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Prologue

Connections across curricular topics, within and beyond mathematics, are important. Setting out from this premise, I see the incorporation of said connections in students’ learning as fostering ‘fuel’ as opposed to ‘fossil’ narratives about mathematics [1]. Through the commognitive lens I deploy in this article, ‘fuel’ is meant as meaningful engagement with mathematical, and other, ‘realizations’ of a mathematical object. ‘fossil’ is meant as externally imposed reverence for a mathematical object, yet alienation from its meaning, utility and purpose. In this vision of connectedness, there is a dialectic, dynamic and productively blurred boundary between intra- and extra-mathematical connections. I make the case for this vision of connectedness through drawing on studies that explore students’ narratives about mathematics at large and about the significance of intra- and extra- mathematical connections (the latter in the case of one mathematical object, exponential growth). The analyses indicate how connectedness-informed pedagogies can facilitate the students’ navigating across ‘literate’ (mathematical) and ‘colloquial’ (everyday) discourses and moving towards ‘fuel’ narratives about mathematics.

Mathematics in a pandemic: disconnected narratives

Official curricular documents often brim with references to the importance of connections, either intra-mathematical – as relationships between two or more mathematical ideas – or extra-mathematical, as manifestations of mathematical ideas in contexts outside of mathematics, in other disciplines or in everyday life (Haj-Yahya & Klieger, 2023). This curricular vision resonates with that in policy documents in many countries [2]. In the UK, for example, where the studies I draw in this article are conducted, according to the statutory guidance in the National Curriculum in England (2021) mathematics

is a creative and highly interconnected discipline that has been developed over centuries, providing the solution to some of history’s most intriguing problems. It is essential to everyday life, critical to science, technology and engineering, and necessary for financial literacy and most forms of employment. A high-quality mathematics education therefore provides a foundation for understanding the world, the ability to reason mathematically, an appreciation of the beauty and power of mathematics, and a sense of enjoyment and curiosity about the subject. (p. 2)

An underlying assumption in this stated curricular priority is that connection-rich mathematical experiences reinforce appreciation – and motivation – for the study of mathematics. The goal is laudable albeit not always supported in practice [3] as mathematical topics are broken down in lesson-size portions, or as questions are designed for high stakes examinations. Against robust connection-favoring research arguments, students’ learning experience in mathematics is neatly – but frustratingly – compartmentalised. As a result, students’ narratives about mathematics (Nardi & Steward, 2003) are often at a distance from the narratives typically held by those who do and use mathematics – mathematicians as well as others in numerous disciplines and professions – about mathematics as a vibrant, ever-evolving, useful and meaningful activity. 

An opportunity seemed to arise during the Covid-19 pandemic: public discourse – for example, in the UK, led primarily by daily, televised conferences featuring the Government’s Chief Medical Officer (Whitty, 2021) – brimmed with mathematical references such as to ‘exponential growth’. As debates raged about whether and how to convince the public of the utter necessity for the personal, social and economic sacrifices that tackling the virus implied, a stark realisation started to emerge: that many of these references may not have the impact that the scientists who were making them were hoping to achieve (“it’s amazing how many clever people […] don’t know what exponential growth means”, Whitty (ibid.)). As perhaps most acutely became evident during the pandemic – but also is continually and urgently so, as governments, industries and individual citizens decide how the climate, and other, crises, are to be tackled (PlusMaths, 2023) – mathematics has at least three roles (Skovsmose, 2021). First, mathematics “can picture a crisis“ and allow us to produce a mathematical model that provides an account of a critical situation, such as a pandemic or climate change. Second, mathematics “can constitute a crisis“ and offer readings of reality with significant political, economic and cultural repercussions, as we saw, for example, in the financial crisis that shook, and affected for years on, the world in 2008. And, third, mathematics “can format a crisis“, namely when “a mathematical reading of a crisis brings about ways of acting in the critical situation that might be adequate, but also counterproductive, if not catastrophic“ (p.369). The growing debate about climate justice is an apt example of the third. 

In resonance with Skovsmose’s (2021) analysis, a question then may emerge: is mathematics, and its power to convince, and to contribute to rational, collective decision-making, visible to key decision makers (and the public that may have put these decision makers into positions of power)? Translating this question into a pedagogical concern that is central to the field of Mathematics Education, one may ask: how visible, appreciated and critically problematised are the contributions of mathematics to learners of mathematics whose education includes at least 10 years of experience of the subject – and how pivotal are this visibility, appreciation and critical evaluation in the types of experiences these learners are offered?

I explore these questions through drawing briefly on studies I am involved in that indicate how invisible mathematicians and mathematics often seem to be and how detrimental a limited, tunnel-vision, disconnected experience of mathematics can be (Scene I). I explore the conjecture that exposure to mathematical references during a crisis, such as the recent pandemic, may make some difference to said visibility of mathematics (Scene II). Specifically, I explore how connected experiences of mathematics may foster appreciation for the intra- and extra-mathematical significance of mathematics through examples of data and analyses that pertain to a particular mathematical topic (‘exponential growth’, Scene III). Building on the small steps towards a connectedness-informed pedagogy I report here, I conclude with proposing that, for a connected vision to materialise, collapsing silos that prevent (primary, secondary, tertiary, professional) communities from working with each other, establishing rapprochement and synergy between communities of mathematics teachers across educational levels and across disciplines is utterly necessary. 

The discussion in this article is through a discourse analysis lens – specifically, the theory of commognition (Sfard, 2008). I see the incorporation of connections in students’ learning experiences in mathematics as fostering what I label (Nardi, 2023) as ‘fuel’ (as opposed to ‘fossil’) narratives about mathematics. ‘fossil’ denotes often external-authority imposed, unexplained reverence for a mathematical object, yet alienation from its meaning, utility and purpose. ‘fuel’ denotes meaningful engagement with a variety of mathematical, and other, ‘realizations’ (Sfard, 2008) of a mathematical object. For example, learning about Pythagoras’ Theorem merely as a revered example of Ancient Greek mathematics may indicate a ‘fossil’ narrative; seeing its connections to what I may learn in trigonometry or how I may apply it to calculate angles or distances in everyday life indicates a ‘fuel’ narrative. In the connected vision about mathematics that I make a case for, steering away from ‘fossil’ and moving towards ‘fuel’ narratives about mathematics is a potent discursive shift for mathematical learners.

The fossil / fuel metaphor also resonates with Skovsmose’s (2020) triad of narratives about mathematics education: (1) if mathematics is a “beautiful“ and “useful“ subject, then it is a sine qua non of the curriculum, mathematics education is a  “sublime“ subject and mathematics educators are proud and sturdy “ambassadors“ of mathematics (p. 46-47); (2) even if mathematics is presented as necessary and prescribed as accessible to all, mathematics education – as practiced with a primary focus on learners’  “prescription readiness“ – is a cog in the wheel of producing an “obedient workforce“ and therefore a “suspicious“ subject (p. 49); (3) even if “mathematics education often embraces routines that cultivate a prescription readiness“, it has substantial “critical potential“, it can enable the “development of a critical citizenship“ (p. 49). Fossil narratives about mathematics (and its pedagogy) resonate with the first (“sublime“, especially the “beautiful“ element in it). Fuel narratives resonate with the “useful“ elements in the first, offer resistance to the “suspicious“ elements in the second and celebrate the empowering “criticality“ in the third.

Constructing ‘fuel’ narratives about mathematics can be enabled through particular kinds of participation in mathematics – in commognitive terms, through a combination of ritualised and exploratory participation, through “hybrid“ (Christiansen, Corriveau & Pettersson, 2023) opportunities to learn which are simultaneously ritual-enabling and exploration-requiring. For example, engaging with the ritual of entering values for a function on a spreadsheet may offer an opportunity for a tangible sense of how these values grow in a linear or an exponential fashion. This can be followed by an exploratory discovery of whether and how a particular variable in a given dataset grows when working, say, in a Geogebra environment. The tasks that the students engaged with in the data and analyses I sample from in Scenes II and III illustrate examples of such opportunities. 

So, in the light of the rationale and theoretical framing presented so far, the question I explore – with snapshots from studies I am involved in and presented in Scenes I, II and III – is: 

Can a connectedness-informed pedagogy facilitate a discursive shift from ‘fossil’ to ‘fuel’ narratives about mathematics?

Invisibility and ‘fossil’ narratives

Scene I: The invisibility of mathematical research

[bookmark: _Hlk157506468]The SUPI (Schools and University Partnership Initiative) study, conducted by the Schools of Biology, Medicine and Education in my institution (Yeoman, Nardi,  Bowater & Nguyen, 2017), investigated secondary students’ (aged 11-19) narratives about how research in various disciplines is conceived and conducted – and where its utility and significance lie. Mathematics was one of the disciplines that the study focused on. ‘What does a mathematician do?’ was one of the questions asked during focused group interviews with the students. The interviews (N=100) followed analysis of questionnaire data (N = 2634) in which the item ‘Mathematicians do a lot of research’ yielded disappointing results: only a sixth of the participants agreed (or agreed strongly). A comprehensive account of the questionnaire design, data and descriptive statistics analysis is in (Yeoman, Nardi,  Bowater & Nguyen, 2017, p. 290): there, the contrast between the scores for mathematics and other disciplines (such as Science) is stark.

The interview question ‘Could you give us an example of the type of research which a mathematician would do?’ elicited a small number of references to surveying and to presentation of data – the “tallying” (Yeoman, Nardi,  Bowater & Nguyen, 2017; p. 291) aspect of mathematics. Another interview question, which invited examples of research that participants considered worthwhile, elicited zero responses for Mathematics (while responses about other disciplines, particularly in the natural sciences and Medicine, were in the dozens). The study strengthened the body of evidence that suggests that, at least to these young people in the UK, mathematics and mathematicians are rather invisible and that public narratives about mathematics, including those of young people still in their schooling years, remain poor. 

[bookmark: _Hlk132097267]In (Yeoman, Nardi,  Bowater & Nguyen, 2017), we called for educating teachers “towards a much needed, more comprehensive appreciation of the research process” particularly in “severely under-represented” (p.300) disciplines such as mathematics. During the Covid-19 pandemic, I did wonder whether participant responses to the questions we had posed in that study would be different in the aftermath of this public health crisis – whether, in other words, the visibility of mathematics was changing towards more appreciative, ‘fuel’ narratives about mathematics because of the very public and explicit exposure to mathematics and its uses during the pandemic. To investigate, I designed and implemented a trial through the activities – as well as formative and summative assessment – of a course I teach that focuses on students’ mathematical identities (Nardi, 2023), especially in relation to public narratives about mathematics and its pedagogy. I now recapitulate briefly this trial.

Scene II: Students’ narratives about mathematics

Children, teachers and mathematics: Changing public discourses about mathematics is an optional Research in Mathematics Education course for final-year Bachelors in Education students. The course invites students (at least three quarters of whom will enter teacher preparation courses after graduation) to revisit their own – sometimes traumatic – experiences of learning mathematics, overcome their reticence about their mathematical ability (Jenßen, Möller, Eilerts & Rösken-Winter, 2022) and explore / challenge their narratives about what mathematics is and what it is for. Assessment is through a portfolio of learning outcomes which invites responses to ten tasks, worked on by the students between and during the weekly seminar sessions. The tasks range from biographical accounts of the students’ mathematical experiences, responses to mathtasks [4] and Maths Pitches, snappy (300 word or 2-minute) multi-modal narratives in which students are invited to make a compelling presentation of an important piece of mathematics to a member of the public.

For several years, the portfolio included just one Maths Pitch task. Having observed that students’ choices of topic for their Maths Pitch invariably focused exclusively on ‘fossil’ accounts of classical mathematical topics, I recently started requesting two pitches, one entitled Mathematics Over Time and another entitled Mathematics Today. 

I expected that the overwhelming public presence (as I saw it at least) of mathematics during the pandemic – the graphs, the data tables, the language of growth / rates of growth, statistical significance, probability of one occurrence or the other and so on – would somehow be mirrored in the students’ choices for their Mathematics Today Maths Pitches. This expectation did not play out. Of the 72 portfolio entries in that cohort (36 students x 2 pitches), the vast majority, over 80%, ignored the ‘today’ in the brief and simply presented a bit of mathematics created in the distant past, sometimes dressed up as having contemporary relevance (say, using Pythagoras’ Theorem in building a door or a window). I saw these student responses as evidence of ‘fossil’ narratives about mathematics (in the sense that fossils are revered but lifeless exhibits in a museum). A handful of student responses did present interdisciplinary uses of mathematics in engineering, environmental science, economics, medicine and technology. I saw these as evidence of ‘fuel’ narratives about mathematics (alive, evolving, useful, solving problems and propelling our lives).

What this, and other, portfolio evidence suggests resonates with our conclusion in (Yeoman, Nardi,  Bowater & Nguyen, 2017) that, to these undergraduates, mathematics remains largely invisible. This finding is concerning as these students are at the cusp of university graduation and entering the world of work, including the world of the classroom. It is also surprising given that the bulk of mathematical objects and processes that proliferated in the regular public announcements during the pandemic are part and parcel of what is expected – per National Curriculum (2021) guidelines in the UK – to be within these students’ mathematical experiences.

A quick scrutiny of the National Curriculum in England (2021) indicates that students encounter, for example, graphs in various interconnected formats such as bar charts, pie charts, pictograms and so on as early as Year 4, including emphasis on evidencing how a quantity changes over time in a graph (p. 24). Notably, “set up, solve and interpret the answers in growth and decay problems, including compound interest“ (p. 46) does not appear until Key Stage 4, namely Years 10 and 11, the final stage of compulsory engagement with mathematics in English secondary education. Yet, engagement with statistical reasoning permeates what is prescribed in the National Curriculum: this ranges from “ask-and-answer questions about totalling and comparing categorical data“ (p. 13) in Year 2 to “describe simple mathematical relationships between 2 variables (bivariate data) in observational and experimental contexts and illustrate using scatter graphs“ (p. 43) in Key Stage 3, Years 7-9). 

When discussing these references in the National Curriculum with my students, in the light of the poor showing of appreciation for the intra- and extra-mathematical significance of mathematics in their Maths Pitches, I was struck by how disconnected their experiences of these key mathematical objects were over the ten years of prescribed contact with these objects. The persistent narrative about how irrelevant and unrelatable mathematics is – how ‘fossilised’ – aligned well, if sadly, with the uninspiring contents of their Maths Pitches. This was especially evident in the parts of the portfolio that asked for the students’ brief mathematical biographies of their relationship with mathematics over the years. Our short time together on the course did not manage to compensate for persistent evidence in their portfolios of longstanding, fragmented, over-compartmentalised, “prescription readiness“ (Skovsmose, 2020, p. 49) experiences of mathematics.

For the academic year that followed – inspired again by the relentless exposure of the public to said mathematical references during the pandemic at the time still ongoing – I made one of these references, ‘exponential growth’, the explicit focus of one mathtask in the portfolio (Nardi, 2023). I now sample analyses of the students’ responses to Question 1 from the Percentages, exponential growth and masks mathtask (Nardi, 2023; p. 647). 

Scene III: Mathematical connections: exponential growth

Question 1: Here is a sentence that sounds like ones that we have been hearing in the news in the last twenty months or so: ‘About 1% of infected people will need hospitalisation and the growth of infections is exponential’. How do you explain this sentence to someone who does not know what ‘percentage’ and ‘exponential growth’ mean?

Analyses of the students’ responses to Question 1 aimed to trace how students navigate colloquial and literate narratives about one mathematical object, ‘exponential growth’, and whether, and how, students recognise mathematics in colloquial situations. In designing this mathtask, I was aware of findings (e.g. Ellis, Ozgur, Kulow, Dogan & Amidon, 2016) about the challenges secondary and university students face in their first encounters with exponential growth (such as: connecting rules of exponentiation and rules for logarithms; transitioning between linear and exponential realisations of growth; seeing what makes data exponential; connecting exponential growth as repeated multiplication with the closed-form equation). These challenges concern whether, and how, intra-mathematical connections – about exponentiation amongst mathematical objects, and their properties, that the students have encountered over years of schooling – are made productively. But, as Ellis, Ozgur, Kulow, Dogan & Amidon (2016) note, these challenges also concern extra-mathematical connections such as “to recognize growth as exponential in nature“ (p. 151).

Of the 23 student responses, the bulk equated ‘exponential’ more or less with ‘very fast’: either plainly ‘fast’ or a variably specific version of ‘faster and faster’ (an overview of student narratives is in Nardi, 2023, p. 649). Only three students presented illustrative graphs. Of these three graphs, only two were combined with accompanying text that navigates informatively across colloquial and literate narratives about exponential growth (Figure 1). This equating “obfuscates the urgency of the exact sort of ‘fast’ that exponentiality carries” (p. 650). One such example of urgency – or what Davis (2014) calls the “power-full“-ness (p. 12 ) that lies in opting for an exponential gaze on data – is the recent pandemic and its handling by governments and citizens around the world. What this analysis revealed is how intra-mathematical deficits in the students’ narratives about exponential growth play out adversely in their capacity to materialise and engage with its manifestations in colloquial situations such as Question 1. 
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Figure 1: three exponential growth images in the students’ responses to Question 1 (Nardi, 2023; p.650). 

Interspersed across the exploratory studies I draw on in this article are pedagogical moves towards implementing a connected vision for mathematics pedagogy: 
· inclusion of one Maths Pitch in the seminar and then portfolio tasks; 
· separation into two Maths Pitches, one about History of Mathematics and one about Mathematics Today; 
· a portfolio mathtask that invites intra- and extra- mathematical connections and encourages ‘fuel’ narratives about exponential growth; 
· explicit, regular, connected mathematical story-telling in lectures and seminars.
These are deliberate, if modest, intervention steps towards offering students a mathematics education that fosters ‘fuel’, criticality-imbued (as per Skovsmose’s (3)) narratives about mathematics.

Epilogue: Towards ‘fuel’ narratives

As mathematics educators, we can do better at enriching students’, citizens’ and professionals’-to-be narratives about what mathematics is, and what it is for. We can, in Skovsmose’s (2020) words, do better at fulfilling its “critical potential“ (p. 49). The move away from ‘fossil’ and towards ‘fuel’ narratives about mathematics is one way to achieve said enrichment. I posit that the intra- and extra-mathematical connectedness in students’ mathematical experiences is a cornerstone of this move. I documented this connectedness as absent, or at best as variably evident in the studies I sampled from in Scenes I, II and III. 
 
In commognitive terms, I see fostering appreciation for intra- and extra-mathematical importance of mathematical objects such as ‘exponential growth’ as being about learning at ‘object-level’ as well as at ‘meta-level’, where ‘object level’ means learning about the what, how, when and why of the mathematical topics prescribed in the curriculum and ‘meta-level’ means learning about mathematics, learning to appreciate it and approach it critically through connectedness and therefore relatability. I note that, in this connected vision about mathematics, relatability can emerge also as an antidote to the perceived tedium and irrelevance of mathematics (Nardi & Steward, 2003). It may even make the response to socioaffective challenges – including tackling the toxic effect of (still) socially acceptable narratives such as ‘I am bad at maths’ (Coles & Sinclair, 2022) and tackling the devastating narrative about disaffection from mathematics as personal trauma – more robust. 

One way to enable this vision of a connected, relatable, criticality-empowering mathematical education is rapprochement and synergy between communities of mathematics teachers across educational levels and across disciplines. Resources such as NRICH [3] are proactive examples of initiatives that counter the deficit narrative that sees mathematics educators of one school level blaming earlier levels of education for alleged student knowledge shortages. How can this ‘fuel’- enabling, connected vision for learners’ mathematical experiences materialise across educational levels, and in the workplace/everyday life? How can the silos that separate communities (primary, secondary, tertiary, workplace) collapse and the ‘colloquial ‘/ ‘literate’ discourses about mathematics be more productively navigated? For example, primary teachers have a wealth of insights from across the subjects in the curriculum but may lack mathematical confidence to draw on these as creatively as they do in subjects they have more disciplinary confidence in (Jenßen, Möller, Eilerts & Rösken-Winter, 2022). Bringing primary and secondary teachers together helps collapse the primary/secondary silos. Secondary mathematics teachers need more opportunities to attune their teaching to the applications of mathematics that are central to other school subjects. Bringing secondary teachers together from across different subjects helps collapse the mathematics / other disciplines silos (Haj-Yahya & Klieger, 2023). 

At university level, a similar plea applies for the teaching and learning of mathematics across disciplines. While I am cautiously hopeful about interdisciplinary research and professional development work at university level (Dreyfus,  González-Martín, Monaghan, Nardi & Thompson, 2023), there is still much to desire in terms of communication across mathematics and other disciplines about the what and how of the mathematics that is needed in different disciplinary contexts. Bringing mathematicians, engineers, biologists, physicists, chemists, economists and so on together under the banner of exploring and addressing students’ mathematical needs helps collapse numerous-discipline silos (Dreyfus,  González-Martín, Monaghan, Nardi & Thompson, 2023). Having witnessed directly the benefits that lie in cross-disciplinary partnerships, I offer the example of a study (Viirman & Nardi, 2019) at the Norwegian BioCEED center for excellence in education. There, an intervention into the teaching of mathematics to Biology students through Mathematical Modelling activities – that aimed to generate meanings, purpose and utility of mathematics in a Biology context – was designed, implemented and evaluated. The commognitive analyses of the data collected in the study showed how hard-learnt mathematics in the Biology students’ prior experiences – ‘fossilized’ by the lack of connectedness to the very real needs of problem-solving within Biology and by the distance between what mathematics is as a secondary school subject and as a university discipline – can gain ‘fuel’ status as a vital tool for these university newcomers. 

As Reed and Kent (2023) remind us, the first mathematics book printed in England – Cuthbert Tunstall’s 1522 De arte supputandi libri quattuor (Four books on the art of reckoning) – was about mercantile mathematics: it aimed to help merchants avoid being swindled when dealing in golden coins. Aren’t disconnected, ‘fossilised’ experiences of mathematics swindling our students of opportunities to appreciate, enjoy, problematize – and then choose to practice with the criticality that our times urgently demand – what much of mathematics is made for?

Notes

[1] This article draws on materials I used in two keynote addresses (i) at the 13th Southern Hemisphere Conference on the Teaching and Learning of Undergraduate Mathematics and Statistics (Herenga Delta 2021, p. 44-45) on 22 November 2021, entitled ‘Mathematics as fossil or fuel? The role of university mathematics education in nurturing ethical narratives on mathematics’; and, (ii) at the 44th Annual Conference of the Mathematics Education Research Group of Australasia (MERGA44, p. 9) on 5 July 2022, entitled ‘Appreciating the intra-/extra- mathematical importance of mathematics: Added pedagogical value through rapprochement and synergy of primary, secondary and tertiary mathematics teachers’. The data and analyses presented in Scene III are an abridged version of those in (Nardi, 2023).

[2] A claim based on browsing through documentation from the USA (Common Core State Standards), Australia (Curriculum, Assessment and Reporting Authority), Brazil (Ministério da Educação) and Greece (Υπουργείο Παιδείας και Θρησκευμάτων).

[3] In the UK, a notable attempt is by NRICH (https://nrich.maths.org/) based at the University of Cambridge.

[4] A mathtask is an activity designed and implemented according to the principles of the MathTASK research and development programme (Nardi, 2023) in which pre- and in-service teachers of mathematics are engaged with a fictional but realistic classroom situation where a teacher and students deal with a mathematical problem and a conundrum that may arise from responses to the problem put forward by different students.
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