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INTERPRETATION FUNCTORS WHICH ARE FULL ON
PURE-INJECTIVE MODULES WITH APPLICATIONS TO
R-TORSION-FREE MODULES OVER R-ORDERS

LORNA GREGORY

ABSTRACT. Let R, S be rings, X C mod-R a covariantly finite subcategory, C
the smallest definable subcategory of Mod-R containing X and D a definable
subcategory of Mod-S. We show that if I : C — D is an interpretation functor
such that IX C mod-S and whose restriction to X is full then I is full on
pure-injective modules. We apply this theorem to an extension of a functor
introduced by Ringel and Roggenkamp which, in particular, allows us to de-
scribe the torsion-free part of the Ziegler spectra of tame Béckstrom orders.
We also introduce the notion of a pseudogeneric module over an order which
is intended to play the same role for lattices over orders as generic modules do
for finite-dimensional modules over finite-dimensional algebras.

1. INTRODUCTION

Interpretation functors are a uniform additive version of the model theoretic
notion of interpretation for (definable subcategories of) module categories. Al-
gebraically, they are additive functors between definable subcategories of module
categories which commute with direct limits and products. They are key tools
for studying module categories from the perspective of model theory and for the
algebraic study of purity.

When an interpretation functor I : C — D is full on pure-injective modules
the connection between C and D is much closer than that for other interpretation
functors (more precisely, the connection between C “modulo” ker I and IC). The
model theoretically being full on pure-injective modules corresponds, [Pre97, 3.17],
to the interpretation given by I “preserving all induced structure”.

The main theorem of this paper (see Theorem [24)) is the following. Here, mod-R
denotes the category of finitely presented (right) R-modules.

Theorem. Let R,S be rings, X C mod-R be covariantly finite, C the smallest
definable subcategory containing X and D a definable subcategory of Mod -S. If
I : C — D is an interpretation functor and I is full on X and sends modules in
mod-R to modules in mod-S then I is full on pure-injectives.

In general, interpretation functors do not send finitely presented modules to
finitely presented modules. However, there are naturally occurring situations when
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they do. For instance, this is the case for k-linear interpretation functors between
categories of modules over finite-dimensional k-algebras (see Remark 2.7 for a gen-
eralisation of this observation). Moreover, many functors used in the literature to
understand one category of finitely presented modules in terms of another extend to
interpretation functors between categories of non-finitely presented modules. Thus,
in these situations, our theorem can be applied.

One such example is Butler’s functor, [But74], between a large subcategory of
lattices over the Z;—order Z;CQ x Co and the category of finite-dimensional Z/27Z-
vector spaces with 4 distinguished subspaces. This example fulfills the hypotheses
of our theorem [ Using clever ad hoc methods, in [PTT11], Puninski and Toffalori
showed that its extension to an interpretation functor is full on pure-injective Z;—
torsion free 2;02 x Cy-modules.

The second half of this article, Section [B] will give another such application
using a functor defined by Ringel and Roggenkamp in [RR79]. Let R be a complete
discrete valuation domain with maximal ideal generated by m and field of fractions
Q. Let A be an R-order with A := QA a separable Q-algebra. Let I" be a hereditary
R-order such that A CT' C A and let I C rad(A) be an ideal of T' such that 7" € T
for some n € N. Let

D= (A/I F/1>.

0 r/I

Ringel and Roggenkamp defined a full (but not faithful) additive functor from the
category of A-lattices to the category of finitely generated D-modules. This func-
tor extends to an interpretation functor F : Tfy — Mod-D where Tf, denotes the
category of R-torsion-free A-modules. Since categories of A-lattices are covariantly
finite and the smallest definable subcategory containing the A-lattices is Tfy, The-
orem 2.4 implies that F is full on pure-injectives (see Theorem [3.4]). The kernel of
F consists exactly of the R-divisible R-torsion-free A-module i.e. the restrictions of
QA-modules.

A useful property of interpretation functors which are full on pure-injective mod-
ules is that they induce homeomorphisms between parts of Ziegler spectra. The
Ziegler spectrum of a ring S, denoted by Zgg, is the set of isomorphism types of
indecomposable pure-injective S-modules with closed sets those of the form DNZggq
where D is a definable subcategory. For C a definable subcategory of Mod-S, we
write Zg(C) for the subspace Zgg NC. Prest showed in [Pre97, 3.19] thatif I : C — D
is an interpretation functor which is full on pure-injective modules then the map
N — IN induces a homeomorphism from the open subset Zg(C)\ ker I and its im-
age in Zg(D), which is closed. The (R-)torsion-free part Zgy := Zg(Tfs) of the
Ziegler spectrum of A was studied in [MPT02], [PT11], [GLT20] and [Gre23]. Under
our hypotheses on A, every R-torsion-free A-module decomposes as D & N where
D is R-divisible and N is R-reduced i.e. NjenN7¢ = {0}. Thus, by Corollary 3.6
the functor of Ringel and Roggenkamp induces a homeomorphism from the open
subset of R-reduced modules in ng\f to a closed subset of Zg,. Note that since QA
is semi-simple there are only finitely many points in ng\f which are not R-reduced.

In Section we review the general features of Zgif and explain how to use F

to completely understand the topology on Zggf in terms of Zgp.

(11One needs to check that the category of “b-reduced” lattices is a covariantly finite subcategory
of mod-ZsCs x Csy.
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Generic modules, i.e. indecomposable non-finitely presented modules which are
finite length as modules over their endomorphism rings, play an important role in
the representation theory of Artin algebras. However, if an R-torsion-free A-module
is finite length over its endomorphism ring then it is R-divisible. So, although the
indecomposable divisible modules are important they do not play the same role for
lattices over orders as generic modules play for finitely presented modules over Artin
algebras. We propose the notion of pseudogeneric R-torsion-free A-modules as a
replacement for generic modules over Artin algebras. In Section [3.3], after proving
some routine results about pseudogenerics in analogy with generic modules, we
show that Ringel and Roggenkamp’s functor F sends pseudogeneric modules to
generic modules. Moreover, we show that, under a variety of conditions, F gives a
bijection between the generic modules in D and the pseudogeneric A-modules. As
a consequence, we show that tame Béckstrém orders of infinite representation type
have finitely many pseudogeneric R-torsion-free A-modules.

When A is a tame Béckstrom order of infinite lattice type, D is a tame hereditary
algebra. In Section B4 we use the description of the Ziegler spectrum of tame
hereditary algebras and the results in Section B2l to give a description of Zg&f
when A is a tame Béackstrom order of infinite lattice type.

Since the paper is relatively short, we present necessary background material
when it is needed. For a general introduction to the algebraic study of Model
Theory of Modules see [Pre88] or [Pre(9].

2. INTERPRETATION FUNCTORS WHICH ARE FULL ON PURE-INJECTIVES

A (right) pp-n-formula is a formula in the language of (right) R-modules of
the form

Jy (xy)A=0

where x is an n-tuple of variables, y is a finite tuple of variables and A is an
appropriately sized matrix with entries from R. For M € Mod-R and ¢ a pp-
n-formula we write (M) for the solution set of ¢ in M. Note that this is a
subgroup of M"™. After identifying pp-n-formula whose solution sets are equal in
all R-modules, the set of pp-n-formulae becomes a lattice under inclusion of solution
sets, i.e. ¥ < @ if Y(M) C (M) for all M € Mod-R. We denote this lattice by
pp. For X a class of R-modules, we write ppk(X) for the quotient of pp’ under
the equivalence relation ¢ ~x ¢ if ¢(M) = (M) for all M € X. For ¢ < ¢ € pp},
we will write [¢, ]x (and [¢), ¢]ar when X = {M}) for the corresponding interval
in ppj(X).

A pp-pair, written ¢/, is a pair of pp formulae ¢, 1) such that o(M) 2 (M)
for all M € Mod-R.

An embedding i : A — B of R-modules is pure if for all ¢ € ppk, ¢(B) N
1A = ip(A). An R-module M is pure-injective if every pure-embedding i :
M — B splits. Equivalently, [Pre09, 4.3.11], N is pure-injective if and only if it is
algebraically compact. That is, for all n € N, if for each ¢ € Z, a; € N is an
n-tuple and ¢; is a pp-n-formula then ;.7 a; + ¢;(N) = () implies there is some
finite subset Z' of Z with ;.7 ai + (V) = (). We will use the formally stronger
equivalent condition (see [Pre09] 4.2.3]) given in Proposition 211

Proposition 2.1. Let M be a pure-injective R-module. Let (z;)jcs be a sequence
of variables and for each finite subset E C J, write xg for the tuple of variables x;
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with j € E. Fori € I, let ¢; be a pp formula in variables xg, and a; a tuple of
elements of M indexed by E;. If for each finite subset F C I there exists a sequence
of elements (m;)jcy in M such that mg, € a; + @;(M) for all i € F then there
exists a sequence of elements (m;)jes in M such that mg, € a; + @;(M) for all
1€ 1.

A full subcategory D C Mod-R is definable if it is closed under products,
direct limits and pure-submodules. Equivalently, [Pre09, 3.4.7], a full subcategory
D C Mod-R is definable if there exist pp-pairs ¥:/y; for i € I such that the modules
M € D are exactly those with ¢;(M) = ;(M) for all ¢ € I. For any class of R-
modules X, we write (X) for the smallest definable subcategory containing X.

A full subcategory X C mod-R which is closed under isomorphism, finite direct
sums and taking direct summands is covariantly finite in mod-R if every M €
mod-R has a left A-approximation i.e. a homomorphism fy; : M — My with
My € X such that all homomorphisms g : M — L with L € X, factor through fj;.

For any X C Mod-R, let X denote the full subcategory of modules which are
direct limits of modules in X.

Theorem 2.2 ([Pre09, 3.4.37]). An adcﬁtive (full) subcategory X C mod-R is
covariantly finite in mod-R if and only if X is a definable subcategory.

Let C € Mod-R and D C Mod-S be definable subcategories. Let ¢(x)/1(x) be
a pp-m-pair over R and for each s € S, let ps(T,7) be a pp-2m-formula such that for
each M € C, the solution set ps(M, M) C M™ x M™ defines an endomorphism pM
of the abelian group ¢(M)/¢(M) and such that p(M)/¥(M) is an S-module in D
when for all s € S, the action of s on (M) /(M) is given by pM. In this situation,
(¢/; (ps)ses) defines an additive functor I : C — D. Following [Pre97], we call any
functor equivalent to one defined in this way an interpretation functor. We will
refer to #/y as the underlying pp-pair of I. Of course this is not a well-defined notion
as the same interpretation functor will have many different underlying pp-pairs.

Theorem 23] due to Prest in full generality and Krause in a special case which
includes the cases in which we are interested in this paper, gives a completely
algebraic characterisation of interpretation functors.

Theorem 2.3 ([Prelll 25.3],[Kra98, 7.2]). An additive functor I : C — D is an
interpretation functor if and only if I commutes with direct limits and products.

Note that we will technically only use the forward direction of Theorem 2.3l which
follows easily from the definition of an interpretation functor.

Interpretation functors preserve pure-embeddings and pure-injectivity. Using the
definition of an interpretation functor, solution sets of pp formulae in IN for N € C
can be translated into solution sets of pp formulae in N. From this it will follow
that pure-embeddings are preserved. It can be seen that interpretation functors
preserve algebraic compactness, and hence pure-injectivity, by translating systems
of cosets of solution sets of pp formulae for IN into systems of cosets of solution
sets of pp formulae for N via I.

Theorem 2.4. Let R, S be rings, X C mod-R be covariantly finite, C the smallest
definable subcategory containing X and D a definable subcategory of Mod -S. If
I :C — D is an interpretation functor and I is full on X and sends modules in
mod-R to modules in mod-S then I is full on pure-injectives.
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Before starting the proof of the theorem, we briefly discuss its hypotheses. If X C
mod-R is covariantly finite and C is the smallest definable subcategory containing
it then C is locally finitely presented and the finitely presented objects of C are
exactly those in X (see [CB94l 4.1]). So, we are in the situation of the more general
theorem [Deal9l 3.12]. Hence we have the following.

Remark 2.5. If I in Theorem 2.4] is faithful when restricted to X, as well as full,
then I is full (and faithful) on C.

As remarked in Section [Il the above statement does not hold when I restricted
to mod-R is not faithful as Example 2.6] shows.

Example 2.6. Let R be a discrete valuation domain with maximal ideal generated
by 7 which is not complete and let R be its completion. Let X be the category of
torsion-free finitely presented R-modules. Then X is covariantly finite in mod-R and
the category Tfr of torsion-free R-modules is the smallest definable subcategory
containing X. Let I : Tfr — Mod-R/mR be defined by sending M € Tfr to
M /M i.e. I is the interpretation functor with underlying pp-pair *=2/3yz=yx. All
non-zero modules in X are isomorphic to R™ for some n € N, in particular they are
all projective R-modules. From this it follows that I is full on X.

Since R is indecomposable as an R-module, R is not a direct summand of R.
All submodules of R as a module over itself are isomorphic to R. Thus, every
nON-Zero homomorphism f : R — R factors through a surjective homomorphlsm
g: R — R. Since R is projective, g is split. This contradicts the fact that R is
indecomposable. Therefore Homp (R, R) = 0. On the other hand, IR = IR, so
HomR/RW(Iﬁ, IR) # 0. Therefore I is not full.

In general interpretation functors do not send finitely presented modules to
finitely presented modules. There are however a few useful situations when they
do.

Remark 2.7. Let k be a commutative noetherian ring and let R, S be k-algebras
which are finitely generated as k-modules. If an interpretation functor I : C — D is
k-linear then it sends finitely presented R-modules to finitely presented S-modules.

Proof. Our hypothesis on R and S means that an R-module (respectively S-module)
is finitely presented as an R-module (respectively S-module) if and only if it is
finitely presented as a k-module. Let /1 be the underlying pp-pair of I. Suppose
M is a finitely presented R-module. Then ¢(M) and (M) are k-submodules of
M™ with k-module structure inherited from M. Thus, since k is noetherian, they
are finitely presented k-submodules of M™. Hence ¢(M)/w(M) is a finitely pre-
sented k-module with structure of a k-module inherited from M. Therefore, it is
enough to note that since I is k-linear, the k-module structure on IM is the same
as that on ¢ (M) /(M) inherited from M. O

Lemma 2.8. Let I, X and C be as in Theorem 2.4l For all L € X and N € C, the
map

Homp(L,N) — Homg(IL,IN) defined by f+—If
18 surjective.
Proof. Let n : Homg(L,—) — Homg(IL,
(C,Ab) with component maps ny(f) =

I(—)) be the natural transformation in
If for f € Hompg(L,M). Since IL is
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finitely presented and I commutes with direct limits, Homg(IL,I(—)) commutes
with direct limits. Since [ is full on X, 1y is surjective for all M € X. By
Theorem 2] every module in C is a direct limit of modules in X. Thus, for
any N € C, ny is a direct limit of maps n,; for some directed system of M €
X. Therefore, since direct limits are exact, the direct limit of surjective maps is
surjective and hence 7y is surjective. O

If m is an n-tuple of elements from a module M then the pp-type of m is the
set of pp-n-formulas ¢ such that m € p(M). If M € mod-R and m is an n-tuple of
element from M then, [Pre09, 1.2.6], there exists ¢ € pp’, which generates the pp-
type of m as a filter in pp%, i.e. 9 is in the pp-type of m if and only if ¢ > ¢. In this
situation, for any L € Mod-R, 1 € ¢(L) if and only if there exists a homomorphism
f: M — L with f(m) =1
Lemma 2.9. Let A,B € mod-R and 6 : A — B. Let L € mod-R, let c € L be an

n-tuple which generates L and let N € Mod -R. For each o € Hom(A, L), there
exists X*(x) € ppl such that

X*(N) ={e(c) € N | e e Hom(L, N) and there exists
B8 € Hom(B, N) such that eoa = 0§}

Proof. Let a:= (ay,...,a,;) generate A and let b generate B. Let o generate the
pp-type of ¢ and 7 generate the pp-type of b. For 1 < j < m, let r; and s; be
tuples of elements from R, of appropriate lengths, such that é(a;) = b -r; and
afaj) = c-s;j. Let x*(x) be the pp formula

m
Jy 7(y) Ao(x) A /\x-sj =y-r;.
j=1

Suppose m € x*(N). Since m € o(N), there exists € : L — N such that
m = €(c). Let m" € N be such that m’ € 7(N) and m -s; = m’ - r;. Since
m’ € 7(N), there exists 8 : B — N such that 5(b) = m’. Then, foreach 1 < j < m,

e(a(a;)) = e(c-s;j) =¢€(c)-s; =m-s; =m’-r; = B(b) -1; = B(b - 1;) = B(0(a;))-
So, since a generates A, eoa = 0.

Now suppose that € € Hom(L, N) and 8 € Hom(B, N) are such that eoaw = S04.
Then €(c) € o(N) and 8(b) € 7(N). Then

e(c) - s; = €(c-s;) = €(afa;)) = B(d(a;)) = B(b-1;) = B(b) - r;. 0
Lemma 2.10. Let I, X and C be as in Theorem 24l There exist A,B € X and

6 : A — B such that I composed with the forgetful functor to Ab is the cokernel of
the natural transformation Hompg (6, —) in (C, Ab).

Proof. Abusing notation, we will write I for I composed with the forgetful functor
from D to Ab. The functor I : D — Ab is defined by a pp-pair, the same pp-pair
defines a functor Mod-R — Ab. Thus there exist C, D € mod-R and ¢ : C — D
such that I is the cokernel of Hompg(e,—) (see, for instance, [CB98| §2.1 Lemma
1]). Let m¢ : C — A be the left X-approximation of C. Let

D-2-p

AR

C£>
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be the pushout of 7¢ : C — A and e : C — D. Let wp : P — B be a left
X-approximation of P and let § = wp o \.

We will now show that the natural transformation n induced by the following
diagram is an isomorphism.

Hom(e,—)

Hom(D, —) Hom(C, —) I 0
A
Hom(MAomp,—) Hom(w¢c,—) :77
Hom(4§,—) l
Hom(B, —) Hom(A4, —) ——— cokerHom(§,—) ———— 0

By definition of left approximation, for all M € C, Hom(w¢, M) is surjective.
Therefore 7y, is surjective for all M € C. We now show that 1y, is injective for all
M eC. Take M € C and g : A — M. Suppose that gone € im Hom(e, M). By the
defining property of pushouts, there exists o : P — M such that ho A = g. Since
mp is a left X-approximation of P, there exists h' : B — M such that h = h/ o wp.
Therefore h' 0§ = I/ o mp o X = g as required. O

Proof of Theorem 2.4l Suppose that N € C is pure-injective, N’ € C and g €
Hom(IN',IN). We aim to show that there exists h € Hompg(N’, N) such that
Ih=g.

Since X is covariantly finite and C is the smallest definable subcategory contain-
ing X, all modules in C are direct limits of modules in X. Fix J a directed partially
ordered set, L; € X and for each i < j € J, 045 : Ly — L; such that N’ together
with the canonical maps f; : L; — N’ is the direct limit of this directed system.

We will show below that there exists a set of homomorphisms h; : L; — N
indexed by J such that for all ¢ < j € J, hjo;; = h; and ITh; = go If;. Since
hjo;j = h; for all ¢ < j, there exists a homomorphism h : N’ — N such that
hfi=h; for alli e I. Thus IhIf; = Ihf; = goIf; for all i € J. Since I commutes
with direct limits, this implies that ITh = g. So h is the required homomorphism.

For each i € J, let c; generate L; and let

H;:={e:L;—> N|golf,=1Ie} CHom(L;, N).

By Lemma 2.8 each H; is non-empty. For each i € J, pick ¢; € H;. Note that
H; :=¢;+ {e € Homg(L;,N) | Ie = 0}.

Since [ is an interpretation functor, there exist A, B € mod-R and § : A — B
such that, as a functor from C to Ab (i.e. after composing with the forgetful
functor), I has a presentation

HOmR(5,—)

Hompg(B, —) Hompg(A, —) I 0.

By Lemma 2.T0] we may assume that A, B € X. Now Ie =0 where ¢ : L — N if
and only if for all « € Hom(A, L) there exists § € Hom(B, N) such that eoax = S00.
For each ¢ € J, let x% be x from Lemma 29 where L := L; and ¢ := ¢;. Thus, for
any € : L; — N, we have Ie = 0 if and only if €(c;) € x“(N) for all & € Hom(A, L;).

Now for all ¢ < j € J, let t;; € R% be such that oij(ci) = ¢j - t45.

Consider the system of linear equations and cosets of pp-definable subsets

(1)$ X; € €;(¢;) + x§(N)
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for « € Homp(M, L;) and
(2)i5 X; = Xjtij.

Suppose (m;);ecs is a solution to this system in N. Since m; — ¢;(c;) € x¥(N),
there is a (unique) homomorphism h} : L; — N defined by hl(c;) = m; —¢;(c;). By
the argument above Ih, = 0. Therefore h; := h + ¢; € H;. The second condition
(2);; implies that for all ¢ < j, h; 0 0;; = h; since

hi(ci) = m; = myt;; = hj(c;) - ti; = hj(c; - tij) = hj o 0ij(ci).

Since N is pure-injective, in order to show that the system of equations has a
solution, we just need to show that it is finitely solvable. Let Jy C J be a finite
subset of J. Since J is directed, by adding an element to Jy, we may assume that
there is a k € Jy such that i < k for all i € Jj.

Let my := e;(cg) and for each i € Jy, let m; = my, - t;;. By definition m;, is
in ex(ck) + XL (N) for all o« € Hompg(M, L). Now I(eg 0 0i) = I(ex) o I(oi) =
gol(fx)ol(ow) = gol(froi) =gol(fi). Soepooy € H;. Thus € 004,(c;) = m;
satisfies €;(c;) + x () for all &« € Hompg(M, Ly). Thus we have shown that the
system is finitely satisfiable. O

Now that we have proved the main theorem of this section we recall some con-
sequences of an interpretation functor being full on pure-injectives which we will
use in Section B] to compute dimensions on pp-lattices of Backstrom orders and to
describe the Ziegler spectra of tame Béackstrom orders.

The (right) Ziegler spectrum, Zgy, of R is a topological space whose set of points
is the set pinjp of isomorphism classes of indecomposable pure-injective modules
and which has basis of open sets given by

(#/y) == {M € pinjg | (M) 2 P(M) N p(M)}

where ¢,1 € ppk. The open sets (¥/¢), and Zgp, itself, are compact.

There is a bijective correspondence between the definable subcategories of
Mod-R and the closed subsets of Zgp given by sending a definable subcategory
D C Mod-R to pinjy ND and sending a closed subset C' C Zgp to (C) C Mod-R.
For C a definable subcategory of Mod - R, we write Zg(C) for the set Zg NC equipped
with the subspace topology.

Note that if I : C — D is an interpretation functor then ker I N Zg(C) is the
closed subset Zg(C)\ (¥/v) where ¢/ is the underlying pp-pair of I. The image of a
definable subcategory C’ C C under an interpretation functor I is not in general a
definable subcategory. However, it follows from [Pre09, 3.4.7 (iii)] that the closure
of IC' under pure-submodules is a definable subcategory of D.

Theorem 2.11 ([Pre97, 3.19][Pre09, 18.2.27]). Let C,D be definable subcategories
and let I : C — D be an interpretation functor. If I is full on pure-injectives then the
assignment N — IN induces a homeomorphism from the open subset Zg(C)\ ker I
of Zg(C) to the closed subset IC N Zg(D) of Zg(D).

Let £ be a non-empty class of lattices closed under sublattices and quotient
lattices. The L-dimension, denoted by L£-dim L, of a bounded modular lattice L
measures the ordinal number of times it takes to reach the one element lattice by
iteratively collapsing intervals in £. The one element lattice is formally given L-
dimension equal to —1 and a lattice L has £-dimension 0 if and only if there exist
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T =apt1 > ap > ... >ag = L such that [a;,a;41] € £ for all 0 < ¢ < n where T
(respectively 1) is the greatest (respectively least) element of L.

The two most important dimensions are m-dimension and breadth. The m-
dimension, respectively breadth, of a modular lattice L is £-dim L where L is
the class of lattices of size 2, respectively the class of total orders. If ppk(C) has
m-dimension then it is equal to the Cantor-Bendixson rank of Zg(C) and if R is
countable then the two values are always equal. The m-dimension of pp}{ is equal to
the Krull-Gabriel dimension, in the sense of [Gei85], of the category (mod-R, Ab)fP
of finitely presented functors from mod-R, the category of finitely presented right
R-modules, to Ab, the category of abelian group. This dimension measures the
complexity of factorisation of morphisms in mod-R. Recall that a superdecom-
posable module is a non-zero module without indecomposable direct summands.
If ppr(C) has breadth then there are no superdecomposable pure-injective modules
in C and, if R is countable, the converse holds.

To formally define the £-dimension (see [Pre88|, Section 10.2] and [Pre09), Section
7.1]) of a bounded modular lattice L one defines a sequence of congruence relations
~q on L for each ordinal o which is the congruence relation induced on L by
iteratively collapsing intervals in £ « times. The £-dimension of L is then the least
ordinal « (or —1, to deal with the case when L is already the one element lattice)
such that L/ ~,1 is the one element lattice.

Remark 2.12. Let £ be a non-empty class of modular lattices closed under sublat-
tices and quotients.
(1) Let L be a bounded modular lattice and let a < b < ¢. Then
(a) L£-dimla,b] < L-dim L; and
(b) L-dim[a, ¢] = max{L- dim[a, b], £- dim[b, c|}.
(2) Let n € Nand let 1 <1 <n+ 1. Define
-1 n
Yy = /\xi:xi/\/\xizoepp%.
i=1 i=l

Then, for 1 <[ < n, the map

Pp}% = (Y1, Yiy1)
-1

n
(e /\wizﬂvi/\@(ﬂ?l)/\ /\ ;=0
i=1 i=1+1

is a lattice isomorphism. Hence, by (1), £-dim pp% = £-dim ppk.

Proposition 2.13. Let L be a non-empty class of lattices closed under sublattices
and quotient lattices. Let C C Mod-R and D C Mod -S be definable subcategories
and let I : C — D be an interpretation functor with (IC) = D. If I is full on
pure-injectives then

sup{L-dim ppg(D), L-dim ppj (ker I)} <
L-dimppk(C) < L-dimppg (D) + 1 + L-dim ppg (ker I).

So, in particular, L-dimppk(C) ezists if and only if L-dimppk(kerl) and
L-dim pp} (D) exist.
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Lemma 2.14. Let C C Mod-R and D C Mod-S be definable subcategories and
let I :C — D be an interpretation functor with underlying pp-pair ¢/v. For each
o € ppY, there exists a unique o’ € [, ¢lc such that for all M € D, o(IM) =
o' (M)/y(M). The assignment o — o' gives a lattice homomorphism pp (D) —
[, ¢lc. If (IC) = D then this lattice homomorphism is injective and if I is full on
pure-injectives then it is surjective.

Proof. That such a ¢’ exists follows easily from the definition of an interpretation
functor. Uniqueness and that the assignment o — ¢’ gives a lattice homomorphism
follow directly from the defining property of ¢’. Suppose (IC) = D and ¢ > 7 in
pps(D). Since (IC) = D, there exists M € C such that o(IM) 2 7(IM). Thus
o' (M) 2 7'(M). So the lattice homomorphism is injective. The final claim is a
consequence of [Pre97, 3.17]. O

In order to prove Proposition 2.13] we need a folklorish result which we were
unable to find an explicit reference for. It can be proved using model theoretic
methods or using functor categories methods, it follows from [Pre09, 12.3.18 &
13.1.4].

Lemma 2.15. Let L be a non-empty class of lattices closed under sublattices and
quotient lattices. Let £ be a definable subcategory of Mod-R. For « an ordinal, let
~q be the congruence relation on ppk(E) induced by iteratively collapsing intervals
in L o times. Let

Eo ={M €& | o(M)=1(M) for all 0,7 with o ~, T}.
Then, for all 0,7 € pph, 0 ~o T if and only if o(M) = 7(M) for all M € &,.

Proof of Proposition [ZI3l Let #/4 be the underlying pp-pair of I. By Lemma[ZT4]
the interpretation functor / induces a lattice isomorphism from ppk(D) to [¢, ¢lc.
The lattice ppk(ker I) is a quotient of ppk(C) and the lattice [1, ¢]c = ppk(D) is
an interval of pp’;(C). Hence if £-dimppk(C) = £-dim pp’(C) exists then so does
L-dim ppk (ker I) and £-dim pp}(D). Moreover, the left hand inequality holds.
Let a := £-dim pp4(D). Using the notation of Lemma 215 since £-dim[¢, ¢]c
= «, we have that ¢ ~,11 . Hence Co4+1 C kerI. Therefore the quotient map
pP&(C) = PP%(C)/ ~a+1 factors through the quotient map ppk(C) — ppk(ker I).
So the right hand inequality holds. O

3. APPLICATIONS TO R-TORSION-FREE MODULES OVER R-ORDERS

Throughout this section, we fix the following assumptions and notation. Let R
be a complete discrete valuation domain with maximal ideal generated by 7 and
field of fractions ). Let A be an R-order with A := QA a separable Q)-algebra.
Recall that an R-order is an R-algebra which is torsion-free and finitely generated
as an R-module. Let Latt, denote the category of right A-lattices, i.e. the category
of finitely generated A-modules which are torsion-free as R-modules, and let Tty
denote the category of R-torsion-free A-modules.

3.1. The functor of Ringel and Roggenkamp. Under the hypotheses of this
section, by [CR8I], 26.5], there always exists a hereditary R-order A C T C A. Let
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I Crad(A) be an ideal of T" such that 7™ € I for some n € NZJ. Let

D= (NI,

Note that D is an Rj-Artin algebra where Ry := R/RN 1.

We will be particularly interested in the case of Backstrom orders, that is,
whenI' D A and I =rad(A) = rad(T"). In this case, D is a hereditary R/m R-algebra
since A/rad(A) and I'/ rad(I") are both semisimple.

The category of right D-modules is equivalent to the category of triples (U, V, f)
where U € Mod-A/I, V € Mod-T'/T and f : U — V is a homomorphism of
A/I-modules. Morphisms are given by (o, ) : (U1, V1, f1) — (Ua, Va, f2) where
«a: U; — Uy is a A/I homomorphism, 8 : V3 — V, is a I'/I homomorphism and
the diagram

Ulfﬁlvl

f2
Uy —V;
comimutes.

Under this equivalence a triple (U, V, f) is mapped to the D-module with under-
lying abelian group U x V and D-action given by

(u,0) - (§2) = (ua, f(u)b+ ve).
We will generally identify Mod-D with the category of triples.

For any M € Tfy, define MT to be the I'module generated by M inside M Q.
Then the inclusion of M in MT induces an embedding op; : M/MI — MT/MI.
Let

F:Tfy = Mod-D, M — (M/MI,MT/MI, o).

This is the natural extension to Tf, of the functor of Ringel and Roggenkamp
defined in [RR79] as a functor from Latts to mod-DE].

We now give a description of F in terms of pp formulae. So, in particular, we
show that F is an interpretation functor. Every ideal K <1 A is finitely generated
as an R-submodule. If K = " «;R then let Ok (x) be the pp formula Jy = =
y1a1 + ... + Ymay,. For any M € Mod-A, O (M) is MK. Since A C T C QA
and I" is an R-order, there exists n € N such that 7' C A. Then 7" is a finitely
generated ideal of A. For any M € Tfy, M#"T/M="I is isomorphic to MT'/MI
and M7"™/Mn"™I is isomorphic to M /M1I. Therefore F is isomorphic to the functor

Tfy — Mod-D, M — (M="/M7"I, M7"T/M="I,c",)

where o}, : Ma"/Mn"I — Mn="T'/M="I is the embedding induced by the in-
clusion of M#™ in Mz"I'. Therefore F is isomorphic to the functor given by
(¢/; (ps)sep) where

e ©is Onnp(x1) A Opnr(z2);

e ) is Opnr(x1) A Ognr(x2); and

e for each § := (“'51 Zif) where a € A and b,c €T,

ps(X,y) is y1 = z1a Ay = 21b + zac.

[2IThis final condition appears to be missing in [RR79]. However, it is obviously necessary in
order for Ry to be Artinian: Let A = R X R then rad(A) = m x m and m x {0} C rad(A).

(31In [RR79], the functor F is also studied when I is not hereditary. However, it is then
restricted to the A-lattices M such that MT is projective.
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Let D denote the full subcategory of D-modules (U,V, f) such that f is a
monomorphism and im f generates V as a I'/I-module.

Remark 3.1. The category D is a definable subcategory of Mod-D.

Proof. This is particularly easy to see in terms of pp formulae. Note f is a monomor-
phism if and only if the subset defined by z - (§¢) = 0is {0}. Let by,...,b, gen-
erate I'/I as an Rr-module. Then im f generates V if and only if the pp formulae
Fyy- () =rand Iy1,...,yn 2 =31, ¥i- (5 %) define the same subset in the
D-modules corresponding to (U, V, f). |

Theorem 3.2 ([RR79, 1.3 & 1.4]). The functor F|La, is full and for all M €
D N mod-D there exists M' € Latty such that FM' = M.

Remark B3] follows from [CR81) 5.22 (iv)].
Remark 3.3. There exists m € N such that rad(A)™ C wA. Hence, I"™ C 7A.

For any L € mod-A, the canonical surjection 7y, : L — L/ tor(L) is a left Latty-
approximation of L, where tor(L) denotes the A-submodule of R-torsion elements
of L. Therefore, the category Latt, is covariantly finite in mod-A.

Theorem 3.4. The functor F : Tfy, — Mod -D is full on pure-injectives, ker F is
the class of R-divisible R-torsion-free A-modules and (FTfy) = D.

Proof. The first statement follows from Theorems 2.4 and Let M € Ti,.
Then FM = 0 if and only if M/MI = 0. Since I™ C wA and 7' € I for some
I,m e N, M = MI if and only if Mm = M. Therefore M € kerF if and only if
M is R-divisible. For the final claim, it is enough to show that every M € D is
a directed union of finitely presented modules in D. It follows from the definition
of F that FM € D for all M € Tfy. Suppose M := (U,V,f) € D and My :=
(Uo, Vb, fo) is finitely presented (equivalently finitely generated) submodule of M.
Then fy is injective. Take ug,...,u, € U such that the I'/I-submodule generated
by f(u1),... f(u,) contains V. Let Uy be the A/I-submodule generated by Uy and
u,...,u, and let V; be the I'/I-submodule generated by f(u1),..., f(u,). Then
(U1, V4, flu,) is finitely presented in D and contains M. O

3.2. Pure-injective R-torsion-free A-modules and the torsion-free part of
the Ziegler spectrum. The torsion-free part of Zg,, denoted by ng\j, is the
closed set Zg(Tfs) of Zg,. This space was studied in [MPT02], [PT11], [GLT20]
and [Gre23]. In this section, we first briefly review the general features of this space
and then show how Theorem [B4] can be used to understand the topology on Zggf
in terms of the topology on Zgp.

The R-divisible R-torsion-free A-modules are a definable subcategory equivalent
to Mod-QA. Since QA is separable, and hence semisimple, all R-divisible modules
are injective (see [MPT02] Claim 2 p. 1128]) and hence pure-injective as A-modules.
An R-torsion-free A-module M is R-reduced if N;ey M7’ = {0}. For any M € Tf,,

Dy :={m e M | #"|m for all n € N}
is a divisible submodule of M and M/Dj; is R-reduced. Since D, is injective,
M > Dy @ M/Dyy.
Since we assume that R is complete, A-lattices are pure-injective, see for example
[GLT20, 2.2]. The indecomposable A-lattices are isolated in ngxf [GLT20, 2.4].
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The set of indecomposable A-lattices is dense in ng\f [GLT20, 2.2] and hence,
the previous sentence implies that they are exactly the isolated points. By the
discussion above, all N € Zgif are either R-divisible or R-reduced. There are
finitely many indecomposable R-divisible R-torsion-free A-modules; they are the
(restrictions to A of the) simple QA-modules. These are exactly the closed points of
Zg;f (this follows from [GLT20l 2.8]). If A is of finite lattice type then, [GLT20l 5.4],
all points in ng\f are either A-lattices or R-divisible. The R-reduced modules in
ng\f are those modules in the open set (¢=%/x|z) and the complement of this set
may be identified with Zgg, .

For each simple QA-module S there exists an open subset V(.S) such that for all
N e ng\f, S is in the closure of N if and only if N € V(S). Moreover N € V(S) if
and only if S is a direct summand of N@Q. Based on this fact we get the following
description of open subsets of ng\f

Lemma 3.5 ([Gre23, 5.11]). Let U be an open subset of ng\f. Then
U=Un(z=uz/mx)) U V(S
Sex(v)
where A\(U) 1= {S € Zgg, | S € U}.
Using Theorem 2TT] we get the Corollary to Theorem B4

Corollary 3.6. The functor F : Tf, — Mod -D induces a homeomorphism between

the open set (*=%/x|z) of R-reduced points in ng\f and the closed subset Zg(D) =
Zgp ND.

This corollary allows us to understand the topology on Zg’j\f in terms of the
topology on Zgp.

Definition 3.7. For V a closed subset of Zgp,, define
Vo i= {N € (+=2/xfs) | FN € V}
and define V to be the closure of Vj in Zg’;&f .
Proposition 3.8. Let V' be a closed subset of Zgp. Then
V =VoU{S €Zggy | there exists N € (x = x/7|z) with SINQ and FN € V}.

Moreover, all closed subsets of ng\f are of the form V.U W where V C Zgp, is a
closed subset and W C Zgq, .

Proof. Let X := {S € Zggy | there exists N € (v = z/m|z) with S|NQ and
FN € V}. We first show that V5 U X is closed. Since V is closed, so is Vi := {N €
! | FN € VU {0}}. By definition, V; N Zgoy = Zgoa. For all S,5" € Zgg,,
S’ e V(S) if and only if S = 5’. Therefore
Zgon VAN () Zg{ \V(S) =
S¢x
By definition of X and V(S) it NeVpand S ¢ X then N ¢ V(S). Hence

s¢X
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By definition, Vi N (#=%/x|z) = Vj. Therefore

(#=2/xlz) N VAN () Zg \V(S) = Vh.
S¢x
Thus
VoUX =vin () Zgi \W(9)
S¢x
and hence Vo U X is clo_sed.

By definition Vy C V. For each S € X NZgg,, there exists N € Vj such that
S|NQ@ or equivalently S is in the closure of N. Therefore X C V. Thus VUX CV
and hence VpUX =V.

Finally, for any closed set C' C ngxf, C N (#=2/z|z) is equal to V for some V C
Zgp and C\C N (*=%/x|z) C Zgon- O

3.3. Pseudogeneric modules. A module over an arbitrary ring S is generic if
it is indecomposable, of finite length over its endomorphism ring and not finitely
presented. A module M is finite length over its endomorphism ring if and only if
pp% (M) is finite length for some, equivalently all, n € N (see [Pre09} 4.4.25]). This
implies that M is pure-injective. An R-torsion-free A-module is finite length over
its endomorphism ring if and only if it is R-divisible. This is because for all n € N,
M7 is an End(M )-submodule of M and since M is R-torsion-free M7 = Mz"*!
implies M7 = M. Although the indecomposable divisible modules are important,
they do not play the same role for lattices over orders as generic modules play for
finitely presented modules over Artin algebras. For instance, [CB92, Thm 9.6], if
S is an Artin algebra then there exists a generic S-module if and only if for some
n € N, there are infinitely many non-isomorphic indecomposable S-modules of
endolength n. However, there are always finitely many indecomposable R-divisible
R-torsion-free A-modules.

We propose the notion of a pseudogeneric R-torsion-free A-module as a replace-
ment for the generic modules over Artin algebras. To motivate this definition we
first need to summarise some results around Maranda’s theorem. Since QA is sep-
arable, by [CR&Il 29.5] and the discussion just after [CR81), 30.12], there exists
k € N such that for all L, M € Latta, 7% Ext(L, M) = 0. Let ko be the least such
k. Under the hypothesis of this section, Maranda’s theorem, [CR81l, 30.14 & 30.19],
states that for any k > kg + 1, a pair of A-lattices M, N are isomorphic if and only
if M/M=* = L/Lr*. Moreover, if M is an indecomposable A-lattice then M /M7*
is also indecomposable. A version of this result holds for R-reduced R-torsion-free
pure-injective A-modules.

Theorem 3.9 ([Gre23, 3.4, 3.5 & 5.1]). Let N,M € Tf, be R-reduced and pure-
injective and let k > ko+1. If N is indecomposable then N/N7* is indecomposable
and if N/N7* = M/Mr* then N = M. Moreover, the map which sends N €
(x =z/7|z) C Zng to N/N7F € Zgp /v tnduces a homeomorphism onto its image
which is closed.

For k > kg 4+ 1, we will refer to the functor taking M € Tf, to M/Mﬂ'k as
Maranda’s functor. When the exact value of k& > kg + 1 is not important we will
write J for this functor. Although Maranda’s functor is not full (even on pure-
injectives) it preserves the structure on the interval [r|z, z = z].
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Proposition is part of [GLT20] 4.6]. Recall that for ¢ < ¢ € pp% and X
some collection of S-modules, we write [, ¢|x (and [, p]pr when X = {M}) for
corresponding interval in the lattice pp%(X).

Proposition 3.10. The map from |7+ An*|z, 2 = @17y, to [r|z,x = x] 1y, in-
duced by Maranda’s functor Tfy, — Mod -A/7*A is an isomorphism. In particular,
for any M € Tfy, the induced map from [m + An¥|x, x = Tlarmnk to [Tle, T = z]0
18 surjective.

We say M € Tf, is pseudogeneric if M is indecomposable, pure-injective,
R-reduced, not finitely generated and M /Mmko+! is finite-length over its endomor-
phism ring. For M € Tf,, we define the pseudoendolength of M to be the
length of [7|z,z = x]p;. Note that this means that R-divisible A-modules have
pseudoendolength 0.

Lemma 3.11. Let M € Tfy and let k > ko + 1.
(1) The endolength of M/M* is equal to k times the pseudoendolength.
(2) The module M is pseudogeneric if and only if it is indecomposable, pure-
injective, R-reduced and has finite pseudoendolength.

Proof. The second statement follows directly from the first. To prove (1), take
M € Tfy. Let p := m+ An*. For each 1 < i < k — 1, [p"" |z, p'|x]pr/arnr 18
isomorphic to [plz,x = |pr/aer. Hence, since pF|z is equivalent to x = 0 in
M /M7* the length of PPA /At (M/Mr*) is equal to k times the length of [p|z,z =
T a/pnk- By Proposition BIO [p|x, 2 = ]pr/ax+ is isomorphic to [7]z, 2 = ]
Therefore k times the pseudoendolength is equal to the length of ppy /s -+ (M /M),
By [Pre09, 4.4.25], the length of ppA/Aﬂk(M/ka) is equal to the endolength of
M/Mr*. O

Indecomposable modules of finite length over their endomorphism ring are closed
points of the Ziegler spectrum, [Pre09] 5.1.12]. Thus by Theorem B9 and [GLT20,
2.2 & 2.4] we get Remark B12

Remark 3.12. If M € Tf, is pseudogeneric then it is closed and not isolated in the
open set (z = z/7|z) equipped with the subspace topology.

Lemma 3.13. Suppose that one of the following conditions hold.

(1) R/Rm is countable.
(2) The isolation condition holds for A/Amko+!,
(3) ppi(Tfy) has m-dimension.

An indecomposable pure-injective module M is pseudogeneric if and only if it is
closed and not isolated in the open set (x = x/7|x) equipped with the subspace topol-

0gy.

Proof. The forward direction is always true. Recall that the isolated points of Zng
are A-lattices and that N € (z = z/n|z) if and only if NV is R-reduced. Thus, under
the hypothesis that (1), (2) or (3) holds, we just need to show that if N is closed
in (z = x/m|x) then N has finite pseudoendolength. If R/Rm is countable then so
is A/Amko+L Thus (1) implies (2). Suppose that (2) holds and N € (z = x/7|x) is
closed in (z = z/m|z). Then N/N7*o+! is closed in Zg A jarrot1- Since the isolation
condition holds, by [Pre09, 5.3.23], N/N7*o+1 is of finite endolength. Hence N is of
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finite pseudoendolength. If (3) holds then, by [Pre09, 5.3.17], the isolation condition

holds for Zng. Hence [Pre(9, 4.3.22] implies that if N is closed in (z = z/7|z) then
[m|z, z = z]x is finite length as required. O

The proof of Proposition 814l copies Herzog’s proof, [Her97, 9.6], of the analogous
result for Artin algebras.

Proposition 3.14. If there are infinitely many non-isomorphic indecomposable A-
lattices of pseudoendolength | then there exists a pseudogeneric of pseudoendolength
<l

Proof. By [Her97, 9.3], for any ring S, pp-pair ¢/1 and n € Ny, the set of N €
Zgg such that [¢), o]y has length < n is a closed subset of Zgg. Therefore the
set C; of N € Zgif with pseudoendolength < [ is a closed subset (note that this
set also contains the divisible points). Since (z = z/7|z) is compact, it follows
that (x = «/m|z) N C; is compact. The indecomposable A-lattices are isolated in
ng\f . Thus if there are infinitely many non-isomorphic indecomposable A-lattices
of pseudoendolength [ then C;N(z = x/m|x) contains infinitely many isolated points
and hence must contain a non-isolated point N. O

Let e; == (§93),e2:=(39) € D. For any N € Mod-D, pp},(N) is finite length
if and only if [x = 0,e1]|z]n and [x = 0, ex|x]y are finite length because

ler|z,x = x|y = [xes = 0,2 = 2|y = [z = 0, e2|z]N.

Proposition 3.15. If N is pseudogeneric then FN is a generic module. If any of
the conditions (1), (2) or (3) from Lemma BI3l hold then if N € Tf, is R-reduced,
pure-injective and FN is generic then N is pseudogeneric.

Proof. Suppose N is pseudogeneric. Let n € N be such that #™ € I. Since N
is pseudogeneric the interval [7|z,x = x|y is finite length. Therefore, the inter-
val [r!|z,2 = x|y is finite length for any [ € N. Since 7" € I, 7"z < I|z.
Hence [I|z,z = x|y is finite length. Let m € N be such that 7T C A. Then
[f™I|z,z = z]nx and hence [ I|z,n™T|x are finite length. Since F is full on
pure-injectives, by [Pre09, 3.17], [I|x,z = x|y is isomorphic to [z = 0, e;|x]py and
[r™ Iz, 7"y = [z = 0, e2|z]pn. Thus ppp(FN) is finite length. By Theorem B.4]
FN is indecomposable. Every finitely presented module in D is of the form FM
for some M € Latt,. Since R is complete, A-lattices are pure-injective. So, if FN
were finitely presented then N = M for some A-lattice M. Thus we have proved
the first statement.

Suppose that one of (1), (2) or (3) from Lemma B I3 holds. Since FN is generic,
it is closed in Zg(D). So, by Corollary B:6, N is closed in (#=%/x|z). Since FN
is generic, N is not a A-lattice. Thus N is not isolated in (*=%/x[z). So, by
Lemma [3.13] N is pseudogeneric. O

We now specialise to the case of Bickstrom orders i.e. an order A where there
exists a hereditary over order I' # A such that rad(A) = rad(I"). In this situation
we set I =rad(A). Now A/I and I'/T are both semi-simple R/7R-algebras. Hence
D is a hereditary R/mR-algebra.

Remark 3.16. For A a Béackstrom order, the only indecomposable pure-injective
D-modules which are not in D are the simple D-modules.
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Proof. Since A is a Béckstrom order, I := rad A = radI" and both A/rad A and
I'/radT are semisimple R/mR-algebras. Let (U,V, f) be a D-module and let V;
be the I'-module generated by the image of f. Since I'/radT is semi-simple there
exists V' such that V =V, @ V'. Let f: U/ker f — Vi be the map induced by f.
Then
(U, V, f) = (ker f,0,0) & (U/ ker f, Vi, f) & (0,V’,0).

Since (U/ker f, V1, f) is in D, the only indecomposable members of Mod-D which
are not in D are simple D-modules. (Il

Following Ringel and Roggenkamp, we say that a Backstrom order A is tame
(respectively wild) if D is tame (respectively wild). It is shown in [GLT20l 5.1]
that when an arbitrary order A over a Dedekind domain is of finite lattice type,
i.e. there are only finitely many indecomposable A-lattices up to isomorphism, then
m-dim pp} (Tfa) = 1.

Proposition 3.17. If A is a wild Bickstrom order then m-dim pp} Tf, is unde-
fined. If A is a tame Bickstrém order of infinite lattice-type then m-dim pph Ty
18 3.

Proof. By Proposition 2.I3] and since the m-dimension of pp} kerF is 0, the m-
dimension of pp} Tfs is undefined if and only if the m-dimension of pphL (D) is
undefined. If A is a wild Bickstrom order then the m-dimension of pp}, is undefined.
Since there are only finitely many modules in Zg which are not in Zg(D) and all
of these modules are finite (endo)length, for any pp-pair ¢/v, if o(M) = (M) for
all M € D then [¢, ¢] is finite length in pp’,. This implies that pph (D) also has
undefined m-dimension.

Suppose that A is a tame Béackstrom order of infinite lattice-type. Then, [Gei85),
4.3], the m-dimension of pp}, is 2 and the m-dimension of ppj ker F is 0. Thus,
by Proposition 213 2 < m-dim pp} Tfa < 3. Thus, [Pre09, 5.3.60], the Cantor-
Bendixson (CB) rank of ng\f is equal to the m-dimension of pp} (Tfs). Let N € Zg,
be a point of CB rank 2. The finite-dimensional D-modules are isolated in Zgp.
So N also has CB rank 2 in the subspace of Zgp with the (finitely many) simple
modules removed. Let M € ng\f be such that FM = N. By Corollary B.Gl M has
CB rank 2 in (z = x/7|x) and hence also in Zgﬁ\f. Let S be a simple QA-module
which is a direct summand of QM. Then, by [GLT20, 2.7], S is in the closure of
N. Thus S has Cantor-Bendixson rank 3 as required. O

Lemma [3.13] plus Proposition give that when A is a tame Béckstrém or-
der F gives a bijective correspondence between the generic modules of D and the
pseudogeneric modules of A. When D is tame hereditary, it only has finitely many
generic modules (for a proof, make minor modifications to [Rin79bl 6.8]).

Corollary 3.18. If A is a tame Bdckstrom order of infinite representation type
then A has finitely many pseudogeneric R-torsion-free modules.

3.4. Tame Backstrom orders. Throughout this section we assume that A is a
tame Béckstrom order of infinite lattice type. By definition, D is a tame hereditary
algebra. Note that, even if we assume that A is indecomposable, D is not necessarily
indecomposable (see [RR79, Example 4]). Let D = H?:ll D; be such that D, 1 is
of finite representation type and that for 1 < i <n, D; is of infinite representation
type and indecomposable as a ring.
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We briefly recall some information about the category of finite-dimensional D-
modules (see [DR74] and [Rin79a]) and about the Ziegler spectrum of D (see [Pre98]
and [Rin98]). Let T denote the Auslander-Reiten translate which, since D is hered-
itary, is an endofunctor on mod-D. We call the finite-dimensional D-modules of
the form 77" P where P is a projective module and n € Ny preprojective; finite-
dimensional modules of the form 71 where [ is an injective module and n € Ny
preinjective; and finite-dimensional modules with no preprojective or preinjec-
tive direct summands regular. Note that an indecomposable finite-dimensional
D-module is both preprojective and preinjective if and only if it is a D,,1-module.

The (full) subcategory of regular modules is an abelian category and its inclusion
into mod-D is exact. A D-module is quasi-simple if it is simple in the category
of regular modules. We call a quasi-simple type i if it is a D;-module. For each
natural number n and quasi-simple module F, there exists a unique regular module
E[n] which as an object in the category of regular modules is uniserial, has socle
E and length n. Dually, there exists a unique regular module [n]E which as an
object in the category of regular modules is uniserial, has top E and length n. All
indecomposable regular modules are of the form E[n] (and dually of the form [n|E)
for some quasi-simple F and n € N.

For each quasi-simple E, the direct limit along a chain of (irreducible) embed-
dings

E[l] - E2] = E[3] — ...

is denoted by FE[oo]. Dually, for each E, the inverse limit along a chain of (irre-
ducible) epimorphisms
[1]E « [2]E + [3]E « ...

is denoted by E. The modules E[oo] and E are both pure-injective and indecom-
posable. There are finitely many remaining infinite-dimensional indecomposable
pure-injective D-modules. Namely, for each 1 < i < n, there is a unique indecom-
posable generic D;-module.

By Remark BI6l all infinite-dimensional indecomposable pure-injective D-
modules are in the image of F. Thus F gives a bijective correspondence between the
R-reduced modules in th\f which are not A-lattices and the infinite-dimensional
points in Zgp. For each 1 < ¢ < n, let G; denote the unique pseudogeneric module
in Mod-A such that FG; is the unique generic D;-module Proposition

The topology on Zg, for D an indecomposable tame hereditary algebra is de-
scribed in [Pre98] and [Rin98]. We use the formulation from [Rin98§].

Theorem 3.19. A subset C C Zgj\f is closed if and only if the following conditions
hold:

(1) IfFS is quasi-simple and if there exist infinitely many indecomposable X €
Latty with Homp(FS,FX) # 0 then F~1((FS)[cx]) € C.

(2) IfFS is quasi-simple and if there exist infinitely many indecomposable X €
Latty with Homp (FX,FS) # 0 then F-1(FS) € C.

(3) If there are infinitely many indecomposable X € Latty of type i in C or
if there exists at least one module of the form F~1((FS)[cc]) or F’l(]F/‘g)
where FS is a quasi-simple of type ¢ in C, then G; € C.

(4) For each simple QA-module M, if there exists N € C such that M is a
direct summand of NQ then M € C.
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Proof. If C is closed then that (1), (2) and (3) are true of C follows from the
description of the Ziegler spectra of tame hereditary algebras given in [Rin98].
Property (4) holds by [GLT20, 2.7].

Now suppose that C' is a subset of ng\f and (1)-(4) are true of C. Then, since
(1)-(3) are true of C, the set V of FN such that N € C and N is not R-divisible is
a closed subset of Zg, by Corollary It now follows from (4) that C is

{N S (w:m/ﬂx) ‘ FN € V}U
{S €Zgg, | there exists N € (*=%/rx|z) with S|NQ and FN € V}UW

where W is some subset of Zgg,. So by Proposition B.8, C' is closed. O

We now give a description of the modules F~!((FS)[cc]) as A-modules. We are
not able to give a description of the modules F*I(Efg) but one might guess that
this module is isomorphic to the inverse limit along the irreducible epimorphisms
FS[i + 1] — FS[i]. However, it is unclear whether this module is indecomposable.

Roggenkamp, in [Rog83], showed how to obtain the Auslander-Reiten quiver of
Lattp from the Auslander-Reiten quiver of mod-D using F. It is a consequence of
[Rog83, 1.11(ii)] that each of the stable tubes in the Auslander-Reiten quiver of D
lifts to a stable tube in the Auslander-Reiten quiver of Latt,. If S € Latt, is such
that FS is quasi-simple then we write S[n] (respectively [n]S) for the L € Latty
with FL = (FS)[n] (respectively FL = [n](FS)).

For M € Mod-A, we write M* for the inverse limit along the surjective maps
M/Mz" Tt — M/Mz™ for n € N. Note that if M is R-reduced then so is M*.

Proposition 3.20. Let S € Latip be such that FS is quasi-simple and let S[oo]
denote the direct limit along a ray of irreducible maps S[n] — S[n + 1]. Then
S[oo]* is an R-torsion-free R-reduced indecomposable pure-injective A-module and
F(S[oc]*) is isomorphic to (FS)[oo].

Proof. It is explained in [Gre23|, see [Gre23l 4.9] and the discussion above the
question on page 596 of that article, that S[oo]* is the pure-injective hull of S[oo].
Since F commutes with direct limits and the irreducible maps S[n| — S[n + 1] are
sent to irreducible maps (FS)[n] — (FS)[n + 1] [Rog83] 1.12], FS[oo] 22 (FS)[o0].
Since F is full on pure-injectives and hence, [Pre97, 3.15 & 3.16] preserves pure-
injective hulls, FS[oo]* 2 (F.S)[oo]. Finally, if S[oo]* = N @& M then either FN =0
or FM = 0. Hence, by Theorem [3.4] either N or M is R-divisible. This contradicts
that fact that S[oo]* is R-reduced. O
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