B CR". (3b)

Here A is an n X 3 matrix that models the human observer response, and so V is the 3 X m matrix
that contains the elements of the CIE color-matching functions, x(1), (1), z(1). Each of the n
rows of A are a triplet of XYZ values. Analogously, B is the n X 3 matrix that models the camera
responses to the same set of reflectance spectra under the illuminant E, and so R is a 3 X m matrix
that contains the camera spectral responsivities. Each of the n rows of B are a triplet of linear raw
RGB values.

The goal is to find a 3 X 3 matrix M that best maps the n rows of linear RGB values to the n
rows of XYZ values under the characterization illuminant, i.e. the matrix M that minimizes the
error in the approximation BM ~ A. The least-squares solution is given by

M=(B"B'B’A (4a)

= (RE(STS)ERT) ™' RE(STS)EVT, (4b)

where the second line follows by substituting Egs. (3a) and (3b) into the first line and utilizing the
fact that C = SE. The central object of interest is seen to be the spectral reflectance autocorrelation
matrix, STS.
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Table 1. Table of notation

The number of sampled wavelengths in the spectral passband, e.g. m = 301 when sampling between

m 400-700 nm at 1 nm intervals.
n The number of reflectance spectra in a dataset.
Vv 3 X m matrix containing the x(), y(1), z(1) color-matching functions.
R 3 X m matrix containing the camera spectral responsivities. Each row is a color channel.
S n X m matrix, where each row is a reflectance spectrum and each column is a particular wavelength sample.
E m X m diagonal matrix containing the characterization illuminant.
C n X m color-signal matrix defined by C = SE.
STS m X m sample reflectance autocorrelation matrix.
A n X 3 matrix where each row is a triplet of XYZ tristimulus values.
B n X 3 matrix where each row is a triplet of linear raw RGB values.
3 x 3 camera characterization matrix.
ij Sample locations in the spectral passband.
A Wavelength in the spectral passband at sample location i.
S; Spectral reflectance value at wavelength sample A;, i.e. s; = s(4;).
a,b Lower and upper limits for the s; values.
p(si) Probability density function for s;.
Hi Mean for p(s;).
o Standard deviation for p(s;).
Zi z-score for p(s;).
a Correlation parameter, where 0 < a<1.
(L) Expected length of the piecewise functions between jumps, as defined by Eq. (9).
Zss m X m reflectance autocorrelation matrix.
[ Mean for p(s;) before truncation, provided p(s;) is a truncated normal distribution.
lon Standard deviation for p(s;) before truncation, provided p(s;) is a truncated normal distribution.
Zi z-score for p(s;) before truncation, provided p(s;) is a truncated normal distribution.
@(x) Exponential function defined by Eq. (12b).
Z; Normalization constant defined by Eq. (12d), which compensates for the truncation.

The absolute values of the entries in M will depend upon the values of the constants of
proportionality that appear in Egs. (3a) and (3b), however for practical applications M needs to
be normalized. For example, a global scaling factor can be applied so that the maximum raw
value in the green raw channel, G = 1, maps to Y = 1 for a white patch under the characterization
illuminant [19].

3. Method

This section begins by introducing the concept of piecewise-functional (PF) spectra. In Sec.
3.2, PF spectra are used to construct an analytic model for the autocorrelation matrix, and
subsequently a closed-form solution is obtained for the case of a truncated normal probability
distribution. Finally, special cases are discussed in Sec. 3.3.

3.1. Piecewise-functional spectra

Let m be the number of wavelength samples in the model spectra. For example, if the spectral
passband is taken to be between 400-700 nm and sampled at 1nm intervals then m = 301, in
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which case

A4i=399+i, i=12---301. 4)

Again, let s; = s(4;) denote the spectral value at wavelength sample i. These values could
be normalized, for example s € [a, b] = [0, 1]. For model spectra with statistics that vary as a
function of wavelength, the probability density function, p(s;), will be sample-location dependent.

Let s; at sample location i take a random value in the range [a, b] according to a specified p(s;).
Now let us build in correlation between sample locations by assigning a probability « that the
adjacent sample s;1 (Where 4,1 is the subsequent wavelength) takes the same relative value as
s(A;). Specifically, let s;, take a value that is the same number of standard deviations away from
the means at these two sample locations. This can be defined by the z-score at sample location i,

=k ©)

o
where y; and o; are the mean and standard deviation corresponding to p(s;). In other words, let
us assign « to be the probability that the adjacent sample takes a value that has the same z-score,

Siyl = Zi- Ol + Misl, @)
where p;,1 and 041 are the mean and standard deviation for p(s;;;). Mathematically,
PGz =2)=« (8a)

P #z)=1-a, (8b)

where 0 < @ < 1. If z;;| # z;, then the value s, is instead drawn according to p(s;+1). Repeating
the above process at all wavelength samples in the range specified by Eq. (5) defines an algorithm
that can be implemented numerically in order to randomly generate as many spectra as desired.

Clearly, the sections of a randomly generated spectrum where z;; = z; will have a functional
form that depends upon the underlying statistics, specifically how the mean and standard deviation
vary as a function of wavelength. On the other hand, whenever z;.1 # z;, a “jump” will be
encountered since the value s;,; will be drawn at random according to p(s;+1). In other words,
piecewise sections between jumps contain correlated values since they have the same z-score. On
the other hand, values that belong to different piecewise sections are uncorrelated. The degree of
correlation between values at different sample locations will depend upon @. A larger o will
increase the average or expected length of the piecewise-functional sections between jumps, (L).
In fact, it is shown in Appendix A that

(Ly=1-a". 9)

For example, in Fig. 1 a fixed standard deviation is kept but a simple linear increase in the
mean, y; = u(4;), is defined when moving along the spectral passband. In this case the sections
between jumps are piecewise linear. Figures 1(a) and (b) show examples of randomly generated
spectra for two different a values, specifically @ = 0.5, which corresponds to (L) = 2 nm, and &
= 0.98, which corresponds to (L) = 50 nm.

3.2. Model autocorrelation matrix

In order to derive a closed-form expression for the autocorrelation matrix elements, consider
the construction described above in the context of two general sample locations i and j. The
probability that the z-score z; will be the same as z; for all i < k£ < j, i.e. there will be a
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(a) Random PF spectrum (a = 0.5) (b) Random PF spectrum (« = 0.98)
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Fig. 1. (a) Randomly generated PF spectrum with a linear-ramp mean from y = 0.2 (1 =
400 nm) to u = 0.6 (4 = 700 nm), fixed standard deviation o~ = 0.22, and @ = 0.5. (b) Same
as (a) but with @ = 0.98. (c) Autocorrelation matrix for the infinite set of PF spectra with
statistics corresponding to (a). (d) Autocorrelation matrix for the infinite set of PF spectra
with statistics corresponding to (b).

piecewise-functional section of length |j — i| samples, and the probability that the z-score will be
different, are respectively given by

P(zk = z, i<k <j) = ol (100
Py #z)=1-all (10b)

By utilizing Egs. (7) and (10), the matrix elements of the autocorrelation matrix can now be
analytically expressed as follows,

b
[Sssly = @b / p(si)si (2. 05 + o) s
a

+ (1 —avfn) / ’ p(s)si ds / ’ p(s))s; ds.

Significantly, it is possible to integrate over an infinite set of model PF spectra and obtain
a closed-form solution. If PF spectra are generated numerically according to the construction
described in Sec. 3.1, then the sample autocorrelation matrix calculated numerically will converge
towards this closed-form solution as the number of generated spectra increases.

an

3.2.1. Truncated normal probability distribution

The parameter « describes how correlated the values of neighboring spectral samples are with
each other. On the other hand, the probability density function p(s) describes how likely the
sample value in question will occur in the first place.

In order to have complete control over u and o, let us consider a normal distribution, which
can be varied at each wavelength sample location. However, the distribution must be truncated
according to [a, b] at all wavelengths since [a, b] defines the range of allowed spectral values [27].
In other words, p(s;) must be defined by the truncated normal distribution (e.g. Reference [28]),

1
psi) = 57 d(Zi(s:)) (12a)

o(x) = \/Lz_ﬂ exp(—%xz) (12b)
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Si— K (12¢)

Zi(si) = =

Z,—2(erf(\/§) erf(\/i)), (12d)

where Z; defines the z-score at sample location 7, and the normalization constant Z; compensates
for the truncation. The error function, erf, is a standard integral [29].

As illustrated by example in Fig 2, the truncation will in general alter the mean and standard
deviation of the untruncated distribution. In this paper, the tilde symbol denotes untruncated
values, so fi and & are the mean and standard deviation before the truncation, which become u
and o afterwards. The latter are our target values, such as those corresponding to some statistical
model or even a real-world dataset. Consequently, at each sample location, it will in general be
necessary to find values for the input mean and standard deviation, i and &, that will become our
target values after the truncation, u and o. This problem can be easily solved by referring to

Appendix B.
I-\
15| S - - -Truncated| |
! \
! \
! \
! \l
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Fig. 2. The dashed black curve shows the probability density function for a truncated
normal distribution in the range [a, ] = [0, 1] with mean y = 0.4 and standard deviation o
= 0.22. According to Appendix B, the required input normal distribution illustrated by the
solid blue curve must have a mean [ = 0.3521 and standard deviation & = 0.2866.

Inserting Eq. (12) into (11) and analytically performing the integration leads to the following
closed-form solution for the autocorrelation matrix,

[Zosly = crgal ™+ eaen(1- a1}, (3)
where the constants ¢y, ¢2; and ¢, are defined by
G &
cLi=—= (o,? + 1]+ i (ujr - m)) - (14a)
g aj
o 5— . .
TNZ 0+ -0+ ) ot
i a;
0 (14b)

aj - -
- (5'_1 (a+ p — fi;) + Hj) ¢(Zi(a))}
Coi = i - %’j{qs(zi(b» — ¢(z(a))}



Research Article Vol. 34, No. 8/20 Apr 2026/ Optics Express 13795 |

Optics EXPRESS i NS

cay =y - %w(zj(b)) - #(z(@)} (140)

Note that z(a) and z(b) are the z-scores corresponding to the minimum and maximum allowed
spectral values after the truncation, i.e. z(a) = (a— u)/o and z(b) = (b— u)/ o, whereas Z depends
upon z(a) and Z(b).

Although the above equations may appear complicated at first glance, it should be emphasized
that c1, ¢, and c»; are simply constants. The only input information required is the target mean
and standard deviation of the truncated normal distribution, u; and o7, at each sample location i,
where the truncation is to the range [a, b]. As mentioned above, the input means and standard
deviations before the truncation, fi; and &;, can be found according to Appendix B.

Figures 1(c) and (d) show the autocorrelation matrices calculated using Eq. (13) that correspond
to the infinite set of spectra that have the same statistics as the example random spectra shown in
Figs. 1(a) and (b), respectively. The mean and standard deviation of the spectra are the same in
both cases but (a) and (c¢) correspond to @ = 0.5, which is equivalent to an expected step length
(L) = 2 nm, whereas (b) and (d) correspond to a = 0.98, which is equivalent to (L) = 50 nm.
Evidently, the height and offset of the autocorrelation matrices are seen to be the same in both
cases as this depends only upon u and o. On the other hand, increasing correlation between
samples by increasing @ leads to a wider autocorrelation matrix where the central peak that is
present along the main matrix diagonal widens [11,30].

3.3. Special cases

An interesting special case is when the spectral statistics do not vary as a function of wavelength,
i.e. y; = pand oy = o for all i. According to Egs. (6) and (7), in this case z;;1 = z; simply means
that s;11 = s;. In other words, the piecewise-functional (PF) spectra become perfectly piecewise
constant [25] as shown in Fig. 3(a) and (b) for two different « values, specifically @ = 0.8 and
0.98. Equations (13) and (14) reduce to

[Ss5] = c1 @V + c§(1 - aU—"') , (15)
where the constants ¢ and c¢; are defined by

e1 =0+ 1 = Z{(b+ 1) (b)) - (a + 1) d(x(a)} (163)

¢2 = = Z{B(()) - (=(a)} (16b)

Since the autocorrelation statistics are now shift invariant, the autocorrelation matrix takes
a so-called Toeplitz form [31,32] where all elements along a given matrix diagonal have the
same value. In the present context, the autocorrelation matrix is a symmetric Toeplitz matrix
where corresponding diagonals each side of the main diagonal are identical. The widening of
the autocorrelation matrix when increasing a that was mentioned earlier is clearly evident in
Figs. 3(c) and (d).

A similar special case where the statistics do not vary as a function of wavelength is that of
a uniform probability distribution, p(s) = 1/(b — a), which leads to the following closed-form
result previously obtained in Ref. [25],

2 2 2
+ab+b s +b -
ual/—ll + %(1 _Q,V_ll) .

[ZSS],‘/ = 3

a7

In this case Zgg is again a Toeplitz matrix and the model spectra are again piecewise constant,
but the mean and standard deviation are fixed according to the range s € [a, b] with values u =
(a+b)/2and o = 1/V12, respectively, and so Eq. (17) is much less useful than Eq. (15). Indeed,
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(a) Random spectrum (o = 0.8)

(b) Random spectrum (« = 0.98)
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Fig. 3. (a) Randomly generated piecewise-constant spectrum with u = 0.4, o = 0.22, and @
=0.8. (b) Same as (a) but with @ = 0.98. (c) Autocorrelation matrix for the infinite set of
piecewise-constant spectra with statistics corresponding to (a). (d) Autocorrelation matrix
for the infinite set of piecewise-constant spectra with statistics corresponding to (b).

in Ref. [25] it was necessary to apply scale and offset parameters to Xgs in order to simulate
altering 1 and o. Additionally, a wavelength dependence in the spectral statistics was simulated
by the use of so-called normalized illumination [25,26], which is not needed when using the
method developed in the present paper.

A more general case is where the correlation parameter « is allowed to vary as a function
of wavelength. In Eq. (10), « is raised to the power |j — i|, which indicates that the correlation
is shift invariant since wavelength dependence has not been included. However, if desired, «
can be varied as a function of wavelength according to any specified model, in which case
a — a(4;) = a;. In order to generalize the equations, it is necessary to take the product of all oy,
values between sample locations i and j, which simply means making the following replacement,

J
ol l_[ak, (18)
i=k

where k will either increase or decrease from i to j, depending on whether i is smaller or larger
than j, respectively. The associated model spectra will again be piecewise functional (PF),
however the expected length of the PF sections between jumps, (L), can vary along the spectral
passband.

4. Results

In order to demonstrate the utility and flexibility of the approach, here we use piecewise functional
(PF) spectra to try to closely replicate the autocorrelation matrices of several small real-world
reflectance datasets. The first is the widely used 170 objects dataset (170-OBJ), which contains
measured reflectances for various natural and man-made objects [1]. The second is the 462
Munsell dataset of color chips (462-MUN) [33], and the third is the 289 Agfa ColorReference
dataset (289-AGF) that is used for calibrating color scanners [3]. All datasets were restricted to
the 400-700 nm range and interpolated to 1 nm increments.

Let us first consider the 170-OBJ dataset. Figure 4(a) shows the mean u(1) and standard
deviation o(2) of these spectra as a function of wavelength. The mean is seen to monotonically
increase, which leads to higher autocorrelation at longer wavelengths, as illustrated in Fig. 4(c).
Indeed, this is a trend that is generally observed for real-world measured reflectance datasets. We
substituted p(A) and o-(2) into Eq. (13), which is the closed-form expression for the autocorrelation
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matrix obtained using PF spectra. (The input (1) and & (1) required before truncating the normal
distribution were found at each wavelength sample location according to Appendix B). The
optimum « value that minimizes the difference between the dataset and PF spectra autocorrelation
matrices was then found by minimizing the following percentage error metric [6],

=55 - s7S|”

% error = 100 - 5
ISTS]]

19)

where Zgg is the PF spectra autocorrelation matrix, S7S is the 170-OBJ autocorrelation matrix,
and ||-|| denotes the Frobenius norm. The @ value was found to be a = 0.9974, which corresponds
to an expected piecewise-function length (L) = 385 nm. This indicates strong correlation
between the spectra, which is evident if the original 170 spectra themselves are plotted. The
PF spectra autocorrelation matrix is shown in Fig. 4(d). The maximum difference between the
autocorrelation matrices of Figs. 4(c) and (d) is found to be just 1.77% according to Eq. (19),
which indicates very strong similarity. This is a significant result given the fact that the PF
autocorrelation matrix has been generated using an infinite number of spectra.
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Fig. 4. (a) Spectral statistics (mean g and standard deviation o) of the 170-OBJ dataset

[1] resampled at 1 nm increments in the range [a, b] = [0.0067,0.9123]. (b) Examples of
randomly generated PF spectra with the same y and o as 170-OBJ and @ = 0.9974. (c¢)
Autocorrelation matrix corresponding to 170-OBJ. (d) Autocorrelation matrix corresponding

to the infinite set of PF spectra described in (b).

Interestingly, the above result was obtained without the need to let the correlation parameter
a be wavelength dependent. In other words, the correlation between the spectra in 170-OBJ
is essentially independent of wavelength, and this finding appears to hold true in general for
measured reflectance datasets. Figure 4(b) shows examples of random PF spectra numerically
generated according to the construction described in Sec. 3.1. Unlike Figs. 1(a) and (b), which
correspond to a linear-ramp mean, here p(1) and o (1) correspond to the mean and standard
deviation of a real-world dataset, and so the PF sections in-between jumps are seen to vary in a
nonlinear manner that depends upon the statistics of the target dataset. Note that u(A1) and o7(2)
could also be parameterized using a simple model if desired.

In order to see how closely the piecewise-functional (PF) spectra can replicate the camera
characterization performance achieved using 170-OBJ, Eq. (4b) was used to characterize a camera.
The spectral responsivities for the Nikon D700 camera measured by Jiang et al. [34] were selected,
along with CIE illuminants A and D65 as representative illuminations. Firstly, a characterization
matrix M was calculated according to Eq. (4b) using the reflectance autocorrelation matrix for
170-OBJ, which yields a set of 170 approximate triplets of XYZ values contained in the 170 X 3
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matrix A according to BM ~ A, where B is the 170 x 3 matrix that contains triplets of camera raw
values. These colors were compared with the reference XYZ values defined by Eq. (3a) and the
mean and 95" percentile color errors were calculated in terms of AE* using the CIE 1976 color
difference formula. These least-squares (LS) results, one for each illuminant, are shown in the
first data column of Table 2. These are our target values since the training and testing datasets
are the same, and hence the % error will be zero according to Eq. (19).

Table 2. Results for 170-OBJ

LS PF MIP MK-II
Correlation a=0.9974 =0 o =221
Error % 0.00 1.77 139.44 2.11
Mean AE* (A) 2.09 2.39 3.68 4.11
p95 AE* (A) 5.89 6.86 9.99 14.47
Mean AE* (D65) 1.86 2.25 2.98 3.44
p95 AE* (D65) 5.76 7.58 7.83 14.07

The second data column of Table 2 lists the results obtained when BM =~ A is instead
solved using the PF autocorrelation matrix that is closest in terms of % error to the 170-OBJ
autocorrelation matrix, as described above, and then the characterization performance tested
using the 170-OBJ spectra. Significantly, the mean and 95" percentile AE* are seen to be close
to the target LS results. For comparison purposes, other state-of-the art methods based upon an
infinite number of spectra were implemented, namely MIP and MK.

Firstly, recall that MIP assumes an infinite number of completely uncorrelated spectra, which
is equivalent to the use of Eq. (17) with @ = 0, which leads to a Toeplitz autocorrelation matrix
with a very narrow peak (see Refs. [21,25] and Fig. 3(c) for reference). Consequently, the %
error for the MIP autocorrelation is found to be very large, as evident from the third data column
in Table 2, and this leads to higher AE™ results. Note that in principle, there is no upper bound on
the % error calculated using Eq. (19). Secondly, MK-I models the autocorrelation matrix via
Egs. (2a) and (2b) with correlation defined arbitrarily by

a,/2

a”? + (/1,' — /lj), (20)

Py =

where ' is the width in nm at which p;; falls to 1/2, and so o’ here does not have the same
meaning as the o parameter for PF spectra defined by Eq. (8a). MK-I assumes a uniform
probability distribution, which leads to Toeplitz autocorrelation matrices that resemble Fig. 3(d).
In this case, it turns out that @’ = 0 actually minimizes Eq. (19), and so MK-I is not able to
improve upon MIP in terms of % error. Therefore only MK-II was implemented here, where it is
possible to use the (1) and o-(2) that correspond to the 170-OBJ dataset itself in Eqs. (2a) and
(2b) and determine the « value that minimizes the % error. As seen in the fourth data column of
Table 2, the closest matching autocorrelation matrix was found to have 2.11% error, which is
small, however the AE* results are actually worse than MIP. This reveals the sensitivity of the
AE™ calculation when attempting to reproduce a highly structured autocorrelation matrix using
the arbitrary MK-II correlation defined by Eq. (20).

It should be pointed out that it is possible to use MK-I (and MK-II) to find autocorrelation
matrices that yield lower AE* than MIP for datasets such as 170-OBJ, even though the %
error of the autocorrelation matrices may be higher. This possibility can occur because the
characterization is performed in the linear domain using Eq. (4b) whereas AE™ is evaluated in a
nonlinear domain. However, the aim in the present context is to try to minimize the % error in
the autocorrelation matrix and then evaluate the resulting color error.
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The above experiment was repeated using the 462-MUN and 289-AGF datasets. The
autocorrelation matrices are shown in Fig. 5(a) and (c), respectively, and the results are given in
Tables 3 and 4, respectively. In both cases, small % errors were found for the PF autocorrelation
matrices shown in Fig. 5(b) and (d) respectively, which again indicates that the correlation is
independent of wavelength. Again, the results for AE* are close to the LS results. The MK-II
results are seen to be close to MIP for both 462-MUN and 289-AGF, and AE* is improved
compared to MIP for illuminant A.

(a) Autocorrelation matrix (462-MUN) (b) Autocorrelation matrix (462-MUN: PF spectra)
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(c) Autocorrelation matrix (289-AGF) (d) Autocorrelation matrix (289-AGF: PF spectra)
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Fig. 5. (a) Autocorrelation matrix for the 462-MUS dataset. (b) PF spectra autocorrelation
matrix for the 462-MUS dataset. (c) Autocorrelation matrix for the 289-AGF dataset. (b) PF
spectra autocorrelation matrix for the 289-AGF dataset.

Table 3. Results for 462-MUN

LS PF MIP MK-II
Correlation a =0.9973 ' =0 a’ =205
Error % 0.00 2.51 63.53 3.09
Mean AE* (A) 1.71 1.82 3.09 2.59
p95 AE* (A) 5.29 5.07 8.16 8.83
Mean AE* (D65) 1.57 1.79 244 2.55
p95 AE* (D65) 5.14 5.95 6.25 8.54

Table 4. Results for 289-AGF

LS PF MIP MK-II
Correlation a =0.9979 ' =0 o’ =229
Error % 0.00 3.20 92.05 2.65
Mean AE* (A) 0.92 0.94 2.09 1.65
p95 AE* (A) 2.97 2.98 5.56 4.89
Mean AE* (D65) 0.82 1.05 1.70 1.70
p95 AE* (D65) 2.51 3.73 4.54 5.87

5. Discussion

In the previous section, the optimal matrix transformations (in a least-squares sense) from the
camera raw space to CIE XYZ were calculated for several small real-world datasets, namely
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170-OBJ, 462-MUN and 289-AGF. However, as mentioned in the introduction, cameras will in
reality record output pixel values that originate from a mixture of such spectra, and the question
as to what is the optimal set of spectral reflectances for camera characterization is an interesting
question. Indeed, the ranking of algorithms may change depending on the datasets used [6].
Certainly, camera manufacturers may use their own proprietary sets of reflectance spectra.

Recently, it was proposed that the space of reflectance spectra should be integrated over rather
than sampled [6]. However, a drawback of the computational approach introduced in Ref. [6] is
that unphysical spectra are included, in other words spectra that could not be encountered in the
real world. Indeed, negative percentage reflectance is admitted in the model [6].

In this paper, a model for piecewise functional (PF) spectra has been presented, and it has been
shown that an infinite number of such spectra that satisfy a given probability density function can
be analytically integrated over (and also numerically generated up to a given finite number). For
the analytic integration, a solution for the autocorrelation matrix was found in closed form. The
important point here is that the resulting matrix transformation has been optimized (again in a
least-squares sense) for an infinite number of spectra that satisfy the specified statistics (mean and
standard deviation) according to the specified probability density function, and therefore will be
expected to perform better for unseen data. For example, in Fig. 4(b), spectra that are similar in
appearance to those of 170-OBJ were presented. However, our optimization also includes spectra
that could be very different. For example, Fig. 6(b) shows several other example PF spectra
tuned to the same statistics as 170-OBJ. (The 170-OBJ spectral reflectance curves themselves are
plotted in Fig. 6(a)). Indeed, it is remarkable that the matrix optimized for an infinite number of
PF spectra can, when tuned to the same statistics as 170-OBJ, approach the performance of the
matrix optimized for the small 170-OBJ dataset itself when tested on 170-OBJ.

(a) 170-OBJ spectra examples

(b) PF spectra examples
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Fig. 6. (a) Spectral reflectance curves for the 170-OBJ dataset [1] resampled at 1 nm
increments in the range [a, b] = [0.0067,0.9123]. For clarity, only every third curve is
plotted, i.e. a total of 56 curves. (b) More examples of randomly generated PF spectra with
the same u and o as 170-OBJ and @ = 0.9974.

The construction presented in this paper therefore presents a very useful investigative tool, not
only in the context of camera characterization, but also as a means of generating all possible
spectra that satisfy given statistics. In the context of camera color characterization, an immediate
application would be to find the parameters that give the lowest overall cross-validated color error
when tested on a large collection of real-world measured datasets.

6. Conclusion

This paper has introduced the concept of piecewise-functional (PF) spectra as a tool for modeling
autocorrelation statistics in the context of reflectance and color-signal spectra. Significantly, PF
spectra can be generated numerically, and an infinite number of such spectra can be analytically
integrated over to directly obtain the autocorrelation matrix in closed form.

The first application has centered upon the statistical (computational) method for camera
characterization, where PF reflectance spectra were used to generate autocorrelation matrices that
closely matched those of widely used small real-world measured reflectance datasets. Indeed,
even though the PF autocorrelation matrices were trained upon an infinite number of spectra, the
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characterization performance was found to be almost as good as when using the autocorrelation
matrices optimized for the real-world datasets themselves when tested on those datasets. Due to
the simplicity and flexibility of the model, we anticipate its application both as a closed-form
representation of autocorrelation and as an investigative tool.

Appendix A

It is possible to derive an expression for the expected length (denoted here as (L)) of the
piecewise-functional sections in-between jumps in terms of a [30]. To proceed, consider a
randomly generated spectral value, s; = s(A(7)) at wavelength sample A;. The probability that the
adjacent value s;;| does not have the same z-score is 1 — @, in which case (L) = 1. The probability
that s; is only extended to a piecewise section by one wavelength sample (so that only s;41 has the
same z-score) is a(1 — @), in which case (L) = 2. Continuing this argument, if s; is located n
wavelength samples away from i, the probability that s; is extended to a piecewise-functional
section (where all values have the same z-score) with total length (L) = k is o*~'(1 — @) if k<n
and o~ if k = n. Therefore

n—1
(L) = ((l —a)Zkak_l) +na™ ! = l-a .
k=1

2y

Finite piecewise-functional sections are obtained provided that 0 < a <1, in which case taking
the limit n — oo yields Eq. (9).

Appendix B

Consider the truncated normal distribution defined by Eq. (12) that has been truncated to the
range [a, b]. The mean and standard deviation after the truncation, u and o, are defined by

= ii- ZOED) - (@) (20)

. \/1 _HD)PED) — Ha)d(@) (¢<z<b)> - $(2(@) )2, @2b)
V4 Z

where [i and G are the values before the truncation. Here ¢ and Z have been defined by Eqgs. (12b)
and (12d), and Z(a) and Z(b) are the z-scores of a and b (the minimum and maximum spectral
values) before the truncation, Z(a) = (a — @)/d and Z(b) = (b — fi)/&. In order to generate spectra
with the target u and o, the required input i and & can be straightforwardly found by moving the
RHS of Egs. (22a) and (22b) to the LHS, inserting the target u and o, and finding the roots of
the equations. An initial guess is provided by y and o.
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