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Abstract

Several variants of the classical Constrained Shortest Path Problem have been pre-
sented in the literature so far. One of the most recent is the k-Color Shortest Path
Problem (k-CSPP), that arises in the field of transmission networks design. The prob-
lem is formulated on a weighted edge-colored graph and the use of the colors as edge
labels allows to take into account the matter of path reliability while optimizing its
cost. In this work, we propose a dynamic programming algorithm and compare its per-
formances with two solution approaches: a Branch and Bound technique proposed by
the authors in their previous paper and the solution of the mathematical model obtained
with CPLEX solver. The results gathered in the numerical validation evidenced how
the dynamic programming algorithm vastly outperformed previous approaches.
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1 Introduction

In the past few decades, communication networks have swiftly become a key infras-
tructure in any modern society. Indeed, nowadays they play an essential role in the
organization of almost every human activity. As a consequence, a growing stream
of research is focused on guaranteeing network reliability and robust service. At this
purpose, in the field of planning and optimization of transmission networks, recent
contributions dealt with the use of path protection schemes to ensure network operation
in case of single link failures [14]. In particular, in path protection two link-disjoint
paths sharing the same origin and destination are stored, namely primary and back-up,
such that, whenever the connection in the primary path fails, the back-up can be used
to prevent traffic loss.

To broaden the applicability of the traffic optimization approach, Yuan et al. [15]
considered the simultaneous outage of several links in the network. Specifically, their
optimization framework took into account a network in which a single happening
could cause a synchronous breakdown of multiple physical links.

This scenario is related, for example, to the nature of wavelength division multi-
plexing networks, in which it is customary to bundle multiple fiber links in the same
conduit, so that the consequences of damages to it would affect all the links there
bundled. To properly model this network topology, the authors considered an edge-
colored graph—in which links that could be damaged by a single event are modeled
with arcs of the same color (see Fig. 1)—and solved the failure minimization problem
as a minimum-color path problem.

In fact, with the hypothesis of mutually independent and equi-probable failure
events—with probability p € [0, I]—minimizing the number k of different colors
traversed in the path would consequently maximize its reliability, namely (1 — p)*.

In particular, the above mentioned example collocates the problem of interest—the
guaranty of reliability and robustness—in the framework of edge-colored networks.
Actually, there is a growing interest of the scientific literature for these networks due
to their ability to represent different interrelations between their nodes [2,3].

More specifically, this paper addresses a recent problem, originally proposed in [7],
named k-Color Shortest Path Problem (k-CSPP), in which a weighted edge-colored
network is considered. The objective is to find a shortest path between a source node s
and a rarget node ¢, with a constraint on the maximum number k of different colors that
the path can traverse. With reference to the path reliability scenario, we can observe
how this problem takes into account the risk adversity while optimizing the length of

Fig. 1 Multiple fibers bundled in the same conduit modelled as arcs sharing the same color
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(a) (b)
...... Blue === Red === Magenta

Fig. 2 Example of two different edge-colored paths. The first characterized by 4 edges and 3 different
colors, and the second by 5 edges and 2 colors

the path. Considering as an example the scenario depicted in Fig. 2—with k = 2—
the path from s to t composed by four edges and three colors in Fig. 2a is deemed
infeasible, while the right-hand side path (Fig. 2b) made up by two different colors
and five edges is preferable even if potentially longer.

The k-CSPP has already been tackled by means of a Branch and Bound algorithm;
on the other hand the dynamic programming framework has been widely used to deal
with Resource Constrained Shortest Path Problems [4,5]. With this in mind, the main
contribution of the present work is the design of a dynamic programming algorithm
based on a path-labeling approach and an A*-like exploration strategy.

The paper is organized as follows. Section 2 briefly outlines the problem. A detailed
description of the devised solution approach is given in Sect. 3. Section 4 summarizes
the benchmark of instances used to test the algorithms and the experiments set up.
Moreover, in this section, the computational result and a comparative analysis of the
performances of our algorithm with respect to the CPLEX solver and the Branch and
Bound approach introduced in [7] are presented. Section 5 is devoted to conclusions
and future works.

2 Problem description

To formally describe the problem, an undirected weighted and colored graph G =
(V, E, w, C) is introduced, where w : E —> ]R(J{ is a function that assigns a non-
negative distance w;; to each edge [i, j] € E and C : E —> Nis a labeling function
that assigns a color to each [i, j] € E. In the following, we will refer to G as an
edge-colored graph. Additionally, let C (E) be the set of different colors appearing in
any subset E CE,and c(l:?) = ’C(E)‘; thus ¢(E) is the total number of colors used
to label the edges of G. Moreover, letting Ej,, Vh € {1, ... C(E)}, be the set of all the
edges labeled with the color £, the set of edges E can be partitioned as Ugg) Ey.
Given a source node s and a targetnode ¢, s, t € V,s # t, the k-Color Shortest Path
Problem (k-CSPP) aims at finding a minimum distance path P* from s to 7, consisting
of edges of at most k different colors. A solution for this problem can be modelled
through the introduction of a Boolean decision variable x;; for each edge [i, j] € E
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such that
1, if [i, j] belongs to P*;
X =
Y 0, otherwise.
Then, as done in [7], the k-CSPP is formally described as the following integer
linear program:

Z:min Z wijxij (1&)
li,j1eE
subject to:
Z Xji — Z xij = bi, VieV
{j:li,jleE} {j:li,jleE}
(1b)
-xijfyhs V[l,]]eEh,]’l:l,,C(E)
(lc)
C(E)
Y o<k (1d)
h=1
xij € {0, 1}, i,jle E
(le)
yn € {0, 1}, Vh=1,...,C(E)
(1f)
with b; = —1fori = s, b; = 1 fori = ¢, and b; = 0 otherwise.

The objective function (1a) minimizes the total distance of the path. Constraints (1b)
are classical flow-balancing restrictions; those (1c) connect edge traversal and color
selection, while constraints (1d) limit the maximum number of different colors that
can be used in the solution. Finally, the Boolean nature of the decision variables is
expressed by (le) and (1f).

In [2], it is proved that finding a simple path P from s to ¢ in an edge-colored graph,
such that ¢(P) < k with a given k, is an NP-complete problem. As a consequence of
this computational complexity result, we have the following claim:

Lemma 1 There does not exist a polynomial-time algorithm A to find a feasible solu-
tion for an arbitrary instance L of the k-CSPP, unless P = NP.

Since approximation algorithms find feasible solutions with provable guaran-
tees on solution quality, a polynomial-time approximation algorithm would find—if
existing—a feasible solution in polynomial time. Consequently, Corollary 1 follows
from Lemma 1.

Corollary 1 There does not exist a polynomial-time approximation algorithm for the
k-CSPP, unless P = NP.
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3 Solution approach

To optimally solve the k-CSPP, we propose a dynamic programming algorithm (DP),
whose design has been encouraged by the successful results that this family of solution
framework gathered in the field of constrained shortest path problems [4,12,13].

To present our solution algorithm DP, let Py; be a path in G connecting the source
s with a generic node i, and let L; = (d;, C;, Ps;) be a label associated to Pg;, where
d; and C; are the total distance of the path and the set of different colors traversed by
Py;, respectively. Moreover, let D(i) define the set of all the labels L; associated with
the different paths connecting s to i.

Following the general scheme of a label correcting technique, DP explores the
solution space to extend the paths under construction by analyzing the set of their
labels. Given a path Pg;, the result of path extension operation is a path Pgj, obtained
concatenating Pg; and [i, h] € E\ Py;, and denoted as (Ps;, [i, h]). The source node
s is given an initial label Ly = (0, @, (s)). Then, starting from a generic label L; =
(d;, Ci, Py;), for eachnode j € V such that [i, j] € E, new labels L ; are generated.
In particular, the distance of the path Ps; = (Py;, [i, jl) is defined as d; = d; + w;j,
and the set of colors traversed is C; = C; U {C([i, j])}.

Once the labels are generated, their evaluation is mainly based upon two funda-
mental concepts: feasibility and dominance.

Definition 1 (Feasibility) A generated label L ; is feasible if |C;| < k.

Definition 2 (Dominapce) Given two labels L; and L ; associated with the same node
i € V, L; dominates L; if the following conditions hold:

>

=

is
is

N
(@

d;
(0F
and at least one of such conditions is strict.

Thus, the generated labels are discarded if they are either associated with infeasible
paths or dominated by other labels.

Theorem 1 Let L; and ii bethe labels associated to the paths Ps; and ﬁs i, respectively.
If L; dominates f,i, then, for any feasible extension (ISS,', [Z, h]>, there exists at least a
feasible path P from s to h such that:

1. P is not longer than <135i, [i, h]>;
2. C(P) C c((ﬁsi, [i, h]>).

Proof Let P = <I35,', [Z, h]> be a feasible extension of the path ﬁs,- and let P’ =

(Psi, [i, h]) be the extension obtained by substituting path 135,- with path Py;. For
path P’ two cases can occur: either it is a feasible extension too or it is an infeasible
extension due to the presence of a cycle.
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Fig.3 Feasible concatenation of Ps;
a “dominant” path (curved) with

the extension (dashed) of a ° 0 _____ _@
“dominated” path (normal)

Fig.4 Concatenation of a
“dominant” path (curved) with
the extension (dashed) of a
“dominated” path (normal)
containing a cycle

In the former case (Fig. 3), given the dominance of L; over I:,-, the extension
P’ verifies conditions 1 and 2. In fact, according to Definition 2, path feasibility
is preserved—C (P")= C; U{C([i, h])} < C; U {C(i,hD} = C(ﬁ)—while the dis-
tance of Py; being not greater than that of ﬁgi—i.e. d; < ﬁi —ensures that distance-wise
P’ is not less favorable with respect to P. Hence, P = P'.

In the latter case, a cycle in the extension P’ occurs when the node # is visited by
the dominant path Ps;, as depicted in Fig. 4.

Thus, given that Py, C Py and ﬁx,- C 75, the dominance of L; over ii ensures
that C(Ps;) € C(Pg;) € C (sti) ccC (75) while the distance of Py;, being not greater
than the distance of P. As a consequence, the subpath Py, is a path from s to 2 which
verifies conditions 1 and 2, i.e. P = Pyj.

In conclusion, extending a dominated path yields to the construction of a dominated
path. O

With the aim of pruning the space of solutions from those unfavourable, the
dynamic programming algorithm collects in sets D(i), Vi € V, only feasible and
non-dominated labels. It is duly noted how this approach preserves optimality, since
there exists at least one optimal solution associated to a feasible and non-dominated
label. In fact, if P* is an optimal path associated to a dominated label, then there exists
another feasible s-¢ path P** such that C(P**) € C(P*), and P** is not longer than
P*. Since P* is optimal, P** and P* have the same length—in terms of distance—,
and thus P** is an optimal solution.

The DP algorithm is summarized in Algorithm 1. Let A be the cost of the current
incumbent. Lines from 2 to 4 initialize the first label, the list of labels L, the lists
D(j),V j € V and the cost A. While L is not empty, the algorithm extracts a non-
dominated feasible label L; from L (Line 6). Then, if the total distance related to L;
is less than A, the incumbent is updated whenever i = t. Otherwise, the labels of
each node j € V such that [i, j] € E are generated and added to the list L by means
of the procedure AddLabel (Line 14). In particular, given a certain label L ;, this
label-adding procedure includes L ; in L and D() if it is feasible and non-dominated.

Finally, DP returns the best found solution corresponding to the optimal one.
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Function DP (G = (V, E,d,C),s,t)

Ls < (0.9, (s)

best < Nil; A < 400
while L £ ) do

if di < A then
if i = ¢ then
A =d;
‘ best < L;
else

return best

L < {Ls}; D(s) < {Ls}; D(j) <D, VjeV,j#s

L; < Extract(L); L < L\{L;}

foreach j € V: [i, j] € E do
Lj < (d; + w;j. C; U{C([i, jD}. (P [i j1)
AddLabel (L, D, Lj)

Algorithm 1: Pseudo-code of the proposed Dynamic Programming algorithm.

In a dynamic programming technique, the choice of a well-performing label extrac-
tion policy (Algorithm 1, line 6) can be a determining factor in favoring the fast
convergence to good quality solutions, that combined with the pruning of dominated
labels can increase the performances of the algorithm.

The following list briefly introduces some of the best-known strategies that can
guide the label-extraction operations.

Dijkstra-like rule (DR):

the extracted label is the one with the smallest distance;

First-In First-Out (FIFO): the extracted label is the one that has been in the queue

Last-In First-Out (LIFO):
Small-Label-First (SLF)

A*:

for the longest time;

the last inserted label is the first extracted;

[1]: the extraction is performed from the top of the list.
Indeed, whenever a new label L ; has to be added to L,
its total distance d; is compared with the one d, of the
currently top label L, of L. If d; < d,, label L; is
entered at the top of L; otherwise L ;j is entered at the
bottom of L ;

the extracted label is the one that presents the smallest
value of the sum between the distance d; and the distance
of the simple shortest path from the current node i to the
target node ¢.

2
3

4
5
6

if L is feasible then

1 Procedure AddLabel (L, D, L;)

if L is not dominated by any label L/j belonging to D(j) then
Remove from D(j) and L all labels L’j that are dominated by L ;

L« LU(L}}

D(j) < D(HUIL

jl

Algorithm 2: Pseudo-code of label-adding procedure.
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Remark 1 Interestingly enough, we observe that the function used in the A* strategy,
to evaluate the length of the path from the current node i to the target node ¢, gives
a lower bound on the cost of the optimal path from i to ¢. In fact, that minimum cost
path is computed without taking into account constraints (1d).

As reported in [11], A* finds an optimal solution whenever the length of the path
from the current node to the target one is estimated with a lower bound. As a con-
sequence, the first feasible solution found by the A* strategy is indeed optimal, thus
allowing to prune all the remaining labels. O

Remark 2 As a last observation, we note how the computational effort related to the
execution of a DP algorithm is related to the number of explored labels. Without
assuming the use of a specific extraction policy, in the worst possible case the number
of explored labels is equal to the number of feasible k-colored paths from s to any
nodei € V.

Assuming the use of A* as extraction policy, let N (k) be the total number of
combination without repetitions of / elements of C, withl =1, ..., k, i.e.

k
C
Nk) = Z (' l '). )

=1

The number of labels extracted for each node v € V'\{s, t} is bounded by N (k),
since for each feasible combination of colors, the A* strategy extracts only the most
favorable path that dominates others characterized by the same set of colors. As a
consequence of this, the number of iterations of the DP algorithm is bounded by
(|V] = 2) - N(k). Each one of the operations executed in a single iteration can be
carried out in O(1), except for the AddLabel operation 14, whose complexity is
linear in the size of D(j). The size of D(j) can be estimated by N (k), since for each
feasible combination of colors, only the dominating path is kept in memory. Therefore,
an upper bound for the complexity of DP with the A* strategy is O((|V|—2)-N k)3).

]

4 Computational experiments

In this Section, we discuss about the computational experiments we have designed
to appraise the performances of DP when compared to two other different solution
approaches, namely a Branch and Bound (B&B) algorithm described in [7], and the
direct solution of the mathematical model obtained by means of the ILOG CPLEX
12.9 solver.

All the algorithms here compared were coded in C++ using the flags —~std=c++17
-03 and compiled with g++ 8.2. The experiments were run on a INTEL i5-
6400@2.70 GHz processor with 8GB of RAM. A time limit of 10 min has been
used for each solution method.
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Table 1 Instance parameters for data-set A

Fully random graphs Grid graphs

Problem  p Nodes Arcs Colors Problem  p Size Colors
R1 0.15 75,000 750,000 112,500 Gl1 0.15 100 x 100 5940
R1 0.20 75,000 750,000 150,000 G1 0.20 100 x 100 7920
R2 0.15 75,000 112,500 168,750 G2 0.15 100 x 200 11,910
R2 0.20 75,000 112,500 225,000 G2 020 100 x 200 15,880
R3 0.15 75,000 150,000 225,000 G3 0.15 250 x 250 37,350
R3 0.20 75,000 150,000 300,000 G3 020 250 x 250 49, 800
R4 0.15 100,000 1,000,000 150,000 G4 0.15 250 x 500 74,775
R4 0.20 100,000 1,000,000 200,000 G4 020 250 x 500 99,700
R5 0.15 100,000 1,500, 000 225,000 G5 0.15 500 x 500 149,700
RS 0.20 100,000 1,500,000 300,000 G5 0.20 500 x 500 199,600
R6 0.15 100,000 2,000, 000 300,000 G6 0.15 500 x 1000 299,550
R6 0.20 100,000 2,000,000 400,000  G6 020 500 x 1000 399,400
R7 0.15 125,000 1,250,000 187,500

R7 0.20 125,000 1,250,000 250,000

R8 0.15 125,000 1,875,000 281,250

R8 0.20 125,000 1,875,000 375,000

R9 0.15 125,000 2,500,000 375,000

R9 0.20 125,000 2,500,000 500,000

4.1 Test instances

The experimentation has been conducted on two data-sets, whose characteristics are
summarized in Tables 1 and 2.

Explicitly, the first set of testing instances considered, namely .4, consists of the
networks described in [7]. These instances were randomly generated through an adap-
tion of the generator presented in [9], and can be divided in two classes: fully random
and grid graphs.!

The number m of edges in the fully random graphs has been selected to belong to
{10 - n, 15 - n,20 - n}, where n = |V|. Moreover, the total number of colors for each
instance is p -m with p € {0.15, 0.20}. Finally, in order to avoid instance-triviality, the
value for k has been determined solving a shortest path problem on G. In particular, if
7* is a shortest path connecting s and # in G, and C* is the number of different colors
traversed by 7 *, then k is selected as C* — 2.

Each combination of graph size, denoted as {R1, ..., R9, G1, ..., G6}, and num-
ber of colors characterizes a collection of similar instances. Each collection contains
ten different instances of the same type. The characteristics of the data-set are sum-
marized in Table 1.

! The full data-set is available on Figshare [6].
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Table 2 Instance parameters of data-set 3

Fully random graphs Grid graphs

Problem 4 Nodes Arcs Colors Problem P Size Colors
R1 0.01 75,000 750,000 7500 Gl 0.01 100 x 100 396
R1 0.02 75,000 750,000 15,000 Gl 0.02 100 x 100 792
R2 0.01 75,000 112,500 11,250 G2 0.01 100 x 200 794
R2 0.02 75,000 112,500 22,500 G2 0.02 100 x 200 1588
R3 0.01 75,000 150,000 15,000 G3 0.01 250 x 250 2490
R3 0.02 75,000 150,000 30,000 G3 0.02 250 x 250 4980
R4 0.01 100,000 1,000,000 10,000 G4 0.01 250 x 500 4985
R4 0.02 100,000 1,000,000 20,000 G4 0.02 250 x 500 9970
R5 0.01 100,000 1,500,000 15,000 G5 0.01 500 x 500 9980
RS 0.02 100,000 1,500,000 30,000 G5 0.02 500 x 500 19,960
R6 0.01 100,000 2,000,000 20,000 G6 0.01 500 x 1000 19,970
R6 0.02 100,000 2,000,000 40,000 G6 0.02 500 x 1000 39,940
R7 0.01 125,000 1,250,000 1250

R7 0.02 125,000 1,250,000 25,000

R8 0.01 125,000 1,875,000 18,750

R8 0.02 125,000 1,875,000 37,500

R9 0.01 125,000 2,500,000 25,000

R9 0.02 125,000 2,500,000 50,000

Moreover, in order to better analyze how the performances of the algorithms are
affected by a variation in the number of colors, we generated a second set of instances,
namely B. This data-set replicates the graph sizes of set A, but p ranges in {0.01, 0.02}
meaning that the total number of colors in the networks has been reduced. The char-
acteristics are summarized in Table 2.

4.2 Analysis of the extraction policies for DP

The analysis here presented aims to appraise how the computational performance of
the proposed solution approach is affected by the different label selection policies.

At this purpose, we randomly selected 2 out of 10 instances of each type from data-
set A and left DP—with one of the extraction policies, in turn—run with a time limit
of 10 min. Tables 3 and 4 report, for each instance type and each extraction policy, the
average running time and the number O of optimal solutions found within the time
limit.

The results point out that the most performing strategy is A*, both in terms of
number of optimal solutions found and running times. This behaviour depends on the
criterion used for the selection of the label L; to be extracted: the value of the path
from node i to the target ¢ is an estimation (i.e. a lower bound) of the final cost that
can be obtained starting from the path associated with L;.
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;::;z}ingzglzﬁzgiznn(}illy Problem P BE DF

random graphs Avgtime  O+F Avg.time O+F
R1 0.15 0.19 240 1.17 2+0
R1 0.20 9.52 2+0 40.55 240
R2 0.15  300.39 1+0 302.18 1+0
R2 020 300.13 1+1 300.74 1+1
R3 0.15  600.00 0+2 600.01 0+2
R3 020  314.10 1+1 378.88 1+1
R4 0.15 0.30 2+0 1.06 2+0
R4 0.20 0.28 2+0 1.09 2+0
RS 0.15  600.00 0+2 600.00 0+2
R5 0.20  600.00 0+2 600.00 0+2
R6 0.15 0.41 2+0 1.18 2+0
R6 0.20 0.41 2+0 2.07 2+0
R7 0.15  300.49 1+1 300.61 1+1
R7 020 39425 1+1 420.85 1+1
R8 0.15  300.27 1+1 300.32 1+1
R8 0.20  600.00 0+2 600.00 0+2
R9 0.15  309.33 1+1 311.26 1+1
R9 0.20  313.93 1+1 316.92 1+1
Average 274.67 282.16
Sum 20+ 15 20+ 15

As aconsequence, the convergence to a feasible—indeed optimal—solution is more
rapid with respect to the other strategies and a significant number of opened labels can

be pruned when the optimum is found (see Remark 1).

4.3 Analysis of the branching strategy

We compared a best-first (BF) and a depth-first (DF) strategy of exploration of the
branching tree. On the one hand, BF extracts the branching node that presents a relaxed
solution with the highest cost. On the other hand, DF extracts a node from the deepest
level. The results are collected in Tables 5 and 6 and report

— the average time for the resolution of instances of the reference type;

— the number O of optimal solutions found within the time limit;

— the number F of feasible (non optimal) solutions found within the time limit.

Though none of the two strategies outperforms the other one, we observe that BF
presents slightly lower computational times and is able to find an extra optimal solution

(compared to DF) for the grid graphs.

@ Springer



1986 D. Ferone et al.

Table 6 Comparison of

branching strategy on fully grid Problem P BE DF

graphs Avg. time O+F Avg. time O+F
Gl 0.15 600.00 0+2 600.00 0+2
Gl 0.20 300.00 1+1 300.01 1+1
G2 0.15 600.00 0+1 600.82 0+1
G2 0.20 362.58 1+0 600.02 0+2
G3 0.15 462.39 1+1 493.50 1+1
G3 0.20 600.00 0+2 600.00 0+2
G4 0.15 116.79 2+0 589.58 1+1
G4 0.20 600.00 0+2 379.91 1+1
G5 0.15 600.00 0+2 600.28 0+2
G5 0.20 300.21 1+1 300.77 1+1
G6 0.15 300.49 1+1 301.51 1+1
G6 0.20 300.48 1+1 302.12 1+1
Average 428.58 472.38
Sum 8+ 14 7+16

4.4 Algorithms comparison

Finally, the last experimentation compares DP with A* extraction strategy, B&B
with best-first branching strategy, and the model solved by CPLEX. The results are
collected in Tables 7 and 8.

Analyzing the performances achieved by the algorithms on random instances
(Table 7), it is possible to observe how the average computational times spent by
DP are sensibly smaller, being at least an order of magnitude lower with respect to
those achieved by B&B and CPLEX. Additionally, the number of optimal solutions
encountered by means of DP (176/180 = 97.78%) almost doubles the number of
optimal solutions of the second best algorithm, i.e., 93 optima found by B&B.

Instead, the solution of k-CSPP on grid graphs (Table 8) requires on average higher
computational times and comparing the number of optimally solved instances with
those reported in Table 7, it is possible to note a sensible decrease. This behavior,
observed in all the solution techniques here considered, can be attributed to the specific
topology characterizing grids. In fact, such graphs are much sparser than the random
networks of R1-R9, and the search for a shortest path coupled with a color restriction
represents a harder task. Nonetheless, both the number of optimal solutions and the
average computational times exhibited by DP outperform its two competitors.

Additionally, given the Remark 1, both on random and grid graphs, DP either
converges to the optimal solution in the time-limit or is not able to find a feasible
solution. On the contrary, B&B is able to encounter feasible solutions in almost the
totality of the tackled instances (277/300 = 92.33%).

It is properly noted how the average times alone are not sufficient to grasp the
performances achieved by the algorithms. This is clear, for example, when considering
the distribution of computational times spent by the algorithms on G1 instances with
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Table 7 Computational results on fully random graphs of the data-set A
Problem P B&B BF CPLEX DP

Avg. time O+F Avg. time O+F Avg. time O+F
R1 0.15 301.44 5+2 92.43 10+0 1.56 10+0
R1 0.20 301.98 5+4 89.12 9+0 2.35 9+0
R2 0.15 182.08 T+2 158.54 9+0 60.24 9+0
R2 0.20 182.09 7T+2 163.05 9+0 60.24 9+0
R3 0.15 304.27 5+5 521.92 2+0 0.47 10+0
R3 0.20 304.21 5+5 513.47 2+0 0.49 10+0
R4 0.15 300.18 5+3 123.57 10+0 0.65 10+0
R4 0.20 25891 6+1 218.52 8+0 3.95 9+0
R5 0.15 360.18 4+6 600 0+0 0.47 10+0
R5 0.20 360.18 4+6 600 0+0 0.50 10+0
R6 0.15 120.36 8+2 600 0+0 0.49 10+0
R6 0.20 120.36 8+2 600 0+0 0.50 10+0
R7 0.15 379.21 4+5 600 0+0 0.43 10+0
R7 0.20 379.44 4+5 512.84 2+0 0.43 10+0
R8 0.15 420.31 3+5 600 0+0 0.63 10+0
R8 0.20 420.26 3+5 600 0+0 0.64 10+0
R9 0.15 305.46 5+5 600 0+0 0.71 10+0
RO 0.20 304.75 5+5 600 0+0 0.72 10+0
Average 294.76 432.97 7.53
Sum 93 +70 61+0 176 + 0
Table 8 Computational results on grid graphs of the data-set A
Problem p B&B BF CPLEX DP

Avg. time O+F Avg. time O+F Avg. time O+F
Gl 0.15 422.02 3+6 41.05 10+0 0.92 10+0
Gl 0.20 420.95 3+6 42.16 10+0 60.81 9+0
G2 0.15 483.70 2+6 200.71 10+0 3.81 10+0
G2 0.20 498.76 2+6 225.43 9+0 12.69 10+0
G3 0.15 575.96 1+9 596.76 1+7 130.83 8+0
G3 0.20 544.83 1+9 587.55 2+7 130.01 8+0
G4 0.15 434.49 4+6 602.28 0+10 64.99 9+0
G4 0.20 421.90 4+6 602.36 0+10 62.00 9+0
G5 0.15 540.04 149 607.63 0+9 367.50 440
G5 0.20 486.18 2+8 607.07 0+10 362.37 4+0
G6 0.15 540.11 1+9 600.00 0+0 232.51 7+0
G6 0.20 540.10 1+9 600.00 0+0 275.19 6+0
Average 492.42 442.75 141.97
Sum 25+89 42 +53 94 +0
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Fig.5 Distribution of computational times on G1 instances with p = 0.20

p = 0.20, reported in the bar-chart of Fig. 5. Among the three methods, it is evident
how DP reaches the optimal solution in less than 1 s on 9 graphs, while on a single
instance it is not able to encounter a feasible solution within the given time limit
(600 s). The resulting average time of 60 s can not be clearly compared with the one
achieved by CPLEX, equal to 42 s, resulting from generally higher times with smaller
variance.

Once again, the study of the distribution of computational times on the whole data-
set (Fig. 6) shows that DP is often extremely fast in the construction of an optimal
solution, and in few cases struggles in the pursuit of a feasible solution. On the contrary,
for B&B and CPLEX, the number of instances requiring the whole allotted time limit,
or in general times greater than few seconds, is sensibly higher.

In order to study the performances while varying the number of colors, we executed
the three algorithms on the instances of data-set 53, and the results are reported in
Tables 9 and 10.

Table 11 reports a summarized comparison between the results on data-sets .4 and
B. The results highlight that DP efficiency is strongly affected by the number of colors.
DP presents a ratio of computational time on B over computational time on .4 equal to
0.07 and 0.11 for random and grid graphs, respectively. This behavior was expected,
since the lower the number of colors the lower the number of feasible non-dominated
labels (see Remark 2).

On the contrary, it is not possible to identify a clear trend in the performances of
B&B and CPLEX at varying the number of colors. On the one hand, on grid graphs,
the computational times tend to decrease when lowering the number of colors. On the
contrary, the trend appears to be inverse on fully random graphs.
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Table 9 Computational results on random graphs of the data-set 3
Problem P B&B BF CPLEX DP
Avg. time O+F Avg. time O+F Avg. time O+F
R1 0.01 361.88 4+4 151.50 10+0 0.28 10+0
R1 0.02 361.89 4+4 98.44 10+0 0.29 10+0
R2 0.01 313.24 5+5 200.60 10+0 0.29 10+0
R2 0.02 312.99 5+5 142.71 10+ 0 0.29 10+0
R3 0.01 370.50 4+4 600.00 0+0 0.91 10+0
R3 0.02 370.58 4+4 560.25 1+0 1.01 10+0
R4 0.01 260.80 6+2 393.65 5+0 0.32 10+0
R4 0.02 199.88 7+1 363.72 5+0 0.31 10+0
RS 0.01 360.19 4+6 600.00 0+0 0.40 10+0
RS 0.02 360.19 4+6 600.00 0+0 0.40 10+0
R6 0.01 360.21 4+5 600.00 0+0 0.80 10+0
R6 0.02 360.21 4+5 600.00 0+0 0.84 10+0
R7 0.01 378.94 4+5 429.33 540 0.45 10+0
R7 0.02 378.89 4+5 391.06 5+40 0.47 10+0
R8 0.01 420.26 3+6 600.00 0+0 1.01 10+0
R8 0.02 420.25 3+6 600.00 0+0 1.16 10+0
R9 0.01 446.22 3+5 600.00 0+0 0.81 10+0
R9 0.02 446.08 3+5 600.00 0+0 0.82 10+0
Average 360.18 451.74 0.60
Sum 75+ 83 61+0 180+0
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Table 10 Computational results on grid graphs of the data-set B

Problem p B&B BF CPLEX DP

Avg. time O+F Avg. time O+F Avg. time O+F
Gl 0.01 228.44 7+3 25.36 10+0 0.03 10+0
Gl 0.02 365.88 4+6 34.44 10+0 0.07 10+0
G2 0.02 360.74 4+5 110.25 10+0 0.11 10+0
G2 0.01 296.94 6+4 122.44 10+0 0.09 10+0
G3 0.01 445.39 3+7 600.62 0+0 0.92 10+0
G3 0.02 426.04 3+7 559.21 4+5 0.79 10+0
G4 0.01 414.45 4+6 601.25 0+0 1.01 10+0
G4 0.02 432.01 3+7 601.22 0+10 2.41 10+0
G5 0.01 369.38 4+6 600.00 0+0 50.67 10+0
G5 0.02 371.41 4+6 600.00 0+0 18.37 10+0
G6 0.01 425.70 3+7 600.00 0+0 46.33 10+0
G6 0.02 481.60 2+8 600.00 0+0 69.49 10+0
Average 384.83 421.23 15.86
Sum 47+ 72 44 +15 120+0

Table 11 Comparison for data-sets .A and B

data-set B&B BF CPLEX DP

Topology Avg. time O+F Avg. time O+F Avg. time O+F
A Random 294.76 93 +170 432.97 61+0 7.53 176+ 0
A Grid 492.42 25+ 89 442.75 42 +53 141.97 94+0
B Random 360.18 75+ 83 451.74 61+0 0.60 180+ 0
B Grid 384.83 47+ 72 421.23 44 +15 15.86 120+ 0

5 Conclusions and future works

The problem addressed in this paper is collocated in the frame of Constrained Shortest
Path Problems (CSPP). Specifically, we investigated a recent variant of CSPP, named
k-Colored Shortest Path (k-CSPP) and proposed in [7].

The solution framework we devised consists of a dynamic programming (DP)
algorithm based on a path-labeling approach and an A*-like exploration strategy.
With the aim of validating this approach, we compared the performances of DP with
those achieved by two alternative methods: the direct solution of the mathematical
model obtained with CPLEX solver, and the Branch and Bound technique described
in [7]. These three techniques have been tested on two data-sets that comprises two
different graph topologies: random and grid graphs. The experimental results show
that DP outperforms its two competitors both in terms of computational times and
number of optimal solutions found within the given time limit.
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Due to the computational intractability of the problem, future research streams will
be mainly focused on the design of efficient heuristic approaches with the aim to
solve large size instances in short computational time. Moreover, in order to properly
model the complexity of real-world networks, different failure probabilities p., for
each color ¢ € C(E), could be considered; then the resulting bi-objective problem
could be solved through a sim-heuristic approach [8,10].
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